18.700 - Fall 2006 - Solutions to Problem Set 2

Problem 1.
Define Z := W71 N Wa to be the intersection of W7 and Wj. It is a vector subspace of W7 (and also
of W5 and of V') over F. Pick a basis Bz of Z. Complete it to a basis B; of Wj. Define

U := spang(B1 \ Bz)

and call By := B; \ Bz, which is thus a basis of U (over F).
UNZ = {0} (why?) and so U N W, = {0}.

To show that U + Wy =V, complete Bz to a basis of Ws.
As W1 4+ Wy =V, then every v € V can be written as

v=(a1u1 + - + apuy) + (brz1 + - + bzm) + (Lo + - + )

where a;,bj,c,, € F, w; € By, z; € Bz and v, € Ba.

Then v = (aqu1 + -+ + apuy) € U, we = (b1z1 + -+ = bzm) + (o1 + -+ + qu) € Wy and
V= U+ wsy.
Problem 2.
(a) The set B = {ey — ea, €3 — e3,e3 + e4} generates B over C (and so spanc(B) over C) because
i(eg — 61) :N—i(el — 62) — i(eg — 63).
Moveover, B is a set of linearly independent vectors over C, because a(e; — ez) + b(ea — e3) +
a
cles +eq) =aer+ (b—a)ea + (c —b)es + ceq = I;:Z with a, b, ¢ € C is zero if and only
c
ifa=b=c=0.

Thus, B is a basis of spanc(B) and so dimg spang(B) = 3.

(b) B is a set of linearly independent vectors over R. In fact, a(e; — e2) + b(ea + e3) + c[i(es —
a—ic
b—a
ic+d
d
Thus, B is a basis of spang(B) over R and dimg spang(B) = 4.

e1)] +d(es +eq) = with a,b,c,d € Ris zero if and only if a =b=c=d = 0.

(c) dimg(C*) =24 =8, so we need to add other 4 vectors to B.
Claim: B’ := BU {ey,ieq,ie3,ies} is a basis of C* over R.
We only need that they generate {ej,ie1,eq,ieq,e3,ies,eq,ie4} over R.

(e1) e B (ie1) = —[i(es — e1)] + (ie3)
ey = —(61 —e2) + (61) (ieg) € B
e3 = —(e1 —e2) — (e2 — e3) + (e1) (ie3) € B’
e4 = (61 —e2) + (62 —e3) + (e3 +eq4) — (€1) (ieg) € B

(d) From (a) we have that B = {e1 — €2, €3 — €3, €3 + €4} is a basis of spang(B) over C.
Define W := spanc{e1}. If a,b,¢,d € C, then a(e; — e3) + b(ea — e3) + c(es + e4) = d(e1)
implies a = b = ¢ = d = 0. This shows that B is a set of linearly independent vectors and
that W N spanc(B) = {0}. As |B| = 4 = dimc V, then B is a basis of V over C and so
W + spang(B) = V. Hence, V =W @ spanc(B).



Problem 3.

(a)

Define U := Q[t]<2 = spang{1,¢,t* —t}. Then UNW = {0} because, if p(t) € Q[t] has degree
at most 2 and vanishes at three points (in our case, at 0,1, 2), then p(¢) = 0.

We want to show that Q[t] = U+W. For every p(t) € Q[t], define ag := p(0), a1 := p(1)—p(0)
and as := p(2)/2 — p(1) + p(0)/2, and s(t) = ag-1+4+ay -t +ay-(t> —t) € U. Then
p(t) = s(t)+[p(t)—s(t)]. We want to show that p(t)—s(t) € W. Notice that s(0) = p(0), s(1) =
p(0) +[p(1) = p(0)] = p(1) and s(2) = p(0) +2[p(1) = p(0)] + [p(2) /2 —p(1) +p(0) /2] (2* — 2) =
p(0)+2p(1) —2p(0)+p(2) —2p(1) +p(0) = p(2). Hence, (p—s)(0) = (p—s)(1) = (p—s)(2) =0
and so p(t) — s(t) € W.

Clearly, {1,t,t> —t} are linearly independent (over Q) and so they are a basis of U. Hence,
dimg U = 3.

We have to show that ev(,) respects sums and scalar multiplication.

If p(t),r(t) € Flt], then evy(p+7) = (p+7)(a(s)) = p(a(s)) +7(a(s)) = evys)(p) +evyes (r).
If A € F and p(t) € F[t], then ev,y5(A-p) = (A-p)(a(s)) = A-p(q(s)) = A+ evy) (p)-

We have to show that p, respects sums and scalar multiplication.

If p(t), 7(t) € Flt]<k, then pg(p(t) +r(t)) = (p(t) +7(t)q(t) = p(t)q(t) +r(t)q(t) = nq(p(t)) +
fg(r(t)).

If p(t) € Fltl<y and A € F, then jig(Ap(t)) = Ap()r(£) = Aug(p(t):

Define U := F[t]<4—1 = spanp{t' |0 < i < d — 1}.

Clearly, Im(pq) N U = {0} because every polynomial in Im(sx,) is a multiple of ¢(t) and is
either 0 or it has degree > d.

We want to show that By = {1,¢,%,..., ¢4 1, (1), pug(t), ..., pg(t¥)} is a basis of F[t]gia
over F. As |[By| = k+ d+ 1 = dimp F[t]g1q, we only need to show that they are linearly
independent. This is clear, because p4(t") has degree d+n, so they all have different degrees.
Hence, U & Im(,uq) = F[t]§k+d and dimp U = dimp F[t]gd_l =d.

Define U := Ft]<q_1 = spanp{t’|0 < i < d — 1} as in (c).

Again, Im(py) NU = {0} because every polynomial in Im(p,) is a multiple of ¢(t) and is
either 0 or it has degree > d.

As in (c), the set B={t"|0<i <d—1}U{pe(t’)|j > 0} is made of polynomials of distinct
degree, so it is a set of linearly independent vectors.

To show that B generates, pick a nonzero polynomial p(t) € F[t]. If deg(p(t)) < d, then we
are done.

Otherwise, observe that p(t) € F[t]<k+q for k large enough (for instance, every k > (degp) —d
works). Because of (c), p(t) can be written as a linear combination of polynomials in By C B.
As in (c), dimp U =d.



Problem 4. (5 points: 2+3)

(a)

I1, respects sums, because IL, (w1 +w2) = v X (w1 +we) = v X w1 +v X we = I, (wq) + I, (w2)
for all wy,wy € R3.

IT, respects scalar multiplication, because II,(A - w) = v x (Aw) = A(v X w) = A - I, (w) for
all A € R and w € R3.

Hence, II, is a homomorphism of vector spaces over R.

The kernel kerIl, = spang{v}, because IT,(w) = 0 <= vxw =0 <= w is a multiple of v.
The image ImlIl, = {w € R?|w is orthogonal to v}.

. (= [ xcos(#) — ysin(h)
Given a vector v = ( y >, we have Ry(v) = < xsin(f) +ycos(f) )

Hence, it is straightforward to check that Rg(v +w) = Ry(v) + Rg(w) for v,w € R? and that
Ry(M) = ARg(v) for v € R? and A € R. Thus, Ry is a homomorphism of vector spaces over
R.

Ro(v) =0 = v =0, so that kerRy = {0}.

Instead, Im(Ry) = R2. In fact, given v € R? and called w := Ry,_g(v), we have Ry(w) = v.



