18.700 - Fall 2006 - Problem Set 2 (38 points)
(Due on Tuesday, Sept 26th)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. Write the names of all the people you consulted or with whom
you collaborated and the resources you used, or say “none” or “no consultation”. All solutions
must be supported by proofs or counterexamples. NO LATE HOMEWORK IS ALLOWED.

Problem 1. (4 points)
Let V be a vector space over the field F. Let Wy, Ws C V be vector subspaces of V' (over ) such
that V' = W3+ Ws. Show that there exists a vector subspace U C Wy (over IF) such that V = U®Ws.

Problem 2. (10 points: 3+3+3+1)
Let V = C* as a vector space over C and let C := {e1, e, e3,e4} be the canonical basis of C* over
C (where ey, is the vector with all zeroes except a 1 in the k-th position). Consider the subset
B :={e; —eg,ea —e3,i(es —e1),e3+e4} C V and call spang(B) the span of B over C and spang (B)
the span of B over R.

a) What is the dimension of spang(B) over C? Find a basis of spanc(B) over C.
C C
b) What is the dimension of spang(B) over R? Find a basis of spang(B) over R.
R R
) Complete B to a basis of C* over R.
)

(c

(d) Find a vector subspace W of C* over C such that V = W @ spanc(B) (i.e. V is the direct
sum (over C) of W and spanc(B)).

Problem 3. (18 points: 4-+4+6+4)
Let F[t] = {p(t) = ag + a1t + --- + aqt?ja; € F} be the set of polynomials in the variable ¢ with
coefficients in the field F.

(a) Consider the subspace W = {p(t) € Q[t]| p(0) = p(1) = p(2) = 0} over Q of Q[¢].
Find a complement U of W inside Q[t].
What is the dimension (over Q) of U?

b) For every polynomial ¢(s) € F[s], show that ev,,) : F[t{] ———=TF|[s] is a homomorphism of
q(s)

vector spaces over F.
[Example: if p(t) = ag + a1t + agt® + ast®, then evy () (p(t)) is the polynomial in s obtained
by expanding the expression ag + a1(q(s)) + a2(q(s))* + az(q(s))3.]



(c) Let q(t) € F[t] be a nonzero polynomial.
Show that p, : F[t]<i — F[t]<g+q that associated to p(t) the product p(t) - ¢(t) is a homomor-
phism of vector spaces over F.
Find a subspace U C F[t]<giq (over F) such that Flt|<xiq = U @ Im(pq) (over F), where
Im(pq) is the image of p,.
Compute the dimension of U (over F).

(d) Let ¢(t) € F[t] be a nonzero polynomial. Consider the homomorphism 4 : F[t] — F[t] that
maps p(t) to the product p(t) - ¢(t), as in (c).
Find a subspace U C F[t] (over ) such that F[t] = U & Im(p,) (over F).
Compute the dimension on U (over F).

Problem 4. (6 points: 3+3)

(a) Let v € R? be a nonzero vector. Show that II, : R3 ——=R3 is a homomorphism of vector
W= X W
spaces over R, where v X w is the vector product of v and w.
Determine the kernel and the image of II,,.

(b) Let 6 € [0,27) be an angle. Let Ry : R? — R? be the map that associates to a vector v
the vector Rp(v) obtained performing a (counterclockwise) rotation centered at the origin of
angle 6.

Show that Ry is a homomorphism of vector spaces over R.
Determine kernel and image of Ry.

If V and W are vector spaces over a field F and f : V — W is a homomorphism of vector spaces over
F, then the kernel of f is defined as ker(f) := {v € V| f(v) =0 € W} CV and the image of f is defined
as Im(f) :={weW|FveV: flv)=w} CW.

Let p(t) be a nonzero polynomial with coefficients in a field F. We can write p(t) = ag + ait + - - - + aqt?
with ag # 0, for suitable d and ag,a1,...,aq € F. Define the degree of p(t) to be d.

Let V' be a vector space over the field F and let W C V' be a vector subspace of V' over F. A complement
of W inside V' over the field F is a subspace U C'V over F such that V. =U & W over F.



