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1 Intro duction

My researt interestslie in the area of moduli of Riemann surfacesand their interplay with
algebraicgeometry topology and Teichmelller theory.

Let Sy be a compact oriented surface of gerus g with n marked points. Part of my
work is motivated by exploiting the relation betweenRiemann surfacesand ribbon graphsto
obtain results on the topology of the moduli spacesM ., (of surfaceshomeomorphicto Sg,),
on their intersection theory (which is of remarkable interest in algebraic geometry) and on
the Weil-Peterssongeometry of the Teichmeller spaceT (Sgn).

| have followed mainly two approadies. The rst one usessimplicial equivariant decom-
positions of T (Sy.n) to extract topological information about the moduli space. The second
approad is more geometricand usesthe hyperbolic geometry of the surfacesand the Weil-
Peterssongeometry of the Teichmelller spaceto deducepointwise geometricstatemeris.

My main results are the following.

In [29) (see Section 2), | construct the conbinatorial analogouson the triangulated
spacesf ribbon graphsM g?nmb of somewell-known algebraicmapson the moduli spaces
of curves: namely themap n+1 : M gn+1 ! M g, that forgetsthe (n+ 1)-th point and
the boundary glueingmapsM g.n,+1 M gnoe1 ! M gegomien, aMd Mg 102 !
M ¢n. | also de ne generalizedcombinatorial cycles, namely loci of ribbon graphs
in M °°mb with assignedvalenciesof their vertices, extending Kontsevidh's de nition
to graphs with marked vertices, and | nd relations among them using deformation
retraction mapson M $3™ that shrink a hole to a vertex. Moreover, | shov that the
simplest cyclesadmit a lift to Deligne-Mumford's boundary.

In [29] (seeSection2), | usethe previousconstructionsto prove that the conmbinatorial

cyclesare Poincare dual to tautological classeswhich are de ned in algebro-geometric
way. Thus, | settle armativ ely Witten-Kontsevich conjecture by exhibiting explicit

formulae that allow to passfrom combinatorial classesto tautological onesand vice

versa. In somesimple case,l can explicitly compute the cortribution of the boundary
terms to the combinatorial class.

In [30] (seeSection3), | exploit the fact the the Deligne-Mumford boundary @M ¢, is a
divisor with normal crossinggin the orbifold sense}o exhibit a simplicial orbifold model
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for M 4, whoseobjects are smaller moduli spaces(that is, M g0 with 3g° 3+ n°<
3g 3n). | usethis model to give an upper bound to the homotopical dimensionof the
moduli space®f stable curves(possiblywith any level structure) with at mostk rational
componert (resp. irreducible, of compacttype, with rational tails) and thus providing
someevidenceto Looijenga/Roth-Vakil's conjectureson the existenceof certain a ne
strati cations on thesemoduli spaces.

In [31] (seeSection4), | determine an explicit formula to compute the rst-order vari-
ation of the distance betweentwo closedgeaesicsunder Fendel-Nielsendeformation,
using elememary hyperbolic geometryand Wolpert's techniques.

In [31] (see Section 4), using the previous result, | exhibit a formula for the Weil-
PeterssonPoissonstructure in a very natural systemof coordinateson the Teichmeiller
spaceT (Sg) of ahyperbolic surfaceS; of gerusg with n gealesicboundary componerts.
| alsoshow that, as(ps;:::;pn) ! +1, the (normalized) limit of the Weil-Petersson

de ned by Kontsevid in his solution of Witten's conjecture[20].
What follows is cortained in two papersin preparation.

In [27] (seeSection5), | partially compactify the Teichmeller spaceT (Sg) of a surface
with boundary a la Thurston to include the degeneratedcaseswhen the boundary
lengths diverge and | show that the WP symplectic form (which becomes in this

limit, seeSection4) agreeswith Thurston's symplectic form on the spaceof measured
laminations (which mirrors the similar result in [33 for surfaceswith cusps). | also
shov that grafting semi-in nite cylinders at the boundariesof S§ embeds T (Sj) in

the spaceP (Sy.n) of projective structures on the n-punctured surface Sy, in sud a
way that ead leaf T (S§)(p1;:::;pa) is a section of the bundle P(Sgn) ! T(Sgn).

Finally, | show that, if a surface tendsto a projectively weighted multi-curve  while
(p1;::5pn) ! 1, then the grafted surfaceGr() with its projective structure and its

Thurston metric tendsto a Riemannsurfaceendaved with a Jenkins-Strelel di erential,

whosevertical foliation is exactly (in Hubbard-Masur'scorrespndence).Thus, Harer-
Mumford-Thurston's equivariant decommsition [13]of T (Sg.n) R isrecoveredaslimit

as(py;:ii;pn) ! 1 of the cellularization of T (Sg) through ribbon graphsobtained as
spinesof hyperbolic surfaces.

In the survey paper [26] (see Section 6), | review the construction of combinatorial
cyclesinside the arc complex of a pointed surfacefrom a topological point of view
and | discussthe issueof extending thesecyclesto the Deligne-Mumford boundary of
M ¢.n. Moreover, | describe relations with WP volumes, matrix integrals and integrable
hierarchiesand | extendthe discussionto A; -classesl shaw the stability properties (as
g! 1) of theseclasseghrough explicit glueing operationsand | addressthe problem
of stability for the A; -classes. Finally, | explain a method to potertially construct
unstable classeon M g,.



Possiblegeneralizationand plans for current and future work as well as other researt
directions are discussedn Section?.

2 Combinatorial classes on the moduli space of curv es
are tautological

Streb el's theorem and ribb on graphs. The way found by Harer, Mumford and Thurston
([13]) to attach a metrized ribbon graph (i.e. a metrized graph plus a cyclic ordering of the
half-edgesincidert on ead vertex) to a Riemann surfacewith punctures usesStrebel's the-
orem ([39]) on existene and uniquenessof meromorphic quaditic di er entials with closel
trajectories and assignedresiduesat the punctures. Strebel's result implies that, given a

conformal classsud that D; is isometric to half-in n|te cylinder of circumferencep; with
X; at innit y. The union of the @;'s is a metrized ribbon graph G embeddedin S. Con-
versely given a metrized ribbon graph, we canglue semi-in nite at cylindersat its boundary
componerts, thus getting a Riemann surface. The gerus of the ribbon graph is de ned as
the gerus of the correspnding Riemann surface. H-M-T construction gives a homeomor-
phism betweenM 4, (R"(nf0g) and the (orbi)spaceM g comb of metrized ribb on graphsof
gerusg with n (marked) boundary componerts. The homeomorphisrrextendsto a surjection

:Mgn (R, nf0Og) ! M Conmb, where M |, on °™ is a certain compacti cation of M g"rﬁ“b,
already de ned by Bowditch-Epstein [4] and Kontsevich [20].

Generalized combinatorial classes. Using this homeomorphism,building on an idea
of Witten, Kontsevich [20] de ned combinatorial (cohomol@y) classeson M 4,,. They are
Poincare dual (over Q) to Witten (cellular) cycleswith locally nite support on M gf’rﬁ“b: for
m = (mg; my; my;:::), the cycleW,, is supported on the cellsof M g‘;’rﬁnb indexed by ribbon
graphsthat have m; verticesof valence2i + 3fori 0. The genealized combinatorial cycles
| de ned are subloci of Witten's conbinatorial cycle, where some marked point is forced
to lie on a vertex of assignedvalence(it correspndsto the casewhen the Jenkins-Strelel

di erential hasa zero of assignedorder at the marked point).

Example 2.1 Inside the spaceM g?nmb, the subsetof graphswith m; verticesof valence2i + 3
sud that the rst marked point lies on a vertex of valence7 and the third marked point lies

on a vertex of valence9 is the support of a generalizedconmbinatorial class.

Tautological classes. The tautological class 4, on Wg-n is de ned as cl(ij ), where
Ly, ! M g, is @ holomorphicline bundle whose b er at [ ;X3;::1;X,] is T ..., whereasthe
tautological class , on M gn IS dened as p4q( n+11) where .1 M, gn+1 ! M_g;n is
the forgetful map. This de nition, dueto Arbarello-Cornalba [2] and slightly di erent from
Mumford's one [32], seemsto have better functorial properties, so that now |, is usually
de ned this way.

Combinatorial dieren tial forms. Kontsevich alsode ned a piecewise- Ilg,eaQ -form

x; ONM g?,ﬁ“b that represeh ; and heshavedthat the PL \symplectic form" = ;_, pJ Xi
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givesan oriertation to W,, and ewen to its closureW,, inside M (seePenners[S?] for
a di erent proof).
The main result of my thesis[28] and the consequenreseart paper [29] is the following.

Theorem 2.2 (Witten-Kon tsevidh conjecture) The Poincare dual to a generlized combina-
torial cyclein H (M 4; Q) is a polynomialin  and classes.

a) If W, is the locus of graph with trivalent unmarked verticesand a (2i + 3)-valent vertex
marked by = X,+1, then PD(W2,+3) = 2% @i+t

b) If Wy.3 is obtained from W, forgettingthe q—marklng then PD(Wyi.3) = 21 (2i+ DI

The generalformula for Wy, is too complicatedto be stated here, but can be found in
[29], in which Arbarello-Cornalba'sre nement of the conjecture (seebelow) is proven.

Previous results. Before, Penner[37] proved that the Poincare dual of Ws is propor-
tional to the Weil-Peterssonclass(and soto i, thanks to a result of Wolpert [44]). Using
Kontsevich's matrix models[20] and Di Francesco-Itzykson-Zubr's results [6], Arbarello and
Cornalba [2] determined W s (seebelov Proposition 2.3). Moreover, they madea lot of com-
putations, integrating tautological classesover combinatorial cycles, which motivated their
re nement of the Witten-Kon tsevich conjecture

Y 24121 + 1)

PD(Wp, ) = m 4!
I -

M+ (L:O:T:) + (B) (A.-C.-W.-K.)

i1
where(L:O:T:) involvessmallerpowersof classesnd (B) is a combinatorial boundary class,
up to someunavoidable \indeterminacy" (seebelow).

——comb

Combinatorial boundary maps. If M 4. (Pn+1 = O) is the locuswherex,.; marks a

b b
vertex, then | de ned conbinatorial boundarymapsM "1 (Pmsz = 0) M g pn mes (Pr met =
0 ! My Comb and M gon;bmz(pnﬂ =p2=0) ! My Comb that \glue" the two specialvertices

and returns a point in the combinatorial boundary of M gn - This mapsare the analogous
of the algebraicboundary maps.

Com binatorial boundary classes. The combinatorial boundary classesare de ned by
pushing forward (products of) generalizedconbinatorial classeshrough the combinatorial
boundary maps. )

com

\Indeterminacy”  at the boundary. Themap :Myg, (R",nf0g) ! M, ,is

a cortraction at the boundary, WhereM_;(;)nmb is badly singular. Moreover, the combinatorial
classesW, intersect @ g comb highly non-transwersally Thus, conmbinatorial classesdo not

pull badk well to M 4, but there is some\indeterminacy” at the boundary: a fact that was
already noticed by Arbarello-Cornalba. Newertheless,l can prove the following.

Prop osition 2.3. As conjectured by Arbarello-Cornalba, up to this \indeterminacy", the
combinatorial classesan be rewritten astautological classegplus somecombinatorial boundary
term: for instance, PD(Ws) = 1%; PD(@M ¢,) (alreadyin [2]).

The main ingredierts of the proof of Theorem 2.2 parts (a) and (b), that is for conbina-
torial classeswith only onenontriv alert vertex, are the shrinking map and the combinatorial
forgetful map.



comb ——comb

The shrinking map. | construct a deformation retraction HY : M .y M gn+1
that shrinks the boundary componen of the graph correspnding to g (and which is de ned
only for suitable values of the boundary lengths, namely when p, is small). If we x the
boundary lenghts and considerthe push-forward through H9 of i;’l as a currert, we get a

cycle supported WZHS plus somecombinatorial boundary classes.As the b eris a simplex
and 1;'1 restrict to the Euclideanvolume form on ead b er, we get part (a).

The combinatorial forgetful map. If we want to forget the g-marking, this can be
easilydoneconbinatorially if g is marking a vertex, unlessq lies on a three punctured sphere,
becausedeleting q would make the surfaceunstable. Thus the conbinatorial forgetful map

gomb is only de ned away from this locus. It canbe seenhowever that this is enoughto shov
that 21 (2i + 1)1 j = 212+ DI o( (7) = gomb(PD(W§+3)) = PD(W5i+3).

More nontriv alent vertices. WhenW,, hasmorenortriv alert vertices,the proof works
similarly, shrinking one hole at a time, but an extra conbinatorial argumert is necessaryto
explicitly determine the coe cients of the polynomials, which takes care of the dierent
con gurations of the holesbeforethe shrinking.

Lifting cycles to the Deligne-Mumford boundary . To obtain a map b to M gn We

would needto make the boundary of M_Comb ner. Looijenga[21] de ned a modied M Comb

as a suitable blow-up of M g , So that b -\ Comb I Mgn (R",nf0g). Howewer, the
strict transforms of the corrblnatorlal classesjramatlcally changeat the boundary, acquiring
many more faces. The result | can prove in this caseis the following.

Prop osition 2.4 ([29]). The image b W,l,; of the strict transform of WgHS is a cyclein
M gn+1 Which lift W ., and its push-forwad to M g is a lift of Wyi.s.

Witten-Kon tsevich conjecturefor nongeneralizeccombinatorial classesn M 4., wasinde-
pendenly proven by Igusain the trilogy [15],[16 and (with Kleber) [17].

3 On the homotopical dimension of certain moduli spaces
of stable curves

Deligne-Mumford ~ boundary . The moduli spaceM g, of n-punctured smooth complex
curves of gerus g is an orbifold (and even a Deligne-Mumford smooth stadk), whosecoarse
spaceM g, is a quasi-prgective variety of (complex)dimension3g 3+ n. Deligne-Mumford's
compacti cation M ¢, (whosecoarsespaceM ¢, is a projective variety) is obtainedby allowing
stablecurves, that is curveswith ordinary double points but nite automorphism group: its
coarsespaceM g, is a projective variety. The boundary @ g, := M ¢y NM ¢, is a divisor
with normal crossings(in the orbifold sense),which inducesa locally closedstrati cation of
M ¢ by topological type of the curve.

Motiv ation. The Chow ring and the cohomologyring of M 4., have curious vanishing
properties that are not fully understood. In particular, Looijenga[22] shoved that and
classesand their push- forvxard through forgetful and boundary maps(namely the tautological
classe¥ vanishin CH (M ,) for g+ n 1, whereM ”n is the locus of stable curves
with rational tails (i.e. Wlth an irreducible componert of geometricgerus g). Notice that
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Mgo= Mgand M, = Mg As the tautological class i is ample, Looijenga's result
implies an upper bound on the maximal dimensionof a complete(algebraic) subvariety of the
moduli space,already found by Diaz [7] using a variation of the strati cation by Weierstass
points, previously de ned by Arbarello [1].

The strati cation  conjecture. Probably inspired by the strati cations of Arbarello,
Diaz and by his own proof, Looijengaconjecturedthat M4 (resp. Mg, with n > 0) is covered
by g 1(resp.g) locally closeda ne strata. If true, this would sheda newlight on Looijenga'’s
vanishing and would have relevant consequences terms of vanishing of cohomologygroups
of coheren sheaeson M 4.

Harer's result. Oneof the main evidenceghat support Looijenga’'sconjectureis Harer's
proof [13] that Mg, is homotopy equivalert to a nite CW-complexof dimensiondg 4+ n
(for n > 0) and M4 has homologicaldimension4g 5 (over Q). Both result would follow
from Looijenga'sconjectureand Lefsdetz's theorem.

Stable curves with k rational components. With a new vanishing theorem,
Graber-Vakil and lonel extendedthe problem to another partial compacti cation of M .
In fact, Graber and Vakil [12] (resp. lonel [18] independerily) proved that the tautological
classesvanishin CH (M ) (resp. in H (M %)) for g+ k 1,whereM & My,
is the locus of curves with at most k rational componerts. Roth and Vakil [38] wondered
whether Mg;,'i (resp. the coarsespaceM gtn of curves of compacttype, i.e. whosedual graph
is a tree) could admit a strati cation by g+ k anes (resp. by 2g 3+ n anes).

The following result of mine (contained in [30]) supports Roth-Vakil's conjecture.

Theorem 3.1. The maduli spacesof Riemann surfaceswhichare irr educible, of compact type,
with rational tails or with at most k rational components havethe following upper boundson
their homotopi@l/cohomol@ical dimension.

Moduli space of stable homotopi@l cohomolaical
Riemann surfaces | dimensionfor n > 0 | dimensionfor n = 0
M Gn 49 3+ n 449 3
M gn 50 6+ 2n 5 6
M g with g> 0 4g 5+ 2n 49 5
M g 49 4+ n+k 49 4+ k

The result above is actually a corollary of a more general statemen: the homotopical
dimensionof an open suborbifold M s of M 4, (n > 0) which is union of Deligne-Mumford
strata is bounded above by 4g 4+ n + r, wherer is the maximum number of rational
componerts in M s. Notice that \nomotopical dimension" must be intended in the orbifold
sense.The result still holdsfor M ,,, where is any level structure.

Idga of the proof. The ingredierts are very simple. If (X;D) is a smooth variety and
D = . D; is adivisor with normal crossings(say, simple normal crossing,for simplicity, so

at D; is smooth), there is an induced strati cation of X, whoseclosedstrata are D; :=

(2 D;. Call D; the openstratum correspndingto D ;. One canreconstructthe homotopy
type of X from the homotopy type of the D;'s and of sometorus bundlesover D; assaiated
to the normal bundlesof D; inside bigger strata. The samecan be done for (M g;; @ ¢n)
or forany (M s;M s\ @ g,) in the orbifold category
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In t@'s case,ead Deligne-Mumford stratum is a quotient of a product of simpler moduli
spaces ; M 4.n, by a nite group. Hence,we canuseHarer's result to bound the homotopical
dimensionof ead stratum and soof M s. A simple dimensioncourt givesthe result.

The need of orbifolds. To motivate why onereally needsto work with orbifolds (and
it is not su cient to work equivariantly on the universal cover, as Harer could do), in the
appendix of [30] I determinedwhich moduli spacesamongM [;n M gtn M g;,ﬁ and M g;ﬁ are
K(G;1)'s.

Prop osition 3.2 ([30]). The maoduli spaces beloware K (G;1)'s only in the following cases.

M g if (gin) = (0:n) M g, if (gin) = (0:3);(1;1);(1;2); (2;0)
Mg, ifn=012 M g5 if (g;n;k) = (O;n; 1); (1;n; 0).

4 Triangulated Riemann surfaces with boundary and
the Weil-P etersson Poisson structure

Hyp erbolic surfaces with geodesic boundary. Let S is a hyperbolic surface with
(geadesic) boundary and let = f ;g be a maximal system of disjoint arcs that cut S
into right-angled hexagons. One system of coordinates on T (S) is given by the hyperbolic
Iengtr}sfa- = ( i)g (seeUshijima [41]). If H S is a hexagonboundedby the oriented
arcs (" i;"j; k) in cyclic order and Iy is the length of tlhe side opposedto ¢ fort = i;j; Kk,
thendene w(' ;) = %(h + b h)andcallw( ;) :=w( i)+ w( ;)thewidth of ;. Luo [23
showved that the widths (which he calles\E-in variants") are coordinates.

W eil-P etersson Poisson structure. Let dS bethe doubleofS, :S ] dSthe natural
holomorphic embedding and  the asseiated real involution on dS. The WeipPetersson

symplectic form on T (dS) is de ned on the cotangen bundle as 4s('; ) = - 4

ds
where'; 2 Q(dS) are holomorphic quadratic di erentials on dS and is the Poincare
metric on dS. Clearly, the doubling construction givesa real-analytic Lagrangianenbedding
D:T(S)! T(dS), sowe cannotinduce a symplectic pairing on T (S) ¢his way. Instead,

the Weil-PeterssonPoissonstructure on T(S) isdened as s(; ) = = 1 where

(S)
o 2Q(dS) . P
Wolpert's theorem[45] (and Goldman's[11]) appliessothat we canrewrite g as o INEA
d i, wherethe sum rangesover the Fendel-Nielsencoordinates ("i; i) correspnding to any
pair of pants decomposition of S.
The relation between s and 4s is the following.

Prop osition 4.1 ([31]). Theresultingbivector eld obtained byrestricting 4sto T T (dS) o (S)

and then pushingit forward to T (S) is exactly s. Conseuently,

X @& @, e

2. @ @& o

1)

s =



The rst part is aconsequencef Wolpert's formula for s and for for 4s. The secondpart
follows by noticing that a maximal systemof arcs doublesto a pair of pants decompsition.

Distance between closed geodesics. If H is the upper half-plane, the hyperbolic
distance h betweentwo gealesicswith endpoints g;r and p;s (suchthat g r p sin
@ = R) isgivenby (p;q;r;s) = sinh*(h=2).

Let R be a closedhyperbolic surface, i; > R two closedgealesicsand R a
gealesicarc between ; and , that minimizesthe distancein its homotopy class. Given a
uniformization H ! R, we can nd liftings ~;; ~ sud their distanceis realizedby ~.

Let R be a simple geaesicthat avoids and assume(for simplicity) that no portion
of is homotopicto . Then we proved the following in [31].

Theorem 4.2. If pp= "( ;) andy;= \ i, then

@ _ 1% sinh(pi=2 dyix) ooy, 1% sinh(p=2 d(yaixe))
w2 sinh(p,=2)

X22 \ 2

@ 2 sinh(p;=2)

X12 \ 1

sin( x,)

where ,, is the anglebetween and ; at x; and d(y;; x;) is the length of the portion of ;
starting at y; (with on the left) and endingat x;.

The techniquesare similar to thosein Wolpert's [45]: onelifts the situation to H and then
computesthe e ects of @@- for ewvery lift ~of . As Wolpert determinedthe derivative of
the cross-ratiowith respect to the Fendel-Nielsendeformation @@ , the result follows from
hyperbolic trigonometry.

As a consequenceye obtain the following.

Theorem 4.3 ([31]). If S hasno cuspsand boundary compnentsC, then on T (S)
11X X sinh(pc=2  dc(yi}y)) @, @

S=

4020 xi2 i\ C sinh(pc=2) @ O

Xj2 j\C

where pc = (C).

Limit for small boundaries. | shav that, whenthe boundary lengthsps;:::;p, goto
zero, the coordinates cosia;=2) (resp. the widths w( ;)) tend to the -lengths (resp. the
simplicial coordinates) de ned by Penner[35]. It follows that the construction of the spine
for surfaceswith boundary limits to that for decoratedsurfaces,de ned by Penner[35 using
the convex hull construction and reformulated by Bowditch-Epstein [4] using the spine. At
the end of the paper, | explicitly ched that my formula limits to Penner'sexpressionfor the
Weil-Peterssonsymplectic form in the -lengths[36].

Limit for large boundaries. Instead, when (py;:::;p,) diverges,symplectic ggometry

. 2 2
tells us that the classof the rescaledWeil-Peterssonform g = P?! s approathes—l:’pcloizC

C C
(as noticed by Mirzakhani [25]). As a corollary of the theorem above, we can prove the

following pointwise result.

Corollary 4.4 ([31]). As (py;:::;pn)! +1, the normalized form 2kg ~ tendsto zerw
pointwise, whee ~ = P? .
C



5 Riemann surfaces with boundary and natural trian-
gulations of Teichmuller spaces

The arc complex. Let Sy be a hyperbolic surfaceof gerus g with n geadesic boundary
componerts. Call A(Sg) the arc complex of S§, whosek-simplices are homotopy classes

of systems = f o;:::; kg of disjoint, nontrivial and pairwise nonhomotopic simple arcs
that join two boundary componerts (§ Sg- Let A (Sy) A(Sy) be the subsetof systems
that quasi- Il Sy (i.e. sud that S n i is a union of discsand annuli that retract to the
boundary).

The spine construction. The spineof S§ (i.e. the cut locuswith respect to @) is a
ribbon graph G enbeddedin Sj. Taking the Poincare dual arc to ead edgeof G, we obtain
a systemof arcs = f ;gin A (Sj). Weighting the arcs by their widths (see Section 4),
we get a point in jA (Sy)j R+. The spine construction thus gives a homeomorphism
T(Sy) ! JA(S7)j R+, whichis equivariant with respectto the action of ( S7) (see[23)).
Thus, inducesan orbicellular decompsition of the moduli spaceM g = T (Sy)=( Sg).

Unifying H-M-T and Penner's constructions. In my paper [27](which isin prepara-
tion), | provide a uni ed picture for Harer-Mumford-Thurston's and Penner'scellularization
of the moduli spaceof punctured surfaces.What already emergedn [31]shownsthat the Weil-

for (p;:::;pn)! +1.

H-M-T construction as limit for large boundaries. In [27],] give a more geometric
link betweenthe two constructionsin the following way. Let [f : S§ ! ] be a point of
T(Sy). There are two way of looking at the hyperbolic surface : asa hyperbolic surfaced
(namely, the double of ) with areal symmetry, and asa surfaceGr() obtained by glueing
semi-in nite at cylinders at the boundariesof the hyperbolic surface . Notice that Gr()
is really a punctured surfacewith projective structure, endoved with Thurston's metric, thus
Gr:T(S]) ! P(Sgn), whereSgy, is a n-punctured surfaceof gerus g.

A (SD)i R. o T(S)) S JP(Syn)
D f

T (ds2g+ n l) T (Sg;n)

If welook at the limit ofd in Thurston's compacti cation T (dSyg+n 1)[ PML (dSygen 1)
as(pg;::;pa)! +1 andlp:: “pnl! [Pr: : p,] iIn PR",, then we get a projectively
weighted multi-curve  on dSy.n 1, Whereead ; is invariant under the real involution of
dSy+n 1. Thus we get a point in jJA (Sg)j, which is in fact the projective limit of () in
JA(SH)I-

Ifg we look at the samelimit for Gr() in P(Sg,), we obtain a punctured surface en-
dowed with the projective structure coming from a Jenkins-Strelel di erential ' (that is a

punctures.



Thus, asthe boundary lengthsdiverge, Thurston's metric on Gr() tends(up to rescaling)
to the at metric induced by the Jenkins-Strekel di erential ' and the hyperbolic spine con-
struction tendsto Harer-Mumford-Thurston's homeomorphisnil (Sgrn) " 1 ! jA (Sgn)j-
Moreover, is exactly the lamination assaiated to the vertical foliation of* under Hubbard-
Masur's correspndence[14].

W eil-P etersson form as Thurston's symplectic form. The naturality of this identi -

6 Combinatorial classesand the moduli space of curv es

My paper [26] (in preparation) is a survey onthe conbinatorial classe®nM 4, (seeSection2).
| reviewtheir de nition astopologicalobjects, treat orientation issuesand the problem of
extending thesecyclesto a suitable boundary of M ¢.,.

Then, | descrike the relation between(limits of Weil-Petersson)volumesof combinatorial
cyclesand matrix models as in [20] and their generalizationto A; -classeson M g, using
Turaev's graphical calculus. | discussthe link of matrix modelswith integrable hierarchiesas
in [20] and [42].

| addressthe glueing property of conbinatorial classesand sotheir stability (asg! 1)
and the problem of stability for A; -classes.

| proposean e ective method (explained to me by Godin) to produce unstable classes
which looks well-suited to work in the conmbinatorial setting: it usesBrowder operation [5]
and Tillmann's result [40]that Z B 7 isanin nite loop space(and soBrowder operations
vanish on it).

Throughout the paper, | list many open questionsin the area.

7 Curren t and future research

7.1 Witten's conjecture: Kon tsevic h's and Mirzakhani's pro ofs

Motiv ation. Witten's conjecture[42], rst proven by Kontsevich [20], says that the gener-
ating series
F(tito::: ._X X hk1 Kn: tl;.l tﬁn
(a2 = Yoo (!
whereh ig, = Mo satis es the KdV hierarchy of equationsor, equivalertly, that F obey
the Virasoi constraints, that is F is annihilated by certain di erential operatorsthat generate
a (truncated) Virasoro algebra.
Physicists' argumert for Witten's conjecture(seel8], for instance) was that the insertion
of amacroscopidoop operator (mathematically, the insertion of a certain cohomologyclassin
h::i) correspndsto poking a hole of nite perimeterin the surface;di erent loopsinteract
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when they meetand theseinteractions give rise to equationsfor the correlators (that is, the
h::i). The Virasoro constrairts on F are expectedto arisethis way.

From the mathematical point of view, the proof of Witten's conjecturethat seemscloserin
spirit to this approad is due to Mirzakhani [25]. Sheconsidersthe moduli spaceof compact
hyperbolic surfaceswith gealesicboundary. The intersection numbers appearing in F are
recognizedas Weil-Peterssonvolumes,whereasa clewer generalizationof McShane'sidertit y
[24] on lengths of simple closedgeadesicstakescare of the \in teraction” argumert.

Howe\er, Virasoro constrairts arise even more directly (from an algebraic point of view)
from Kontsevidh's matrix integral, which is related to F through simple algebraicmanipula-

tions 7 p__
- - 1 3 *
NIl!gn Ian0 log " exp Ttr(X ) d (X) *)
where = diag( 1;:::; n)andd = c . exp %tr(xz)] dX is a Gaussianmeasureon the

spaceHy of N N Hermitean matrices.

Kontsevidh matrix model admits many variants that are expectedto solve similar problems
but it is geometricallyobscure(wherearethe Riemannsurfacedn the integral?). Mirzakhani's
proof is geometrically clear but it is not immediately generalizableto A; -classesGromov-
Witten invariants or the generalizedWitten conjecture.

The Weil-PeterssonHermitean metric on the Teichmeller spaceof a closedsurfacegive
rise to a symplectic form and a Riemannian metric. Using the doubling construction, we
caninducea (Weil-Petersson)Poissonstructure and a Riemannianmetric on the Teichmuiller
spaceof a surfacewith boundary (which is no longer almost-complex).

In [31],1 dealt only with Weil-PeterssonPoissonstructure. For someapplications, this is
enough. For instance, Kontsevidh's [20] and Mirzakhani's [25] proof of Witten's conjecture
are basedon the fact that the intersection numbers of tautological classesare Weil-Petersson
(symplectic) volumes. Indeed, (*) computesthe volumesof the M ¢.,'s with respect to the
piecewise-lineansymplectic form" by summing the cortribution of ewery top-dimension
cellof M g?nmb, namely enumerating all trivalert ribbon graphsusing Wick's lemma (see([3]).
This looks like a conmbinatorial method.

One of the goals of my researb is to give a di erential-geometric explanation of this
matrix integral. The strong suspect is that this integral is recording di erential-geometric
informations of \degenerate surfaces”,that is of surfaceswith boundary that have become
thinner and thinner and look like ribbon graphs. From another side: | would like to extend
TuraeV's graphical calculusto measuredlaminations in a geometricway (say, without using
train tracks).

The -v olume form on M g?nmb computed by Kontsevidh is a multiple of the Euclidean
volume on ead cell. This raisesthe question about what the (normalized) Weil-Petersson

becausethe WP metric and the WP form are not easily related for surfacewith boundaries.
One of my goalsis to computethis limit for gwp and to compareit to the Euclidean metric
on the arc complex. Moreover, | would like to comparethe symplectic WP volume with
the Riemannian WP volume. The arc complexis cortained inside the spaceof measured
laminations, which doesnot have a natural metric that looks like the WP one, sol think it
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would be interesting to seeone and understandhow it relatesto the PL structure.

Let S be a hyperbolic surfacewith boundary and = (S) its fundamenal group.
In [19], Kashaevde ned coordinates on the spaceof represetations I G with parabolic
holonony at the boundaries,generalizingwhat doneby Penner[35]for G = PSL,(R). | would
like to extend what done by Ushijima, Luo and myself for the Teidhmelller spaceof surfaces
with boundary to the represetation varieties, dropping the condition of parabolic holonorny
at the punctures: namely | would like to nd good coordinates (similar to the a;'s and the
w( i)'s) and to write Goldman's Poissonstructure [11] explicitly in thesecoordinates.

The motivation is that clearly there are relevant analogiesbetweenthe Teichmelller space
and the spaceof G-bundlesover a xed Riemann surface. Howeer, for bundles ewerything
becomesmore homogeneousand simpler becausethere is no action of the mapping class
group, sothat the two situations are perhapslesssimilar than they appear at rst sigh.

7.2 Combinatorial models for M 4, and M 4

Motiv ation. The utilit y of having a good cellular model for M ¢ (or just for M g) is that
onecan try to de ne comnbinatorial classeson M 4 and approad Faber's conjecture [9] on
the unstable intersectiontheory of the classeson M ¢, by looking at the behaviour of the
combinatorial cycleson M 4. In fact, the conjectureamourts to compute

Z

ar+l an+1
991 1 n )
Mg
P — —

where & =g 2and :Mg, ! M g4isthe forgetful map. As Faber shavedthat ¢ 4 1
vanisheson @ 4, one needsnot care about boundary term and it seemsthat the result is
well-suited to usethe combinatorial classesprovided oneis able to push the W's down to
M .

The utilit y of having a combinatorial model for the Deligne-Mumford compacti cation
M g, is that one can hope to attack problemsin intersection theory and cohomologyfrom
a topological point of view. Moreover, ribbon graphsare alsousedto de ne string topology
operations on the free loop spaceof any compact oriented manifold. A version of these
operationsparametrizedby the homologyof M 4., wasde ned by Godin [1(. A combinatorial
model for M 4., could permit usto de ne operations paramerizedby H (M ).

In the past, there has beenan attempt of Looijenga[21] and now it seemsthere is an
approad by Penner[34] using hyperbolic geometry but the details have not appearedyet.

Using the strati cation by topologicaltype of M 4, (seeSection3) and ribbon graphs, |

would liketo construct manageablecellular modelsfor M ., andfor M 4, which arecompatible
with the natural maps. An ideais to usethe full strength of Strebel's result to give a ( R)-
equivariant decompsition of T (R) jC(R)j, whereR is a (possiblyclosed)hyperbolic surface
and C(R) is the complexof curvesof R (i.e. whosesimplicesare homotopy classe®f systems
of disjoint, nortrivial, pairwise nonhomotopicsimple closedcurveson R). The main di cult y
is that it seemsthere are no nice coordinatesasin H-M-T's case,but still we have a cellular
decompmsition with a natural a ne structure on the cells. Clearly, (T(R) JC(R)j)=( R) is
homotopy equivalert only to the \part at in nit y* of M (R), but this capturesthe homotopy
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type of M (R) up to dimension2g 4+ n (or 2g 3if n = 0) dueto Harer's result [13]. So,
it cortains all the information about the tautological and the stable classes.

7.3 Open Gromo v-Witten invariants

Motiv ation. Another sourceof inspiration comesfrom Gromov-Witten invariants, and in
particular from Witten's discussionof the conifold transition in [43]and the relation between
Gromow-Witten theory and Chern-Simonstheory. Witten beginsobservingthat the closed
Gromov-Witten potential of a small resolution ¥, of the singularity of a quadric coneXg =
fxy = zwg in C* must correspnd (through somechange of variables) to the open Gromov-
Witten potertial of a smaothing X - of the samesingularity, wherethe vanishing Lagrangian
cycleS®  X. plays the role of boundary condition for the open Riemann surfaces. As no
Riemannsurfacewith boundary ( ;@ canholomorphically mapto (X-;S3®) unlessthe map
is constart, one would concludethat there is no cortribution comingto nonconstah maps
to the open Gromov-Witten potential. Howewer, Witten remarksthat the moduli spaceof
mapsfrom Riemannsurfaceswith boundaryto (X-; S%) is not compact. To compactify it, we
should alsoinclude the limit casein which the surfaceis very thin, its boundary componerts
coalesceand the whole object limits to a graph (or to a ribbon graph) that mapsinside S3.
Thus, mapsfrom ribbon graphsto S*® (and so Chern-Simonstheory) should appear as limit
situation of open Gromov-Witten invariants in X. and should relate to the closedGromov-
Witten invariants of the local CP* )bo.

On the Gromov-Witten side, one of my goalsis to construct a moduli spaceof maps
from surfaceswith boundary to couples(X;L) (consisting of a Kehler manifold X and a
LagrangiansubmanifoldL) that includessuitable mapsfrom ribbon graphsto L and to ched
Witten's prediction, nding a geometriclink with Chern-Simonstheory.
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