These are the solutions to Final Exam of 18.700, held on December 19th, 2006.
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/ (14 points) Let A € Mpyn(R) be an n x n matrix with real entries such that rk(A) =k < n.
Show that the re exist matrices P € GL(n,R) invertible and @ € O(n,R) orthogonal such
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(6 points) Using the result above (whether or not you proved it), show that rk(A *A) = rk(A).
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/ Problem 3. (20 points) ’
Let V = C|[t]<3 be the vector space of polynomials with degree at most 3 and complex coefficients
and let T : V — V be the endomorphism defined as T(p(t)) = p(t +1) +p(t —1).

(8 points) Write the matrix M¢(T') that represents T with respect to the basis C = {1,1,1%,t°} of V/
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(8 points) Compute characteristic and minimal polynomial of T
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(4 points) Dete rmine an explicit basis B of V such that M g (T) is in Jordan form. Write down
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Let R? be endowed with the standard scalar product and let A : K" — K° be ah Ortaogbiias
transformation.

(15 points) Provethat Ais diagonalizable if and only if there exist two A-invariant subspaces W1, Wz C <
R3 such that dim Wy = dim Wa = 2 and W) # Wa.
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(5 points) Does the thesis still hold true if A € M3x3(R) is not required to be orthogonal?
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Problem 5. (20 points)

Let V be a real vector space of dimension n an
f2=1Id

(15 points) Does there exist a positive-definite scalar product b on V' such that f
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Problem 6. (20 points)
For every ¢ € R, let T¢ : R —
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the determinant and the rank of T, for every value of ¢ € R.
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R3 be the endomorphism represented by the matrix
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(8 points) 1f Tt is not invertible, find a basis for its kernel and its image.
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(7 points) For ¢ = 0 and for ¢ = —2, find the set of solutions of the linear system T.X =Y, where

)
XER3andY=<—1>eR3.

A(3)(5)- ()G C) =
) e e

I( c=o,dea T is ek anl se

Ko (] is e v R

I Cooa, o the gpusk sotifion is

([B)sa() ot st fic)eh’]ucR |



