LINEAR FORMS FROM THE GOWERS UNIFORMITY NORM

DAVID CONLON, JACOB FOX, AND YUFEI ZHAO

This is a companion note to [1] elaborating on the concluding remark in §7 under the heading
Gowers uniformity norms. The purpose of this note is to sketch the argument showing that the
relative Szemerédi theorem, Theorem 2.4 in [1], for (r+ 1)-term arithmetic progressions holds when
the linear forms condition on v: Zxy — R>( is replaced by an alternate condition on the Gowers
uniformity norm U":

v = 1llys = o(p), where pi=1/ v, < 1. &
Recall that the Gowers uniformity norm U" is defined by

1/27
[Fi[= :E[ [T f@o+w x)|eo,ar,....2, € Zy
we{0,1}7

The application we have in mind is v = p~'1g where S C Zy satisfies S C Zy and p = |S| /N.

We do not give all the details in this note and we also assume familiarity with [1]. We sketch
how to modify the argument in [1] to show the result under the assumption (1). As noted in
Footnote 5 on page 16 of [1], the only hypotheses needed for the proof of the counting lemma are
the strong linear forms condition, as in Lemma 6.3, and also (34) in [1]. The Gowers uniformity
hypotheses also implies the conclusion of Lemma 6.2, which gives the conclusion of Lemma 2.15,
thereby allowing us to apply the weak regularity lemma, Theorem 2.16.

As in [1], we work in the hypergraph setting. Recall that for a finite set e, we write V, = Hjee Vi,
where each V; is a finite set. We assume this notation for Definition 1 and Lemmas 2 and 3.

Definition 1 (Gowers uniformity norm). For any function g: V., — R, define

lel
xgo),xgl) eV 1/2
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There are two notions of Gowers uniformity norm: one for functions Zy — R and one for
functions V. — R. Observe that the representation of v: Zy — R>o by a weighted hypergraph v
in the proof of the relative Szemerédi theorem [1, §3| preserves the Gowers uniformity norm.

The following inequality is the Gowers-Cauchy-Schwarz inequality for hypergraphs. The proof
is by r applications of the standard Cauchy-Schwarz inequality.

Lemma 2 (Gowers-Cauchy-Schwarz inequality). For any collection of functions g,: Ve — R,
w € {0,1}°, one has

B[ TT @)@ e evi)[< T laaloe
we{0,1}¢ we{0,1}e
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To illustrate the proof of Lemma 2, we consider the case |e| = 2. We have

Elgoo(x, ¥)g01 (2,5 ) g10(2’, y)gu1 (2, ) |z, 2" € Vi, y, ¢/ € Va)*
= E[E[go0(z, y)g01 (2, 9|z € Vi]E[g10(z", y)g11 (2", ¢ |2 € Vally,y' € Va)*
< E[Elgoo(x,y)g01(2,y)|z € Vil*ly,y" € Va’E[E[g10(z", y)gu1 (2, ¢ )|a" € Vol*|y,y’ € Vo]?
= Elgoo(z,y)g00(x’", y)gor (z, ¥ )go1 (', )|z, &’ € Vi, y, 9/ € Vo]?
Elgio(z, y)gi0(=', y)g11 (2,5 )gn (&, ¢z, &' € Vi, y,yf € Vo]?
E[E[goo(x, y)goo(z', )y € ValElgor(, y)gor (', y)|y' € Vallz, 2" € i]?
E[E[g10(, y)gi0(z’, )|y € ValElgni(z, y)gi (2, )|y € Vallz, 2" € Vi]?
E[E[goo(z, y)g00(z’, y) |y € Va]?|, 2" € VI|E[E[go1 (2, )gor (2,5 )|y € Vo]?|z, 2’ € V]
E[E[g10(, y)g10(z’, y)ly € Vol |z, 2" € VI]E[E[gu1 (2,9 )gu (@', v )|y € Vo]’ |z, 2" € V1]
= Elgoo (2, y)goo (2", y)goo(x, ¥ )goo(z', ¥ )|z, 2" € V1, y,y € V3]
Elgo1(x, y)go1 (=", y)go1 (x, ¥ ) gor (2", ¥ )|z, 2" € V1, y,y € V3
Elgio(z, y)g10(2", y)g10(x, ¥ ) g10(2’, )|z, 2" € V1, y, 4 € V3
Elgui(z, y)gu (@', y)gu (2, y)gu (@', y) |z, 2" € Vi, y, ' € Vo
= (llgoollr2 lgo1 7= llgnollr [lgnillgr=)*

Both inequalities above are due to the usual Cauchy-Schwarz inequality. The extension to the
general case is straightforward.

The following lemma relates the Gowers uniformity norm condition to certain linear forms within

Ve.
Lemma 3. If v.: V. — Rxq satisfies |[ve — 1|y = o(1), then
B[ ] wle)[al®,20 € V] = 14 o) @)
we{0,1}¢

for any choices of exponents n, € {0,1}.
Proof. Applying the Gowers-Cauchy-Schwarz inequality, Lemma 2, applied with g, (z.) = (ve(ze)—

1)™ one gets
B[ [T (eal)-1™e
we{0,1}e

2l € V| =o(1) (3)
for any choice of exponents n,, € {0,1}, as long as they are not all zero. We can write the left-hand
side of (2) as

E[ TI (elal)—1)+ 1)

we{0,1}e

Ol g)eve]

The result follows by expanding each parenthesis ((Ve(xgw))"“ — 1) + 1) and bounding each term
(except for the constant term) using (3). [

For the rest of this note, we assume the following hypergraph system setup. Recall that this is
the hypergraph system used in the proof of the relative Szemerédi theorem in [1].

Setup 4. Let J = {0,1,2,...,7} and H = (i) Write e; := J \ {j} € H for every j € J. Let
V = (J,(Vj)jes,r, H) be a hypergraph system. Note that H is the complete r-uniform hypergraph
on r + 1 vertices.
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For a weighted hypergraph v on V, we write |||, to mean the maximum value taken by any
Ve, e € H. Throughout we assume that ||v| > 1.

The next two lemmas show that the inputs to the proof of the counting lemma in [1] (see
Footnote 5 on page 16) remain valid when we assume that

|ve — 1llye = o(|lv|l) forall e € H.
Lemma 5 (Strong linear forms). Assume Setup 4. Let v be a weighted hypergraph on V' satisfying
|ve = 1||ge = 0(1) for all e € H \ {eg}.

For each v € {0,1} and e € H \ {ep}, let géL): Ve = Rx>q be a function so that either ggL) <1 or
ge(:L) < v, holds. Then

ot -0 T (TT o0l o) ol 8" € Vo, 20y < Ve
1€{0,1} ecH\{eo}

< (T+o0(1)) lvey = Ulyeo IVl - (4)

Proof. For each « = 0,1 and e € H \ {ep}, let géL) be either 1 or v, so that géL) < gé‘) holds. For
0 C d C eg, define

X, = H (Veo(xeo\d,xéw)) - 1),
we{0,1}4

RS | N ) I

1€{0,1} eeH\{eo} we{0,1}4
eJd

and
o (0) (1)
Qa = E[Xa¥a|z Doy 250y € Vaoioys Teord € Veord]-
We observe that |Qg| is equal to the left-hand side of (4) and
w 1 r
Qe =E[ T (@) = 1)[al,2) € Vi] = v = 1170
we{0,1}¢0

We claim that if j € e \ d then
1/2ldI+1
Qal " < (14+0()QYT; IVl (5)
from which it would follow by induction that
ILHS of (4)] = Q| < (1 +0(1))Qu* [¥[I% = (L +0(1)) v, — Llyeo V115

as desired. Now we prove (5). Let Y = Yaj Y% where Yaj consists of all the factors in Y, that

contain z; in the argument, and ng consists of all other factors. Let Y denote Y% with all g

ld|

replaced by g¥. Using the Cauchy-Schwarz inequality and Yd% < ng one has'
Qi = E[E[XaY;"|xj € ViV < BIEIXaY;" |2 € Vi) E[(Y]")’]
< E[EIX0Y;7|e; € VP E[VZ))’) = Quugyy EIVE)), (6)
IThe key difference between this argument and the proof of Lemma 6.3 in [1] is that here we use the Cauchy-Schwarz

inequality to bound by E[E[X Y, |x] € V]2 } E[(?d ) ], which contains an undesirable square (ng)Q, whereas in [1]
we bound by E[E[XqY,” |z; € V;]? Yd } E[Yd ] so that there is no loss in terms of ||v||
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where the outer expectations are taken over all free variables. Note that
S _( L w
vy = H H ge(zj) (33(())7332 ),we\(du{o}))
1€{0,1} we{0,1}4

is the product of at most 2/4+1 factors of the norm Ve;- SO

. . . a1
VTP <V sy <V I
Since HVJ\{]‘} - IHUJ\{].} = 0(1), Lemma 3 implies that E[??j] =1+o0(1). Thus

old|+1

E[(Y7)2) < (1+0(1) w2
So (6) implies (5), as desired. [

Remark. A straightforward modification of the proof shows that if g.: V. — R is a function so
that g < ve or g < 1 for every e € H \ {eo}, then

E|e@e) =1 J]  gelee)

ecH\{eo}

21 € Vi < (14 0(1)) v = Ll V112

oo

Indeed, in the proof, the corresponding ng now has at most only 2ldl factors, so that (?ffjﬁ can
be bounded by 73] HVHzlod‘, thereby saving a factor of 2 in the exponent of ||v|| . This implies that

if S CZyn,v=plls, and |v— 1| = o(p"/?) then S contains approximately the correct count
of (r 4+ 1)-term arithmetic progressions. This was mentioned in the concluding remarks of [1].

Lemma 6. Assume Setup 4. Let v be a weighted hypergraph on V' satisfying
Ve = 1lge = o(|[v]| 7 ) for all e € H.
Define v, : Vey — Rxq by

Vi (Zey) i= IE[ H ye(:ve)’xo € VO].
e€H\{eo}

Then
E[(v;, —1)’] = o(1). (7)
Expanding (7) we see that it suffices to prove the following lemma.
Lemma 7. Assume Setup 4. Let v be a weighted hypergraph on V' satisfying
ve = e = o(IW|| 7Y for all e € H.
We have

E[ H H Ve(x(()b)a'xe\{O})ne’L

ecH\{eo} 1€{0,1}

33(()0),96(()1) € Vo, Tp\foy € VJ\{O}} =1+o0o(1)

for any choices of exponents n., € {0,1}.

Proof (sketch). 1t suffices to show, by induction on }__ , ne,, that for any j € J\ {0},

E [(yej @ zenop) =1 [ vel@lzo o)
e€H\{eo}, t€{0,1}
(e,0)#(e5,0)
We apply the Cauchy-Schwarz inequality to bound (8), as in the proof of Lemma 5, doubling (one
at a time) each vertex in e; \ {0}. At each application of the Cauchy-Schwarz inequality (similar
to (6)), we obtain a main factor along with a secondary factor that can be upper bounded in a way

x(()o),w[()l) € Vo, e, € Veo} = o(1). (8)
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that contributes a factor of (1 4+ o(1)) ||v||, to the bound of (8). After r — 1 applications of the
Cauchy-Schwarz inequality, we bound the magnitude of (8) by

r— 0 w 1 w n 1/2T71
o) Il B[ T @8 a-1 TI vl el oo 59,20 e v, |
we{0,1}6 0} wef{0,115 MO}
Applying the Cauchy-Schwarz inequality one more time, we can bound the second factor by
¥ 1/2" m 1/2"
E[ T @) -0l ev,| "Bl T] @) |s0,2 ev,] ",
we{0,1}% we{0,1}%
where the first factor is Huej - 1HU5]. and the second factor is 1+ o(1) by Lemma 3. It follows that
the magnitude of (8) is bounded by (1 + o(1)) HyHgl l|ve, — 1HUej =o0(1). [
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