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Initial Reworks

* Jean Bourgoin is a lasting presence
in may fields of moth !

* Proof of this claim is the many topics presented during
the conference in his honor two years ago

!

* this talk will only address how deep Jeon 's influence is in

the study of nonlinear dispersive equations :
Koh

,

Schrodinger equations ,
- - -

* this talk is the story of hour Jeon become interested

on Dispersive P D E
. ( thrower, ygs.toC- kung t L

. Verge for)



The beginning

• Spring 1990 : C.
Keurig is invited by

L
. Caffarelli at ttu Its to

give a tell
. Carlos presented a not get completed work

on well - posed men of generalized Kol V equations .

" Definition
"

: Given on initial value problem Cup )

( I u p ) { ¥ U t PCD ) U = Fca ,

h It  

= o
= No

we say that Cup ) is well - posed in on interval of time Coit )

if 7 ! Solution u and the Solution is stable
.



the work presented by Carlos was in collaboration with G
.

Ponce

and l
. Vega ,

let er published as



Main Point of K - P - Vitale : Prove well - posed mess et the level of
conservation heres

,
such as mom or energy ,

by using Very

sophisticated harmonic analysis tools

to
estimate An linear pot .

Example : Consider the Kol V initial value problem

( Kjv ) { All t ¥ U t le Eu = O ee : IR x IR → IR

U It  = o
= Uo t

,
x E IR

Conservation Laws i Ie Cee ) = free Exit ) ol x = Iz Cleo )

¥3Cee ) =/
, #u )

'
- c u3) dx = Is Cleo )

i



The fixed point oegunent

Define UCH Uo Cx ) = I e
" "  ' est t

etc g) dog → linear
IR solution

( Kd v ) ⇒ u = WHT Uo t fotklt - t
'

) le Eee Ct
' loft

'

÷
OI Cee )

God: If no E Hs UR ) find a spae of factions

XI ELFHs CIRI s
.
t

.

Ioan hose fixed point
in it

.



theorem C k P V ) let s > Z
,

g
No E Hs CIR )

.

Then t T -

-
T C Huo Has )

oud a space XF E LF Hs s .
t

.
Kow his e um

'

em solution

U E XF .

tint
ofView : VVCH No = R

*

no
,

R -

- Restriction of FT

on e

y
e = I4.931HER }

q



* During Gules ' talk et the Its E
. Speer was in the audience

.

With d .
Lebowitz and H

.
Rose they had published a paper

on
the Gibbs measure associated to the ID periodic quintic

Ncs :



Facts : • The Gibbs meow is defined for periodic Mls

• The Gibbs menu is supported on
Very rough Spaces

Speer 'S Question : Is it possible to define a periodic MLS

You on the support of the Gibbs measure ? Does this flow

keep The measure in von
' out ?

11

Colosi answer : this is a very
hard question ,

none of our
estimates

would work
. . .

but I Know who could

undue some progress on the problem : Leon Bourgoin !



Explanation of the question of Speer

Consider the MLS equation on The torus IT
"

C .

periodicity )

Assume for how Id is the square
torus :

qycs , {
if a t Da = ± In It - '

u p > I u : lRtTd→ a

Ulta o

= No

Hln ) = I ↳ 10h12 ok I ¥,
1yd Ill IP "

ok = Head

Mlu ) = ↳ d
I U I 'd x = M Cleo )



From NCS to on A Hamiltonian System

If we set it Ct ,
k ) = Ak Ctl ti belt )

cries , ⇐ I
" = Is! Joakim

!:
Houri Hoeven

ibn = - Effy
he Ed

system .

Finite dim Gibbs measure : If the Heuiiltouien system were

finite olim
, say

'

lute M
,

then the Gibbs income

of = Le-

H " " but
IT dew alba is

ltelleuoqyined

z Ihl EN invariant
.



The Gibbs measure of Lebowitz - Rose - Speer

Consider the oh focusing , quintic M L S in IT
.

L - R - S were able

to make sense of
"

of = ¥
et " "

'
b "

IIe
,

ol and bn
"

by first introducingThe Goers si on income

of g = ¥ e
- E ' hi " an I 't tbh " '

II da
.

ol be

with support on theCITI
, ref ,

andthen
prove that

dy is absolutely Continuous a rut . olg .



Question of Speer to Carlos

i ) Is the
outpouring , quintic , periodic ID MLS floe

-

Ict )

defined in Hr CIT)
,

on c I for de times ?

ii ) Is dm invariant a r .
t .

Io Ct )
,

i .
e

.

b- A E He is µ
CAI =p CECH CAI) ft EIR ?



Way Uas this question had ?

Define Scttuocx ) to better Solution of { iEutsu=o

h/t=o=eeo
d

In IR

sctyuocxl-feict.tt
'S ' "

c- oscillatorywide

integral
IR

"

my ( then goadetirnots )
In ITM C square ) s t

eicx . letting c- oscillatory
sctluocx ) =L docu , Series

KEE 'd
Cthunuogeool estimates)



* Summer of 1990 : Speer meets Leon pro baby in Paris oud

folks about the conversation uh th Codes
.

* Fall of 1990 : .
I stat my

Ph
.

D
. at the University of Chicago

• Jeon visits Chicago and talks for hours

with Codes about Kdu and NLS
.

* May of 199 is : Cakes and Jean meet at An Goth birthday
Conference of E

.

Stein in Princeton
. Jean wanted

to make sure he knew ell the references on the

linear estimates for kdv and Schrodinger .

Colosiintuition was that be was makinggreat progress .



* June of 1991 : Jeon phones Carlos to ask few more questions .

Few weeks later Cocos re aires flu mom saript
below where several periodic estimates here

obtained .



* Summer 1991 : Coles claims thot be spent thot whole

summer studying Jean 's mom sci pt ,
which

later was published in two ports :

IT
 d

is a

← s pure torus !



The novel approach of Jean Bourgoin

Fact : Every paper of Jean has layers after layers of one Zing
mathematics .

In This con the overarching layer is

the introduction of  idytic number theory .

Exoiyde : To be able to perform e fixed point one needs a space
and the Space is defined vie estimates of Schmo

.

For the ID periodic quintic MLS Jeon used

It SCH Moll
E f E C Hello

11µs
at ,

Q s 20 .

t X



For the 2 D cubic periodic NLS he used

H SCH Uo H

La La
E C Helo 11

µs up ,
A s > O

periodic ← - IT IT
'

↳Signore torus
also in time

.

them[ Bourgoin ) The quintic Mls on IT and The cubic MCs

on the square IT are locally well - posed for dote in Hs
,

s 20
.

Remote : this thrown partially
on su ers The feces lion of Speer,

namely there is a load flow in the support of the G- bbs

measure for Hu ID
, periodic, quintic , outpouring MLS

.



the analytic number '

Huay in ID and CD

let us consider the IT C square ) are : Assume Segreto E B co
,

m )

2
It SCH Molly,

µ ,
= H S CHUO SCH no Hey

,

115¥ * settle
Hee

d
,

he

and after using a HE lola inequality one has to
.

estimate :

# { KEE
-

/ left ki =MYforMEIN
.

by Gauss lemme aMe. )
this forces u .

E Hs
,

S > o !



* Jean in fact completely answered Speer 's question in the

position in the following paper
:

answer to Speer's
question .

←

He used the " deterministic "

e. up
in Hs ; s > 0

and used the invariance of the measure by the flow to

move from local to global well - pose dress
.

dunes t surely !



A much more challenging problem : the cubic MLS in IT ?

Consider the equation ifU t see = In Ree x E IT
'

With Hamiltonian Hue ) -

- I SiguldatI, facial soli . One

may wonder if
×

,
- Klan

,
but

IT dared bn
dye = ¥ @

KEN

is well defined .
Glimmer and Jeff proved thot This is the

arm if one replaces Hca ) with the Wick 0206rad the Cee )
;

and the equation above with : ik ee t see = Clarence



Main Issue : Supp a E Hs CIT )
,

S co . Using the

St rich out z estimate H SCH Moll jaw ) E C Huo 11µs
s > O

one only has a flow in Hs
,

s > o .

Extremely

f inferential
paper !

£
IT 2

is a

special torus



Result : Almost sure definition of The global flour
in

the support of the measure and in von
.

once
.

"

proof
"

: let now = few 9414 e

" "  "

C initial date in sappy)
i ) Project the WP auto the I E M

i i ) Instead of solving for u solve for W = U - SCH Now
iii ) Prove that w is

'

almost surely locally well defined in

Hs
,

s > O

, uniformly ar . t
.

N
.

i u ) else the invariance of the Gibbs meow to more four
load to global !



Remarks '

-
i ) The analysis here is much more complicated then the

ID quintic are .

More probabilistic tools used .

ii ) Jeon 's work inspired few years later :

Burg -TZ Vet Kor ( cubic all u on 3D compact M )

T
.

Oh ( Coupled kdv Systems)

iii ) Ever more interaction between the Dispersive
PDE

Community and the SP DE community :

looking for
"

generic
"

results !



From square
tore to ouytori

The estimate lls Ctl Molly, , µ × ya ,
E C " Uo "

Hs city

s ? °

Hos obtained by counting
: ↳ spare torus

# { K EE 4 Kit ka ! M
2 } N E IN

.

If IT is not a square : g-
' and %

,

E IR - Q
4- '

•
SCH no is no longer periodic in time

• He { KE E
Ya

, Kitty KI =

M2
} is not well

estimated .



The l
'

- decoupling theorem

In This proper Jeon and Ciprian proved The famous l !
decoupling

Congectuu - - .
and as a consequence All Stn . oh out z Estimates

,

up to on E
,

in
any

torus IT
d

, for ouy
ol

.



the proof
does not use Analytic Number Theory .

On the contrary , arguments introduced in the proof
set the stage for The proof of a main conjecture in A NT :



Jean 's Influence in Ueeh Turbulence

Thanks to the availability of Strick ate estimates in all IT

oud Flu conservation of mom and energy fear proved
that The flow associated to

{
ik let see = In Pee

le It  ⇒

= leo E Hs CIT
' )

,
s z I

is globally well - defined .



What happens

touctsast-t.co?t--0pltiolull' initial ' t 2 > I

c-

? ? ? I

K K

( Energy Transfer ,
Forward Cascade - - - )

Oneuoy of checking if this phenomenon boypensisto
↳ :}at:

fizz
,

§leictieiicur
"

' fizzy "U "Is



Some Results

Theorem ( Bourgoin) If u is a smooth Solution of the

Cubic
, defensing NLS in IT

2

,
then f s > I

HUG ) 11µs E C It 12 's - ' HE

,
e > o

Theorem C Collioure - keel - S - Takeo he - Too )

If IT
2

is rational
,

s > I
,

or orcas and K 221 ,

there exists a solution a to The cubic
, defaming

Mls

and T > s I s . t .

HU co ) Hhs E 5 Aud a le CTI HHS Z K
.



Thank you fear for planting so may
Seeds in mathematics so that

future generations of matter notions

can keep attending tothe trees

that
they generated,

and keep cross

pollinating them !

g.glide


