These are the solutions to Midterm Exam 1 of 18.700, Fall 2006.



Problem 1. (25 points)
Let F be a field. For every A € F, call M = 3 ;\ € Mayo(F).

Define Sy C Max2(F) to be Sy := {A € Maxo(F)| AM = MA}, ie. the subset of 2 x 2
matrices A with coefficients in F such that AM = M A.

For every value A € F, show that S, is a vector subspace of Mays(F), find a basis of Sy
and compute its dimension.
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Problem 2. (25 points)
Let V, W be vector spaces of finite dimension (over some fixed field F).
Let M,N : V — W be two homomorphisms of vector spaces
and let (M + N) : V — W be their sum. ,
Prove that |r — s| < dimIm(M + N) < (r + s), where r = dimIm(M) and s = dim Im(N).
For every r,s > 1, exhibit an example of (V, W, M, N) for which |r — s| = dimIm(M + N)
and an example of (V,W, M, N) for which dimIm(M + N) =r +s.
(Try to prove the upper bound first.)
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Problem 3. (25 points)
Let z € Q be a fixed rational number and let V = Q[t]<3 be the vector space (over Q) of

polynomials in the variable ¢ of degree at most 3 with rational coefficients.
Define the homomorphism of vector spaces T:V — V as

T((0) = p(a) + /@)t + 1 (@)

Write the matrix M (T) associated to T with respect to the (ordered) basis B = {1,t, 2, t3}.
Determine a basis of Im(T"*), where T* : V* — V* is the homomorphism dual to T
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Problem 4. (25 points)
For every k € C, find all the homomorphisms of complex vector spaces Ly, : C> — C? such
1

won(3)=(2) ()= () mon(2)- ()

For each of these homomorphisms Lj, that you have found, determine bases for ker(Ly) and
Im(Lg) and write down the matrix associated to L. '
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