
Counting Hamilton cycles in sparse random directed graphs

Asaf Ferber∗ Matthew Kwan† Benny Sudakov‡

Abstract

Let D(n, p) be the random directed graph on n vertices where each of the n(n− 1) possible
arcs is present independently with probability p. It is known that if p ≥ (log n+ ω(1))/n
then D(n, p) typically has a directed Hamilton cycle, and this is best possible. We show
that under the same condition, the number of directed Hamilton cycles in D(n, p) is typically
n!(p(1 + o(1)))

n. We also prove a hitting-time version of this statement, showing that in the
random directed graph process, as soon as every vertex has in-/out-degrees at least 1, there are
typically n!(log n/n(1 + o(1)))

n directed Hamilton cycles.

1 Introduction

A Hamilton cycle in a graph is a cycle passing through every vertex of the graph exactly once. We can
similarly define a Hamilton cycle in a directed graph, with the extra condition that the edges along
the cycle must be cyclically oriented. We say a graph is Hamiltonian if it contains a Hamilton cycle.
Hamiltonicity is one of the most central notions in graph theory, and has been intensively studied
by numerous researchers in recent decades. For example, the problems of deciding whether a graph
or digraph has a Hamilton cycle were both featured in Karp’s seminal list [16] of 21 NP-complete
problems, and are closely related to the travelling salesman problem.

There has been a lot of interest in understanding the presence of Hamilton cycles in random
graphs and digraphs, starting from a question in Erdős and Rényi’s seminal 1960 paper on random
graphs [7]. In the undirected case, perhaps the most famous result is due independently to Pósa
[22] and Korshunov [17], pioneering the use of a “rotation-extension” technique to establish the
approximate “threshold” for the existence of a Hamilton cycle in a random graph. There were a
number of subsequent improvements by different authors, leading to the sharp “hitting time” result
of Bollobas [3] and Ajtai, Komlós and Szemerédi [1]. A subsequent natural question (connected to
“robustness” of Hamiltonicity, see for example [23, Section 2]) is to estimate the number of Hamilton
cycles at or near this threshold. Such results were proved by Cooper and Frieze [5] and Glebov
and Krivelevich [13]. (See also the work of Janson [14] on the number of Hamilton cycles in denser
random graphs).

In this paper, we are interested in corresponding questions in the directed case. Such questions
are generally understood to be harder, as there is no general tool comparable to Pósa’s rotation-
extension technique. We will give a more precise account of the existing work in this area, so we
take the opportunity to define the different basic models of random digraphs. Let D(n, p) be the
random digraph on the vertex set [n] := {1, . . . , n} where each of the N := n(n− 1) possible directed
edges (v, w) (with v 6= w) is present independently with probability p. Let D(n,m) be the random
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digraph consisting of a uniformly random subset of exactly m of the possible edges. We also define
the random digraph process, as follows. Let

e1 = (v1, w1), e2 = (v2, w2), . . . , eN = (vN , wN )

be a random ordering of the ordered pairs of distinct vertices, and let Dm = {e1, . . . , em}. All three
of these models are very closely related: for each m, the marginal distribution of Dm is precisely
D(n,m), and for p = m/N , the models D(n,m) and D(n, p) are in a certain sense “asymptotically
equivalent” (see [15, Corollary 1.16]).

One of the first important insights concerning Hamilton cycles in random digraphs, due to
McDiarmid [20], is that one can use coupling arguments to compare certain probabilities between
D(n, p) and the random undirected graph G(n, p) (see [9] for more recent applications of McDiarmid’s
idea). In particular, using the known optimal results for G(n, p), McDiarmid’s work implies that
if p ≥ (log n+ log log n+ ω(1))/n then D(n, p) a.a.s.1 has a Hamilton cycle. However, this is
not optimal. Frieze [12] later designed an algorithm to show the best possible result that if p ≥
(log n+ ω(1))/n then a.a.s. D(n, p) has a Hamilton cycle. In fact he proved a “hitting time” version,
as follows. Let

m∗ = min
{
m : δ+(Dm), δ−(Dm) ≥ 1

}
.

Clearly, if m < m∗ then Dm cannot have a directed Hamilton cycle; Frieze proved that Dm∗ a.a.s.
has a directed Hamilton cycle.

Regarding enumeration, Janson’s methods (see [14, Theorems 10 and 11]) give precise control
over the number of Hamilton cycles in D(n, p) for p � n−1/2 (this notation means p = ω

(
n−1/2

)
),

but the case of sparse random digraphs seems more challenging. Improving on a result of Ferber,
Kronenberg and Long [10], the previous best result was due to Ferber and Long [11], who proved
that if p � log logn log n/n then D(n, p) a.a.s. has n!pn(1 + o(1))n Hamilton cycles. We improve
this result, showing that the same estimate holds as soon as the hitting time for existence is reached.
Our proof is relatively short, using Frieze’s machinery for proving existence of Hamilton cycles, per-
manent estimates, some elementary facts about random permutations and a simple double-counting
argument.

Theorem 1. Dm∗ a.a.s. has

n!
(m∗
n2

(1 + o(1))
)n

=

(
(1 + o(1))

log n

e

)n

directed Hamilton cycles.

Theorem 2. If m = n log n+ ω(n) then Dm a.a.s. has

n!
(m
n2

(1 + o(1))
)n

=
(

(1 + o(1))
m

en

)n
directed Hamilton cycles.

2 Proof outline and ingredients

The upper bounds in Theorems 1 and 2 will follow from a straightforward application of Markov’s
inequality, so the important contribution of this paper is to establish the lower bounds. The essential
ingredient of their proofs is the machinery of Frieze [12] which he developed to show existence of a

1By “asymptotically almost surely”, or “a.a.s.”, we mean that the probability of an event is 1− o(1). Here and for
the rest of the paper, asymptotics are as n→∞.
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Hamilton cycle in Dm∗ . In order to state the results that we need, we first introduce some definitions
that will continue to be used throughout the paper. First, we consider some alternative models of
random digraphs with loops. Let D′(n, p) be the random digraph where each of the n2 possible
directed edges (including loops) is present with probability p independently. Let e′1, . . . , e′n2 be a
random ordering of [n]2, let D′m = {e′1, . . . , e′m}, and let m′∗ = min{m : δ+(D′m), δ−(D′m) ≥ 1}.
Couple (em)m and (e′m)m in such a way that for every m ≤ N , every non-loop edge of D′m is also in
Dm.

Next, as in Frieze’s paper define

m0 = bn log n− n log log log nc, m1 = bn log n− n log log log nc, m3 = d2n log n/3e,

so that a.a.s. m0 ≤ m∗,m
′
∗ ≤ m1. Now, the following lemma easily follows from Frieze’s

methods. In Appendix A, for the convenience of the reader we will explain how this lemma can
be directly deduced from specific parts of Frieze’s paper and parts of a paper of Lee, Sudakov and
Vilenchik [19] which gives a different presentation of Frieze’s methods.

Lemma 3. Let LARGE be the set of vertices whose in-/out-degrees are at least d3 log n/ log logne
in D′m3

. Let D′∗ consist of D′m3
, in addition to the set of edges of D′m′∗ that involve a vertex not

in LARGE. Also, say a 1-factor2 in D′∗ is good if it has O(log log n) loops, and O(log n) cycles in
total. Then, the following hold.

(1) D′∗ a.a.s. has a 1-factor.

(2) D′∗ a.a.s. satisfies the following properties.

(a) |LARGE| = n−O(
√
n);

(b) there are no two points in [n]\LARGE within distance 10 in D′∗;
(c) every cycle in D′∗ which has length at most 3 is contained in LARGE;
(d) every vertex in D′∗ has in-/out-degree O(log2 n).

(3) Conditioning on D′∗ satisfying (2), for any good 1-factor M ⊆ D′∗, a.a.s. Dm∗ contains a
directed Hamilton cycle sharing n−O

(
log2 n

)
edges with M .

Now, the basic idea is to show that D′∗ has many good 1-factors; by Markov’s inequality and
Lemma 3, almost all of these can be completed to a Hamilton cycle in Dm∗ . The resulting bounds
will be weaker than the bounds in Theorems 1 and 2, because only the Hamilton cycles that are
almost completely contained in D′∗ are taken into account. However, we will be able to overcome
this issue with a simple double-counting argument.

So, the main part of the proof is to give a good a.a.s. lower bound on the number of good 1-factors
in D′∗. First (in Lemma 6 in the next section), we initially ignore the goodness requirement and give
an a.a.s. lower bound on the number of 1-factors in D′∗. This will be accomplished with a greedy
matching argument combined with the following lemma of Glebov and Krivelevich [13, Lemma 4]
(based on ideas due to Krivelevich [18]). This lemma conveniently summarizes the application of
the Ore-Ryser theorem [21] and Egorychev-Falikman theorem [6, 8] to give a lower bound for the
number of 1-factors in a pseudorandom almost-regular digraph.

Lemma 4. Let G be a directed graph on [n] (with loops allowed), and consider some r = r(n) �
log logn. Suppose that all in-degrees and out-degrees of G lie in the range(

1± 4

log log n

)
r

2A 1-factor of a digraph D is a spanning subgraph with all in-/out-degrees equal to 1; equivalently it is a union of
directed cycles spanning the vertex set of D.
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and suppose that for any X1 ⊂ V1 and X2 ⊂ V2 with |X1|, |X2| ≤ 3
5n, the number of edges from X1

to X2 is at most
4r

5

√
|X1||X2|.

Then G contains at least (
r − o(r)

e

)n

1-factors.

The final step is to show that a large fraction of the 1-factors in D′∗ are good. For this, observe
that there is a natural correspondence between directed graphs (with loops) on the vertex set [n],
and bipartite graphs with vertex set [n] t [n]. Under this correspondence, the distribution of D′∗
is invariant under permutations of the second part, so we can realise the distribution of D′∗ via a
two-phase procedure that first generates a random instance of D′∗ then randomly permutes its second
part. Using Markov’s inequality, it will then suffice to show that for any particular 1-factor in D′∗,
the random permutation will a.a.s. cause it to become good. This will be accomplished with known
results about the cycle structure of a random permutation.

We end this section with two different versions of the Chernoff bound, which will be useful in
the proofs. The first follows from [2, Corollary A.1.10] and the second appears in [15, Corollary 2.3].

Lemma 5. Suppose X ∈ Bin(n, p).

(1) If a > 2EX then Pr(X ≥ a) < exp(−(a− 1) log(a/EX)).

(2) If ε ≤ 3/2 then Pr(|X − EX| ≥ εEX) ≤ 2 exp
(
−
(
ε2/3

)
EX
)
.

3 Proofs of Theorems 1 and 2

First, we deal with the upper bounds. For m ≥ (log n+ ω(1))/n, in the binomial random digraph
D(n,m/N), the expected number EX of Hamilton cycles is (n− 1)!(m/N)n = n!

(
m/n2

)n
(1 + o(1))n,

so by Markov’s inequality and the fact that n2 = (1 + o(1))n, the probability there are more than
EX/n2 = n!

(
m/n2

)n
(1 + o(1))n Hamilton cycles is o(1/n). The same is true for Dm by the so-

called Pittel inequality (see [15, p. 17]), which gives the required upper bound in Theorem 2 (for
the required upper bound in Theorem 1 we can then simply observe that a.a.s. Dm∗ ⊆ Dm1 and
m∗ = (1 + o(1))m).

Now we prove the lower bounds. As outlined, we first prove the following lemma.

Lemma 6. D′∗ contains at least (
(1 + o(1))

2 log n

3e

)n

1-factors.

The following lemma proves some simple pseudorandomness properties of D′m3
, which we will

use to apply Lemma 4 to prove Lemma 6.

Lemma 7. For vertex subsets X1, X2 of a digraph, let e(X1, X2) be the number of edges from X1 to
X2. The following properties hold a.a.s. in D′m3

.

(1) For any X1 ⊆ V1 and X2 ⊆ V2, if |X1||X2| � n2/ log n then∣∣∣e(X1, X2)− |X1||X2|
m3

n2

∣∣∣ ≤ 4

√
|X1||X2|

m3

n
.
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(2) For any X1 ⊂ V1 and X2 ⊂ V2 with |X1|, |X2| ≤ 3
5n, we have

e(X1, X2) ≤
4m3

5n

√
|X1||X2|.

Proof. Using the Pittel inequality (see [15, p. 17]), it suffices to instead prove that these properties
hold with probability o(1/n) in the binomial random digraph D′

(
n,m3/n

2
)
. Let x1 = |X1| and

x2 = |X2|; for both properties it suffices to consider the case where x2 ≥ x1.
For the first property, note that

E[e(X1, X2)] = x1x2
m3

n2
� n,

implying also that Ee(X1, X2)� 4
√
x1x2m3/n. So by part (2) of Lemma 5, we have

Pr

(∣∣∣e(X1, X2)− x1x2
m3

n2

∣∣∣ ≥ 4

√
x1x2

m3

n

)
≤ 2 exp(−3n)� 22n.

As there are fewer than 22n viable choices of X1 and X2, we obtain the first property by applying
the union bound.

For the second property, note that if x1, x2 ≤ 3
5n then

4m3

5n

√
x1x2 ≥ x1x2

m3

n2
+ 4

√
x1x2

m3

n
,

so if x2 ≥ x1 ≥ n/ log log n (implying that x1x2 � n/ log n) then the second property follows from
the first. It remains to consider the case where x1 < n/ log log n. Note that the in-/out-degree of
each vertex is binomially distributed with mean m3/n ≤ log n, so by part (1) of Lemma 5 and the
union bound, with probability 1− o(1/n) each in-/out-degree is at most 3 log n. This means that if
say x2 ≥ 100x1 then the number of edges from X1 to X2 is at most (2 log n)x1 < (4/5)(m3/n)

√
x1x2

and the second property is satisfied. So we only need to deal with the case where x1 ≤ x2 ≤ 100x1 <
100n/ log log n. Again using part (1) of Lemma 5 we have

Pr

(
e(X1, X2) >

4m3

5n

√
x1x2

)
= exp(−ω(x1 log(n/x1))).

Noting that
(
n
x1

)(
n
x2

)
≤ (ne/x1)

x1(ne/x2)
x2 = exp(O(x1 log(n/x1))), the desired result follows using

the union bound.

Now we are ready to prove Lemma 6.

Proof of Lemma 6. Note that digraphs with loops on the vertex set [n] can be equivalently viewed
as bipartite graphs with bipartition [n] t [n] = V1 ∪ V2, where an edge (x, y) ∈ V1 × V2 appears if
and only if (x, y) ∈ E(D). A 1-factor in such a directed graph corresponds to a perfect matching
in the corresponding bipartite graph. By part (1) of Lemma 3 we know that D′∗ a.a.s. contains a
perfect matching, and by definition it contains D′m3

, so it suffices to prove that a.a.s. for any perfect
matching M , the bipartite graph G = D′m3

∪ M has the desired number of perfect matchings.
First we set aside a small subgraph of M containing the vertices with irregular degree. We do
this greedily: as long as there is a “bad” vertex v with degree less than (1− 4/ log logn)m3/n or
greater than (1 + 4/ log logn)m3/n, take the edge of M containing v and remove its vertices from
G. We claim that this process deletes fewer than 4n/ log2 log n pairs of vertices before terminating.
Indeed, suppose that at some stage of the process exactly 4n/ log2 log n pairs have been deleted.
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Then n/ log2 log n of these pairs involve bad vertices that are all in the same part, and are all bad
in the same way (they all either have too-high degree or too-low degree). Let X1 be the set of these
n/ log2 log n bad vertices, assuming without loss of generality that they are all in the first part. Also
let Y2 be the set of 4n/ log2 log n vertices of V2 that have been deleted. Now, we have either

e(X1, V2) >

(
1 +

4

log logn

)
m3

n
· n

log2 log n

or
e(X1, V2\Y2) <

(
1− 4

log logn

)
m3

n
· n

log2 log n
.

In the first case, we have

e(X1, V2)− |X1||V2|
m3

n2
>

4m3

log3 log n
> 4

√
|X1||V2|

m3

n

and in the second case we have

|X1||V2\Y2|
m3

n2
− e(X1, V2\Y2) >

4m3

log3 log n

(
1− 1

log log n

)
> 4

√
|X1||V2\Y2|

m3

n
,

both of which contradict property (1) of Lemma 7. So, after at most 4n/ log2 log n deletions, we
obtain a graph G with all degrees in the range

2

3
log n

(
1± 4

log logn

)
.

Applying Lemma 4 (using the second property of Lemma 7), our graph G has(
(1 + o(1))

2 log n

3e

)n−O(n/ log2 logn)
=

(
(1 + o(1))

2 log n

3e

)n

perfect matchings, which can each be combined with the deleted edges of M to give the desired
number of perfect matchings in D′∗.

Now we prove Theorem 1.

Proof of Theorem 1. Let σ be a uniformly random permutation of [n]. For a directed edge e = (v, w),
let σ(e) = (v, σ(w)), and for a digraph D let σ(D) = {σ(e) : e ∈ D}. Conditioning on D′∗, for any
1-factor M in D′∗, note that σ(M) corresponds to a uniformly random permutation of [n], so a.a.s.
has fewer than log logn loops (the expected number of such is exactly 1), and has fewer than 2 log n
cycles (see for example [4, Theorem 14.28]). By Markov’s inequality, a.a.s. at most a o(1)-fraction of
the 1-factors in σ(D′∗) have more than 2 log n cycles or more than log log n loops. Note that σ(D′∗)
actually has the same distribution as D′∗ (because σ(D′∗) can be obtained with the same definition
as D′∗, using the sequence of edges σ(e′1), . . . , σ

(
e′n2

)
in place of e′1, . . . , e′n2). So, we have proved

that a.a.s. D′∗ contains at least (
(1 + o(1))

2 log n

3e

)n

good 1-factors. Condition on such an outcome of D′∗ also satisfying part (2) of Lemma 3. Now, by
part (3) of Lemma 3 and Markov’s inequality, at most a o(1)-fraction of these 1-factors cannot be
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transformed into a Hamilton cycle, so there are at least(
(1 + o(1))

2 log n

3e

)n

Hamilton cycles in Dm∗ which have all but at most O(
√
n) of their edges in Dm3 (we have used

the fact that that every non-loop edge of D′m3
is also in Dm3). We say such Hamilton cycles are

almost-contained in Dm3 .
Let I be a uniformly random subset of [m0] of size m3, and let DI = {ei : i ∈ I}. Let N be the

number of Hamilton cycles in Dm∗ and let NI be the number of Hamilton cycles in Dm∗ that are
almost-contained in DI . Conditioning on Dm∗ , for any Hamilton cycle H ∈ Dm∗ we have

Pr(H is almost-contained in DI) =

∑
i≤O(

√
n)
(
n
i

)(
m0−n

m3−(n−i)
)(

m0

m3

) =

(
(1 + o(1))

m3

m0

)n

=

(
2

3
+ o(1)

)n

.

So, E[NI |Dm∗ ] = (2/3 + o(1))nN. Then, Markov’s inequality says that a.a.s.

NI ≤
(

2

3
+ o(1)

)n

N.

On the other hand, conditioning on the event m∗ ≥ m0 (which holds a.a.s.), each NI has the same
distribution as N[m3], so a.a.s.

NI ≥
(

(1 + o(1))
2 log n

3e

)n

.

The desired result that a.a.s. N ≥ ((1 + o(1)) log n/e)n follows.

Finally, we deduce Theorem 2 from Theorem 1.

Proof of Theorem 2. Choose m′1 ≤ m such that m′1 = n log n + ω(n) and m′1 ∼ n log n. We a.a.s.
have m∗ ≤ m′1 so a.a.s. Dm′1

has at least ((1 + o(1)) log n/e)n Hamilton cycles, by Theorem 1. Let
I be a uniformly random subset of [m] of size m′1, and let DI = {ei : i ∈ I}. Let N be the number
of Hamilton cycles in Dm and let NI be the number of Hamilton cycles in DI . Conditioning on Dm,
for any Hamilton cycle H in Dm we have

Pr(H ⊆ DI) =

(
m−n
m′1−n

)(
m
m′1

) =

(
(1 + o(1))

m′1
m

)n

=

(
(1 + o(1))

n log n

m

)n

,

so E[NI |Dm∗ ] = ((1 + o(1))n log n/m)nN and by Markov’s inequality, a.a.s.

NI ≤
(

(1 + o(1))
n log n

m

)n

N.

On the other hand, by symmetry we a.a.s. have NI ≥ ((1 + o(1)) log n/e)n, and the desired result
follows.
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A Discussion of Lemma 3

In this section we justify Lemma 3. First, note that part (1) is proved in “phase 1” of Frieze’s paper
[12, Section 4]. Specifically, he considers a digraph E1 = E1+ ∪ E1−, where E1+ ⊆ D′m∗ consists of
the first 10 edges pointing away from each vertex v (or as many as possible if d+(v) < 10), and then
E1− consists of the first 10 edges pointing towards each vertex v (or as many as possible), disjoint
to the edges of E1+. Note that E1 ⊆ D′∗. He then gives an algorithm to produce a 1-factor in E1,
and shows that this algorithm a.a.s. succeeds. Although he states this algorithm for the loopless
model, his proof that it a.a.s. succeeds (in his Lemma 4.2) starts by showing the corresponding fact
for the model with loops, which is what we need.

Next, part (2) is very routine. For each vertex v, a concentration inequality for the hypergeo-
metric distribution (for example, [15, Theorem 2.10]) shows that the probability that d−(v) > log2 n
or d+(v) > log2 n in Dm1 is o(1/n). Since a.a.s. Dm1 contains all edges of D′∗ except its loops, (d)
immediately follows from the union bound. Then, (a) appears as Lemma 5.1 in Frieze’s paper and
(b) appears as Lemma 6.4. Specifically, his proof of Lemma 5.1 (which is basically an application
of the Chernoff bound) shows that the probability that a particular vertex v is not in LARGE is
O
(
n−2/3

)
. Now, conditioning on any outcome of the in-/out-degrees of v in D′m1

, each at most
log2 n + 1 (this conditioning determines whether v ∈ LARGE), the probability v is involved in a
cycle of length at most 3 in D′m1

is

O

(
d−(v) + d+(v)

n
+ n

d−(v)

n

d+(v)

n
+ n2

d−(v)

n

d+(v)

n

m1

n2

)
= O

(
log5 n/n

)
.

Therefore, recalling that d−(v), d+(v) ≤ log2 n with probability 1− o(1/n), the probability that v is
outside LARGE and is also involved in a cycle of length at most 3 in D′m1

is O
(
n−2/3 log5 n/n

)
+

o(1/n) = o(1/n). By the union bound, a.a.s. there is no such vertex. Using the fact that a.a.s.
D′∗ ⊆ D′m1

, it follows that in D′∗ a.a.s. every cycle of length at most 3 is contained in LARGE,
proving (c).

It remains to justify part (3). Let D∗ consist of Dm3 , in addition to the set of edges of Dm∗

that involve a vertex not in LARGE. We are conditioning on an outcome of D′∗ satisfying (2);
additionally condition on a consistent outcome of D∗. Note that our good 1-factor M ⊆ D′∗ is also
a subgraph of D∗, except for its loops.

Since every loop of M is in LARGE, its vertex v is adjacent to some vertex v0 in another cycle
C = v0v1v2 . . . v`v0 of M . By adding the “virtual edge” vv1, if necessary, we can merge the the loop
with C. Do this repeatedly until there are no loops left, resulting in a vertex-disjoint set EV of
virtual edges and a 1-factor MV ⊆ EV ∪D∗ with no loops, sharing n−O(log log n) of its edges with
M .

Now, since m0−m3 = Ω(n log n), by part (2d) there are Ω(n log n)−O(
√
n log2 n) = Ω(n log n)

edges of Dm∗ that still have not been exposed. Conditionally, these comprise a uniformly random
subset of Ω(log n) edges between vertices in LARGE. Therefore it suffices to prove the following
lemma.
Lemma 8. Let M be a 1-factor on the vertex set [n] with no loops and O(log n) cycles. Let L be
a set of n− O(

√
n) vertices such that in M there are no two vertices outside L within distance 10,
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and such that every cycle in M of length at most 3 is contained in L. Let EV be a vertex-disjoint
set of O

(
(log log n)3

)
“forbidden edges”. Let D be the directed graph obtained by adding a set of

Ω(n log n) uniformly random non-loop edges between vertices of L, to M . Then a.a.s. D has a
directed Hamilton cycle containing no edge of EV and sharing n−O

(
log2 n

)
of its edges with M .

This lemma follows from what is proved in Sections 5-6 of the arXiv version of [19] (compare with
Lemma 3.1 of that paper). We outline the details. First, one reduces to the case where L = [n] via
a “compression” argument. Specifically, for each vertex v /∈ L, suppose v−, v, v+ appear in order on
some cycle ofM . Then we can replace v−, v, v+ with a new vertex v′ where v′ takes as in-neighbours
the in-neighbours of v− and as out-neighbours the out-neighbours of v+. Perform this operation
repeatedly until there are no vertices left outside L. Since there are no two vertices outside L within
distance 10, the compression operations do not interfere with each other, and since every cycle in
M of length at most 3 is contained in L, no cycle of M becomes a loop. Now we can simply apply
Lemma 6.5 of the non-arXiv version of [19], which we reproduce as follows.

Lemma 9. Let M be a 1-factor on a vertex set V of size (1− o(1))n with no loops and O(log n)
cycles. Let D be the directed graph obtained by adding a set of Ω(n log n) uniformly random edges to
M . Then a.a.s. for any set EV of at most (log log n)3 vertex-disjoint edges of M , the directed graph
D − EV contains a directed Hamilton cycle H.

The only remaining issue is that we need the additional fact that H shares |V | − O
(
log2 n

)
of

its edges with the original 1-factor M . This follows immediately from the proof (which appears
only in the arXiv version of [19], and uses basically the same arguments as in Frieze’s paper [12,
Sections 5–6]). For the convenience of the reader, we outline this proof. Basically, one manipulates
M into H in two phases.

In the first of these phases (“phase 2” in Frieze’s paper), we greedily “patch together” most of the
cycles, leaving a single cycle of length n − o(n) and a few short cycles. Essentially, we repeatedly
look for pairs of edges (v1, w1) and (v2, w2) in different cycles C1 and C2, with (v1, w2), (v2, w1) ∈ G,
so that we can replace C1 and C2 with a “merged” cycle.

In “phase 3”, we iteratively merge the remaining short cycles into the single long cycle C1. For
each short cycle Ci, we can a.a.s. find an edge between Ci and C1, which allows us to “unravel” the
cycles into a long path spanning the vertex set of Ci∪C1. Then we repeatedly perform “rotations” to
our path (O(log n) times), whereby with the modification of two edges we transform our long path
into a different long path on the same vertex set. There are many ways to perform this sequence
of rotations, so a.a.s. one of the possible resulting paths can be closed into a cycle. We can then
perform further rotations to eliminate any remaining edges of EV from H.

It is easy to verify that throughout both these phases, onlyO
(

log n+ log2 n+ log n(log log n)3
)

=

O
(
log2 n

)
edges are changed.
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