18.700 - Fall 2006 - Solutions to Problem Set 6

Problem 1.
Suppose that A is diagonalizable. Then it has a basis of eigenvectors B = {v1,...,v,}. The rank
of A is exactly the number of eigenvectors corresponding to a nonzero eigenvalue. Suppose Av; =0
fori=1,...,n—1and Av, = av, with a # 0. The matrix M = ME(A) is diagonal, with M;; =0
fori=1,...,n—1and My, = a. Then tr(4) =tr(M) =a #0.

Vice versa, suppose that tr(A) # 0.
Because rk(A) = 1, we have dimker(A) = n — 1. Let {v1,...,v,—1} be a basis of ker(A) and pick
vy, € F" \ ker(A), so that B = {vy,...,v,} is a basis of F*. The matrix M = MZE(A) looks like

0 ... 0

0O ... 0
M= 5

0 ... 0 =

0O ... 0

and tr(M) = tr(A) = a # 0. Moreover, the characteristic polynomial p(t) = pas(t) = det(M —
tI) = (a—t)(—t)" !, thus there is an eigenvector 0 # w € F™ for A corresponding to the eigenvalue
a. Clearly, C = {v1,...,v,—1,w} is a basis of F" of eigenvectors of A. Hence, A is diagonalizable.

Problem 2.

(a) The matrix A, — tI is lower triangular, so that its characteristic polynomial is pa,(t) =
—t(2—-1t)(3—1t)(c—1).

(b) The eigenvalues of A. are {0,2,3,c}.
We always have Ey = span{es}, Fo = span{(2c—4)e; — 2es + 2e3+e4}, E5 = span{3e3 +e4}.
Moreover, if ¢ # 0,2, 3, then we also have E. = span{(c — 3)ea + e3 + ¢ teq}.

(¢) The sum of the multiplicities of the eigenvalues is 4 if ¢ # 0,2, 3 and is 3 otherwise. Thus, A,
is diagonalizable if and only if ¢ # 0, 2, 3.

(d) Yes, for ¢ = 2. In this case, we show that there are bases B = {vi,v9,v3,v4} and C =
{w1, we, w3, ws} such that

2 0 0 0
1 2 0 0
00 0 O

so that Ay and B are similar.
Define vg = wy = e4 corresponding to the kernel (of As and B respectively).
Define vz = e3 + e4/3 and w3 = e3, corresponding to the eigenspace of eigenvalue 3.



Define vo = —2e9 + 2e3+ €4 and we = —es + e3, corresponding to the eigenspace of eigenvalue
2.

Finally, define vy = —2e; + ea + e3 and wy = v1/2, so that ker(As — 2;7)? = span{vy,vo} and
ker(B — 2I)? = span{wy,ws}.

You have to check that, with the bases defined above, (*) holds.

Direct computation shows that the characteristic polynomial of B — B is p(\) = A2(\2 4 2),
which is not a product of factors of degree 1 in Q[\]. So B — B! is not similar to an upper
triangular matrix in My,4(Q).

Problem 3.

(a)

Let B be the invertible minor of A made of the columns C;,,...,C;, and therows R;,,..., R;,.
Consider the subsets of linearly independent vectors B = {e;,,...,e; } and C = {ej,,..., e, }.
Define vector subspaces V' = span(B) C F™ and W = span(C) C F". Notice that there is an
inclusion f : V — F", and a (surjective) homomorphism ¢ : F* — W such that g(ep) = ey, if
ep € C and g(ep) =0if e, ¢ C.

The matrix Mé3 (go Ao f) is exactly B, so that go Ao f is an isomorphism. In particular,
dimIm(A) > dimIm(go Ao f) = k.

Let Cj,,...,C;, be linearly independent columns of A and let Rj,,...,R;, be the linearly
indepedent rows of A.

If {e1,...,en} is the standand basis of F™, let {e], ..., e} } be the standard dual basis of (F™)*.
Remember that A : (F")* — (F™)*. Thus, every row of A corresponds to a functional on
F™: the row R; corresponds to the functional At(e;).

Remember also that ker(A) = Ann(Im(A?)).

As the rows Rj,,..., R;, are linearly independent, the set {A’(e;,),..., A (ej,)} is a basis of
Im(A?).

Now we show that the columns of B are linearly independent.

Let aq,...,ax € F such that a1 B,1 + aoBro + - -+ + ap By = 0 for every r = 1,..., k. This
is the same as saying that the vector ayCj, + - -+ + axCi, = A(aue;, + -+ + age;, ) has the
Jn-th entry equal to zero for h = 1,...,k. Thus, the vector aye;, + - - - + aye;, is annihilated
by {A'(e;,),...,Al(ej,)} and so by Im(A"). Hence, the vector aje;, + - -+ + aye;, belongs to
ker(A) and so a1 Cj;, + - + o, C;, = 0.

As the columns Cj,, ..., C;, are linearly independent, we obtain oy = ag = -+ = a3, = 0.

Problem 4.

(a)

In writing det(M) = Z e(0)My(1)1 ** * Mo(ngm)nem We discover that the only permu-
066n+m
tations that give a nonzero monomial are those o : {1,2,...,n +m} — {1,2,...,n + m}

that send the subset {1,2,...,n} to itself (and consequently the subset {n+1,...,n+m} to
itself). Call &y, C &4, the subset of such permutations.
Consider the bijection &,, x &,, — &, ,, that sends (o, 3) to the permutation o defined



as 0(i) = a(i) f 1 <i <nando(i) =n+pG(i—n)if n+1 < i < n+m. Notice that

e(o) = e(a)e(B).

Then we can clearly rewrite det(M) as Z e(0)Ag)1 Aoy Bon+1),1 * Bo(ntm)m
c€Gn,m

<Z E(a)Aa(l)J"'Aa(n),n) Z e(B)Bg(1),1 - Bgm),m | = det(A)det(B).
acB, BEGH
The same argument, applied to A — A\, B — Al,,, and M — A4, shows that pa(\) =

det(M — M) = det(A — A)det(B — AI) = pa(N)ps(N).
If A and B are both diagonalizable, then there exist invertible matrices P € M, (F) and Q €

Mnxm(F) such that PAP~! and QBQ ™! are diagonal. Then, the matrix R = < ](; 22 >

has the property that RM R~ is diagonal.

Vice versa, assume M diagonalizable and call E, C F**™ the eigenspace of M corresponding
to the eigenvalue e. Define subspaces Wi = span{ey,...,e,} and Wy = span{e,41,...,€ntm}
of F**™, Then F*t™ = W1 & Wy and A(Wl) C W1 and B(Wg) C Wo.

Notice that the matrix A is diagonalizable if and only if the homomorphism

A=M Zl : W7 — W is. This happens if and only if W7 is the direct sum of the eigenspaces

1

of A (similar statement for B, B and W5).

We claim that E, = E.; @ E 2, where E,; = E. N W for i =1,2.

Clearly, E e,1 N E. 2 C WinNnWsy = {0}

If v € E,, then v =w; + wo with wy € Wy and wy € W2 Moreover, ewy + ewy = ev = Mv =
Mwy + Mwy = Aw1 + ng, so that Aw1 = ew; and ng = ewsq, which shows that w; € E.;
and E.1 + FEe o = FE..

If eq,..., e, are the eigenvalues of M, then

Frm = Ee, ®--- @Eek = (Eel,l G- D Eeml) @ (E61,2 b--- @Eek72) =W e W,

sothat Wi = Eg, 1@ -®©Fe, 1 and Wo = Ee 20® - D Ee, 2. As E,, | 1 C W1 is an eigenspace
for A and E., o C W5 is an eigenspace fo B this shows that A and B (and so A and B) are
diagonalizable.

i - o Inxn | Cosem
Notice that N — Al = QR, where Q = ( O ‘ B — Mo > and
R= ( Ansn = Men | O > so that py(A) = det(Q)det(R).
Omxn | Imxm

Moreover, det(Q) is equal to det(Q’) where Q' = < Tnxn | Onxm ), because Q' is obtained

Oan ‘ Bme
from @ by elementary operations on the columns.

From part (a), we have det(Q) = pp(\) and det(R) = pa(A). Hence, px(A) = pa(N)ps(N).

N can be diagonalizable even if C' is not zero.

As an example, consider N = ( (1) (1] > € Mayso(F).

Clearly, N is diagonalizable, because {e1,e; — e} is a basis of F? of eigenvectors for N.



