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Abstract

Positional Games is a rapidly evolving, relatively young topic in Combinatorics that is deeply
linked to several popular areas of Mathematics and Theoretical Computer Science, such as
Ramsey Theory, Classical Game Theory and Algorithms. Positional games are finite games
of complete information with no chance moves. Therefore, in theory, one can solve them
completely by a finite (though absurdly large) case study. Note that this case study yields
an optimal deterministic strategy for each such game. In practice, this is impossible as
for example, given some initial board position in HEX, which is a positional game, it is
PSPACE-complete to decide who wins. Clearly, from the view point of Combinatorics as
well as Complexity Theory this is not the end, but rather the starting point of research. It
turns out that, even though brute force is impractical, even for such naive looking games
as 5 × 5 × 5 Tic-Tac-Toe, there exists in fact a very successful theory. This theory has
experienced explosive growth in recent years, and for a systematic study of this subject the
reader is referred to the excellent book by J. Beck [9].

The beginning of the systematic study of the theory of Positional games can be definitely
attributed to two classical papers: that of Hales and Jewett from 1963 [36], and that of
Erdős and Selfridge from 1973 [24]. The significance of these two papers certainly cannot be
overestimated and goes far beyond the realm of Positional Games: the Hales-Jewett theorem
is one of the cornerstones of modern Ramsey Theory, the Erdős-Selfridge argument was
essentially the first derandomization procedure, a central concept in the theory of algorithms.

This thesis contains several novel contributions to the theory of Positional Games. One
major contribution is to the theory of Strong games (“who does it first?” games). We show a
connection between fast strategies in weak games and winning strategies in strong games. We
then solve few natural strong games by finding explicit winning strategies. This is surprising
since these games are known to be notoriously hard to analyze and not much is known.
Another major contribution is to the study of Positional Games played on random boards,
initiated by Stojaković and Szabó in [59]. In this thesis we significantly improve the set of
tools and enlarge our knowledge in the study of games played on the edge set of typical
random graphs. Such games are also interesting as purely random graph theoretic results
since they can be also viewed as a “measurement of robustness” of random models with
respect to some natural graph properties.
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Chapter 1

Introduction

Positional games are two player games played on any hypergraph F ⊆ 2X . The set X is
referred to as the board of the game and the subsets of F are the target sets. The players, I
and II, alternately claim a and b previously unclaimed elements of the board X, respectively.
The game ends when every element of X has been claimed by the players. For every a, b and
F , we denote this game by (a, b,F) or call it the (a : b) game F , or the (a : b) game (X,F)
(in the most basic version a = b = 1 – the so called unbiased game, we denote the game as
the game F or the game (X,F)). The game is specified completely by defining who wins
in every possible game scenario. Although the definition looks too abstract, it captures a
variety of games.

One classical example of a positional game is the child game Tic-Tac-Toe and its close
relative n-in-a-row, where the target sets are long horizontal, vertical and diagonal lines of
a square grid or a multi-dimensional discrete cube. The player completing a whole line first
wins. If at the end of the game none of the lines has been completely claimed by either of
the players, then the game is declared as a draw.

Another interesting example is the following generalization of Tic-Tac-Toe – the [n]d

game. Here, the board is the d-dimensional cube X = [n]d, and the winning sets are
all the combinatorial lines in X. A combinatorial line ` is a family of n distinct points
(a(1), a(2), . . . , a(n)) of X such that for each coordinate 1 ≤ j ≤ d the sequence of correspond-

ing coordinates (a
(1)
j , a

(2)
j , . . . , a

(n)
j ) is either (1, 2, . . . , n) (increasing) or (n, n− 1, . . . , 1) (de-

creasing) or a constant (and of course, at least one of the coordinates should be non-constant).
The winner is the player who occupies a whole line first, otherwise the game ends in a draw.
In this notation, the [3]2 game is the familiar Tic-Tac-Toe.

Another famous example is the game HEX. The game of HEX is played on a rhombus of
hexagons of size n× n, where every player has two opposite sides and his goal is to connect
these two sides. Although that in a first glance HEX does not fit the general framework of
a Positional game, there is a legitimate way to cast it as such a game.

It is also natural to play Positional games on the edge set of a graph G = (V,E). In
this case, X = E and the target sets are all the edge sets of subgraphs of G which possess
some given graph property P , such as “being connected”, “containing a perfect matching”,

1
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“admitting a Hamilton cycle”, “being not k-colorable”, “containing an isomorphic copy of
given graph H” etc.

The fundamental monograph [9] of József Beck, the main proponent and contributor of
the field for several decades, can serve as a thorough introduction to the subject, covering
many of its facts, and posing many interesting problems.

There are few natural ways to define the winning rules and each of them yields a different
game. Here we consider the following games:

• Strong games. In a strong game F , the two players are called Red and Blue, with Red
playing first. The winner is the first player to claim all elements of some target set
F ∈ F (if this does not happen, then the game ends in a draw). If Red has a strategy
to win this game against any strategy of Blue, then we say the game is Red’s win;
otherwise we say it is Blue’s win. Both Tic-Tac-Toe and nd are strong games. This
is the most natural type of games, but is also the hardest to analyze and very little is
known about it. Since a strong game is a finite, perfect information game (as all of the
Positional games), a well known fact from Game Theory asserts that, assuming the
two players play according to their optimal strategies, the game outcome is determined
and it can be in principle: win of Red, win of Blue, or a draw.

In reality, there are only two possible outcomes for this kind of games (again, assuming
optimal strategies). The most basic fact about strong games is the so called strategy
stealing principle, which states that, playing according to his optimal strategy, the first
player (Red) cannot lose the game. On one hand, this argument sounds (and indeed
is) very general and powerful, but on the other hand, the strategy stealing argument
is very inexplicit and gives no clue for how does an optimal strategy for Red look like.

Another general tool in the theory of strong games is Ramsey-type arguments. They
assert that if a hypergraph F ⊆ 2X is non-2-colorable (that is, in every coloring of the
elements of the board X with two colors, there must exists a monochromatic F ∈ F),
then Red has a winning strategy in the strong game F . The most striking example
of an application of this method is probably for the nd game. Hales and Jewett, in
one of the cornerstone papers of modern Ramsey theory [36], proved that for a given
n and a large enough d ≥ d0(n), every 2-coloring of [n]d contains a monochromatic
combinatorial line. Thus, the strong game played on such a board cannot end in a
draw and is thus Red’s win (again, no clue how a winning strategy looks like!).

Unfortunately, these two arguments mentioned above (strategy stealing + Ramsey) are
the only general tools which are currently available for strong games, and our knowledge
about this type of games is limited. One reason (perhaps the main one) for the difficulty
of analyzing strong games is the fact that they are not hypergraph monotone – adding
another edge e to the game hypergraph F is not necessarily beneficial for the first
player and can change the outcome of the game. Partially due to the great difficulty
of analyzing strong games, weak games were introduced.

• Weak games (also known as Maker-Breaker games). In an (a : b) Maker-Breaker game
F , the two players are called Maker and Breaker. Maker’s goal is to occupy (eventually)
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all elements of some target set F ∈ F and Breaker’s goal is to prevent him from doing
so. Note that draw is impossible by definition. If Maker has a strategy to win this
game against any strategy of Breaker, then we say the game is Maker’s win; otherwise
we say it is Breaker’s win. These games can be considered as a relaxation of strong
games, but are also interesting on their own right. Maker-Breaker games are probably
the most accessible and most studied among positional games. There are many tools
for analyzing these games and many things are known.

Putting aside few scattered results, the theory of Maker-Breaker games started with a
general criterion of Erdős and Selfridge [24] for Breaker’s win. Since then, the theory
of Maker-Breaker games has been developed significantly and many papers have been
published related to this topic. The interested reader is referred to [9] for a systematic
study of this subject.

Many natural unbiased Maker-Breaker games played on the edge set of Kn are drasti-
cally in a favor of Maker. Among them are the connectivity game, the perfect matching
game, the Hamiltonicity game, the k-vertex-connectivity game and more (for exam-
ples, see [54, 20, 59, 28]). Therefore, it is quite natural to look for ways to even out the
odds. Few ways to do so are: considering (1 : b) games with b > 1, playing on other
boards than E(Kn), and limiting the number of moves Maker can play.

• Avoider-Enforcer games. An Avoider-Enforcer game is a misère version of a Maker-
Breaker game. In this game, the players are called Avoider and Enforcer, alternately
claim a and b previously unclaimed elements of the board X, respectively. Avoider’s
goal is to avoid occupying all the elements of a target set F ∈ F and Enforcer’s goal is
to enforce Avoider to do so. Unlike Maker-Breaker games, Avoider-Enforcer games are
not bias monotone. That is, winning in the (a : b) game for any of the players does not
necessarily implies his win in either the (a− 1 : b) or the (a : b+ 1) game (for a more
detailed discussion the reader is referred to [41]). In order to overcome this difficulty,
another version of Avoider-Enforcer games has been suggested in [41]. In this version,
Avoider and Enforcer claim at least a and at least b elements, respectively. Under
this minor change, it turns out that the game is biased monotone. Avoider-Enforcer
games are certainly quite interesting for their own sake and their are many challenging
open problems in this topic.

This thesis is comprised of three parts. In Part I we study Strong games and fast strategies
in various Maker-Breaker games played on E(Kn). We show a deep connection between these
two topics. The main questions we are interested at in Part I are: “How fast can Maker
win a certain game?” and “Can Red win the the analogous strong game?”. In Part II we
study biased games played on the edge set of a graph G sampled from G(n, p), or a graph
generated via the random graph process (for more details on these models of random graphs
the reader is referred to [17]). Here we are interested not only in the identity of the winner,
but also in optimizing certain parameters such as the edge probability p, the bias b and the
duration of a play. In Part III we study the “Odd cycle game” played on the edge set of a
graph G which is not a complete graph. In this game, Maker’s goal is to build a subgraph
H ⊆ G which is not 2-colorable (the minimal winning sets consist of odd cycles). This game
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is of interest since it is a special case of a very challenging problem due to Duffus,  Luczak
and Rödl (see in the description of Chapter 10 below).

We now give a short description of the contents of every chapter of this thesis. We list
here only the central results of every chapter, and those that are relatively easy to state
without introducing too much notation and definitions. In some cases, this might make our
statements less accurate than the ones mentioned in the chapters themselves.

In Chapter 2 we study the strong perfect matching and Hamiltonicity games, played on
the edge set of Kn.

In the perfect matching game PMn the winning sets are all sets of bn/2c independent
edges of Kn. Note that if n is odd, then such a matching covers all vertices of Kn but
one. In the Hamilton cycle game Hn the winning sets are all edge sets of Hamilton cycles
of Kn. We provide Red with an explicit winning strategy for each of these strong games.
As discussed above, strong games are very hard to analyze and finding explicit strategies in
non-trivial games is very rare. The starting point of our study was the simple fact that given
an n-uniform hypergraph F (that is, each F ∈ F is of size exactly n), if Maker has a strategy
which ensures his win in the game F in exactly n moves (as a first or second player), then,
using Maker’s strategy, Red wins the analogous strong game F . This fact is trivial since
playing according to such a strategy, Maker wins without wasting moves. That is, Maker
wins before Breaker has a chance to complete a target set F ∈ F of his own. Hence, by
adopting Maker’s strategy, Red can focus only on building and not on blocking. This simple
fact motivated us to try to convert fast strategies for Maker in Maker-Breaker games into
winning strategies of Red in the analogous strong games.

In our proofs we relied on the following two results from [39]: the first one is that playing
on E(Kn), Maker wins the perfect matching game within n

2
+1 moves (in case n is odd, Maker

wins in n−1
2

moves – optimal time), while the second result shows that in the Hamiltonicity
game played on E(Kn), Maker has a strategy that ensures his win within n+ 2 moves (this
was later improved to the best possible bound of n+ 1 moves by Hefetz and Stich in [59]).

References: The results of this Chapter were published as:

• A. Ferber and D. Hefetz, Winning strong games through fast strategies for weak games,
The Electronic Journal of Combinatorics 18(1) (2011), P144.

In Chapter 3 we study the k-vertex-connectivity game Ckn. The board of this game is
the edge set of the complete graph on n vertices and its family of winning sets Ckn consists
of the edge sets of all k-vertex-connected spanning subgraphs of Kn. We first study the
Maker-Breaker version of this game and prove that, for any integer k ≥ 2 and sufficiently
large n, Maker has a strategy to win this game within bkn/2c + 1 moves, which is easily
seen to be best possible. This answers a question from [39]. We then consider the strong
k-vertex-connectivity game. For every positive integer k and sufficiently large n, we describe
an explicit first player’s winning strategy for this game.

References: The results of this Chapter were taken from:
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• A. Ferber and D. Hefetz, Weak and strong k-connectivity games, European Journal of
Combinatorics, to appear.

In Chapter 4 we study the (1 : b) specific tree game Tn, played on E(Kn). Let T be a
tree on n vertices. In the game Tn, the winning sets of Tn are all the edge sets of copies of
T in Kn.

There are three natural questions which come to one’s mind regarding the game Tn:

1. For which trees T can Maker win the (1 : q) game Tn?

2. What is the largest positive integer q for which Maker can win the (1 : q) game Tn?

3. How fast can Maker win the (1 : q) game Tn (assuming it is Maker’s win)?

In this chapter we partially answer these three questions by proving that for a tree T on
n vertices the following holds: if ∆(T ) ≤ n0.05, then Maker (as the first or second player)
has a strategy to win the (1 : b) Maker-Breaker specific tree game Tn, for every b ≤ n0.005,
in n+ o(n) moves.

Notice that the length of the game is asymptotically optimal, as Maker needs at least
n− 1 moves in order to build a spanning tree.

References: The results of this Chapter were published as:

• A. Ferber, D. Hefetz and M. Krivelevich, Fast embedding of spanning trees in biased
Maker-Breaker games, European Journal of Combinatorics 33 (2012), 1086–1099.

In Chapter 5 we study the unbiased version of the specific tree game Tn which has been
studied in Chapter 4. We show that if ∆(T ) = O(1), then in the unbiased Maker-Breaker
game Tn, Maker has a strategy to win within n + 1 moves. It follows that Maker can build
any spanning tree of constant maximum degree while wasting at most two moves. We also
show that if T contains a long bare path (that is, a path with all internal vertices of degree
exactly 2 in T ), then n moves are enough for Maker’s win. In addition, we show that for
most of the trees (i.e, for a typical random tree, chosen uniformly at random among all the
labeled trees on n vertices), Maker has a strategy to win without wasting any move, that is,
in n − 1 moves. Hence, for these trees we conclude that Red can win the analogous strong
game.

References: The results of this Chapter were submitted as:

• D. Clemens, A. Ferber, R. Glebov, D. Hefetz and A. Liebenau, Building spanning trees
quickly in Maker-Breaker games.

In Chapter 6 we give a short introduction to Part II of the thesis. Since in Part II we
mainly deal with games played on the edge set of a random board, we give a brief introduction
to the theory of random graphs.
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In Chapter 7 we analyze the moment a typical random graph process first becomes a
Maker’s win in a game in which Maker’s goal is to build a graph which possesses some
monotone increasing property P . We focus on three natural target properties for Maker’s
graph, namely being k-vertex-connected, admitting a perfect matching, and being Hamilto-
nian. We prove the following optimal hitting time results: with high probability Maker wins
the k-vertex connectivity game exactly at the time the random graph process first reaches
minimum degree 2k; with high probability Maker wins the perfect matching game exactly
at the time the random graph process first reaches minimum degree 2; with high probabil-
ity Maker wins the Hamiltonicity game exactly at the time the random graph process first
reaches minimum degree 4. The latter two statements settle conjectures of Stojaković and
Szabó. We also prove generalizations of the latter two results; these generalizations partially
strengthen some known results in the theory of random graphs.

References: The results of this Chapter were published as:

• S. Ben Shimon, A. Ferber, D. Hefetz and M. Krivelevich, Hitting time results for Maker-
Breaker games, Random Structures and Algorithms, 41 (2012), 23–46. An extended
abstract appeared in the Proceedings of the 22nd ACM-SIAM Symposium on Discrete
Algorithms (SODA’11), 900–912.

In Chapter 8 we examine the duration of various Maker-Breaker games played on the
edge set of a random graph. As illustrated in previous chapters, the study of fast strategies
for Maker, although it is interesting by itself, is also related to the study of strong games.
As strong games are hard to analyze while being played on E(Kn), analyzing these games
on the edge set of a sparse graph sounds like a very ambitious aim. As a first step towards
this goal, it is very natural to look for fast strategies for Maker in various of games.

We consider the Hamiltonicity game, the perfect matching game and the k-connectivity
game. We prove that for p(n) ≥ polylog(n)/n, the board G ∼ G(n, p) is typically such that
Maker can win these games asymptotically as fast as possible, i.e. within n+o(n), n/2+o(n)
and kn/2 + o(n) moves respectively.

References: The results of this Chapter were published as:

• D. Clemens, A. Ferber, M. Krivelevich and A. Liebenau, Fast strategies in Maker-
Breaker games played on random boards, Combinatorics, Probability and Computing
21 (2012), 897–915.

In Chapter 9 we analyze biased Maker-Breaker and Avoider-Enforcer games, played on
the edge set of a typical random graph G ∼ G(n, p). We consider the Hamiltonicity game,
the perfect matching game and the k-vertex-connectivity game.

We prove that, for every p = ω( lnn
n

), G ∼ G(n, p) is typically such that the critical bias
(that is, the maximal b for which Maker can win the corresponding (1 : b) game) for all
the aforementioned Maker-Breaker games is asymptotically b∗ = np

lnn
. We also prove that

in the case p = Θ( lnn
n

), the critical bias is b∗ = Θ( np
lnn

). These results settle a conjecture
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of Stojaković and Szabó. For Avoider-Enforcer games, we prove that for p = Ω( lnn
n

), the
critical bias for all the aforementioned games is b∗ = Θ( np

lnn
).

The results of this Chapter were submitted as:

• A. Ferber, R. Glebov, M. Krivelevich and A. Naor, Biased Maker-Breaker games played
on random boards.

In Chapter 10 we consider the non-k-colorability game. Given a positive integer k, in the
non-k-colorability game, NCk(G), the board is the edge set (or the vertex set) of a graph
G, and the winning sets are all the edge sets (or vertex sets) of subgraphs H ⊆ G which are
not k-colorable. Since a graph G is not 2-colorable if and only if it contains an odd cycle,
we refer to NC2(G) as the odd cycle game.

We prove that for every δ > 0 and large enough n, there exists a constant k for which
if δ(G) ≥ δn and χ(G) ≥ k, then Maker can build an odd cycle in the (1 : b) game

for b = O
(

n
log2 n

)
. We also consider the analogous game where Maker and Breaker claim

vertices instead of edges. This is a special case of the following well known and notoriously
difficult problem due to Duffus,  Luczak and Rödl: is it true that for any positive constants
t and b, there exists an integer k such that for every graph G, if χ(G) ≥ k, then Maker
can build a graph which is not t-colorable, in the (1 : b) Maker-Breaker game played on the
vertices of G?

The results of this Chapter were published as:

• A. Ferber, R. Glebov, M. Krivelevich, H. Liu, C. Palmer, T. Valla and M. Vizer, The
biased odd cycle game, Electronic Journal of Combinatorics Vol. 20, Issue 2 (2013),
publ. P9.
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Part I

Fast weak games VS strong games

9





Chapter 2

The strong Hamiltonicity and perfect
matching games

2.1 Introduction

It is well known from classic Game Theory that, for every strong game (X,F), either Red
has a winning strategy (that is, he is able to win the game against any strategy of Blue)
or Blue has a drawing strategy (that is, he is able to avoid losing the game against any
strategy of Red; a strategy stealing argument shows that Blue cannot win the game). For
certain games, a hypergraph coloring argument can be used to prove that draw is impossible
and thus these game are won by Red. Unfortunately, not much more is known about strong
games. In particular, an explicit winning (or drawing) strategy is known only in rare cases.
We illustrate this with the following example. In the strong game RG(n, q) the board is
E(Kn) and the winning sets are all edge sets of copies of Kq. It is well known that R(3) = 6,
R(4) = 18 and R(5) ≤ 49, where R(q) is the diagonal Ramsey number (see, e.g., [60]).
Hence, the games RG(6, 3), RG(18, 4) and RG(49, 5) cannot end in a draw and are thus
a first player’s win by strategy stealing. An explicit winning strategy of the first player
is known for RG(6, 3), but not for RG(18, 4) or RG(49, 5). Finding such a strategy for
RG(18, 4) or RG(49, 5) is an open problem in [9], where the latter is expected there to be
“hopeless”.

In this chapter we try to shed some light on the theory of strong games. The starting
point of our study of strong games is the following simple observation.

Observation 2.1 Let X be a finite set, let F ⊆ 2X be a family of subsets of X and let
n := min{|F | : F ∈ F} denote the minimum cardinality of a winning set of F . If Maker (as
either first or second player) has a strategy to win the weak game (X,F) in n moves, then
Red has a strategy to win the strong game (X,F) in n moves.

Indeed, since Red is the first player, Blue has no time to fully claim a winning set. Red
can focus on building rather than be worried with blocking Blue’s building attempts.

11
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For example, Maker can build a connected graph in n− 1 moves (this is easy to see and
also follows from [54]) and thus Red has a winning strategy for the corresponding strong
game by Observation 2.1.

Surprisingly, this trivial observation is, in some sense, best possible. Indeed, consider
the following game. Let n ≥ 3 be an integer. Let A = {a1, . . . , a9} and let FA =
{{a1, a2, a3}, {a4, a5, a6}, {a7, a8, a9}, {a1, a4, a7}, {a2, a5, a8}, {a3, a6, a9},
{a1, a5, a9}, {a3, a5, a7}}. That is, (A,FA) is just the game Tic-Tac-Toe. LetB = {b1, . . . , b2n−6}
and let FB = {F ⊆ B : |F | = n − 3}. Finally, let X = A ∪ B and let F = {Fa ∪ Fb : Fa ∈
FA, Fb ∈ FB}. Note that F is n-uniform. It is well known (see, e.g., [9]) and easy to prove
that strong Tic-Tac-Toe is a draw whereas weak Tic-Tac-Toe is won by Maker (as the first
player) in 4 moves. It follows that, by playing the games FA and FB in parallel, using his
4-move winning strategy in the former and playing arbitrarily in the latter, Maker can win
the weak game (X,F) in n + 1 moves (as the first player) by playing his first move in FA
and then responding in the same game in which Breaker plays. On the other hand, Blue
can force a draw in the strong game (X,F) by following Breaker’s winning strategy (as the
second player) for the game (A,FA) (Blue cannot prevent Red from fully claiming a winning
set of FB, but a draw in (A,FA) entails a draw in (X,F)).

Nonetheless, in this chapter we consider two natural games which are known to be won
very quickly by Maker (within t + 1 moves, where t denotes the minimum cardinality of a
winning set) and transform Maker’s winning strategy for these games to a winning strategy
of Red in the corresponding strong games. Let n be a positive integer. The board of both
games is E(Kn), the edge set of the complete graph on n vertices. Hence, from now on we
identify a game only by its family of winning sets.

In the perfect matching game PMn the winning sets are all sets of bn/2c independent
edges of Kn. Note that if n is odd, then such a matching covers all vertices of Kn but one.

The following result was proved in [39]:

Theorem 2.2 (Theorem 1.2 in [39]) For sufficiently large n, Maker has a winning strat-
egy for the weak game PMn, even if Breaker is the first player. Moreover, if n is odd, then
Maker can win this game within bn/2c moves, and if n is even, then Maker can win within
n/2 + 1 moves.

Using this result we can prove the following:

Theorem 2.3 For sufficiently large n, Red has a winning strategy for the strong game PMn.
Moreover, he can win this game within bn/2c moves if n is odd and within n/2 + 2 moves if
n is even.

In the Hamilton cycle game Hn the winning sets are all edge sets of Hamilton cycles of
Kn.

It was proved in [46] that Maker can win the weak game Hn within n + 1 moves. Here
however, we will use the following slightly weaker result from [39]:
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Theorem 2.4 (Theorem 1.1 in [39]) For sufficiently large n, Maker has a winning strat-
egy for the weak game Hn, even if Breaker is the first player. Moreover, Maker can win this
game within n+ 2 moves.

Using this result we can prove the following:

Theorem 2.5 For sufficiently large n, Red has a winning strategy for the strong game Hn.
Moreover, he can win this game within n+ 2 moves.

Note that in both games PMn and Hn our strategy for Red requires one more move
than the fastest strategies for Maker. We discuss this point further in Section 2.4.

The rest of this chapter is organized as follows: in Subsection 2.1.1 we introduce some
notation and terminology that will be used throughout this chapter. In Section 2.2 we prove
Theorem 2.3 and in Section 2.3 we prove Theorem 2.5. Finally, in Section 2.4 we present
some open problems.

2.1.1 Notation and terminology

Our graph-theoretic notation is standard and follows that of [60]. In particular, we use the
following.

For a graph G, let V (G) and E(G) denote its sets of vertices and edges respectively. Let
∆(G) denote the maximum degree of G. For a set S ⊆ V (G), let G[S] denote the subgraph
of G, induced on the vertices of S. For an edge e ∈ E(G) we denote by G \ e the graph
with vertex set V (G) and edge set E(G) \ {e}. A graph is called a linear forest if each of its
connected components is a path.

Assume that some strong game, played on the edge set of some graph G, is in progress.
At any given moment during this game, we denote the graph spanned by Red’s edges by R,
and the graph spanned by Blue’s edges by B. At any point during the game, the edges of
G \ (R ∪B) are called free. We also denote by dR(v) and dB(v) the degree of a given vertex
v ∈ V (G) in R and in B respectively.

2.2 The Perfect Matching Game

Proof of Theorem 2.3

Let n be sufficiently large. Assume first that n is odd. Following Maker’s strategy whose
existence is guaranteed by Theorem 2.2, Red can build an almost perfect matching of Kn in
bn/2c moves. It follows from Observation 2.1 that Red wins the strong game PMn in bn/2c
moves as claimed.

Assume then that n is even. Let k = n − 2bn/4c and let SPM be a winning strategy
for Maker in the weak PMk game. Before describing Red’s strategy we prove the following
simple lemma.
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Lemma 2.6 Assume that just before Red’s (n/2)th move in the strong game PMn the fol-
lowing properties hold:

(i) Red’s current graph consists of n/2−1 independent edges and two isolated vertices x and
y.

(ii) There exist two edges uv and wz in Red’s graph such that the subgraph of Blue’s graph
induced on the vertices of {u, v, w, z, x, y} consists solely of the edge xy.

(iii) There are at least 3 isolated vertices in B[V (Kn) \ {v}].

Then, for sufficiently large n, Red wins the strong game PMn within at most 3 additional
moves.

Proof: In his (n/2)th move Red claims the edge xu. Blue must respond by claiming the
edge yv, as otherwise Red will claim it in his next move and thus win. Note that, since Blue
has previously claimed xy, it follows from property (iii) above that, after claiming yv, there
are still at least 3 isolated vertices in Blue’s graph. Hence, Blue cannot win the game in his
(n/2 + 1)st move. In his (n/2 + 1)st move, Red claims the edge wy. Since Blue cannot win
or claim both zx and zv in his (n/2 + 1)st move, Red claims one of them in his (n/2 + 2)nd
move and thus wins. 2

In what follows, we present a strategy for Red in the strong game PMn and then prove
that, by following it, Red wins the game within n/2 + 2 moves against any strategy of Blue.

At any point during the game, a vertex v is called distinct if it is isolated in Red’s
graph but not in Blue’s graph. For every 1 ≤ i ≤ n/2, let Di denote the set of all distinct
vertices immediately after Red’s ith move and let D′i denote the set of all distinct vertices
immediately after Blue’s ith move. Red’s strategy consists of several stages.

Stage 1: In his first move, Red claims an arbitrary edge e1 = uv. Let f1 = u′v′ denote the
edge claimed by Blue in his first move. In his second move, Red plays as follows. If e1 and
f1 share a vertex, then Red claims an arbitrary free edge e2 which is independent of both e1

and f1; otherwise, he claims a free edge e2 = u′w, for some w ∈ V (Kn) \ {u, v}. Red then
proceeds to Stage 2.

Stage 2: For every 3 ≤ i ≤ bn/4c, in his ith move Red claims an edge ei which is independent
of his previously claimed edges while making sure that |Di| = 1 (we will prove later that
this is indeed possible). If ∆(B) > 1 holds immediately after Blue’s bn/4cth move, then
Red skips to Stage M. Otherwise, for every bn/4c + 1 ≤ i ≤ n/2 − 1, in his ith move Red
claims an edge ei which is independent of his previously claimed edges while making sure
that |Di| = 1. He then proceeds to Stage 3.

Stage 3: Red completes his matching by claiming at most 3 additional edges as outlined in
Lemma 2.6 (an explanation of why this can be done will follow shortly).

Stage M: Let VR denote the set of isolated vertices in Red’s graph; note that |VR| =
n − 2bn/4c = k is even. Playing on Kn[VR], Red follows SPM and thus builds a perfect
matching of Kn[VR] in k/2 + 1 moves.
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It remains to prove that Red can indeed follow all parts of his strategy and that this
ensures his win in the strong game PMn within n/2 + 2 moves. It is obvious that Red can
follow Stage 1 of his strategy. The following lemma asserts that he can follow Stage 2 of his
strategy (either for bn/4c − 2 or n/2− 3 moves).

Lemma 2.7 For every 2 ≤ i ≤ n/2−1, Red can ensure that, immediately after his ith move
(assuming it is played during Stage 2), his graph is a matching consisting of i edges and
|Di| = 1.

Proof: We prove the lemma by induction on i. Red’s strategy for Stage 1 yields
|D2| = 1; this settles the case i = 2. Assume that Di = {z} holds for some 2 ≤ i ≤ n/2− 2.
We prove that, in his (i+1)st move, Red can claim an edge which is independent of all of his
previously claimed edges while ensuring |Di+1| = 1. In his ith move Blue claims some edge
f = xy; clearly 1 ≤ |D′i| ≤ 3 must hold. We distinguish between the three possible cases:

Case 1: |D′i| = 1. It follows that dR(x) = 1 = dR(y) and D′i = {z}. Red claims any free
edge uv which is independent of all of his previously claimed edges and such that
z /∈ {u, v}.

Case 2: |D′i| = 2. It follows that D′i = {x, z} (the case D′i = {y, z} can be handled simi-
larly). Red claims a free edge xw, for some w ∈ V (Kn) \ {z}, which is independent of
all of his previously claimed edges.

Case 3: |D′i| = 3. It follows that D′i = {x, y, z}. Red claims the edge xz.

In either case Red’s graph consists of i + 1 independent edges and |Di+1| = 1; hence the
assertion of the lemma follows. 2

Red’s last moves are played either in Stage 3 or in Stage M. First assume the latter,
that is, assume that ∆(B) > 1 holds immediately after Blue’s bn/4cth move. It follows that
Blue cannot build a perfect matching within n/2 moves. At the moment, Red’s graph is a
matching M1 consisting of bn/4c edges. By Lemma 2.7, just before Blue’s bn/4cth move
there was exactly one distinct vertex. Hence, immediately after Blue’s bn/4cth move, there
is at most one edge in B[VR]. It follows that, assuming the role of Maker (as the second
player) in the weak perfect matching game on Kn[VR], Red can build a perfect matching M2

of Kn[VR] within k/2 + 1 moves. Note that M1 ∪M2 is a perfect matching of Kn. Moreover,
Red built this matching within bn/4c + (k/2 + 1) = n/2 + 1 moves. Since, as previously
noted, Blue cannot build a perfect matching in n/2 moves, it follows that Red wins the
strong game.

Next, assume the former, that is, assume that ∆(B) = 1 holds immediately after Blue’s
bn/4cth move. It follows that the following properties hold immediately after Red’s (n/2−
1)th move (that is, at the end of Stage 2):

(a) Red’s graph is a matching consisting of n/2− 1 edges.
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(b) |Dn/2−1| = 1.

(c) |E(B)| = n/2− 2.

(d) ∆(B) ≤ dn/4e − 1.

It follows by property (a) above that there are exactly two isolated vertices in Red’s
graph, say x and y. It follows by property (b) above that exactly one of the vertices of {x, y}
is distinct. Assume without loss of generality that Dn/2−1 = {x}. In his (n/2 − 1)th move,
Blue must claim the edge xy as otherwise Red will claim it in his (n/2)th move and thus
win. Immediately after Blue’s (n/2− 1)th move there are at least 3 isolated vertices in his
graph and, moreover, dB(y) = 1 and dB(x) ≤ dn/4e. It follows that there exist edges uv
and wz in Red’s graph such that xy is the only edge of B[{u, v, w, z, x, y}]. Moreover, if
there are exactly 3 isolated vertices in Blue’s graph, then clearly one can choose v such that
dB(v) ≥ 1. Hence, all the conditions of Lemma 2.6 are satisfied and therefore Red wins the
game within at most 3 additional moves.

This concludes the proof of Theorem 2.3. 2

2.3 The Hamilton Cycle Game

In our proof of Theorem 2.5 we will make use of Theorem 2.4 and of the specific strategy
SH that was used in its proof in [39]. Therefore, we begin by providing a rough outline of
this strategy (for simplicity of presentation we only consider the case where n is even, the
complementary case is similar).

Maker’s strategy SH consists of the following three stages:

Stage 1: Maker builds a perfect matching with one additional edge, that is, he builds a
linear forest which consists of one path of length 3 and n/2− 2 paths of length 1 each. This
stage lasts exactly n/2 + 1 moves.

Stage 2: For every 0 ≤ i ≤ n/2−3, let B′i be the subgraph of Breaker’s graph induced on
the endpoints of Maker’s paths immediately after Breaker’s ith move in Stage 2. Let Bi be
the graph obtained from B′i by removing all edges xy such that x and y are endpoints of the
same path in Maker’s graph. The free edges xy ∈

(
V (Bi)

2

)
, for which x and y are endpoints

of different paths of Maker are called available. For every 1 ≤ j ≤ n/2− 3, in his jth move
in Stage 2, Maker claims an available edge while making sure that |E(Bj)| ≤ |V (Bj)| − 1
will hold immediately after Breaker’s jth move in Stage 2. In his (n/2− 2)th move in Stage
2, Maker connects his two paths to form a Hamilton path. This stage lasts exactly n/2− 2
moves.

Stage 3: Maker closes the Hamilton path he has built by the end of Stage 2 into a
Hamilton cycle within at most 3 additional moves. This can be done if the maximum degree
in Breaker’s graph does not exceed n/2.
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Note that, in some of his moves in Stage 2, Maker has certain freedom in choosing an
edge to claim. This results in the following useful observation.

Observation 2.8 For every 0 ≤ i ≤ n/2 − 3, if immediately after Breaker’s ith move in
Stage 2, Maker’s graph is a linear forest consisting of n/2 − i − 1 non-empty paths and
|E(Bi)| ≤ |V (Bi)| − 1, then Maker can follow SH from this point on and win Hn in n + 2
moves.

Note that, by following Maker’s strategy SH, Red can build a Hamilton cycle within at
most n+ 2 moves. This entails the following simple observation.

Observation 2.9 In the strong game Hn, if Red follows SH and Blue does not build a
Hamilton cycle within n+ 1 moves, then Red wins the game. In particular, if Blue does not
build a Hamilton path within n moves, then Red wins the game.

The following two lemmas show that, in order to stand a chance at winning, Blue must
in fact build a Hamilton path within n− 1 moves.

Lemma 2.10 Assume that immediately before Red’s nth move in Hn the following properties
hold:

(i) Red’s graph is a Hamilton path x1x2 . . . xn.

(ii) Blue’s graph is not a Hamilton path.

(iii) ∆(B) ≤ 10.

(iv) There are at most 10 free edges which, if claimed by Blue in his nth move, would form
a Hamilton path in his graph.

Then, for sufficiently large n, Red wins the strong game Hn within at most 3 additional
moves.

Proof: In his nth move, Red claims a free edge x1xk such that k ≥ n/2, the edge
xk−1xn is free and its addition to Blue’s graph does not form a Hamilton path in it. Such an
edge x1xk exists by properties (iii) and (iv) above and since n is assumed to be sufficiently
large. It follows by property (ii) that Blue cannot win the game in his nth move. Hence,
we can assume that Blue claims xk−1xn in his nth move as otherwise Red will claim this
edge in his (n + 1)st move and thus win. Note that, by our choice of x1xk, immediately
after Blue’s nth move his graph still does not admit a Hamilton path. It follows that Blue
will not win the game in his next move either. In his (n + 1)st move, Red claims an edge
xtxn such that t < k− 2 and both edges x1xt+1 and xt+1xk+1 are free. Again this is possible
by property (iii) above and since n is assumed to be sufficiently large. Since, as previously
noted, Blue cannot win the game in his (n + 1)st move, and since he cannot claim both
x1xt+1 and xt+1xk+1 in this move, it follows that Red wins (by claiming one of these edges)
in his (n+ 2)nd move as claimed. 2
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Lemma 2.11 Assume that immediately before Red’s nth move in Hn the following properties
hold:

(i) Red’s graph is a Hamilton path x1x2 . . . xn.

(ii) There exists a vertex x ∈ V (Kn) such that dB(x) ≥ 3.

(iii) ∆(B) ≤ 10.

Then, for sufficiently large n, Red wins the strong game Hn within at most 3 additional
moves.

Proof: If there are strictly more than two connected components in Blue’s graph, then,
by Observation 2.9, Red wins the game within 3 additional moves. It remains to consider
the following two cases.

Case 1: Blue’s graph is connected. Since |E(B)| = n−1 it must be a tree. Moreover,
by property (ii) above, this tree has at least 3 leaves. If it has strictly more than 4 leaves,
then Blue cannot build a Hamilton path by his nth move. Hence, by Observation 2.9, Red
wins the game within at most 3 additional moves as claimed. If this tree has exactly 4
leaves, then if it is possible for Blue to build a Hamilton path in his nth move, then it is by
claiming a free edge which connects two such leaves. Clearly there are at most

(
4
2

)
= 6 such

edges. Hence, the conditions of Lemma 2.10 are satisfied and thus Red wins within at most
3 additional moves as claimed. Assume then that the tree B has exactly 3 leaves. Let a, b, c
denote these leaves and note that dB(x) = 3 and dB(u) = 2 for every u ∈ V (Kn)\{x, a, b, c}.
Let Pa, Pb and Pc denote the unique paths in B between x and a, b and c respectively. For
every i ∈ {a, b, c}, let x(i) denote the unique neighbor of x in Pi. Note that if it is possible for
Blue to build a Hamilton path in his nth move, then it is by claiming one of the following 9
edges: ab, ac, bc, ax(b), ax(c), bx(a), bx(c), cx(a), cx(b). Hence, the conditions of Lemma 2.10 are
satisfied and thus Red wins within at most 3 additional moves as claimed.

Case 2: Blue’s graph admits exactly 2 connected components. Let C1 and C2

be these two components, where x ∈ V (C1). If there exists some y ∈ V (C2) such that
dB(y) ≥ 3, then, by Observation 2.9, Red wins the game within 3 additional moves. Hence,
we can assume that dB(u) ≤ 2 for every u ∈ V (C2). It follows that C2 is either a path or a
cycle. If C2 is a cycle, then Blue has “wasted” at least two edges in his previous moves (one
for closing this cycle and the other since dB(x) ≥ 3). Hence, by Observation 2.9, Red wins
the game within at most 3 additional moves as claimed. Assume then that C2 is a path; it
follows that C1 is a tree with one additional edge. Note that C1 is not a cycle as it admits
a vertex of degree at least 3. By Observation 2.9 we can assume that dB(x) = 3 and that
there exists a vertex z ∈ C1 such that C1 \ xz is a tree with maximum degree 2, that is, a
path. It follows that there are at most 6 free edges whose addition to Blue’s graph creates a
Hamilton path in it. Hence, the conditions of Lemma 2.10 are satisfied and thus Red wins
the game within at most 3 additional moves as claimed. 2
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Proof of Theorem 2.5: Assume first that n is even. We start by describing Red’s
strategy; it consists of several stages.

Stage 1: In his first n/2 + 1 moves, Red follows SH.

Stage 2: For every 0 ≤ i ≤ n/2− 3, let B′i be the subgraph of Blue’s graph induced on
the endpoints of Red’s paths immediately after Blue’s ith move in Stage 2. Let Bi be the
graph obtained from B′i by removing all edges xy such that x and y are endpoints of the
same path in Red’s graph. The free edges xy ∈

(
V (Bi)

2

)
, for which x and y are endpoints of

different paths of Red are called available. For every 1 ≤ i ≤ n/2 − 2, in his ith move of
Stage 2, Red claims some available edge. Before each of his moves in this stage, Red checks
if the following conditions hold:

(i) ∆(B) ≥ 3.

(ii) There are at least two cycles in Blue’s graph.

If at least one of these two conditions is satisfied, then Red proceeds to Stage M, otherwise
he plays another move in Stage 2.

Stage 2 is divided into the following three sub-stages:

(2.1) In at most 3 moves, Red makes sure that there exists a vertex x ∈ V (Kn) with the
following properties:

(a1) dR(x) = 1.

(a2) dB(x) = 2.

(a3) Both neighbors of x in Blue’s graph have degree 2 in Red’s graph.

(2.2) Let Px denote Red’s path with x as an endpoint. Let y denote the other endpoint
of Px. For as long as Red’s graph consists of at least 3 connected components, he plays as
follows. In his ith move of Stage 2, Red claims an available edge uv while making sure that
the following properties hold immediately after Blue’s ith move:

(b1) |E(Bi)| ≤ |V (Bi)| − 1.

(b2) {x, y} ∩ {u, v} = ∅.

(b3) If in his (i − 1)th move of Stage 2, Blue claims an available edge yw for some w ∈
V (Bi−1), then Red claims an available edge uw while maintaining properties (b1) and
(b2) above.

(2.3) Red connects his two paths to form a Hamilton path, while making sure that the
conditions of Lemma 2.11 are satisfied.

Stage 3: Red closes the Hamilton path he has built by the end of Stage 2 into a Hamilton
cycle within at most 3 additional moves.
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Stage M: From this point on, Red follows SH until his graph is a Hamilton path. Then,
if ∆(B) > 3, Red continues playing according to SH, otherwise he plays as outlined in
Lemma 2.11.

It remains to prove that Red can indeed follow all parts of his strategy and that this
ensures his win in the strong game Hn within n+ 2 moves.

Stage 1: This follows immediately from the proof of Theorem 2.4 in [39]. It follows
that, by the end of this stage, Red’s graph is a linear forest which consists of n/2− 1 vertex
disjoint paths, where one path is of length 3 and the rest are of length 1 each.

Stage 2: We consider each sub-case separately.

(2.1) We know that ∆(B) ≤ 2 holds throughout this sub-stage, since we are diverted to
Stage M as soon as ∆(B) ≥ 3. Assume first that there exists a vertex x ∈ V (B0) such that
dB(x) = 2. Let u and v be the two neighbors of x in Blue’s graph. For every w ∈ {u, v},
if dR(w) = 1, then Red claims some available edge which is incident with w. This takes at
most 2 moves. Next, assume that no such vertex x exists in V (B0). Let z1 and z2 denote
the only two vertices of degree 2 in Red’s graph. Since Blue has also claimed n/2 + 1 edges,
his graph must admit at least two vertices of degree 2 as well. We can assume that there
are exactly two such vertices and that they are in fact z1 and z2, as otherwise we are in the
previous case. It follows that Blue’s graph is a linear forest consisting of two paths of length
2 each and n/2 − 3 paths of length 1 each. It follows that there are no isolated vertices in
Blue’s graph. In his first move in Stage 2, Red claims an arbitrary available edge w1w2. Note
that dR(w1) = dR(w2) = 2 holds after this move. In his first move in Stage 2, Blue clearly
cannot claim an edge which is incident with both w1 and w2. Hence, after this move, there
must exist a vertex x ∈ V (B1) such that dB(x) = 2. Red now “takes care” of the neighbors
of x in Blue’s graph, as in the previous case. This takes Red at most 3 moves.

(2.2) Assume that we are just before Red’s ith move in Stage 2 and that so far Red was
able to maintain Properties (b1), (b2) and (b3); note that, assuming n is sufficiently large,
these properties hold at the beginning of this stage. Since we are not in Stage M we know
that ∆(B) ≤ 2. In his ith move, Red claims some available edge wz while ensuring that
Properties (b2) and (b3) are maintained; this is clearly possible. In his ith move, Blue claims
an arbitrary edge e; again we know that ∆(B) ≤ 2 still holds after this move as otherwise we
are diverted to Stage M. Note that, regardless of Blue’s ith move, V (Bi) = V (Bi−1)\{w, z}.
Since Red maintained Property (b2), it follows that {x, y} ⊆ V (Bi). Since Red maintained
Property (b3), it follows that, immediately before Blue’s ith move, both x and y are isolated
in Bi \ e. Since ∆(B) ≤ 2, it follows that |E(Bi \ e)| ≤ |V (Bi)| − 2. Hence, immediately
after Blue’s ith move, Property (b1) will be satisfied as well.

(2.3) Let u and v denote the endpoints of Red’s only path other than Px. If, in his
(n− 2)th move, Blue claims an edge xw for some w ∈ V (Kn), then dB(x) ≥ 3 and thus Red
proceeds to Stage M. Hence, assume that Blue does not claim such an edge in his (n− 2)th
move. Note that, by Red’s strategy, just before his (n−1)th move both edges xu and xv are
free. Moreover, at least one of the edges yu and yv is free. Assume without loss of generality
that yu is free. In his (n − 1)th move, Red claims yu thus completing a Hamilton path.
In his (n − 1)th move, Blue must claim xv as otherwise Red will claim it in his nth move
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and thus win. It follows that just before Red’s nth move, the conditions of Lemma 2.11 are
satisfied.

Stage 3: Red plays as outlined in Lemma 2.11 and thus wins within at most 3 additional
moves.

Stage M: If Red skipped to this stage before making any move in Stage 2, then it is
clear he can continue playing according to SH. Assume then that Red skipped to Stage M
immediately after Blue’s ith move in Stage 2, for some i ≥ 1. It follows by Stage (2.2) of
Red’s strategy that |E(Bi)| ≤ |V (Bi)| − 1 was true immediately after Blue’s ith move in
Stage 2. Hence, by Observation 2.8, Red can continue playing according to SH until his
graph is a Hamilton path. Since ∆(B) ≥ 3, he can then win by either Lemma 2.11 or
Observation 2.9 in at most 3 additional moves.

If n is odd, then the proof is essentially the same. We list below the main differences
from the case of even n.

(1) As in [39], during Stage 1 Red builds a linear forest which consists of one path of length
2 and bn/2c − 1 paths of length 1 each. This stage lasts exactly bn/2c+ 1 moves.

(2) At the beginning of Stage (2.1), there is exactly one vertex of degree 2 in Red’s graph
(the rest are of degree exactly 1) and at least one vertex of degree 2 in Blue’s graph.
Hence, as in the case of even n, either there exists a vertex x ∈ V (B0) such that
dB(x) = 2, or Red makes sure there will be such a vertex in V (B1).

This concludes the proof of Theorem 2.5. 2

2.4 Concluding remarks

Quickness vs. Initiative. As noted in the introduction of this chapter, while the known
strategies for Maker allow him to win PMn within bn/2c moves if n is odd and within
n/2 + 1 moves if n is even, and to win Hn within n + 1 moves (all of these results are best
possible), our strategies for Red require n/2 + 2 moves to win PMn if n is even and n + 2
moves to win Hn (we do not know if these bounds are best possible or not). One reason for
this discrepancy is that the fastest strategies for Maker force him to “waste” a move early on
(in the strategy for PMn given in [39], either the first or second edge Maker claims will not
be part of his matching; in the strategy for Hn given in [46], it is not so clear when Maker
will claim an edge which will not be part of his Hamilton cycle, but this could happen very
early in the game). While this proves useful for Maker, it might be dangerous for Red as it
makes him lose the initiative and allows Blue to create threats. Hence, while we are using in
this chapter the fact that Maker wins quickly, the crux of the matter is that our strategies
for Red preserve his initiative throughout the game. It might be possible (though seems
hard) to find such strategies even for games Red cannot win very quickly.
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Chapter 3

The k-connectivity game

3.1 Introduction

In this chapter we study the weak and strong versions of the k-vertex-connectivity game Ckn.
The board of this game is the edge set of the complete graph on n vertices and its family
of winning sets Ckn consists of the edge sets of all k-vertex-connected spanning subgraphs of
Kn.

It is easy to see (and also follows from [54]) that, for every n ≥ 4, Maker can win the
weak game C1

n within n− 1 moves. Clearly this is best possible. It follows from [46] that, if
n is not too small, then Maker can win the weak game C2

n within n+ 1 moves and that this
is best possible as well. It was proved in [39] that, for every fixed k ≥ 3 and sufficiently large
n, Maker can win the weak game Ckn within kn/2 + (k + 4)(

√
n + 2n2/3 log n) moves. Since

clearly Maker cannot win this game in less than kn/2 moves, this shows that the number of
excess moves Maker plays is o(n). It was asked in [39] whether the dependency in n of the
number of excess moves can be omitted, that is, whether Maker can win Ckn within kn/2 + ck
moves for some ck which is independent of n. We answer this question in the affirmative.

Theorem 3.1 Let k ≥ 2 be an integer and let n be a sufficiently large integer. Then Maker
has a strategy to win the weak game Ckn within at most bkn/2c+ 1 moves.

In the minimum-degree-k game (E(Kn),Dkn), the board is again the edge set of Kn and
the family of winning sets Dkn consists of the edge sets of all subgraphs of Kn with minimum
degree at least k. Since Ckn ⊆ Dkn for every k and n we immediately obtain the following
result.

Corollary 3.2 Let k ≥ 1 be an integer and let n be a sufficiently large integer. Then Maker
has a strategy to win the weak game Dkn within at most bkn/2c+ 1 moves.

Note that, for k = 1, Corollary 3.2 does not follow from Theorem 3.1. However, this case
was proved in [39]. Moreover, we will prove a strengthening of this result in Section 3.3.

23



24

Note that both Theorem 3.1 and Corollary 3.2 are best possible. Indeed, assume for the
sake of contradiction that Maker has a strategy to build a subgraph of Kn with minimum
degree at least k within at most bkn/2c moves. It follows that kn is even since if kn is odd,
then every graph on n vertices and at most bkn/2c edges has a vertex of degree at most
k − 1. Since Maker wins in kn/2 moves, he must do so by building a k-regular spanning
subgraph of Kn. Let G denote the graph he builds in the first kn/2− 1 moves. Then there
are two vetices x, y ∈ V (Kn) of degree k − 1 in G, every other vertex of Kn has degree k in
G and xy /∈ E(G). In his (kn/2)th move, Breaker claims xy and thus Maker cannot enlarge
the degree of both x and y in one additional move contrary to our assumption.

It was observed in Chapter 2 that a fast winning strategy for Maker in the weak game
F has the potential of being used to devise a winning strategy for the first player in the
strong game F . Using our strategy for the weak game Ckn, we will devise an explicit winning
strategy for the corresponding strong game. We restrict our attention to the case k ≥ 3 as
the (much simpler) cases k = 1 and k = 2 were discussed in Chapter 2.

Theorem 3.3 Let k ≥ 3 be an integer and let n be a sufficiently large integer. Then Red
has a strategy to win the strong game Ckn within at most bkn/2c+ 1 moves.

Our proof of Theorem 3.3 will in fact show that Red can build a k-vertex-connected graph
before Blue can build a graph with minimum degree at least k. We thus have the following
corollary.

Corollary 3.4 Let k ≥ 1 be an integer and let n be a sufficiently large integer. Then Red
has a strategy to win the strong game Dkn within at most bkn/2c+ 1 moves.

As with Corollary 3.2, the cases k = 1 and k = 2 do not follow from Theorem 3.3.
However, these simple cases were discussed in Chapter 2. Moreover, for k = 1 we will prove
a strengthening of this result in Section 3.3.

The rest of this chapter is organized as follows: in Subsection 3.1.1 we introduce some
notation and terminology that will be used throughout this chapter. In Section 3.2 we
describe a family of k-vertex-connected graphs that will be used in the proofs of Theorems 3.1
and 3.3. In Section 3.3 we study certain simple games; the results obtained will be used in
the following sections. In Section 3.4 we prove Theorem 3.1 and in Section 3.5 we prove
Theorem 3.3. Finally, in Section 3.6 we present some open problems.

3.1.1 Notation and terminology

Our graph-theoretic notation is standard and follows that of [60]. In particular, we use the
following.

For a graph G, let V (G) and E(G) denote its sets of vertices and edges respectively, and
let v(G) = |V (G)| and e(G) = |E(G)|. For disjoint sets A,B ⊆ V (G), let EG(A,B) denote
the set of edges of G with one endpoint in A and one endpoint in B, and let eG(A,B) =
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|EG(A,B)|. For a set S ⊆ V (G), let G[S] denote the subgraph of G which is induced on the
set S. For disjoint sets S, T ⊆ V (G), let NG(S, T ) = {u ∈ T : ∃v ∈ S, uv ∈ E(G)} denote
the set of neighbors of the vertices of S in T . For a set T ⊆ V (G) and a vertex w ∈ V (G) we
abbreviate NG({w}, T \ {w}) to NG(w, T ), and let dG(w, T ) = |NG(w, T )| denote the degree
of w into T . For a set S ⊆ V (G) and a vertex w ∈ V (G) we abbreviate NG(S, V (G) \ S)
to NG(S) and NG(w, V (G) \ {w}) to NG(w). We let dG(w) = |NG(w)| denote the degree of
w in G. The minimum and maximum degrees of a graph G are denoted by δ(G) and ∆(G)
respectively. For vertices u, v ∈ V (G) let distG(u, v) denote the distance between u and v in
G, that is, the number of edges in a shortest path of G, connecting u and v. Often, when
there is no risk of confusion, we omit the subscript G from the notation above. For a positive
integer k, let [k] denote the set {1, . . . , k}.

Assume that some Maker-Breaker game, played on the edge set of some graph G, is in
progress. At any given moment during this game, we denote the graph spanned by Maker’s
edges by M and the graph spanned by Breaker’s edges by B. At any point during the game,
the edges of G \ (M ∪B) are called free.

Similarly, assume that some strong game, played on the edge set of some graph G, is in
progress. At any given moment during this game, we denote the graph spanned by Red’s
edges by R and the graph spanned by Blue’s edges by B. At any point during the game, the
edges of G \ (R ∪B) are called free.

3.2 A family of k-vertex-connected graphs

In this section we describe a family of k-vertex-connected graphs. We will use this family in
the proofs of Theorems 3.1 and 3.3.

Let k ≥ 3 be an integer and let n be a sufficiently large integer. Let Gk be the family of
all graphs Gk = (V,Ek) on n vertices for which there exists a partition V = V1 ∪ . . . ∪ Vk−1

such that all of the following properties hold:

(i) |Vi| ≥ 5 for every 1 ≤ i ≤ k − 1.

(ii) δ(Gk) ≥ k.

(iii) Gk[Vi] admits a Hamilton cycle Ci for every 1 ≤ i ≤ k − 1.

(iv) For every 1 ≤ i < j ≤ k − 1 the bipartite subgraph of Gk with parts Vi and Vj admits
a matching of size 3.

(v) |{j ∈ [k − 1] \ {i} : dGk(u, Vj) = 0}| ≤ 1 holds for every 1 ≤ i ≤ k − 1 and every u ∈ Vi.

(vi) For every 1 ≤ i ≤ k − 1 and every u, v ∈ Vi, if |{j ∈ [k − 1] \ {i} : dGk(u, Vj) = 0}| =
|{j ∈ [k − 1] \ {i} : dGk(v, Vj) = 0}| = 1, then distCi(u, v) ≥ 2.

Proposition 3.5 For every integer k ≥ 3 and sufficiently large integer n, every Gk ∈ Gk is
k-vertex-connected.
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Proof: Let Gk be any graph in Gk. Let S ⊆ V be an arbitrary set of size k − 1. We
will prove that Gk \ S is connected. We distinguish between the following three cases.

Case 1: |S ∩ Vi| = 1 for every 1 ≤ i ≤ k − 1.
Since Gk[Vi] is Hamiltonian for every 1 ≤ i ≤ k − 1 by Property (iii) above, it follows
that (Gk\S)[Vi] is connected for every 1 ≤ i ≤ k−1. Hence, in order to prove thatGk\S
is connected, it suffices to prove that EGk\S(Vi, Vj) 6= ∅ holds for every 1 ≤ i < j ≤ k−1.
Fix some 1 ≤ i < j ≤ k− 1. It follows by Property (iv) above that there exist vertices
xi, yi, zi ∈ Vi and xj, yj, zj ∈ Vj such that xixj, yiyj, zizj ∈ EGk(Vi, Vj). Clearly, at least
one of these edges is present in Gk \ S.

Case 2: There exist 1 ≤ i < j ≤ k − 1 such that S ∩ Vi = ∅ and S ∩ Vj = ∅.
It follows by Properties (iii) and (iv) above that (Gk\S)[Vi∪Vj] is connected. Moreover,
it follows by Property (v) above that Vi ∪ Vj is a dominating set of Gk. Hence, Gk \ S
is connected in this case.

Case 3: There exist 1 ≤ i 6= j ≤ k − 1 such that S ∩ Vi = ∅, |S ∩ Vj| = 2 and |S ∩ Vt| = 1
for every t ∈ [k − 1] \ {i, j}.
It follows by Property (iii) above that (Gk \ S)[Vi] is connected. Hence, in order to
prove that Gk \S is connected, it suffices to prove that, for every vertex u ∈ V \(Vi∪S)
there is a path in Gk \S between u and some vertex of Vi. Assume first that u ∈ Vt for
some t ∈ [k− 1] \ {i, j}. As in Case 1, (Gk \ S)[Vt] is connected and EGk\S(Vt, Vi) 6= ∅.
It follows that the required path exists. Assume then that u ∈ Vj. If dGk(u, Vi) > 0,
then there is nothing to prove since S ∩ Vi = ∅. Assume then that dGk(u, Vi) = 0; it
follows by Property (v) above that dGk(u, Vt) > 0 holds for every t ∈ [k − 1] \ {i, j}.
If dGk\S(u, Vt) > 0 holds for some t ∈ [k − 1] \ {i, j}, then the required path exists as
(Gk \S)[Vt] is connected and, as previously noted, there is an edge of Gk \S between Vt
and Vi. Assume then that dGk\S(u, Vt) = 0 holds for every t ∈ [k−1]\{i, j}. It follows
by Property (ii) above that dGk(u, Vj) ≥ 3 and thus dGk\S(u, Vj) ≥ 1. Let w ∈ Vj \ S
be a vertex such that uw ∈ Ek. If dGk(w, Vi) > 0, then the required path exists.
Otherwise, since |Vj| ≥ 5 by Property (i) above, it follows by Property (vi) above that
there exists a vertex z ∈ NGk\S(u, Vj) ∪NGk\S(w, Vj) such that dGk(z, Vi) > 0. Hence,
the required path exists.

We conclude that Gk is k-vertex-connected. 2

Note that while Gk includes very dense graphs, such as Kn, for every k ≥ 3 and every
sufficiently large n, this family also includes graphs with dkn/2e edges; that is, k-vertex-
connected graphs which are as sparse as possible. One illustrative example of such a graph
consists of k− 1 pairwise vertex disjoint cycles, each of length n/(k− 1) where every pair of
cycles is connected by a perfect matching (in particular, k − 1 | n). The graphs Maker and
Red will build in the proofs of Theorems 3.1 and 3.3 respectively, are fairly similar to this
example.
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3.3 Auxiliary games

In this section we consider several simple games. Some might be interesting in their own
right whereas others are quite artificial. The results we prove about these games will be used
in our proofs of Theorems 3.1 and 3.3. We divide this section into several subsections, each
discussing one game.

3.3.1 A large matching game

In this subsection we study a game whose family of winning sets is not monotone increasing
and depends on the elements claimed by both players. It is thus not a weak (or strong)
game as defined in the introduction. Nevertheless, by abuse of terminology, we refer to it as
a weak game and to the players as Maker and Breaker since it will be used by Maker in the
proof of Theorem 3.1.

Let G = (V1∪V2, E) be a bipartite graph, let U1 ⊆ V1 and U2 ⊆ V2, and let d be a positive
integer. The board of the weak game G(V1, U1;V2, U2; d) is E. Maker wins this game if and
only if he accomplishes all of the following goals:

(i) Maker’s graph is a matching.

(ii) dM(u) = 1 for every u ∈ (V1 \ U1) ∪ (V2 \ U2).

(iii) dM(u) = 1 for every u ∈ V1 ∪ V2 for which dB(u) ≥ d.

(iv) |{u ∈ U1 : dM(u) = 0}| ≥ |U1|/2 and |{u ∈ U2 : dM(u) = 0}| ≥ |U2|/2.

Lemma 3.6 Let m be a non-negative integer, let d be a positive integer, let d−1 ≤ ε ≤ 0.1
be a real number and let n0 = n0(m, d, ε) be a sufficiently large integer. Let G = (V1 ∪V2, E)
be a bipartite graph which satisfies all of the following properties:

(P1) n0 ≤ |V1| ≤ |V2| ≤ (1 + ε)|V1|.

(P2) dG(u, V2) ≥ |V2| −m for every u ∈ V1.

(P3) dG(u, V1) ≥ |V1| −m for every u ∈ V2.

Let U1 ⊆ V1 and U2 ⊆ V2 be such that 10ε|V1| ≤ |U1| ≤ 11ε|V1| and 10ε|V2| ≤ |U2| ≤ 11ε|V2|.
Then Maker has a winning strategy for the game G(V1, U1;V2, U2; d).

Proof: First we describe a strategy for Maker and then prove it is a winning strategy.
At any point during the game, if Maker is unable to follow the proposed strategy, then he
forfeits the game.

Throughout the game, Maker maintains a matching MG and a set D ⊆ V1 ∪ V2 of
dangerous vertices, where a vertex v ∈ V1∪V2 is called dangerous if dM(v) = 0 and dB(v) ≥ d.
Initially, MG = D = ∅.

For every positive integer j, Maker plays his jth move as follows.
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(1) If D 6= ∅, then Maker claims an arbitrary free edge uv ∈ E for which u ∈ D and
dM(v) = 0. Subsequently, he updates MG := MG ∪ {uv} and D := D \ {u, v}.

(2) Otherwise, if there exists a free edge uv ∈ E such that u ∈ V1 \ U1, v ∈ V2 \ U2 and
dM(u) = dM(v) = 0, then Maker claims it. Subsequently, he updates MG := MG∪{uv}.

(3) Otherwise, if there exists a vertex u ∈ (V1 \ U1) ∪ (V2 \ U2) such that dM(u) = 0, then
Maker claims a free edge uv ∈ E such that dM(v) = 0. Subsequently, he updates
MG := MG ∪ {uv}.

The game is over as soon as MG covers (V1 \ U1) ∪ (V2 \ U2) and D = ∅.
It remains to prove that Maker can indeed follow the proposed strategy without forfeiting

the game and that, by doing so, he wins the game G(V1, U1;V2, U2; d).

We begin by showing that, even if he forfeits the game, Maker accomplishes goals (i) and
(iv).

Claim 3.7 Goals (i) and (iv) are met at any point during the game.

Proof: It readily follows from the description of the proposed strategy that Maker’s
graph is a matching at any point during the game. Hence, he accomplishes goal (i). Next,
we prove that Maker accomplishes goal (iv) as well. Maker does not match any vertex of
U1 ∪ U2 in Part (2). During Parts (1) and (3) Maker matches at most one vertex of U1

and at most one vertex of U2 per move. It thus suffices to bound the number of times he
plays according to the proposed strategy for these parts. Note first that, since goal (i) is
met at any point during the game, the entire game lasts at most |V1| moves. In particu-
lar, Breaker can create at most 2|V1|/d ≤ 2ε|V1| = 2εmin{|V1|, |V2|} ≤ min{|U1|/5, |U2|/5}
dangerous vertices throughout the game. Since Maker decreases the size of D whenever
he follows Part (1) of the proposed strategy, we conclude that he follows this part at most
min{|U1|/5, |U2|/5} times. Whenever Maker follows Part (3) of the proposed strategy, D = ∅
and there is no free edge uv ∈ E such that u ∈ V1 \U1, v ∈ V2 \U2 and dM(u) = dM(v) = 0.
It follows by these conditions and by Properties (P2) and (P3) that MG covers at least
|V1 \ U1| − |U1|/10 of the vertices of V1 \ U1. Indeed, assume for the sake of contradiction
that there exists a set A ⊆ V1 \ U1 such that |A| ≥ |U1|/10 and dM(u) = 0 holds for every
u ∈ A. If there exists a vertex v ∈ V2 \ U2 such that dM(v) = 0, then since D = ∅ and
|U1|/10 ≥ m + d, it follows by Property (P3) that there exists some u ∈ A such that uv is
free. Maker should thus follow Part (2) of the proposed strategy contrary to our assumption
that he follows Part (3). Assume then that dM(v) = 1 holds for every v ∈ V2 \U2. It follows
that |MG| ≥ |V2 \U2| ≥ (1− 11ε)|V2| ≥ (1− 11ε)|V1| ≥ |V1 \U1| − ε|V1| ≥ |V1 \U1| − |U1|/10
as claimed. It follows that, while playing according to the proposed strategy for Part (3),
Maker matches at most |U1|/10 ≤ |U2|/5 vertices of U2, where the inequality holds by Prop-
erty (P1) and the assumed bounds on |U1| and |U2|. A similar argument (whose details
we omit) shows that, while playing according to the strategy for Part (3), Maker matches
at most |U2|/5 ≤ 3|U1|/10 vertices of U1. We conclude that throughout the game Maker
matches at most |U1|/2 vertices of U1 and at most |U2|/2 vertices of U2. 2
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It readily follows from its description that Maker can play according to Part (2) of the
proposed strategy. Moreover, since by Claim 3.7 he accomplishes goal (iv), it follows that
he can play according to Part (3) of the proposed strategy as well. Finally, since he accom-
plishes goal (iv) and since he follows Part (1) at most min{|U1|/5, |U2|/5} times, it follows
that he can play according to Part (1) of the proposed strategy. We conclude that Maker
can follow the proposed strategy and thus accomplishes goals (ii) and (iii) as well. 2

3.3.2 A weak positive minimum degree game

In this subsection we study the weak positive minimum degree game (E(G),D1
G), played on

the edge set of some given graph G. The family of winning sets D1
G, consists of the edge sets

of all spanning subgraphs of G with minimum degree at least 1. Recall that in the special
case G = Kn we denoted this family by D1

n. The following result was proved in [39].

Theorem 3.8 ([39] Corollary 1.3) For sufficiently large n, Maker has a strategy to win
the weak game (E(Kn),D1

n) within bn/2c+ 1 moves.

We strengthen Theorem 3.8 by proving that its assertion holds even when the board is
not complete, though still very dense.

Theorem 3.9 For every positive integer m there exists an integer nm such that, for every
n ≥ nm and for every graph G = (V,E) on n vertices with minimum degree at least n−m,
Maker (as the first or second player) has a strategy to win the weak positive minimum degree
game (E(G),D1

G), within at most bn/2c+ 1 moves.

Proof: We prove Theorem 3.9 by induction on m. At any point during the game, let
V0 := {u ∈ V : dM(u) = 0} denote the set of vertices of G which are isolated in Maker’s
graph and let H := (B ∪ (Kn \G))[V0].

In the induction step we will need to assume that m ≥ 3. Hence, we first consider the
cases m = 1 and m = 2 separately. If m = 1, then G = Kn and thus the result follows
immediately by Theorem 3.8. Assume then that m = 2 and assume for convenience that n is
even (the proof for odd n is similar and in fact slightly simpler; we omit the straightforward
details). For every 1 ≤ i ≤ n/2− 1, in his ith move, Maker claims a free edge uv such that
u, v ∈ V0 and dH(u) = ∆(H). In each of his next two moves, Maker claims a free edge xy
such that x ∈ V0 and y ∈ V .

It is evident that if Maker is able to follow this strategy, then he wins the positive
minimum degree game (E(G),D1

G), within bn/2c + 1 moves. It thus remains to prove that
he can indeed do so. In order to show that he can follow the first n/2 − 1 moves of the
proposed strategy, we first prove by induction on n that ∆(H) ≤ 1 holds immediately before
Breaker’s ith move for every 1 ≤ i ≤ n/2− 1. This holds for i = 1 by assumption. Assume
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it holds for some positive integer i. Clearly ∆(H) ≤ 2 holds immediately after Breaker’s ith
move. Moreover, there are at most two vertices of V0 whose degree in H is 2, and if there are
exactly two such vertices, then they are connected by an edge of Breaker. In his ith move,
Maker claims an edge which is incident with a vertex of maximum degree in H. It follows
that ∆(H) ≤ 1 holds immediately after Maker’s ith move.

Since, for every 1 ≤ i ≤ n/2 − 1, immediately before Maker’s ith move we have |V0| =
n − 2(i − 1) ≥ 4 and ∆(H) ≤ 2, Maker can play his ith move according to the proposed
strategy. Moreover, it is clear that Maker can play his (n/2)th and (n/2 + 1)st (unless he
already wins after n/2 moves) moves according to the proposed strategy.

Assume then that m ≥ 3 and that the assertion of the theorem holds for m − 1. We
present a fast winning strategy for Maker. At any point during the game, if Maker is unable
to follow the proposed strategy, then he forfeits the game. The strategy is divided into the
following two stages.

Stage I: Maker builds a matching while trying to decrease ∆(H). In every move, Maker
claims a free edge uv such that u, v ∈ V0, dH(u) = ∆(H) and dH(v) = max{dH(w) : w ∈
V0 and uw ∈ E(G \B)}. This stage is over as soon as ∆(H) ≤ m− 2 first holds.

Stage II: Maker builds a spanning subgraph of G[V0] with positive minimum degree within
b|V0|/2c+ 1 moves.

It is evident that, if Maker can follow the proposed strategy without forfeiting the game,
then he wins the positive minimum degree game on G within bn/2c + 1 moves. It thus
suffices to prove that he can indeed do so. First we prove that Maker can follow Stage I of
his strategy, and moreover, that this stage lasts at most (m−1)n

2m
+2 moves. It is clear from the

description of Maker’s strategy that the following property is maintained throughout Stage
I.

(∗) ∆(H) ≤ m holds after every move of Breaker. Moreover, there are at most two vertices
of V0 whose degree in H is m, and if there are exactly two such vertices, then they are
connected by an edge of Breaker.

For every positive integer i, let D(i) =
∑

v∈V0 dH(v) immediately after Breaker’s ith
move. Note that D(i) ≥ 0 for every i and that D(1) ≤ (m− 1)n+ 2 (before the game starts
the maximum degree of H is at most m− 1 and Breaker claims one edge in his first move).
For an arbitrary positive integer i, let uv be the edge claimed by Maker in his ith move. At
the time it was claimed, we had dH(u) = ∆(H) ≥ m− 1. Assume first that dH(v) ≥ 2 was
true as well. It follows that D(i+ 1) ≤ D(i)− (m− 1)− (m− 1)− 2− 2 + 2 = D(i)− 2m
(we subtract 2m+ 2 from D(i) because of u, v and their neighbors, and then add 2 because

Breaker claims some edge in his (i+ 1)st move). It follows that there can be at most (m−1)n
2m

such moves throughout the first stage. Assume next that dH(v) ≤ 1; note that this entails
dH(v) ≤ m− 2 as m ≥ 3 by assumption. It follows by Maker’s strategy that u is connected
by an edge of H to every vertex x ∈ V0 such that dH(x) ≥ 2. Claiming uv decreases
dH(w) by at least 1 for every w ∈ V0 ∩ NH(u). It follows by Property (∗) that after this
move of Maker there is at most one vertex z ∈ V0 such that dH(z) ≥ m − 1. It is easy to
see that, unless he forfeits the game, Maker can ensure ∆(H) ≤ m − 2 in his next move.
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It follows that Stage I lasts at most (m−1)n
2m

+ 2 moves as claimed. In particular, we have
|V0| ≥ n/m − 4 > m + 1 ≥ ∆(H) + 1 and thus Maker can indeed follow Stage I of the
proposed strategy without forfeiting the game.

Next, we prove that Maker can follow Stage II of the proposed strategy. Since the first
stage lasts at most (m−1)n

2m
+ 2 moves, |V0| ≥ n/m−4 ≥ nm−1 holds at the beginning of Stage

II. Hence, it follows by the induction hypothesis that Maker can win the positive minimum
degree game on (G \B)[V0] within b|V0|/2c+ 1 moves as claimed. 2

Remark 3.10 The requirement n/m− 4 ≥ nm−1 appearing in the the proof of Theorem 3.9
shows that the assertion of this theorem holds even for m = c log n/ log log n, where c > 0 is
a sufficiently small constant.

3.3.3 A strong positive minimum degree game

In this subsection we study the strong version of the positive minimum degree game (E(G),D1
G).

We prove the following result.

Theorem 3.11 For every positive integer m there exists an integer nm such that, for every
n ≥ nm and for every graph G = (V,E) on n vertices with minimum degree at least n−m,
Red has a strategy to win the strong positive minimum degree game (E(G),D1

G), within at
most bn/2c+ 1 moves.

Proof: Let SG be Maker’s strategy for the weak positive minimum degree game
(E(G),D1

G) whose existence is guaranteed by Theorem 3.9. If n is odd, then Red sim-
ply follows SG. It follows by Theorem 3.9 that Red builds a spanning subgraph of G with
positive minimum degree in bn/2c+ 1 moves. Since there is no such graph with strictly less
edges, it follows that Red wins the game. Assume then that n is even.

We describe a strategy for Red for the strong positive minimum degree game (E(G),D1
G)

and then prove it is a winning strategy. At any point during the game, if Red is unable to
follow the proposed strategy, then he forfeits the game. At any point during the game, let
V0 := {v ∈ V : dR(v) = 0}. The strategy is divided into the following five stages.

Stage I: In his first move of this stage, Red claims an arbitrary edge e1 = u1v1. Let f = xy
denote the edge Blue has claimed in his first move; assume without loss of generality that
x /∈ e1. Let A = {z ∈ V0 \ {x} : xz /∈ E} ∪ {y}. For every i ≥ 2, immediately before his
ith move in this stage, Red checks whether ∆(B) ≥ 2, in which case he skips to Stage V.
Otherwise, Red checks whether A ∩ V0 = ∅, in which case Stage I is over and Red proceeds
to Stage II. Otherwise, let w ∈ A ∩ V0 be an arbitrary vertex. In his ith move in this stage,
Red claims a free edge ww′ for some w′ ∈ V0.

Stage II: Let H = (G \ B)[V0 \ {x}] and let SH be the winning strategy for Maker in
the weak positive minimum degree game, played on E(H), which is described in the proof
of Theorem 3.9. Let r denote the total number of moves Red has played in Stage I. For
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every r < i ≤ 3n/8, immediately before his ith move in this stage, Red checks whether
∆(B) ≥ 2, in which case he skips to Stage V. Otherwise, Red plays his ith move according
to the strategy SH . Once Stage II is over, Red proceeds to Stage III.

Stage III: Let H = (G \ B)[V0 \ {x}] and let SH be the winning strategy for Maker in
the weak positive minimum degree game, played on E(H), which is described in the proof
of Theorem 3.9. For every 3n/8 < i ≤ n/2 − 1, Red plays his ith move according to the
strategy SH . Once Stage III is over, Red proceeds to Stage IV.

Stage IV: Let z ∈ V0 \ {x}. If xz ∈ E is free, then Red claims it. Otherwise, in his next
two moves, Red claims free edges xx′ and zz′ for some x′, z′ ∈ V . In either case, the game
is over.

Stage V: Let H = (G\B)[V0] and let SH be the winning strategy for Maker in the weak pos-
itive minimum degree game, played on E(H), which is described in the proof of Theorem 3.9.
In this stage, Red follows SH until the end of the game.

We first prove that Red can indeed follow the proposed strategy without forfeiting the
game. We consider each stage separately.

Stage I: Since δ(G) ≥ n − m, it follows that |A| ≤ m. Since, moreover, n is sufficiently
large with respect to m, we conclude that Red can follow Stage I of the proposed strategy.

Stage II: In Stage I Maker claims e1 and then claims at most one additional edge per
element of A. It follows that r ≤ |A| + 1 ≤ m + 1. At the beginning of this stage we have
|V0 \ {x}| = n− 2r− 1 ≥ 0.99n and δ((G \B)[V0 \ {x}]) ≥ |V0| − 1−m− r ≥ |V0| − 2m− 2.
Since n is assumed to be sufficiently large with respect to m, it follows by Theorem 3.9 that
the required strategy SH exists and that Red can indeed follow it throughout this stage.

Stage III: At the beginning of this stage we have |V0 \ {x}| ≥ n/4 − 1. Moreover, since
Red did not skip to Stage V, it follows that δ((G \ B)[V0 \ {x}]) ≥ |V0| −m − 2. Since n
is assumed to be sufficiently large with respect to m, it follows by Theorem 3.9 that the
required strategy SH exists and that Red can indeed follow it throughout this stage.

Stage IV: If the edge xz is still free, then Red can clearly claim it. Otherwise, Red can
claim a free edge incident with x and a free edge incident with z since clearly ∆(B) < n/2.

Stage V: At the beginning of this stage we have |V0| ≥ n/4. Moreover, since Red has just
skipped to Stage V, it follows that δ((G \ B)[V0]) ≥ |V0| −m− 2. Since n is assumed to be
sufficiently large with respect to m, it follows by Theorem 3.9 that the required strategy SH
exists and that Red can indeed follow it throughout this stage.

Next, we prove that if Red follows the proposed strategy, then he wins the game within at
most n/2 + 1 moves. If Red reaches Stage V of the proposed strategy, then the game lasts at
most n/2 + 1 moves. Since Red reaches Stage V only after Blue wastes a move, it follows by
Theorem 3.9 that Red wins the game in this case. Assume then that Red never reaches Stage
V of the proposed strategy. It is clear that, at the end of Stage I, Red’s graph is a matching.
Moreover, it follows by the proof of Theorem 3.9 that Red’s graph is a matching at the end
of Stages II and III as well. Moreover, it is clear that x ∈ V0 holds at this point. Hence, at
the beginning of Stage IV, we have V0 = {x, z} for some z ∈ V . Moreover, by Stage I of the
proposed strategy we have xz ∈ E. If xz is free, then Red claims it and thus builds a perfect
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matching in n/2 moves; hence, he wins the game in this case. Otherwise, the game lasts
n/2 + 1 moves. However, in this case xz was claimed by Blue and thus dB(x) ≥ 2. We con-
clude that Red wins the game in this case as well. This concludes the proof of the theorem. 2

3.4 The Maker-Breaker k-vertex-connectivity game

In this section we prove Theorem 3.1. In our proof we will use the following immediate
corollary of Theorem 1.1 from [46].

Corollary 3.12 Given an integer n ≥ 4, let H+
n be the family of all edge sets of Hamilton

cycles with a chord of Kn. If n is sufficiently large, then Maker has a strategy to win H+
n in

exactly n+ 1 moves.

Proof of Theorem 3.1: Assume that k ≥ 4 (recall that for k = 2, the assertion of
Theorem 3.1 follows by Theorem 1.1 from [46]; moreover, at the end of the proof we will
indicate which small changes have to be made to include the case k = 3). We present a
strategy for Maker and then prove it is a winning strategy. At any point during the game,
if Maker is unable to follow the proposed strategy, then he forfeits the game. Moreover, if
after claiming kn edges, Maker has not yet built a k-vertex-connected graph, then he forfeits
the game (we will in fact prove that Maker can build such a graph much faster; however,
the technical upper bound of kn will suffice for the time being). At certain points during
the game, Maker will restrict his attention to specific parts of the board. Following some
strategy for that part, it might seem like Maker is playing several consecutive moves (as
Breaker might decide to respond outside what Maker considers to be the board). Note that
this will not cause a problem. Indeed, it is well known (see e.g. [9]) that if Maker has a
winning strategy S for a weak game (X,F), then he can adjust S to win (X,F) even if
Breaker skips some of his moves. The proposed strategy is divided into the following four
stages.

Stage I: Let V (Kn) = V1 ∪ V2 ∪ . . . ∪ Vk−1 be an arbitrary equipartition of V (Kn) into
k−1 pairwise disjoint sets, that is, ||Vi|−|Vj|| ≤ 1 and Vi∩Vj = ∅ for every 1 ≤ i 6= j ≤ k−1.
For every 1 ≤ i ≤ k − 1, let Si be a winning strategy for Maker in the game H+

|Vi| played

on E(Kn[Vi]), whose existence is ensured by Corollary 3.12. In this stage, Maker’s goal is
to build a Hamilton cycle of Kn[Vi] with a chord for every 1 ≤ i ≤ k − 1 while limiting the
degree of certain vertices in Breaker’s graph. If Maker is unable to accomplish both goals
within 2n moves, then he forfeits the game. For every vertex v ∈ V (Kn), let 1 ≤ iv ≤ k − 1
be the (unique) index such that v ∈ Viv . Throughout this stage, Maker maintains a set
D ⊆ V (Kn)× [k−1] of dangerous pairs. A pair (v, i) ∈ V (Kn)× [k−1] is called dangerous if
v /∈ Vi, dB(v, Vi) ≥ 0.9|Vi|, dM(v, Vi) = 0 and dM(v) < k. Initially, D = ∅. For every positive
integer j, let ej = uv denote the edge which was claimed by Breaker in his jth move. Maker
plays his jth move as follows.
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(i) If ej ∈ E(Vi) for some 1 ≤ i ≤ k − 1 and M [Vi] is not yet a Hamilton cycle (of Kn[Vi])
with a chord, then Maker responds in this board according to the strategy Si.

(ii) Otherwise, if D 6= ∅, let (z, i) ∈ D be a dangerous pair such that dB(z, Vi) =
max{dB(w, V`) : (w, `) ∈ D}. Maker claims a free edge zw such that w ∈ Vi and
dM(w, Viz) = 0. Subsequently, Maker updates D := D \ {(z, Vi), (w, Viz)}.

(iii) Otherwise, if there exists x ∈ {u, v} such that M [Vix ] is not yet a Hamilton cycle
with a chord, then Maker plays as follows. Assume without loss of generality that
dB(u, Viv) ≥ dB(v, Viu). If M [Viu ] is not yet a Hamilton cycle with a chord, then Maker
follows Siu on the board E(Viu), otherwise he follows Siv on E(Viv).

(iv) Otherwise, Maker plays according to Si in a board E(Vi) for some 1 ≤ i ≤ k − 1 such
that M [Vi] is not yet a Hamilton cycle with a chord.

As soon as M [Vi] is a Hamilton cycle with a chord for every 1 ≤ i ≤ k − 1 and D = ∅, this
stage is over and Maker proceeds to Stage II.

Stage II: Let C be the set of endpoints of the chords of
⋃k−1
i=1 M [Vi]. At any point during

this stage, let YC = {v ∈ C : dM(v) < k}, let YD = {v ∈ V (Kn) : dM(v) < k and dB(v) ≥
k10} and let Y = YC ∪ YD. For as long as Y 6= ∅, Maker picks an arbitrary vertex v ∈ Y and
plays as follows. Let t = dM(v) and let {i1, . . . , ik−t} ⊆ [k− 1] \ {iv} be k− t distinct indices
such that dM(v, Vij) = 0 for every 1 ≤ j ≤ k− t. In his next k− t moves, Maker claims k− t
free edges {vvij : 1 ≤ j ≤ k − t} such that vij ∈ Vij , dM(vij) < k and dM(vij , Viv) = 0 for
every 1 ≤ j ≤ k − t.

As soon as Y = ∅, this stage is over and Maker proceeds to Stage III.

Stage III: For every 1 ≤ i 6= j ≤ k − 1, let Aij ⊆ Vi denote the set of vertices v ∈ Vi
such that dM(v) < k and dM(v, Vj) = 0. Moreover, for every 1 ≤ i 6= j ≤ k−1, let Bij ⊆ Aij
be sets which satisfy all of the following properties:

(P1) Bij ∩Bi` = ∅ for every 1 ≤ i ≤ k − 1 and for every 1 ≤ j 6= ` ≤ k − 1.

(P2) 10n/k6 ≤ |Bij| ≤ 11n/k6 for every 1 ≤ i 6= j ≤ k − 1.

(P3) distM [Vi](u, v) ≥ 2 for every 1 ≤ i ≤ k − 1 and for every two distinct vertices u, v ∈⋃
j∈[k−1]\{i}Bij.

For every 1 ≤ i < j ≤ k − 1 let Gij = (Aij ∪ Aji, EKn\B(Aij, Aji)) and let Sij be the
winning strategy for Maker in the game Gij(Aij, Bij;Aji, Bji; 2k10) which is described in the
proof of Lemma 3.6.

At any point during this stage, for every 1 ≤ i < j ≤ k− 1, Maker maintains a matching
Mij of the board E(Gij) and a set D ⊆ V (Kn) of dangerous vertices. A vertex v ∈ V (Kn)
is called dangerous if v ∈ Bij for some 1 ≤ i 6= j ≤ k − 1 (without loss of generality assume
i < j) and, moreover, v satisfies all of the following properties:

(1) v is not matched in Mij.
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(2) Mij covers (Aij \Bij) ∪ (Aji \Bji).

(3) dB(v) ≥ k10.

Initially, D = Mij = ∅ for every 1 ≤ i < j ≤ k − 1.

Let r denote the number of moves Maker has played throughout Stages I and II. For
every s > r, let es denote the edge that was claimed by Breaker in his sth move. Maker
plays his sth move as follows:

(i) If es ∈ E(Gij) for some 1 ≤ i < j ≤ k − 1 and Mij does not yet cover (Aij \Bij) ∪
(Aji \Bji), then Maker responds in the board E(Gij) according to the strategy Sij.

(ii) Otherwise, if D 6= ∅, then Maker claims a free edge uv between two sets Bij and Bji

such that the following properties hold.

(a) u ∈ D.

(b) dB(u) = max{dB(w) : w ∈ D}.
(c) Mij covers (Aij \Bij) ∪ (Aji \Bji).

(d) v is not covered by Mij.

Maker updates D := D \ {u, v}.

(iii) Otherwise, Maker picks arbitrarily 1 ≤ i < j ≤ k − 1 such that Mij does not yet cover
(Aij \Bij) ∪ (Aji \Bji) and plays in the board E(Gij) according to the strategy Sij.

As soon as Mij covers (Aij \Bij) ∪ (Aji \Bji) for every 1 ≤ i < j ≤ k − 1 and D = ∅,
this stage is over and Maker proceeds to Stage IV.

Stage IV: Let U = {v ∈ V (Kn) : dM(v) = k − 1} and let H := (Kn \ (B ∪M))[U ]. Let
SH be a strategy for Maker to win the positive minimum degree game (E(H),D1

H) within
b|U |/2c+ 1 moves. In this stage Maker follows SH until δ(M) ≥ k first occurs; at this point
the game is over.

It is evident that if Maker can follow the proposed strategy without forfeiting the game,
then, by the end of the game, he builds a graph M ∈ Gk, which is k-vertex-connected by
Proposition 3.5. Indeed, Propery (i) in the description of Gk is satisfied since n is sufficiently
large with respect to k. Property (ii) is satisfied since δ(M) ≥ k−1 and U ⊆

⋃
1≤i 6=j≤k−1Bij

hold at the beginning of Stage IV. Property (iii) is satisfied by Stage I. Property (iv) is
satisfied since all Bij’s are small. Property (v) is satisfied by (P1) in the definition of the
Bij’s and Property (vi) is satisfied by (P3) in the definition of the Bij’s.

It thus suffices to prove that Maker can indeed follow the proposed strategy without
forfeiting the game and that, by doing so, he builds an element of Gk within bkn/2c + 1
moves.

We now prove that Maker can indeed follow the proposed strategy, including the time
constraints it sets, without forfeiting the game. We consider each stage separately.
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Stage I: Since |Vi| ≥ bn/(k− 1)c for every 1 ≤ i ≤ k− 1 and since n is sufficiently large
with respect to k, it follows by Corollary 3.12 that Maker can follow Part (i) of the proposed
strategy for this stage.

Recall that, by definition, this stage lasts at most 2n moves and that dB(v, Vi) ≥ 0.9|Vi| ≥
0.9n/k holds for every dangerous pair (v, i) ∈ D. Therefore, throughout Stage I, Breaker
can create at most 4n/

(
0.9n
k

)
≤ 5k such pairs. We claim that at any point during Stage I,

dB(v, Vi) ≤ 0.95|Vi| holds for every vertex v ∈ V (Kn) and every i ∈ [k − 1] \ {iv}. This is
immediate by the definition of D for every pair (v, i) ∈ (V (Kn)×[k−1])\D. Consider a point
during this stage where D 6= ∅ (if this never happens, then there is nothing left to prove).
If Breaker plays in

⋃k−1
i=1 E(Vi), then he does not increase dB(v, Vi) for any pair (v, i) ∈ D.

Otherwise, Maker follows Part (ii) of the proposed strategy for this stage and thus decreases
the size of D. It follows that, throughout Stage I, Maker follows Part (ii) of the proposed
strategy at most 5k times. Since n is sufficiently large with respect to k, it follows that,
throughout Stage I, dB(v, Vi) ≤ 0.9|Vi|+ 5k ≤ 0.95|Vi| holds for every v ∈ V (Kn) and every
i ∈ [k − 1] \ {iv} as claimed. Since Maker follows Part (ii) of the proposed strategy at most
5k times and since he only claims edges of

⋃k−1
i=1 E(Vi) when following Parts (i), (iii) or (iv)

of the strategy, it follows that, throughout Stage I, |{u ∈ Vi : dM(u, Vj) = 0}| ≥ 0.99|Vi|
holds for every 1 ≤ i 6= j ≤ k−1. Hence, Maker can follow Part (ii) of the proposed strategy
for this stage without forfeiting the game.

Finally, it readily follows from Corollary 3.12 that Maker can follow Parts (iii) and (iv)
of the proposed strategy for this stage.

It thus suffices to prove that Maker can achieve his goals for this stage within at most
2n moves. This readily follows from the following three simple observations.

(a) According to Corollary 3.12, for every 1 ≤ i ≤ k − 1, Maker can build a Hamilton cycle
of Kn[Vi] with a chord in |Vi|+ 1 moves.

(b) Whenever Maker follows Parts (i), (iii) or (iv) of the proposed strategy for this stage,
he plays according to Si for some 1 ≤ i ≤ k − 1.

(c) As previously noted, Maker follows Part (ii) of the proposed strategy at most 5k times.

It follows that Stage I lasts at most
∑k−1

i=1 (|Vi|+ 1) + 5k = n+ (k− 1) + 5k < 2n moves.

We conclude that Maker can follow the proposed strategy for this stage, including the
time limits it sets, without forfeiting the game.

Stage II: Since the entire game lasts at most kn moves, it follows that |{u ∈ V (Kn) :
dB(u) ≥ k10}| ≤ 2kn/k10 holds at any point during the game. Hence, |Y | ≤ 2(k−1)+2n/k9 ≤
3n/k9 holds at any point during this stage. Since D = ∅ at the end of Stage I and since
Maker spends at most k moves on every vertex of Y , it follows that, at any point during
this stage, dB(v, Vi) ≤ 0.9|Vi|+ 3n/k8 ≤ 0.95|Vi| holds for every vertex v ∈ Y and for every
i ∈ [k− 1] \ {iv}. Since, as noted above, |{u ∈ Vi : dM(u, Vj) = 0}| ≥ 0.99|Vi| holds for every
1 ≤ i 6= j ≤ k − 1 at the end of Stage I, it follows that |{u ∈ Vi : dM(u, Vj) = 0}| ≥ 0.98|Vi|
holds for every 1 ≤ i 6= j ≤ k − 1 throughout Stage II. We conclude that Maker can follow
the proposed strategy for this stage without forfeiting the game.
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Stage III: For every 1 ≤ i ≤ k − 1, let Ai := {u ∈ Vi : dM(u) = 2}. Since Maker follows
Part (ii) of Stage I at most 5k times, since Stage II lasts at most 3n/k8 moves and since
YC ⊆ Y , we conclude that |Ai| ≥ bn/(k − 1)c − 5k − 3n/k8 ≥ 0.9n/k holds for every such
i. Moreover, since 5k + 3n/k8 ≤ n/k7, it follows that ||Aij| − |Aji|| ≤ n/k7 holds for every
1 ≤ i < j ≤ k − 1.

For every 1 ≤ i ≤ k − 1, let Bi ⊆ Ai be a set which satisfies |Bi| ≥ b|Ai|/2c ≥
|Ai|/3 and distM [Vi](u, v) ≥ 2 for every u, v ∈ Bi (one example of such a set is obtained
by enumerating the elements of Ai according to their order of appearance on the Hamilton
cycle of Kn[Vi] and taking either all even indexed vertices or all odd indexed vertices).

Let Bi = B
(1)
i ∪ . . . ∪ B

(i−1)
i ∪ B(i+1)

i ∪ . . . ∪ B(k−1)
i be an equipartition of Bi. For every

1 ≤ i < j ≤ k − 1 let Bij ⊆ B
(j)
i and Bji ⊆ B

(i)
j be chosen such that Property (P2) in the

description of the proposed strategy for this stage holds. Note that Properties (P1) and (P3)

hold as well by the construction of the Bi’s and the B
(j)
i ’s.

Since, as noted above, ||Aij| − |Aji|| ≤ n/k7 holds for every 1 ≤ i < j ≤ k − 1, since
dB(u) < k10 holds for every u ∈ Ai by Stage II of the proposed strategy and since n is
sufficiently large with respect to k, it follows by Lemma 3.6 (with ε = k−5) that Maker can
follow parts (i) and (iii) of the proposed strategy for this stage.

Moreover, since dB(v) ≥ k10 holds for every dangerous vertex and since the entire game
lasts at most kn moves, it follows that Breaker can create at most 2kn/k10 ≤ n/k8 such
vertices. Since Maker spends exactly one move to treat a dangerous vertex and since |Bij| ≥
10n/k6 holds by construction for every 1 ≤ i 6= j ≤ k − 1, it follows that Maker can indeed
follow part (ii) of the proposed strategy for this stage.

Stage IV: Since, as noted in the previous paragraph, Breaker can create at most 2kn/k10

dangerous vertices throughout the game, it follows that Maker plays according to the pro-
posed strategy for Part (ii) of Stage III at most 2n/k9 times. It follows by Lemma 3.6 and
by Property (P2) that

|U | ≥
∑

1≤i 6=j≤k−1

|Bij|/2− 4n/k9 ≥
(
k − 1

2

)
10n

2k6
− 4n/k9 ≥ n/k4 .

Since n is sufficiently large with respect to k, it thus follows by Theorem 3.9 that Maker can
follow the strategy SH throughout this stage without forfeiting the game.

It remains to prove that, by following the proposed strategy, Maker wins the game within
bkn/2c+ 1 moves. It follows by Theorem 3.9 that Stage IV lasts at most b|U |/2c+ 1 moves.
It thus suffices to prove that ∆(M) ≤ k holds throughout Stages I, II and III. This follows
quite easily from the description of Maker’s strategy. There is one exception though. It is
theoretically possible that at some point during the game there will be some 1 ≤ i ≤ k − 1
and a vertex u ∈ Vi such that dM(u, Vj) > 0 will hold for every j ∈ [k − 1] \ {i} but at that
point it will not yet be clear whether u will be an endpoint of the chord of the Hamilton cycle
in M [Vi]. If u will indeed become an endpoint of the chord, then its degree in Maker’s graph
will be k+1. In order to overcome this problem, we include Part (iii) of the proposed strategy
for Stage I. We claim that this situation cannot occur, that is, that for every 1 ≤ i ≤ k−1 and
every u ∈ Vi, if dM(u, Vj) > 0 holds for every j ∈ [k− 1] \ {i} then M [Vi] is a Hamilton cycle
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with a chord. Assume for the sake of contradiction that such i and u exist. Recall that k ≥ 4
by assumption. It follows that there are indices 1 ≤ j1 < j2 ≤ k − 1 such that i /∈ {j1, j2},
dM(u, Vj1) > 0 and dM(u, Vj2) > 0. Since Maker follows the proposed strategy, it follows by
the definition of dangerous pairs that dB(u, Vj1) ≥ 0.9|Vj1 | and dB(u, Vj2) ≥ 0.9|Vj2|. Recall
that Stage I lasts at most 2n moves. Therefore, for t ∈ {1, 2}, there are at most 4n

0.1n/k
= 40k

vertices of NB(u, Vjt) of degree at least 0.1n/k in Breaker’s graph. It follows by Part (iii) of
the proposed strategy for Stage I, that for at least 0.9|Vj1|+0.9|Vj2|−0.2n/k−80k > 1.5n/k
of the times Breaker claims an edge uv such that v ∈ Vj1 ∪ Vj2 , Maker plays in E(Vi). This
contradicts the description of the proposed strategy. For k = 3 we have no choice but to
ensure that if a vertex u satisfies dM(u, Vi) for i 6= iu, then it will not become an endpoint of
the chord of M [Viu ]. In order to ensure this, one has to slightly alter Maker’s strategy for the
game H+

|Viu |
. This can be done by adjusting the strategy given in the proof of Theorem 1.1

in [46] or the strategy given in the proof of Theorem 1.1 in [39] (the latter is easier). Note
that this solution works for every k ≥ 3. However, where possible, we preferred a solution
which uses Maker’s strategy for the Hamilton cycle with a chord game as a black box.

This concludes the proof of the theorem. 2

3.5 The strong k-vertex-connectivity game

Proof of Theorem 3.3: Let k ≥ 3 be an integer and assume first that kn is odd. Red
simply follows Maker’s strategy for the weak k-vertex-connectivity game (E(Kn), Ckn) whose
existence is guaranteed by Theorem 3.1. It follows by Theorem 3.1 that he builds a k-
vertex-connected graph in bkn/2c + 1 moves. Since, for odd kn, there is no graph G on
n vertices such that δ(G) ≥ k and e(G) ≤ bkn/2c, it follows that Red wins the strong
k-vertex-connectivity game (E(Kn), Ckn).

Assume then that kn is even. First, we present a strategy for Red and then prove it is
a winning strategy. At any point during the game, if Red is unable to follow the proposed
strategy, then he forfeits the game. At certain points during the game, Red will restrict his
attention to specific parts of the board. Following some strategy for that part, it might seem
like Red is playing several consecutive moves (as Blue might decide to respond outside what
Red considers to be the board). Note that this will not cause a problem. Indeed, it is well
known (see e.g. [9]) that if Red has a winning strategy S for a strong game (X,F), then he
can adjust S to win (X,F) even if Blue skips some of his moves. The proposed strategy is
divided into the following two stages.

Stage I: Let SM be the winning strategy for Maker in the weak game (E(Kn), Ckn) which
is described in the proof of Theorem 3.1. In this stage, Red follows Stages I, II and III of
the strategy SM . As soon as Red first reaches Stage IV of SM , this stage is over and Red
proceeds to Stage II.

Stage II: Let U0 := {v ∈ V (Kn) : dR(v) = k − 1} and let G = (Kn \ (B ∪M))[U0]. Let
SG be the winning strategy for Red in the strong positive minimum degree game (E(G),D1

G)
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which is described in the proof of Theorem 3.11. We distinguish between the following three
cases.

(1) If ∆(B) > k, then Red continues playing according to the strategy SM until the end of
the game. That is, he follows Stage IV of SM until his graph first becomes k-vertex-
connected.

(2) Otherwise, if dB(v) ≤ k−1 for every v ∈ U0, then Red plays the strong positive minimum
degree game (E(G),D1

G) according to the strategy SG until his graph first becomes k-
vertex-connected.

(3) Otherwise, let x ∈ U0 be a vertex such that dB(x) = k. This case is further divided into
the following five substages.

(i) Let r1 denote the total number of moves Red has played thus far. For every i > r1,
immediately before his ith move, Red checks whether ∆(B) > k, in which case
he skips to Substage (v). Otherwise, Red checks whether NB(x) ∩ U0 = ∅, in
which case Substage (i) is over and Red proceeds to Substage (ii). Otherwise, let
w ∈ NB(x) ∩ U0 be an arbitrary vertex. In his ith move, Red claims a free edge
ww′ for some w′ ∈ U0.

(ii) Let r2 denote the number of moves Red has played in Substage (i) and let r = r1+r2.
Let U ′0 := {v ∈ V (Kn) : dR(v) = k − 1}, let H = (Kn \ (B ∪M))[U ′0 \ {x}] and
let SH be the winning strategy for Red in the strong positive minimum degree
game (E(H),D1

H) which is described in the proof of Theorem 3.11. For every
r < i ≤ kn/2 − |U0|/3, immediately before his ith move, Red checks whether
∆(B) > k, in which case he skips to Substage (v). Otherwise, Red plays his ith
move according to the strategy SH . As soon as this substage is over Red proceeds
to Substage (iii).

(iii) For every kn/2− |U0|/3 < i ≤ kn/2− 1, Red plays his ith move according to the
strategy SH . When this substage is over Red proceeds to Substage (iv).

(iv) Let z ∈ U ′0 \{x} be a vertex of degree k−1 in Red’s graph. If the edge xz ∈ E(Kn)
is free, then Red claims it. Otherwise, in his next two moves, Red claims free edges
xx′ and zz′ for some x′, z′ ∈ V (Kn). In both cases the game is over.

(v) Let U := {v ∈ V (Kn) : dR(v) = k − 1} and let G′ = (Kn \ (B ∪M))[U ]. Let
SG′ be the winning strategy for Red in the strong positive minimum degree game
(E(G′),D1

G′) which is described in the proof of Theorem 3.11. In this substage, Red
follows SG′ until the end, that is, until his graph first becomes k-vertex-connected.

It is evident that if Red can follow the proposed strategy without forfeiting the game,
then, by the end of the game, he builds a graph R ∈ Gk, which is k-vertex-connected by
Proposition 3.5. It thus suffices to prove that Red can indeed follow the proposed strategy
without forfeiting the game, that he builds an element of Gk within bkn/2c + 1 moves and
that he does so before δ(B) ≥ k first occurs.

Our first goal is to prove that Red can indeed follow the proposed strategy without
forfeiting the game. We consider each stage separately.
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Stage I: Since n is sufficiently large with respect to k, it follows by Theorem 3.1 that
Red can follow Stage I of the proposed strategy.

Stage II: We consider each of the three cases separately.

(1) Since Red has played all of his moves in Stage I according to the strategy SM , it follows
by the proof of Theorem 3.1 that he can continue doing so until the end of the game.

(2) Since Red has played all of his moves in Stage I according to the strategy SM , it follows
by the proof of Theorem 3.1 that |U0| = Ω(n) holds at the beginning of Stage II. Since we
are not in Case (1), it follows by Red’s strategy that δ(G) ≥ |U0| − 2k. Since, moreover,
n is sufficiently large with respect to k, it follows by Theorem 3.11 that Red can indeed
follow the proposed strategy for this case without forfeiting the game.

(3) As previously noted, |U0| = Ω(n) and δ(G) ≥ |U0|−2k hold at the beginning of Stage II.
Since Red skips to Substage (v) as soon as ∆(B) > k first holds, it follows that Red can
follow the proposed strategy for Substage (i) and that this substage lasts r2 ≤ dB(x) ≤ k
moves. It thus follows that |U ′0| = Ω(n) and that δ(H) ≥ |U ′0| − 1− 2k holds throughout
Substage (ii). Since, moreover, n is sufficiently large with respect to k, it follows by
Theorem 3.11 that Red can follow Substage (ii) of the proposed strategy for this case.
Since ∆(B) ≤ k holds at the beginning of Substage (iii) (otherwise Red would have
skipped to Substage (v)), it follows by an analogous argument that Red can follow
Substage (iii) of the proposed strategy for this case as well. It follows by Substages
(ii) and (iii) of the proposed strategy that, at the beginning of Substage (iv), there are
exactly two vertices of degree k − 1 in Red’s graph, one of which is x. Denote the other
one by z. Since ∆(B) ≤ k holds at the beginning of Substage (iii) and since Substage
(iii) clearly lasts at most |U0|/3 moves, it follows that dB(x) ≤ k + |U0|/3 < n/2 and
dB(z) ≤ k+ |U0|/3 < n/2 hold at the beginning of Substage (iv). Hence, Red can follow
Substage (iv) of the proposed strategy for this case. Finally, since ∆(B) ≤ k + 1 and
|U | = Ω(n) clearly hold at the beginning of Substage (v) and since n is sufficiently large
with respect to k, it follows by Theorem 3.11 that Red can follow Substage (v) of the
proposed strategy for this case.

It is evident from the description of the proposed strategy that the game lasts at most
kn/2 + 1 moves. Hence, in order to complete the proof of the theorem, it suffices to show
that, if the game lasts exactly kn/2 + 1 moves, then ∆(B) > k. This clearly holds if the
game ends in Case (1) or in Substage (v) of Case (3). If the game ends in Case (2), then
this follows by Theorem 3.11. Finally, if the game lasts exactly kn/2 + 1 moves and ends
in Substage (iv) of Case (3), then dB(x) ≥ k + 1 must hold by the proposed strategy for
Substages (i) and (iv) of this case.

This concludes the proof of the theorem. 2
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3.6 Concluding remarks and open problems

A more natural fastest possible strategy for the minimum-degree-k game. As noted
in Corollary 3.2 (respectively Corollary 3.4), Maker (respectively Red) can win the weak
(respectively strong) minimum-degree-k game (E(Kn),Dkn) within bkn/2c + 1 moves
by following his strategy for the weak (respectively strong) k-vertex-connectivity game
(E(Kn), Ckn). While useful, this is not a very natural way to play this game. We have
found a much more natural strategy for Maker (respectively Red) to win the weak
(respectively strong) game (E(Kn),Dkn) within bkn/2c + 1 moves. It consists of two
main stages. In the first stage, Maker (respectively Red) builds a graph with minimum
degree k−1 and maximum degree k. This is done almost arbitrarily except that Maker
(respectively Red) ensures that, if a vertex has degree k−1 in his graph, then its degree
in Breaker’s (respectively Blue’s) graph will not be too large. In the second stage, he
plays the weak (respectively strong) positive minimum degree game (E(Kn),D1

n) on
the graph induced by the vertices of degree k − 1 in his graph. We omit the details.

Explicit winning strategies for other strong games. Following the observation made
in Chapter 2 that fast winning strategies for Maker in a weak game have the potential
of being upgraded to winning strategies for Red in the corresponding strong game, we
have devised a winning strategy for Red in the strong k-vertex-connectivity game. It
is plausible that one could devise a winning strategy for other strong games, where
a fast strategy is known for the corresponding weak game. One natural candidate is
the specific spanning tree game. This game is played on the edge set of Kn for some
sufficiently large integer n. Given a tree T on n vertices, the family of winning sets Tn
consists of all copies of T in Kn. It was proved in Chapter 4 that Maker has a strategy
to win the weak game (E(Kn), Tn) within n + o(n) moves provided that ∆(T ) is not
too large.

On the other hand, there are weak games for which Maker has a winning strategy
and yet Breaker can avoid losing them quickly. Consider for example the Clique game
RG(n, q). The board of this game is the edge set of Kn and the family of winning sets
consists of all copies of Kq in Kn. It is easy to see that for every positive integer q there
exists an integer n0 such that Maker (respectively Red) has a strategy to win the weak
(respectively strong) game RG(n, q) for every n ≥ n0. However, it was proved in [8]
that Breaker can avoid losing this game during the first 2q/2 moves. The current best
upper bound on the number of moves needed for Maker in order to win RG(n, q) is
22q/3 · f(q), where f(q) is some polynomial in q (see [33]). Note that this upper bound
does not depend on the size of the board, in particular, it holds for an infinite board
as well. Given that an exponential lower bound on the number of moves is known, it
would be very interesting to find an explicit winning strategy for Red in the strong
game RG(n, q) for every positive integer q and sufficiently large n. Moreover, it would
be interesting to determine whether Red can win this game on an infinite board.
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Chapter 4

The specific tree game

4.1 Introduction

In this chapter we are interested in biased Maker-Breaker games played on the edges of the
complete graph Kn on n vertices, where Maker’s goal is to build a copy of a given tree T
on n vertices whose maximum degree might grow with n. We pay special attention to the
duration of the game, aiming to prove that Maker has a strategy to build a copy of T very
fast – within n+ o(n) moves.

The problem of embedding large or nearly spanning bounded degree trees in random
graphs on n vertices (where by a nearly spanning tree we mean a tree whose number of
vertices is at most (1 − c)n for some constant c > 0) is a rather well studied subject (see
e.g. [31], [38], [3]). In particular, Alon, Krivelevich and Sudakov proved in [3] that for given
ε > 0 and integer d there exists C = C(d, ε) > 0 such that with high probability the random
graph G(n, p) with p = C/n admits a copy of a tree T on (1 − ε)n vertices with maximum
degree at most d. Hence, one can embed nearly spanning trees with bounded degree into
very sparse random graphs. Much less is known about embedding spanning trees into sparse
random graphs, though some progress was achieved in recent years (see e.g. [51], [45], [48]).
In particular, Krivelevich proved in [51] that any given spanning bounded degree tree T can
be embedded with high probability into the random graph G(n, p), with p = n−1+ε for an
arbitrarily small constant ε > 0. In [48] a universality type result is proved. Namely, (in
particular) it is proved that with high probability G(n, p), with p = cdn−1/3 log n for an
appropriate constant c > 0, contains simultaneously a copy of every tree on n vertices with
maximum degree d (note that d is allowed to grow with n). In this chapter we prove a tree
embedding result in the context of Maker-Breaker games.

Let T = (V,E) be a tree on n vertices. In this chapter we study the (1 : q) specific tree
embedding game Tn. The board of Tn is E(Kn), that is, the edge set of the complete graph
on n vertices. The winning sets of Tn are the copies of T in Kn.

There are three natural questions which come to one’s mind regarding the game Tn:

1. For which trees T can Maker win the (1 : q) game Tn?

43



44

2. What is the largest positive integer q for which Maker can win the (1 : q) game Tn?

3. How fast can Maker win the (1 : q) game Tn (assuming it is Maker’s win)?

It is easy to see that, playing a (1 : q) game on E(Kn), Breaker can ensure that the
maximum degree of Maker’s graph will not exceed n−1

bq/2c+1
(in fact, a lot more is known on

games where one player’s goal is to limit the degrees of the graph built by the other player;
the interested reader is referred to [9]). Hence, Maker cannot build any tree on n vertices
whose maximum degree exceeds this bound.

It is well known (see [20]) that if q ≥ (1 + ε) n
logn

, then Breaker can isolate a vertex
in Maker’s graph. In particular, playing against such Breaker’s bias, Maker cannot build
any spanning graph. On the other hand, it was proved in [52] that, if q ≤ (1− ε) n

logn
, then

Maker can build a Hamilton path (in fact, even a Hamilton cycle). Hence, there are spanning
trees for which log n/n is the breaking point between Maker’s win and Breaker’s win. Note
that the requirement that T is a spanning tree plays a crucial role in the aforementioned
bound on Breaker’s bias. Indeed, it was proved by Beck [7] that, for sufficiently large n, if
q ≤ n/(100d), then, playing a (1 : q) game on E(Kn), Maker can build a (q, d)-tree-universal
graph, that is, a graph which contains a copy of every tree on q vertices with maximum
degree at most d.

Clearly, Maker cannot build a spanning tree of Kn in less than n− 1 moves. For certain
trees this trivial lower bound is tight. Indeed, it was proved in [39] that, playing a (1 : 1) game
on E(Kn), Maker can claim all edges of a Hamilton path of Kn in n− 1 moves. Moreover, if
Maker just wants to build a connected spanning graph, that is, he does not have to declare
in advance which spanning tree he intends to build, then he can do so in n− 1 moves even
in a (1 : (1− ε)n/ log n) game (see [34]). On the other hand, it was conjectured by Beck [7]
and subsequently proved by Bednarska [10] that, playing a (1 : q) game on E(Kn), where
q ≥ cn for an arbitrarily small constant c > 0, Maker cannot build a complete binary tree on
q vertices in optimal time, that is, in q − 1 moves. It seems plausible that, assuming Maker
can win the (1 : q) game Tn, he can in fact win it within n+ o(n) moves.

Our main result gives a partial answer to the three aforementioned questions.

Theorem 4.1 Let T = (V,E) be a tree on n vertices, with maximum degree ∆(T ) ≤ n0.05.
For sufficiently large n Maker (as the first or second player) has a strategy to win the (1 : b)
Maker-Breaker tree embedding game Tn, for every b ≤ n0.005, in n+ o(n) moves.

A central feature of Theorem 4.1 is that Maker builds the tree in asymptotically optimal
time. If, instead of stopping the game as soon as Maker builds the desired tree, we would
continue playing until every edge of Kn is claimed by some player, then Maker’s graph would
be much denser than the graphs discussed in the first paragraph of this chapter. Moreover,
it was proved in [48] that Maker can in fact build a graph which contains simultaneously all
spanning trees of maximum degree at most ∆, where the bound on ∆ is better than the one
given in Theorem 4.1. However, such a graph is known to have at least Cn edges (see e.g
[3]) and thus cannot be built quickly.
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The rest of this chapter is organized as follows: in Subsection 4.1.1 we introduce some
notation and terminology that will be used throughout this chapter. In Section 4.2 we
state and prove several auxiliary results which will be used in the proof of Theorem 4.1. In
Section 4.3 we prove Theorem 4.1. Finally, in Section 4.4 we present some open problems.

4.1.1 Notation and terminology

For the sake of simplicity and clarity of presentation, we do not make a particular effort to
optimize the constants obtained in our proofs. We also omit floor and ceiling signs whenever
these are not crucial. Most of our results are asymptotic in nature and whenever necessary
we assume that n is sufficiently large. Throughout the chapter, log stands for the natural
logarithm, unless stated otherwise. Our graph-theoretic notation is standard and follows
that of [60]. In particular, we use the following.

For a graph G, let V (G) and E(G) denote its sets of vertices and edges respectively, and
let v(G) = |V (G)| and e(G) = |E(G)|. For disjoint sets A,B ⊆ V (G), let EG(A,B) denote
the set of edges of G with one endpoint in A and one endpoint in B, and let eG(A,B) =
|EG(A,B)|. For a set S ⊆ V (G), let NG(S) = {u ∈ V (G) \ S : ∃v ∈ S, (u, v) ∈ E(G)}
denote the set of neighbors of the vertices of S in V (G) \ S. For a vertex w ∈ V (G) we
abbreviate NG({w}) to NG(w), and let dG(w) = |NG(w)| denote the degree of w in G. The
maximum degree of a graph G is denoted by ∆(G). For vertices u, v ∈ V (G) let distG(u, v)
denote the distance between u and v in G, that is, the number of edges in a shortest path of
G, connecting u and v. Often, when there is no risk of confusion, we omit the subscript G
from the notation above. For a set S ⊆ V (G), let G[S] denote the subgraph of G, induced
on the vertices of S. Let P = (v0, . . . , vk) be a path in a graph G. The vertices v0 and vk
are called the endpoints of P , whereas the vertices of V (P ) \ {v0, vk} are called the interior
vertices of P . We denote the set of endpoints of a path P by End(P ). A path of a tree T
is called a bare path if all of its interior vertices are of degree 2 in T . Given two graphs G
and H on the same set of vertices V , let G \H denote the graph with vertex set V and edge
set E(G) \ E(H). A graph G = (V,E) is said to be Hamilton connected if, for every two
vertices u,w ∈ V , there is a Hamilton path in G whose endpoints are u and w. A triangle
factor of a graph G is a spanning 2-regular subgraph of G, every connected component of
which is isomorphic to K3.

Let G be a graph, let T be a tree, and let S ⊆ V (T ) be an arbitrary set. An S-partial
embedding of T in G is an injective mapping f : S → V (G), such that (f(x), f(y)) ∈ E(G)
whenever {x, y} ⊆ S and (x, y) ∈ E(T ). For every vertex v ∈ f(S) we denote v′ = f−1(v).
If S = V (T ), we call an S-partial embedding of T in G simply an embedding of T in G. We
say that the vertices of S are embedded, whereas the vertices of V (T ) \S are called new. An
embedded vertex is called closed with respect to T if all its neighbors in T are embedded as
well. An embedded vertex that is not closed with respect to T , is called open with respect
to T . The vertices of f(S) are called taken, whereas the vertices of V (G) \ f(S) are called
available. With some abuse of this terminology, for a closed (respectively open) vertex u ∈ S,
we will sometimes refer to f(u) as being closed (respectively open) as well.

Assume that some Maker-Breaker game, played on the edge set of some graph G, is in
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progress. At any given moment during this game, we denote the graph spanned by Maker’s
edges by M , and the graph spanned by Breaker’s edges by B. At any point of the game,
the edges of G \ (M ∪ B) are called free. We also denote by dM(v) and dB(v) the degree of
a given vertex v ∈ V in M and in B respectively.

4.2 Auxiliary results

In this section we present some auxiliary results that will be used in the proof of Theorem 4.1.

The following fundamental theorem, due to Beck [6], is a useful sufficient condition for
Breaker’s win in the (p : q) game (X,F). It will be used extensively throughout the chapter.

Theorem 4.2 Let X be a finite set and let F ⊆ 2X . If
∑

B∈F(1 + q)−|B|/p < 1
1+q

, then

Breaker (as the first or second player) has a winning strategy for the (p : q) game (X,F).

While Theorem 4.2 is useful in proving that Breaker wins a certain game, it does not
show that he wins this game quickly. The following lemma is helpful in this respect.

Lemma 4.3 (Trick of fake moves) Let X be a finite set and let F ⊆ 2X . Let q′ < q be
positive integers. If Maker has a winning strategy for the (1 : q) game (X,F), then he has a
strategy to win the (1 : q′) game (X,F) within 1 + |X|/(q + 1) moves.

The main idea of the proof of Lemma 4.3 is that, in every move of the (1 : q′) game (X,F),
Maker (in his mind) gives Breaker q − q′ additional board elements. The straightforward
details can be found in [9].

Let T = (V,E) be an arbitrary tree on n vertices. For every 1 ≤ i ≤ n− 1 let Di := {v ∈
V : dT (v) = i} denote the set of vertices of V whose degree in T is exactly i. Moreover, let
D>i :=

⋃n−1
k=i+1Dk denote the set of vertices of V whose degree in T is strictly larger than i.

Lemma 4.4 Let T be a tree on n ≥ 2 vertices, then |D>2| ≤ |D1| − 2.

Proof:

2n− 2 =
∑
v∈V

d(v)

=
∑
v∈D1

d(v) +
∑
v∈D2

d(v) +
∑
v∈D>2

d(v)

≥ |D1|+ 2(n− |D1| − |D>2|) + 3|D>2|.

It follows that 2n− 2 ≥ 2n− |D1|+ |D>2|, and thus |D>2| ≤ |D1| − 2 as claimed. 2
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Lemma 4.5 Let k be a sufficiently large positive integer and let G = (V,E) be a graph
on k vertices with maximum degree at most k0.95. Let ` ≥ 1 be an integer and let L :=
{a1, . . . , a`, b1, . . . , b`} be a set of 2` vertices of G. For every 1 ≤ i ≤ `, let ki be an integer
such that

∑`
i=1 ki = k−2`, and ki ≥ k0.2. Then, there exists a partition V \L = V1∪ . . .∪V`

such that the following two properties hold for every 1 ≤ i ≤ `:

(i) |Vi| = ki.

(ii) The maximum degree of the graph Gi := G[Vi ∪ {ai, bi}] is at most 10kik
−0.05.

Proof: Let V \L = V1∪ . . .∪V` be a partition, chosen uniformly at random amongst all
partitions of V \ L into ` parts such that |Vi| = ki for every 1 ≤ i ≤ `. Fix some 1 ≤ i ≤ `,
and set mi := 10kik

−0.05. Let u ∈ V be an arbitrary vertex. The probability that u has more
than mi neighbors in Vi is at most e−mi (see Theorem 2.10 and Corollary 2.4 in [47]). It fol-
lows by a union bound argument, that the probability that there exists a vertex u ∈ V such
that dG(u) ≥ mi is at most k/emi . It thus follows by another union bound argument that
the probability that there exists an index 1 ≤ i ≤ ` such that Gi does not satisfy property
(ii) above, is at most

∑`
i=1

k
emi
≤ k`

ek0.15
= o(1). In particular, there exists a partition that

satisfies both properties of the lemma. 2

4.2.1 Playing several biased games in parallel

Let m be a positive integer. For every 1 ≤ i ≤ m, let Hi = (Vi, Ei) be a hypergraph, where
Vi ∩ Vj = ∅ for every 1 ≤ i < j ≤ m. Let H = (V,E) be the hypergraph with V =

⋃m
i=1 Vi

and E =
∏m

i=1Ei = {
⋃m
i=1 ei : ei ∈ Ei}. Consider a (1 : q) Maker-Breaker game played on

H. If q = 1, then Maker can play all m games in parallel, that is, whenever Breaker claims
a vertex of the board Hi, Maker responds by also claiming a vertex of Hi according to a
fixed winning strategy for the game Hi (if Breaker claims the last vertex of Hi, then Maker
responds by claiming an arbitrary free vertex of H). It follows that Maker wins the (1 : 1)
game H if and only if he wins the (1 : 1) game Hi for every 1 ≤ i ≤ m. If q > 1, then this
is no longer true because Breaker can play in q different boards in one turn whereas Maker
can only respond in one board per turn. Nevertheless, we prove the following result.

Theorem 4.6 If, for every 1 ≤ i ≤ m, Maker has a strategy to win the(
1 : q

(
1 + log

(
m+

⌈∑m
i=1 |Vi|
q+1

⌉)))
game Hi in ti moves, then he has a strategy to win the

(1 : q) game H in
∑m

i=1 ti moves.

Before proving Theorem 4.6, we introduce an auxiliary game, which is a variation on the
classical Box Game, first introduced by Chvátal and Erdős [20]. In the Chvátal-Erdős Box
Game Box(m, `, q) there are m pairwise disjoint boxes A1, . . . , Am, each of size `. In every
round, the first player, called BoxMaker, claims q elements of

⋃m
i=1Ai and then the second

player, called BoxBreaker, destroys one box. BoxMaker wins the game Box(m, `, q) if and
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only if he is able to claim all elements of some box before it is destroyed. In our variation,
the Box Game with resets rBox(m, q), the m boxes A1, . . . , Am have infinite size. As in
Box(m, `, q), BoxMaker claims q elements of

⋃m
i=1Ai per round. BoxBreaker then responds

by resetting one of the boxes, that is, by deleting all of BoxMaker’s elements from the chosen
box Ai. Note that the chosen box does not leave the game. We prove the following result.

Theorem 4.7 For every integer k ≥ 1, BoxBreaker has a strategy for the game rBox(m, q)
which ensures that, at any point during the first k rounds of the game, every box Ai has
weight at most q(1 + log(m+ k)).

In the proof of Theorem 4.7 we will use the following restatement of a special case of a
theorem of Chvátal and Erdős [20] (note that the proof of this result given in [20] is false;
however, the result itself is correct as proved in [37]. The theorem is stated in this altered
fashion to account for the fact that, unlike in our case, BoxBreaker is assumed to be the first
player in [20]).

Theorem 4.8 If ` > q
∑m

i=1 1/i, then BoxBreaker has a winning strategy in Box(m, `, q).

Proof of Theorem 4.7. Observe that, if one aims to prove that BoxBreaker has a
strategy to ensure that every box has weight at most s in rBox(m, q), then one can view
resetting a box in rBox(m, q) as deleting this box and adding a new empty box of size s+ 1
in the standard Box Game (the original boxes are assumed to have size s + 1 as well). In-
deed, if BoxBreaker wins this standard Box Game, then BoxMaker must have claimed at
most s elements in every box before it was destroyed, or equivalently, reset in rBox(m, q).
Formally, while playing the game rBox(m, q) with boxes A1, . . . , Am against some strategy
of BoxMaker, BoxBreaker also pretends to play a standard Box Game B with m + k boxes
B1, . . . , Bm+k, each of size q(1+ log(m+k))+1. At any point during the game and for every
1 ≤ i ≤ m, he maintains a unique 1 ≤ j ≤ m + k for which the box Bj corresponds to the
box Ai. Initially, Bi corresponds to Ai for every 1 ≤ i ≤ m. Whenever BoxMaker claims an
element of some box Ai in the game rBox(m, q), BoxBreaker pretends that BoxMaker claims
an element of the box Bj which corresponds to Ai at that point of the game B. Whenever
BoxBreaker resets a box Ai in rBox(m, q), he destroys the box Bj which corresponds to Ai
at that point of the game. He then assigns a new box Bt to correspond to Ai. The index
1 ≤ t ≤ m + k is chosen to be the smallest integer that does and did not at any point of
the game B up to now correspond to any of the boxes A1, . . . , Am. If BoxBreaker does not
have a strategy as indicated in the theorem, then there exists a strategy of BoxMaker for
which this course of play leads to BoxMaker’s win in B. In particular, there exists a winning
strategy of BoxMaker in Box(m+ k, q(1 + log(m+ k)) + 1, q) contrary to Theorem 4.8. This
concludes the proof of the theorem. 2

Proof of Theorem 4.6. Let k =
⌈∑m

i=1 |Vi|
q+1

⌉
. For every 1 ≤ i ≤ m, let Si be a strategy

for Maker in the (1 : q(1 + log(m+ k))) game Hi which ensures his win in at most ti moves.
Since the game H clearly lasts at most k rounds, it follows by Theorem 4.7, that Maker
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(assuming the role of BoxBreaker in rBox(m, q)) has a strategy S to ensure that, for every
1 ≤ i ≤ m, for every j ≥ 0, and at any point during the game, if Maker has claimed exactly
j vertices of Vi, then Breaker has claimed at most (j + 1)q(1 + log(m + k)) vertices of Vi.
For every i ≥ 1, in his ith move in the game H, Maker will use S for choosing a board Hj

in which to play in this move. If Maker has already won Hj, then he chooses an arbitrary
1 ≤ r ≤ m for which he has not yet won Hr and plays his ith move there. Since Maker
chooses a board according to S, it follows by Theorem 4.7 that Breaker has not claimed
more than q(1 + log(m+k)) vertices of Vj since Maker has last played on this board. Hence,
Maker can follow Sj whenever he plays in Hj and thus win this game by assumption. Since
this holds for every 1 ≤ j ≤ m, it follows that Maker has a winning strategy for the (1 : q)
game H. Moreover, since whenever Maker plays in Hi he follows Si and since he never plays
in Hi if he had already won this game, it follows that, for every 1 ≤ i ≤ m, Maker plays at
most ti moves in Hi. Hence, he has a strategy to win the (1 : q) game H within at most∑m

i=1 ti moves, as claimed. 2

4.2.2 A perfect matching game

Maker’s strategy for embedding a spanning tree, which we will propose in Section 4.3, will
involve building a perfect matching on some part of the board. Hence, we prove the following
result.

Proposition 4.9 Let r be a sufficiently large integer and let q ≤ r
12 log2 r

. Let G be a spanning

subgraph of Kr,r with minimum degree at least r − g(r), where g is an arbitrary function
satisfying g(r) = o(r). Then, playing a (1 : q) game on E(G), Maker can claim the edges of
a perfect matching of G, within O(r log r) moves.

Proof: Let A and B denote the two partite sets of G. In order to show that Maker
can claim the edges of a perfect matching of G, we will prove that Maker can build a graph
which satisfies Hall’s condition, that is, a graph M which satisfies |NM(X)| ≥ |X| for every
X ⊆ A (see e.g. [60]).

We define an auxiliary game MG, which we refer to as the Hall game. It is a (q : 1)
game, played by two players, called HallMaker and HallBreaker. The board of this game is
E(G) and the winning sets are the edge sets of all induced subgraphs of G with one partite
set of size 1 ≤ t ≤ r and the other of size r − t + 1. It is straightforward to verify that if
HallBreaker has a winning strategy for the (q : 1) game MG, then, playing a (1 : q) game
on E(G), Maker can claim all edges of some perfect matching of G. In order to prove that
HallBreaker can win the (q : 1) game MG for q ≤ r

12 log2 r
, we apply Theorem 4.2. We have
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∑
D∈MG

2−
|D|
q ≤

r∑
t=1

(
r

t

)(
r

r − t+ 1

)
2−

t(r−t+1)−g(r)·min{t,r−t+1}
q

≤ 2

r/2∑
t=1

(
r

t

)(
r

t− 1

)
2−

t(r−t+1)−g(r)·t
q

≤ 2

r/2∑
t=1

(
r

t

)2

2−
tr
3q

≤
r/2∑
t=1

[
r22−4 log2 r

]t
≤

r/2∑
t=1

r−2t

= o(1).

It follows that Maker can indeed build the required perfect matching. Moreover, it follows
by Lemma 4.3 that Maker can do so within at most 1 + |E(G)|

r/(12 log2 r)
= O(r log r) moves. This

concludes the proof of the proposition. 2

4.2.3 A Hamiltonicity game

Maker’s strategy for embedding a spanning tree, which we will propose in Section 4.3, will
involve building a Hamilton connected subgraph of some part of the board. Hence, we prove
the following result.

Proposition 4.10 Let k be a sufficiently large integer and let q ≤ k
log2 k

. Let G = (V,E)

be a graph on k vertices, with minimum degree at least k − g(k), where g is an arbitrary
function satisfying g(k) = o(k/ log k). Then, playing a (1 : q) game on E, Maker can build
a Hamilton connected graph within O(k log2 k) moves.

Proof: In the proof of this proposition we will make use of the following sufficient
condition for a graph to be Hamilton connected (see [44]).

Theorem 4.11 Let D(k) = log log k and let G = (V,E) be a graph on k vertices satisfying
the following two properties:

• For every S ⊆ V , if |S| ≤ k
log k

, then |NG(S)| ≥ D|S|;
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• There is an edge in G between any two disjoint subsets A,B ⊆ V with |A|, |B| ≥ k
log k

.

Then G is Hamilton connected, for sufficiently large k.

Let H1 be the hypergraph whose vertices are the edges of G and whose set of hyperedges is
{EG(A,B) : A,B ⊆ V,A ∩ B = ∅, 1 ≤ |A| ≤ k

log k
, |B| = k − (D + 1)|A|}. Note that by our

assumption on the minimum degree in G, it follows that

eG(A,B) ≥ |A|(|B| − g(k)) ≥ (1− o(1))|A|k.
for every A,B as above.

Let H2 be the hypergraph whose vertices are the edges of G and whose set of hyperedges
is {EG(A,B) : A,B ⊆ V,A ∩B = ∅, |A| = |B| = k

log k
}. Note that by our assumption on the

minimum degree in G, it follows that

eG(A,B) ≥ k

log k

(
k

log k
− g(k)

)
≥

(
k

2 log k

)2

for every A,B as above.

By Theorem 4.11, in order to prove that playing a (1 : q) game Maker can build a
Hamilton connected subgraph of G, it suffices to prove that Breaker can win the (q : 1)
game H1 ∪H2. This however follows from Theorem 4.2. Indeed, for every 1 ≤ a ≤ k

log k
, we

have (
k

a

)(
k

k − (D + 1)a

)
2−(1−o(1))ak/q

≤ kak(D+1)a2−(1−o(1))ak/q

≤ exp

{
a(D + 2) log k − log 2 · (1− o(1))ak · log2 k

k

}
= o(1/k).

Hence,

∑
B∈H1

2−|B|/q ≤

k
log k∑
a=1

(
k

a

)(
k

k − (D + 1)a

)
2−(1−o(1))ak/q = o(1).

Similarly, ∑
B∈H2

2−|B|/q

≤
(

k
k

log k

)2

exp

{
− log 2

(
k

2 log k

)2
log2 k

k

}

≤ exp

{
(2 + o(1))k log log k

log k
− log 2

(
k

2 log k

)2
log2 k

k

}
= o(1).
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Hence, ∑
B∈H1∪H2

2−|B|/q =
∑
B∈H1

2−|B|/q +
∑
B∈H2

2−|B|/q = o(1).

It follows that Maker can build the required Hamilton connected graph. Moreover, it
follows by Lemma 4.3 that Maker can do so within at most 1 + |E|

k/(log2 k)
= O(k log2 k) moves.

This concludes the proof of the proposition. 2

4.3 Embedding a spanning tree quickly

In this section, we prove Theorem 4.1. For the sake of presentation we denote ε = 0.05 and
α = 0.005 throughout the proof. We begin by describing Maker’s strategy, then prove that
it is indeed a winning strategy and that Maker can follow all of its stages.

Maker’s strategy: Maker distinguishes between two cases, according to the number of
neighbors of the leaves of T . Throughout this section, let L denote the set of leaves of T .

Case I: |NT (L)| ≥ n2/3.

Maker’s strategy for this case is divided into two stages.

Stage 1: Let L′ ⊆ L be a set of exactly n2/3 leaves, every two of which have no common
neighbor, that is, |NT (L′)| = |L′|. Maker’s goal in this stage is to embed a subtree T ′′ of T
such that T ′ := T \ L′ ⊆ T ′′ and |V (T ′′)| ≤ n− 1

2
n2/3, in at most n+ o(n) moves.

At any point during this stage, a vertex v ∈ V (Kn) is called dangerous if dB(v) ≥
√
n and

v is either an available or an open vertex with respect to T . Throughout this stage, Maker
maintains a set D ⊆ V (Kn) of dangerous vertices, a set S ⊆ V (T ) of embedded vertices,
and an S-partial embedding f of T in Kn \ B. Initially, D = ∅, S = {w′}, where w′ is an
arbitrary vertex of T ′, and f(w′) = w, where w is an arbitrary vertex of Kn. If at some point
Maker is unable to follow the proposed strategy (including the time limits it sets), then he
forfeits the game. Moreover, if after claiming 2n edges, Maker has not yet won, then he
forfeits the game (as noted above, we will in fact prove that Maker can win within n+ o(n)
moves; however, the technical upper bound of 2n will suffice for the time being).

For as long as V (T ′) \ S 6= ∅, Maker plays as follows:

(1) If D 6= ∅, then Maker plays as follows. Let v ∈ D be an arbitrary dangerous vertex. We
distinguish between two subcases:

(1.1) v is taken. Let v′1, . . . , v
′
r be the new neighbors of v′ := f−1(v) with respect to

T . Maker sequentially claims r free edges {(v, vi) : 1 ≤ i ≤ r}, where, for every
1 ≤ i ≤ r, vi is an arbitrary available vertex. Subsequently, he updates D, f and
S by adding v′i to S and setting f(v′i) = vi for every 1 ≤ i ≤ r, and by deleting v
from D and adding (if necessary) new dangerous vertices to D.
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(1.2) v ∈ D is available. First, Maker adds v to his tree. If there exists an open vertex
u such that (u, v) is a free edge, then Maker claims this edge, and then closes v
and updates D, f and S as in (1.1). If there is no such edge, that is, v is connected
by Breaker’s edges to every open (with respect to T ) vertex of Maker’s tree, then
Maker connects v to an open vertex u via a path of length three, within at most
11nα moves. Finally, Maker closes v and updates D, f and S as in (1.1).

(2) If D = ∅, then Maker claims some free edge (u, v) such that v is an open vertex with
respect to T ′ and u is an available vertex.

Stage 2: Maker embeds the vertices of T \ T ′′ (that is, all vertices of T that were not
embedded in Stage 1) into the set of available vertices, within o(n) moves.

Case II: |NT (L)| < n2/3. It follows that T has strictly less than n2/3+ε leaves.

Maker’s strategy for this case is divided into two stages.

Stage 1: Let F denote the forest which is obtained from T by removing the interior
vertices of all inclusion maximal bare paths whose length is at least n0.2. Maker embeds F
in Kn without paying any attention to Breaker’s moves.

Stage 2: Maker embeds the edges of T \ F , thus completing the embedding of T . In
order to do so, he splits the rest of the board into parts of appropriate sizes and, playing on
all parts in parallel, he embeds the missing pieces of T in the appropriate parts.

Note that if Maker can indeed follow all parts of the proposed strategy, then he clearly
wins the (1 : q) game Tn (though possibly not fast enough).

4.3.1 Following Maker’s strategy for Case I

In this subsection we prove that Maker can indeed follow every part of his strategy for Case
I. We prove this separately for Stage 1 and for Stage 2. First, we prove the following two
lemmas.

Claim 4.12 At any point during Stage 1, the number of vertices that are or previously were
dangerous is O(n1/2+α) = o(n0.6).

Proof: By Maker’s strategy, the game lasts at most 2n moves. Since, moreover, every
dangerous vertex has degree at least

√
n in Breaker’s graph, it follows that there can be at

most 2 · 2n1+α
√
n

= O(n1/2+α) such vertices. 2

Claim 4.13 The following two properties hold at any point during Stage 1:

(i) n− |S| ≥ 1
2
n2/3.
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(ii) dB(v) = o(n0.6) holds for every v ∈ V (Kn)\f(S) and for every v ∈ f(S) which is open
with respect to T .

Proof:

(i) By Maker’s strategy, for every dangerous vertex v ∈ D, Maker embeds less than 2nε

other vertices (nε vertices for closing v and 3 more if he is forced to first add v to
his tree via a path of length 3 as described in part (1.2) of Maker’s strategy). Other
than these vertices, Maker embeds only vertices of T ′. It follows by Claim 4.12 that
|S| ≤ |V (T ′)|+ o(n0.6+ε) ≤ (n−n2/3) + o(n0.6+ε) ≤ n− 1

2
n2/3 holds at any point during

Stage 1.

(ii) This holds trivially for every non-dangerous vertex. By Maker’s strategy, closing any
dangerous vertex, requires at most nε + 11nα moves (if Maker is unable to close the
vertex fast enough, then he forfeits the game and the assertion of the lemma still
holds). It follows by Claim 4.12 there are at most O(n1/2+α) dangerous vertices at
any point during Stage 1. Moreover, as long as D 6= ∅, all of Maker’s moves are
dedicated to closing dangerous vertices and, after each move of Maker, Breaker claims
just nα free edges of Kn. Hence, when Maker tries to close a dangerous vertex v, it
holds that dB(v) ≤

√
n+O(nmax{ε,α}nαn1/2+α) = o(n0.6). Since, unless he has already

won, Maker continues closing dangerous vertices for as long as D 6= ∅, it follows that
dB(w) = o(n0.6) holds for every w ∈ V (Kn) \ f(S) and for every w ∈ f(S) which is
open with respect to T , as claimed.

2

A proof that Maker can follow Stage 1 of his strategy for Case I:

For as long as D = ∅ (part (2) of Maker’s strategy), Maker claims a free edge (v, u),
where v′ = f−1(v) is open with respect to T ′ and u ∈ V (Kn) is available. This is always
possible since, unless Maker has already won, there must exist an open vertex v′ with respect
to T ′. Moreover, since D = ∅, it follows that dB(v) <

√
n. However, it follows by part (i) of

Claim 4.13 that |V (Kn) \ f(S)| ≥ 1
2
n2/3. Hence, there exists an available vertex u for which

(v, u) is free.

It remains to consider part (1) of Maker’s strategy, that is, the case D 6= ∅.
Part (1.1) of Maker’s strategy – v is already taken. It follows that v′ = f−1(v) is open with

respect to T . Maker’s goal is to close v in T , that is, to embed all vertices of NT (v′) \S into
available vertices of V (Kn). We claim that the required edges exist. Indeed, it follows by part
(ii) of Claim 4.13 that dB(v) = o(n0.6) holds for as long as v is open. Since |V (Kn)\f(S)| ≥
1
2
n2/3 > n0.6 holds by part (i) of Claim 4.13, it follows that the required available vertices

and corresponding free edges exist.

Part (1.2) of Maker’s strategy – v is an available vertex. In this case, Maker must first
add v to his current tree. As noted in his strategy, if there exists an open vertex u such that
the edge (u, v) is free, then Maker claims this edge. Otherwise, Maker connects v to an open
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(with respect to T ) vertex of his current tree via a path of length three. First, we claim that
there exists a taken vertex u, such that u′ := f−1(u) is open with respect to T , and new
vertices v′, x′, y′ ∈ V (T ) such that (u′, x′), (x′, y′), (y′, v′) ∈ E(T ). Indeed, assume for the
sake of contradiction that this is not the case. It follows from our assumption that, for every
new vertex a′ ∈ V (T ), there exists an open vertex b′ ∈ V (T ) such that distT (a′, b′) ≤ 2.
Hence, every new vertex is an element of L∪NT (L). It follows by the definition of L′ and by
part (i) of Claim 4.13 that at least 1

2
n2/3 of the vertices of NT (L) are either open or new (in

which case it must have an open neighbor). Hence, the number of open vertices in Maker’s

tree with respect to T is at least n2/3/2
∆(T )

≥ 1
2
n2/3−ε > n0.6. On the other hand, since Maker is

trying to follow part (1.2) of his strategy, it follows that there is no free edge (w, v) ∈ E(Kn)
such that w is taken and w′ := f−1(w) is open with respect to T . Hence, the number of
open vertices with respect to T at this point is at most dB(v) = o(n0.6), where this equality
holds by part (ii) of Claim 4.13. This is clearly a contradiction.

Next, we prove that Maker can embed v′, x′, and y′ into appropriate available vertices,
that is, that he can claim free edges (u, x), (x, y), and (y, v), where x and y are available
vertices. Moreover, we prove that this entire phase takes at most 11nα moves. Finally, we
prove that Maker can then close v. It follows that Maker can follow this part of his strategy
without forfeiting the game. Let A := V (Kn) \ (f(S) ∪ {v} ∪NB(u) ∪NB(v)). Let I ⊆ A
be an independent set in Breaker’s graph of size |I| ≥ |A|/(∆(B) + 1) ≥ 100n2α. Such an
independent set exists since |A| ≥ 1

2
n2/3−1− o(n0.6) by parts (i) and (ii) of Claim 4.13, and

since Breaker’s graph, induced on the vertices of A, has maximum degree at most o(n0.6) by
property (ii) of Claim 4.13. In the first 5nα moves of this phase, Maker claims 5nα arbitrary
edges of {(v, w) : w ∈ I}. This is possible as |{(v, w) : w ∈ I}| = |I| > 5nα + 5n2α, and
Breaker can claim at most 5n2α of these edges. Let Nv ⊆ I∩NM(v) be an arbitrary set of size
5nα. In his next 5nα moves, Maker claims 5nα edges of {(u,w) : w ∈ I \Nv}. This is possible
as |{(u,w) : w ∈ I \Nv}| = |I \Nv| > 5nα+10n2α, and during this entire phase, Breaker has
claimed at most 10n2α of these edges. Note that it is possible that Maker has already claimed
some edges of {(v, w) : w ∈ I} ∪ {(u,w) : w ∈ I \ Nv} during some previous stage of the
game. In this case he will need less than 10nα moves to achieve his goal; clearly this does not
harm him. Now, Maker can claim a free edge (x, y), where y ∈ Nv and x ∈ (I \Nv)∩NM(u).
The required edge exists since there are at least |Nv||(I \Nv) ∩NM(u)| ≥ 25n2α such edges
in Kn, and during this entire phase, Breaker has claimed at most 10n2α of them. Maker
embeds x′ into x, y′ into y, and v′ into v. This completes the required path of length three.
Note that embedding all these vertices takes at most 11nα moves. Finally, Maker closes v
by embedding all of its neighbors (as in part (1.1) of his strategy).

A proof that Maker can follow Stage 2 of his strategy for Case I:

Let L′′ ⊆ L′ denote the set of leaves which have not been embedded in Stage 1. Let
H = (X ∪ Y, F ) be the bipartite graph with X = V (Kn) \ f(S), Y = f(NT (L′′)), and
F = {(u, v) ∈ E(Kn \ B) : u ∈ X, v ∈ Y }. Note that, by the choice of L′, no two leaves of
L′′ have a common neighbor in T . Hence, in order to complete the embedding of T in Kn,
Maker has to claim the edges of a perfect matching of H, in a (1 : b) game against Breaker,
where b ≤ nα. This is possible by Proposition 4.9, since |Y | = |f(NT (L′′))| = |L′′| = |X|,
|L′′| ≥ 1

2
n

2
3 by part (i) of Claim 4.13, ∆(B) ≤ n0.6 ≤ |X|0.95 in the beginning of Stage 2 by
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part (ii) of Claim 4.13, and nα ≤ |X|
12 log2 |X|

.

Note that Stage 1 and Stage 2 together last at most (n+ o(n0.6+α)) +O(n2/3 log(n2/3)) =
n+ o(n) moves.

This concludes the proof that Maker can win the (1 : b) game Tn if T is as in Case I.

4.3.2 Following Maker’s strategy for Case II

In this subsection we prove that Maker can indeed follow every part of his strategy for Case
II. We prove this separately for Stage 1 and for Stage 2. First, we prove the following lemma,
which will be used in our proof that Maker can follow Stage 2 of his strategy for Case II.

Lemma 4.14 Let β > 0 and 0 < γ < 1/8 be real numbers such that β + 2γ < 1. Let k be
sufficiently large and let q ≤ kγ. Let G = (V,E) be a graph on k vertices, with minimum
degree at least k − kβ, and let a, b ∈ V be two vertices. Then, playing a (1 : q) game on E,
Maker can build a Hamilton path, whose endpoints are a and b, within k + o(k) moves.

Proof: We present a strategy for Maker, and then prove that it is a winning strategy.

Maker’s strategy: Maker’s strategy is divided into two stages.

Stage 1: Let δ and δ′ be real numbers such that δ′ > max{1
2
+2γ, β} and δ′+2γ < δ < 1.

Maker builds two vertex disjoint paths Pa = (a, v1, v2, . . . , vi) and Pb = (b, u1, u2, . . . , uj),
such that kδ ≤ k−(|V (Pa)|+ |V (Pb)|) ≤ 2kδ. While building these two paths, Maker ensures
that dB(u) ≤ 2kδ

′
holds for every vertex u ∈ (V \ (V (Pa)∪V (Pb)))∪ ((End(Pa)∪End(Pb))\

{a, b}).
At any point during this stage, a vertex v ∈ (V \(V (Pa)∪V (Pb)))∪((End(Pa)∪End(Pb))\

{a, b}) is called dangerous if dB(v) ≥ kδ
′
. Throughout this stage, Maker maintains a set

D ⊆ V of dangerous vertices and two paths of G whose edges he has claimed, Pa and Pb,
where a is an endpoint of Pa and b is an endpoint of Pb. Initially, D = ∅, Pa = (a), and
Pb = (b). Maker updates D after each move (by either player). If at some point, Maker is
unable to follow the proposed strategy (including the time limits it sets), then he forfeits
the game. Moreover, if after claiming 2k edges, Maker has not yet won, then he forfeits the
game.

For as long as k − (|V (Pa)|+ |V (Pb)|) ≥ 2kδ, Maker plays as follows:

(1) If D = ∅, then Maker extends the shorter of his two paths (breaking ties arbitrarily).
Assume without loss of generality that currently Pa is shorter than Pb. If Pa = (a),
then let x = a, otherwise, let x denote the unique element of End(Pa) \ {a}. Maker
extends Pa by claiming a free edge (x,w) for some w ∈ V \ (V (Pa) ∪ V (Pb)).

(2) If D 6= ∅, then Maker plays as follows. Let v ∈ D be an arbitrary dangerous vertex. We
distinguish between two sub cases:
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(2.1) v ∈ (End(Pa) ∪ End(Pb)) \ {a, b}. Maker claims a free edge (v, w) for some
w ∈ V \ (V (Pa) ∪ V (Pb)).

(2.2) v ∈ V \ (V (Pa) ∪ V (Pb)). First, Maker adds v to Pa. Let x denote the unique
element of End(Pa)\{a}. Maker connects v to x via a path of length three, within
at most 11kγ moves. Once v ∈ V (Pa), Maker extends Pa by one more edge, as in
(1) above.

Stage 2: Let G′ = G[(V \ (V (Pa) ∪ V (Pb))) ∪ ((End(Pa) ∪ End(Pb)) \ {a, b})]. Maker
builds a Hamilton connected subgraph of G′.

Note that, if Maker can indeed follow all parts of the proposed strategy, then, in partic-
ular, he builds a Hamilton path in G whose endpoints are a and b (though possibly not fast
enough).

Next, we prove that Maker can indeed follow every part of his suggested strategy. We
prove this separately for Stage 1 and for Stage 2. First, we prove the following two proposi-
tions.

Claim 4.15 At any point during Stage 1, the number of vertices that are or previously were
dangerous is o(

√
k).

Proof: By Maker’s strategy, the game lasts at most 2k moves. Since, moreover, every
dangerous vertex has degree at least kδ

′
in Breaker’s graph, it follows that there can be at

most 2 · 2k1+γ

kδ′
= o(
√
k) such vertices. 2

Claim 4.16 The following two properties hold at any point during Stage 1:

(i) k − |V (Pa)| − |V (Pb)| ≥ kδ.

(ii) dB(v) ≤ 2kδ
′

holds for every v ∈ (V \ (V (Pa)∪V (Pb)))∪ ((End(Pa)∪End(Pb))\{a, b}).

Proof:

(i) According to his strategy, Maker tries to stop extending his paths at the very moment
k − |V (Pa)| − |V (Pb)| ≤ 2kδ happens for the first time. Maker can stop at this exact
moment unless he is in the middle of part (2.2) of his strategy. In this case he adds
at most 3 additional vertices. It follows that k − |V (Pa)| − |V (Pb)| ≥ 2kδ − 3 ≥ kδ as
claimed.

(ii) This holds trivially for any non-dangerous vertex. By Maker’s strategy, adding any
dangerous vertex to the interior of Pa ∪ Pb, requires at most 11kγ moves (if Maker is
unable to do this fast enough, then he forfeits the game and the assertion of the lemma
still holds). By Claim 4.15 there are o(

√
k) dangerous vertices at any point of the game.

Moreover, as long as D 6= ∅, all of Maker’s moves are dedicated to adding dangerous
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vertices to the interior of Pa ∪ Pb. Hence, when Maker tries to add a dangerous
vertex v to the interior of Pa ∪ Pb, it holds that dB(v) ≤ kδ

′
+ o(kγkγ

√
k) ≤ 2kδ

′
.

Since, unless he has already won, Maker continues adding dangerous vertices to the
interior of Pa ∪ Pb, for as long as D 6= ∅, it follows that dB(w) ≤ 2kδ

′
holds for every

w ∈ (V \ (V (Pa) ∪ V (Pb))) ∪ ((End(Pa) ∪ End(Pb)) \ {a, b}) as claimed.

2

Stage 1: IfD = ∅, then Maker can extend either path. Indeed, assume that Maker wishes
to extend Pa. Let x denote the unique element of End(Pa) \ {a} (or x = a if Pa = (a)). It
follows by part (i) of Claim 4.16 that k − |V (Pa)| − |V (Pb)| ≥ kδ. Since dB(x) ≤ kδ

′
, the

minimum degree of G is at least k− kβ, and δ > δ′ > β, it follows that there exists a vertex
w ∈ V \ (V (Pa) ∪ V (Pb)) for which the edge (x,w) is free.

If D 6= ∅, then Maker has to add some vertex v ∈ D to the interior of Pa ∪ Pb. The fact
that he can indeed achieve this goal, and moreover do so within at most 11kγ moves, follows
by essentially the same argument used to show that Maker can follow part (1) of Stage 1 of
his strategy for Case I. We omit the straightforward details (note that here is where we use
the fact that δ > δ′ + 2γ).

Stage2: It follows by the fact that Maker can follow his strategy for Stage 1 without
forfeiting the game and by part (i) of Claim 4.16 that |V (G′)| = Θ(kδ). It follows by
part (ii) of Claim 4.16 that the minimum degree of G′ is at least |V (G′)| − 1 − 2kδ

′
=

|V (G′)| −Θ(|V (G′)|δ′/δ). Since, moreover, q ≤ kγ ≤ |V (G′)|
log2 |V (G′)| , it follows by Proposition 4.10

that Maker can indeed build a Hamilton connected subgraph of G′. Furthermore, he can do
so within O(|V (G′)| log2 |V (G′)|) = o(k) moves. 2

A proof that Maker can follow Stage 1 of his strategy for Case II:

Clearly, there are at most |D1|+|D>2| inclusion maximal paths with at least one endpoint
in D>2. Since, except for vertices of D>2, Maker embeds only vertices of bare paths whose
lengths are at most n0.2, it follows that, during Stage 1 Maker tries to embed at most
|D>2| + (|D1| + |D>2|)n0.2 ≤ 3|D1|n0.2 ≤ 3n2/3+ε+0.2 = o(n0.92) vertices, where the first
inequality above follows by Lemma 4.4. Since, moreover, b ≤ nα, it follows that at any point
during Stage 1, the maximum degree in Breaker’s graph is o(n0.95), whereas the number of
vertices that have not yet been embedded is (1− o(1))n. Hence, there are always free edges
that extend the embedding of F .

A proof that Maker can follow Stage 2 of his strategy for Case II:

By Maker’s strategy, it remains to embed ` bare paths, for some 1 ≤ ` ≤ 2n2/3+ε. For
every 1 ≤ i ≤ `, let ni denote the length of the ith path and let ai and bi denote its endpoints.
Note that ni ≥ n0.2 and that ai and bi were already embedded in Stage 1. Let F̃ denote the
set of vertices of Kn into which the vertices of F were embedded in Stage 1. First, Maker
partitions the remaining board into ` disjoint parts V (Kn) \ F̃ = V1 ∪ . . . ∪ V` such that

(i) |Vi| = ni − 1.
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(ii) The minimum degree of Gi := (Kn \ (M ∪B))[Vi ∪ {ai, bi}] is at least ni − 10nin
−0.05.

Such a partition exists by Lemma 4.5. Maker plays a (1 : b) game on
⋃`
i=1 Gi, which he

wins if and only if, for every 1 ≤ i ≤ `, he is able to build a Hamilton path of Gi between
ai and bi. Clearly, if Maker wins this game, then he completes the embedding of T in Kn.
By Theorem 4.6, in order to prove that Maker wins the aforementioned game, it suffices

to prove that for every 1 ≤ i ≤ `, Maker can win a
(

1 : b
(

1 + log
(
`+ d n2

b+1
e
)))

game

played on E(Gi), which he wins if and only if he is able to build a Hamilton path of Gi

whose endpoints are ai and bi. However, since |V (Gi)| ≥ n0.2 and b
(

1 + log
(
`+ d n2

b+1
e
))
≤

2nα log n ≤ |V (Gi)|1/40, this follows by Property (ii) above and by Lemma 4.14. Moreover,
since, by Lemma 4.14, for every 1 ≤ i ≤ `, Maker wins the game on E(Gi) in ni + o(ni)
moves, it follows by Theorem 4.6 that Maker wins the game on

⋃`
i=1Gi in

∑`
i=1(ni + o(ni))

moves.

Note that Stage 1 and Stage 2 together last at most o(n) + (
∑`

i=1(ni + o(ni))) = n+ o(n)
moves.

This concludes the proof that Maker can win the (1 : b) game Tn if T is as in Case II.

4.4 Concluding remarks and open problems

Breaker’s bias and the maximum degree of T . In this chapter it is proved that, given
any tree T on n vertices whose maximum degree is not too large, Maker can build
a copy of T within n + o(n) moves, when playing a biased game on E(Kn). While
the obtained upper bound on the duration of the game is clearly very close to being
optimal for sufficiently large n, the upper bounds on the maximum degree of T and on
Breaker’s bias are probably quite far from being best possible. It would be interesting
to improve either bound, even at the expense of the other. In particular we offer the
following two questions:

Problem 4.17 Let n be sufficiently large and let T = (V,E) be a tree on n vertices.
What is the largest integer d = d(n) for which Maker has a winning strategy for the
(1 : 1) game Tn, assuming that ∆(T ) ≤ d?

Problem 4.18 Let n be sufficiently large and let T = (V,E) be a tree on n vertices
with constant maximum degree. What is the largest integer b = b(n) for which Maker
has a winning strategy for the (1 : b) game Tn?

Other spanning graphs. It would be interesting to analyze analogous games for general
spanning graphs (not necessarily trees) of bounded degree. It was proved in [46] that,
for sufficiently large n, Maker can build a Hamilton cycle of Kn in a (1 : 1) game, within
n + 1 moves. However, even if we restrict our attention to (1 : 1) games on E(Kn) in
which Maker’s goal is to build a copy of some predetermined 2-regular spanning graph,
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we cannot expect him to win very quickly. Indeed, for every positive integer n such
that 3 | n, let T F n denote the game whose board is E(Kn) and whose winning sets
are all triangle factors of Kn. The following result was observed by Tibor Szabó and
Michael Krivelevich.

Theorem 4.19 Maker cannot win the (1 : 1) game T F n in less than 7n/6 moves.

Proof: We describe Breaker’s strategy and then show that indeed, following this
strategy delays Maker’s win for at least 7n/6 moves. Without loss of generality we
assume that Maker is the first player (otherwise, Breaker claims an arbitrary edge in
his first move).

Breaker’s strategy: For every i ≥ 1, let ei = (xi, yi) denote the edge claimed by
Maker in his ith move. In his ith move, Breaker plays as follows. If there exists a
vertex z ∈ V (Kn) such that (xi, z) was previously claimed by Maker and (yi, z) is
free, then Breaker claims (yi, z) (if there are several such edges (yi, z), then Breaker
claims one of them arbitrarily). If there exists a vertex z ∈ V (Kn) such that (yi, z) was
previously claimed by Maker and (xi, z) is free, then Breaker claims (xi, z) (if there
are several such edges (xi, z), then Breaker claims one of them arbitrarily). Otherwise,
Breaker claims an arbitrary edge.

We claim that if Breaker follows the proposed strategy, then there is at least one vertex
of degree at least 3 in any triangle in Maker’s graph. Indeed, let (x, y), (y, z) and (x, z)
be three edges in Maker’s graph. Assume that the first of these three edges to be
claimed by Maker was (x, y) and the second was (y, z). Let i denote the number of
the move in which Maker has claimed (y, z). Since, on his ith move, Breaker did not
claim (x, z), it follows by the description of his strategy that he must have claimed an
edge (y, u) or (z, u) for some vertex u 6= x. Hence, y or z will have degree at least 3 in
Maker’s graph after he will claim (x, z).

Consider Maker’s graph M immediately after it admits a triangle factor for the first
time. Clearly the minimum degree of M is at least 2. Let F be an arbitrary triangle
factor of M . Since, as proved above, there is at least one vertex of degree at least 3
in every triangle of F , it follows that 2e(M) =

∑
v∈V dM(v) ≥ 3n

3
+ 22n

3
= 7n

3
. Thus

building M took Maker at least 7n/6 moves. 2



Chapter 5

Very fast specific tree game

5.1 Introduction

The following game was studied in Chapter 4. Let T be a tree on n vertices. The board of
the specific tree game Tn is the edge set of the complete graph on n vertices and the winning
sets are the labeled copies of T in Kn. Several variants of this game were studied by various
researchers (see e.g. [7, 10, 48]).

It was proved in Chapter 4 that for any real numbers 0 < α < 0.005 and 0 < ε < 0.05
and a sufficiently large integer n, Maker has a strategy to win the (1 : q) game (E(Kn), Tn)
within n + o(n) moves, for every q ≤ nα and every tree T with n vertices and maximum
degree at most nε. The bounds on the duration of the game, on Breaker’s bias and on the
maximum degree of the tree to be embedded, do not seem to be best possible. Indeed, it
was noted in Chapter 4 that it would be interesting to improve each of these bounds, even
at the expense of the other two. In this chapter we focus on the duration of the game. We
restrict our attention to the case of bounded degree trees and to unbiased games.

The smallest number of moves Maker needs in order to win some Maker-Breaker game
is an important game invariant which has received a lot of attention in recent years (see
e.g. [9, 21, 27, 28, 29, 33, 39, 46, 57]). Part of the interest in this invariant stems from
its usefulness in the study of strong games. Strong games are notoriously hard to analyze.
For certain strong games, a combination of a strategy stealing argument and a hypergraph
coloring argument can be used to prove that these games are won by Red. However, the
aforementioned arguments are purely existential. That is, even if it is known that Red has a
winning strategy for some strong game F , it might be very hard to describe such a strategy
explicitly. The use of explicit very fast winning strategies for Maker in a weak game for
devising an explicit winning strategy for Red in the corresponding strong game was initiated
in [27] (Chapter 2). This idea was used to devise such strategies for the strong perfect
matching and Hamilton cycle games in Chapter 2 and for the k-vertex-connectivity game in
Chapter 3.

Returning to the tree embedding game Tn, it is obvious that Maker cannot build any tree
on n vertices in less than n − 1 moves. This trivial lower bound can be attained for some

61
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trees. For example, it was proved in [39] that Maker can build a Hamilton path of Kn in
n− 1 moves. On the other hand it is not hard to see that there are trees on n vertices which
Maker cannot build in less than n moves. Indeed, consider for example the complete binary
tree on n vertices BTn. Suppose for a contradiction that Maker can build a copy of BTn
in n − 1 moves. It follows that after n − 2 moves, Maker’s graph is isomorphic to BTn \ e,
where e is some edge of BTn. Note that for any e ∈ E(BTn), there is a unique edge of Kn

which Maker has to claim in order to complete a copy of BTn. Hence, by claiming this edge,
Breaker delays Maker’s win by at least one move. Note that, in contrast, if e is an edge of
a path Pn which is not incident with any of its endpoints, then there are four edges of Kn

whose addition to a copy of Pn \ e yields a copy of Pn.

In this chapter we prove the following general upper bound which is only one move away
from the aforementioned lower bound.

Theorem 5.1 Let ∆ be a positive integer. Then there exists an integer n0 = n0(∆) such
that for every n ≥ n0 and for every tree T = (V,E) with |V | = n and ∆(T ) ≤ ∆, Maker has
a strategy to win the game (E(Kn), Tn) within n+ 1 moves.

Since every tree either does or does not admit a long bare path (a path of a tree T is
called bare if all of its interior vertices are of degree 2 in T ) we will deduce Theorem 5.1 as an
immediate corollary of the following two theorems (with m2 = m1 and n0 = max{n1, n2}).

Theorem 5.2 Let ∆ be a positive integer. Then there exists an integer m1 = m1(∆) and
an integer n1 = n1(∆,m1) such that the following holds for every n ≥ n1 and for every tree
T = (V,E) with |V | = n and ∆(T ) ≤ ∆. If T admits a bare path of length m1, then Maker
has a strategy to win the game (E(Kn), Tn) within n moves.

Theorem 5.3 Let ∆ and m2 be positive integers. Then there exists an integer n2 = n2(∆,m2)
such that the following holds for every n ≥ n2 and for every tree T = (V,E) such that |V | = n
and ∆(T ) ≤ ∆. If T does not admit a bare path of length m2, then Maker has a strategy to
win the game (E(Kn), Tn) within n+ 1 moves.

Recall that Maker cannot build a copy of the complete binary tree on n vertices in less
than n moves. One can adapt the argument used to prove this statement to obtain many
examples of trees which Maker cannot build in n − 1 moves. Nevertheless, the following
theorem suggests that such examples are quite rare.

Theorem 5.4 Let T be a tree, chosen uniformly at random from the class of all labeled trees
on n vertices. Then asymptotically almost surely, T is such that Maker has a strategy to win
the game (E(Kn), Tn) in n− 1 moves.

One of the main ingredients in our proof of Theorem 5.4 is the construction of a Hamilton
path with one designated endpoint in optimal time (see Lemma 5.26). Using this lemma it
will be easy to obtain the following generalization of Theorem 1.4 from [39].
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Theorem 5.5 Let ∆ be a positive integer. Then there exists an integer m3 = m3(∆) and
an integer n3 = n3(∆,m3) such that the following holds for every n ≥ n3 and for every tree
T = (V,E) with |V | = n and ∆(T ) ≤ ∆. If T admits a bare path of length m3, such that
one of its endpoints is a leaf of T , then Maker has a strategy to win the game (E(Kn), Tn)
in n− 1 moves.

The rest of this chapter is organized as follows: in Subsection 5.1.1 we introduce some
notation and terminology that will be used throughout this chapter. In Section 5.2 we prove
Theorem 5.2, in Section 5.3 we prove Theorem 5.3 and in Section 5.4 we prove Theorems 5.4
and 5.5. Finally, in Section 5.5 we present some open problems.

5.1.1 Notation and terminology

Our graph-theoretic notation is standard and follows that of [60]. In particular, we use the
following.

For a graph G, let V (G) and E(G) denote its sets of vertices and edges respectively, and
let v(G) = |V (G)| and e(G) = |E(G)|. For disjoint sets A,B ⊆ V (G), let EG(A,B) denote
the set of edges of G with one endpoint in A and one endpoint in B, and let eG(A,B) =
|EG(A,B)|. For a set S ⊆ V (G), let G[S] denote the subgraph of G which is induced on the
set S. For disjoint sets S, T ⊆ V (G), let NG(S, T ) = {u ∈ T : ∃v ∈ S, uv ∈ E(G)} denote the
set of neighbors of the vertices of S in T . For a set T ⊆ V (G) and a vertex w ∈ V (G) \T we
abbreviate NG({w}, T ) to NG(w, T ), and let dG(w, T ) = |NG(w, T )| denote the degree of w
into T . For a set S ⊆ V (G) and a vertex w ∈ V (G) we abbreviate NG(S, V (G)\S) to NG(S)
and NG(w, V (G)\{w}) to NG(w). We let dG(w) = |NG(w)| denote the degree of w in G. The
minimum and maximum degrees of a graph G are denoted by δ(G) and ∆(G) respectively.
Often, when there is no risk of confusion, we omit the subscript G from the notation above.
Let P = (v1v2 . . . vk) be a path in a graph G. The vertices v1 and vk are called the endpoints
of P , whereas the vertices of V (P ) \ {v1, vk} are called the interior vertices of P . We denote
the set of endpoints of a path P by End(P ). Note that |End(P )| = min{2, v(P )}. The
length of a path is the number of its edges. A path of a tree T is called a bare path if all
of its interior vertices are of degree 2 in T . Given two graphs G and H on the same set of
vertices V , let G \H denote the graph with vertex set V and edge set E(G) \ E(H).

Let G be a graph, let T be a tree, and let S ⊆ V (T ) be an arbitrary set. An S-partial
embedding of T in G is an injective mapping f : S → V (G), such that f(x)f(y) ∈ E(G)
whenever x, y ∈ S and xy ∈ E(T ). For a vertex v ∈ f(S) let v′ = f−1(v) denote its pre-
image under f . If S = V (T ), we call an S-partial embedding of T in G simply an embedding
of T in G. We say that the vertices of S are embedded, whereas the vertices of V (T ) \ S are
called new. An embedded vertex is called closed with respect to T and f if all its neighbors
in T are embedded as well. An embedded vertex, that is not closed with respect to T and
f , is called open with respect to T and f . The vertices of f(S) are called taken, whereas the
vertices of V (G)\f(S) are called available. With some abuse of this terminology, for a closed
(respectively open) vertex u′ ∈ S, we sometimes refer to f(u′) as being closed (respectively
open) as well. Moreover, we omit the phrase “with respect to T and f” or abbreviate it to
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“with respect to T”, if its meaning is clear from the context. In particular we denote the set
of open vertices with respect to T and f by OT .

Assume that some Maker-Breaker game, played on the edge set of some graph G, is in
progress. At any given moment during this game, we denote the graph spanned by Maker’s
edges by M and the graph spanned by Breaker’s edges by B; the edges of G \ (M ∪ B) are
called free.

5.2 Trees which admit a long bare path

In this section we will prove Theorem 5.2. The main idea is to first embed the tree T except
for a sufficiently long bare path P and then to embed P between its previously embedded
endpoints. In the first stage we will waste no moves, whereas in the second we will waste at
most one. Starting with the former we prove the following result.

Theorem 5.6 Let r be a positive integer and let n,m and ∆ ≥ 3 be integers satisfying
n > m ≥ (∆ + r)2. For every 1 ≤ i ≤ r, let Ti = (Vi, Ei) be a tree with maximum degree at
most ∆ and assume that

∑r
i=1 |Vi| = n−m. For every 1 ≤ i ≤ r let x′i ∈ Vi be an arbitrary

vertex. Then, playing a Maker-Breaker game on the edge set of Kn, Maker has a strategy
to ensure that the following two properties will hold immediately after her (

∑r
i=1 |Vi| − r)th

move:

(i) M ∼=
⋃r
i=1 Ti, that is, Maker’s graph is a vertex disjoint union of the Ti’s.

(ii) There exists an isomorphism f :
⋃r
i=1 Ti → M for which eB(A ∪ f({x′1, . . . , x′r})) ≤(

∆+r−1
2

)
, where A = V (Kn) \ f(

⋃r
i=1 Vi) is the set of available vertices.

Remark 5.7 In the proof of Theorem 5.2 we will use the special case r = 2 of Theorem 5.6.
Another special case, namely r = 1, will be used in the proof of Theorem 5.5. It is therefore
convenient to prove it here for every r. Moreover, it might have future applications where
other values of r are considered.

Proof of Theorem 5.6 We begin by describing Maker’s strategy. At any point during
the game, if Maker is unable to follow the proposed strategy, then she forfeits the game.
We will prove that Maker can follow this strategy without forfeiting the game and that, by
doing so, she wins the game.

Maker’s strategy: Throughout the game, Maker maintains a set S ⊆
⋃r
i=1 Vi of em-

bedded vertices, an S-partial embedding f of
⋃r
i=1 Ti in Kn \B and a set A = V (Kn) \ f(S)

such that eB(A∪f({x′1, . . . , x′r})) ≤
(

∆+r−1
2

)
. Initially S = {x′1, . . . , x′r}, f(x′i) = xi for every

1 ≤ i ≤ r where x1, . . . , xr ∈ V (Kn) are r arbitrary vertices, and A = V (Kn) \ {x1, . . . , xr}.
At any point during the game we denote the set A ∪ {x1, . . . , xr} by U .
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Maker’s strategy is based on the following potential function: for every vertex u ∈ V (Kn)
let φ(u) = max{0, dB(u, U)− dM(u)} and let

ψ = eB(U) +
r∑
i=1

∑
w∈f(OTi )

φ(w)

(by abuse of notation we use ψ to denote the potential at any point during the game).

For every 1 ≤ i ≤ r let di = dTi(x
′
i). In her first

∑r
i=1 di moves, Maker closes x′1, . . . , x

′
r,

that is, for every 1 ≤ i ≤ r and every 1 ≤ j ≤ di she claims a free edge xiyij where the
elements of {yij : 1 ≤ i ≤ r, 1 ≤ j ≤ di} are

∑r
i=1 di arbitrary vertices of A. She then

updates A,U, S and f as follows. For every 1 ≤ i ≤ r let y′i1, . . . , y
′
idi

be the neighbours of
x′i in Ti. Maker deletes the elements of {yij : 1 ≤ i ≤ r, 1 ≤ j ≤ di} from A (and then also
from U), adds the elements of {y′ij : 1 ≤ i ≤ r, 1 ≤ j ≤ di} to S and sets f(y′ij) = yij for
every 1 ≤ i ≤ r and every 1 ≤ j ≤ di.

For every integer ` >
∑r

i=1 di, Maker plays her `th move according to the value of ψ at
that time. She distinguishes between the following three cases.

Case 1: ψ ≤
(

∆+r−1
2

)
. Maker claims a free edge vz such that the following properties hold:

1. v ∈
⋃r
i=1 f(OTi);

2. z ∈ A.

Subsequently, Maker updates A,U, S and f by deleting z from A (and then also from
U), adding z′ to S and setting f(z′) = z, where z′ is an arbitrary new neighbor of
f−1(v) in

⋃r
i=1 Ti.

Case 2: ψ > max
{(

∆+r−1
2

)
, eB(U)

}
. Maker claims a free edge vz such that the following

properties hold:

1. v ∈
⋃r
i=1 f(OTi);

2. dB(v, U) > dM(v);

3. z ∈ A.

Subsequently, Maker updates A,U, S and f as in Case 1.

Case 3: ψ = eB(U) >
(

∆+r−1
2

)
. Maker claims a free edge vz such that the following prop-

erties hold:

1. v ∈
⋃r
i=1 f(OTi);

2. z ∈ A.

3. dB(z, U) > 0.

Subsequently, Maker updates A,U, S and f as in Case 1.
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We wish to prove that Maker can follow the proposed strategy without forfeiting the
game. Note first that ψ ≥ eB(U) holds by definition and thus Maker will never face a
situation which is not covered by Cases 1,2 and 3 above. Next, we prove the following
claims.

Claim 5.8 For every
∑r

i=1 di < ` ≤
∑r

i=1 |Vi| − r, Maker does not increase ψ in her `th
move.

Proof: For every
∑r

i=1 di < ` ≤
∑r

i=1 |Vi| − r, in her `th move Maker claims an
edge vz such that v ∈

⋃r
i=1 f(OTi) and z ∈ A. Clearly, this does not affect φ(u) for any

u ∈ V (Kn) \ {v, z}. Moreover, φ(v) is not increased, eB(U) is decreased by dB(z, U) and∑r
i=1

∑
w∈f(OTi )

φ(w) is increased by at most φ(z) ≤ dB(z, U). 2

Claim 5.9 ψ ≤
(

∆+r−1
2

)
holds immediately after Maker’s `th move for every

∑r
i=1 di ≤ ` ≤∑r

i=1 |Vi| − r.

Proof: We prove this by induction on the number of Maker’s moves. Since (
⋃r
i=1 f(OTi))∩

{x1, . . . , xr} = ∅ holds after Maker’s (
∑r

i=1 di)th move, it follows that, from this point on-
wards, every edge e ∈ E(B) contributes at most 1 to ψ. Since ∆ ≥ 3 it thus follows that
ψ ≤

∑r
i=1 di ≤ r∆ ≤

(
∆+r−1

2

)
holds immediately after Maker’s (

∑r
i=1 di)th move. Assume

that ψ ≤
(

∆+r−1
2

)
holds immediately after her `th move for some

∑r
i=1 di ≤ ` <

∑r
i=1 |Vi|−r;

we will show that, unless Maker forfeits the game, this inequality holds immediately after
her (`+ 1)st move as well. Since, x′1, . . . , x

′
r are closed, from now on Breaker can increase ψ

by at most 1 per move. It thus follows by the induction hypothesis that ψ ≤
(

∆+r−1
2

)
+ 1

holds immediately before Maker’s (` + 1)st move. Assume first that in fact ψ ≤
(

∆+r−1
2

)
.

It follows by Claim 5.8 that ψ ≤
(

∆+r−1
2

)
holds immediately after Maker’s (` + 1)st move

as well. Assume then that ψ =
(

∆+r−1
2

)
+ 1; it suffices to prove that Maker decreases ψ by

at least 1 in her (` + 1)st move. Maker plays according to the proposed strategy, either for
Case 2 or for Case 3. In Case 2 ψ is not increased since the value of

∑r
i=1

∑
w∈f(OTi )

φ(w)

is increased by at most dB(z, U) and the value of eB(U) is decreased by the same amount.
Moreover, since dB(v, U) > dM(v), it follows that φ(v) is decreased by at least 1. Since
v ∈

⋃r
i=1 f(OTi) holds before Maker’s (`+ 1)st move, we conclude that ψ is decreased by at

least 1. In Case 3 Maker decreases eB(U) by dB(z, U). Moreover, if z becomes closed, then∑r
i=1

∑
w∈f(OTi )

φ(w) is not increased, whereas, if z becomes open, then since dB(z, U) > 0,

it is increased by dB(z, U)−dM(z) = dB(z, U)−1. Either way, ψ is decreased by at least 1. 2

We can now prove that Maker is indeed able to play according to the proposed strategy.

Claim 5.10 Maker can follow the proposed strategy without forfeiting the game for
∑r

i=1 |Vi|−
r moves.
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Proof: Since Maker aims to build a copy of
⋃r
i=1 Ti within

∑r
i=1 |Vi| − r moves and

since
∑r

i=1 |Vi| = n −m ≤ n − (∆ + r)2, it follows that |A| ≥ (∆ + r)2 holds at any point
during these

∑r
i=1 |Vi|−r moves; in particular Maker can follow the first

∑r
i=1 di moves of the

proposed strategy. As previously noted, once x′1, . . . , x
′
r are closed, Breaker can increase ψ

by at most 1 per move. It thus follows by Claim 5.9 that ψ ≤
(

∆+r−1
2

)
+ 1 holds at any point

during the remainder of the game. Assume first that ψ ≤
(

∆+r−1
2

)
. Let v ∈

⋃r
i=1 f(OTi),

then φ(v) ≤ ψ ≤
(

∆+r−1
2

)
and thus dB(v, U) ≤ φ(v)+dM(v) ≤

(
∆+r−1

2

)
+∆ < (∆+r)2 ≤ |A|.

Hence there exists a free edge vz such that z ∈ A. We conclude that Maker can follow her
strategy for Case 1.

Assume then that ψ =
(

∆+r−1
2

)
+ 1. Assume further that ψ > eB(U). It follows that

there exists a vertex v ∈
⋃r
i=1 f(OTi) such that φ(v) > 0 and thus dB(v, U) > dM(v). The

same calculation as above shows that dB(v, U) < |A|. Therefore, Maker can claim a free
edge vz as required by her strategy for Case 2.

Assume then that eB(U) = ψ =
(

∆+r−1
2

)
+ 1. It follows that there are at least ∆ + r

vertices z ∈ U for which dB(z, U) > 0; by the definition of A and U , at least ∆ of them
must be in A. Let v ∈

⋃r
i=1 f(OTi). Since ψ = eB(U), it follows that φ(v) = 0 and thus

dB(v, U) ≤ dM(v) < ∆ (the last inequality holds since v is open). Therefore, Maker can
claim a free edge vz as required by her strategy for Case 3. 2

Since Maker follows the proposed strategy, it is evident that after
∑r

i=1 |Vi| − r moves
she builds a graph which is isomorphic to

⋃r
i=1 Ti. Moreover, since φ(w) ≥ 0 for every vertex

w, it follows by Claim 5.9 that eB(U) ≤ ψ ≤
(

∆+r−1
2

)
holds, in particular, immediately after

Maker’s (
∑r

i=1 |Vi| − r)th move. We conclude that Maker can indeed ensure that Properties
(i) and (ii) will hold immediately after her (

∑r
i=1 |Vi| − r)th move. 2

Next, we wish to embed a Hamilton path whose endpoints were previously embedded,
into an almost complete graph. Formally, we need the following result.

Lemma 5.11 For every positive integer k there exists an integer m0 = m0(k) such that the
following holds for every m ≥ m0. Let G be a graph with m vertices and e(G) ≥

(
m
2

)
− k

edges and let x and y be two arbitrary vertices of G. Then, playing a Maker-Breaker game
on E(G), Maker has a strategy to build a Hamilton path of G between x and y within m
moves.

Lemma 5.11 can be proved similarly to Theorem 1.1 from [46]. We omit the straightfor-
ward details.

We can now combine Theorem 5.6 and Lemma 5.11 to deduce Theorem 5.2.

Proof of Theorem 5.2 Let k =
(

∆+1
2

)
+ 1, let m0 = m0(k) be the constant whose

existence follows from Lemma 5.11 and let m1 = max{m0, (∆ + 2)2}. Let P be a bare path
in T of length m1 with endpoints x′1 and x′2. Let F be the forest which is obtained from
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T by deleting all the vertices in V (P ) \ {x′1, x′2}. Let T1 be the connected component of F
which contains x′1 and let T2 be the connected component of F which contains x′2.

Maker’s strategy consists of two stages. In the first stage she embeds T1 ∪ T2 using
the strategy whose existence follows from Theorem 5.6 (with r = 2) while ensuring that
Properties (i) and (ii) are satisfied. Let f : T1 ∪ T2 → M be an isomorphism, let x1 =
f(x′1), let x2 = f(x′2), let A = V (Kn) \ f(V (T1) ∪ V (T2)), let U = A ∪ {x1, x2} and let
G = (Kn \B)[U ].

In the second stage she embeds P into G between the endpoints x1 and x2. She does
so using the strategy whose existence follows from Lemma 5.11 which is applicable by the
choice of m1 and by Property (ii). Hence, T ⊆M holds at the end of the second stage, that
is, Maker wins the game.

It follows by Theorem 5.6 that the first stage lasts exactly v(T1)+v(T2)−2 = n−|V (P )| =
n − |U | moves. It follows by Lemma 5.11 that the second stage lasts at most |U | moves.
Therefore, the entire game lasts at most n moves as claimed. 2

5.3 Trees which do not admit a long bare path

In this section we will prove Theorem 5.3. The main idea is to first embed the tree T except
for a large matching between some of its leaves and their parents and then to embed this
matching between the previously embedded endpoints and the remaining available vertices.
In the first stage we will waste no moves, whereas in the second we will waste at most two.
In order for this approach to be valid, we must first prove that such a matching exists in T .

Lemma 5.12 For all positive integers ∆ and m there exists an integer n0 = n0(∆,m) such
that the following holds for every n ≥ n0. Let T be a tree on n vertices with maximum degree
at most ∆ and let L denote the set of leaves of T . If T does not admit a bare path of length
m, then |L| ≥ |NT (L)| ≥ n

2∆(m+1)
.

The inequality |L| ≥ |NT (L)| is trivial. Moreover, since the maximum degree of T is at
most ∆, it follows that |L| ≤ ∆ · |NT (L)|. Hence, Lemma 5.12 is an immediate corollary of
the following result (with k = m and ` = |L|).

Lemma 5.13 (Lemma 2.1 in [51]) Let k, n and ` be positive integers. Let T be a tree on

n vertices with at most ` leaves. Then T contains a collection of at least n−(2`−2)(k+1)
k+1

vertex
disjoint bare paths of length k each.

Next, we prove that Maker can build a perfect matching very quickly when playing on
the edge set of a very dense subgraph of a sufficiently large complete bipartite graph.

Let G = (V,E) be a graph. The winning sets of the perfect matching game, played on
the board E, are the edge sets of all matchings of G of size b|V |/2c. The following theorem
was proved in [39].
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Theorem 5.14 (Theorem 1.2 in [39]) There exists an integer n0 such that for every n ≥
n0, Maker has a strategy to win the perfect matching game, played on E(Kn), within bn/2c+
(n+ 1) mod 2 moves.

The following analogous result, which applies to the perfect matching game, played on a
complete bipartite graph, holds as well.

Theorem 5.15 There exists an integer n0 such that for every n ≥ n0, Maker has a strategy
to win the perfect matching game, played on E(Kn,n), within n+ 1 moves.

One can prove Theorem 5.15 using essentially the same argument as in the proof of
Theorem 5.14 given in [39]. We omit the straightforward details and refer the reader to [39].

The following lemma, which will be used in the proof of Theorem 5.3, asserts that Maker
can win the perfect matching game very quickly even when the board is a very dense subgraph
of a sufficiently large complete bipartite graph.

Lemma 5.16 For all non-negative integers k1 and k2 there exists an integer f(k1, k2) such
that the following holds for every n ≥ f(k1, k2). Let G = (U1 ∪ U2, E) be a bipartite graph
which satisfies the following properties:

(i) |U1| = |U2| = n;

(ii) d(u1, U2) ≥ n− k1 for every u1 ∈ U1;

(iii) d(u2, U1) ≥ n− k2 for every u2 ∈ U2.

Then Maker has a strategy to win the perfect matching game, played on E, within n + 2
moves.

Remark 5.17 The bound on the number of moves given in Lemma 5.16 is best possible,
even for the case k1 = k2 = 1. Indeed, one can show that, when playing on Kn,n from which
a perfect matching was removed, Maker cannot build a perfect matching within n+ 1 moves;
we omit the details.

Proof of Lemma 5.16 The following notation and terminology will be used throughout
this proof. At any point during the game, let S denote the set of vertices of G which are
isolated in Maker’s graph, let S1 = S∩U1 and let S2 = S∩U2. Let Br = ((Kn,n \G)∪B)[S].
For i ∈ {1, 2} let ∆i = max{dBr(w) : w ∈ Si}.

We prove Lemma 5.16 by induction on k1 + k2. In the induction step we will need to
assume that k1 + k2 ≥ 3. Hence, we first consider the case k1 + k2 ≤ 2. Note that if
k1 = 0, then k2 = 0 and vice versa. Since, moreover, the case k1 = k2 = 0 follows directly
from Theorem 5.15, it suffices to consider the case k1 = k2 = 1. In this case Kn,n \ G
is a matching. Let U1 = {x1, . . . , xn} and U2 = {y1, . . . , yn} and assume without loss of
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generality that E(Kn,n \ G) ⊆ {xiyi : 1 ≤ i ≤ n}. Moreover, assume without loss of
generality that the edge claimed by Breaker in his first move is either x1y1 or x1y2. Let A1 =
{x1, . . . , xdn/2e}, A2 = {ybn/2c+1, . . . , yn}, B1 = U1 \A1, B2 = U2 \A2, H ′1 = (G \B)[A1 ∪A2]
and H2 = (G \ B)[B1 ∪ B2]. Note that H2

∼= K|B1|,|B1| and that there exists an edge
e ∈ E(K|A1|,|A1|) such that H ′1 ⊇ K|A1|,|A1| \ {e}. Let H1 = K|A1|,|A1| \ {e} (if H ′1 = K|A1|,|A1|,
then choose e ∈ E(K|A1|,|A1|) arbitrarily). Let S1 (respectively S2) be Maker’s strategy for
the perfect matching game on K|A1|,|A1| (respectively K|B1|,|B1|) whose existence follows from
Theorem 5.15. Maker plays her first move in H1 according to S1. She views the board to be
E(K|A1|,|A1|) and assumes that Breaker claimed e in his first move. In the remainder of the
game, Maker plays on E(H1) and E(H2) in parallel. That is, whenever Breaker claims an
edge of Hi for some i ∈ {1, 2}, Maker claims a free edge of the same board according to Si
(unless she has already built a perfect matching on this board, in which case she claims a
free edge of the other board) and whenever Breaker claims an edge of G \ (H1 ∪H2), Maker
plays in some Hi in which she has not yet built a perfect matching.

Since Maker plays according to S1 and S2, it follows by Theorem 5.15 that she builds a
perfect matching of H1 within |A1|+ 1 moves and a perfect matching of H2 within |B1|+ 1
moves. The union of these two matchings forms a perfect matching of G which Maker builds
within n+ 2 moves.

Assume then that k1 + k2 ≥ 3 and that the assertion of the lemma holds for k1 + k2 − 1.
Assume without loss of generality that k2 ≥ k1; in particular, k2 ≥ 2. We present a strategy
for Maker and then prove that it allows her to build a perfect matching of G within n + 2
moves. At any point during the game, if Maker is unable to follow the proposed strategy,
then she forfeits the game. The strategy is divided into the following two stages.

Stage I: Maker builds a matching while making sure that neither ∆1 nor ∆2 are increased
and trying to decrease ∆1 + ∆2. This stage is divided into the following two phases.

Phase 1: At the beginning of the game and immediately after each of her moves in this
phase, if ∆1 < k1, then Maker proceeds to Stage II. Otherwise, if there exists a free edge uv
such that

(a) u ∈ S1 and v ∈ S2;

(b) dBr(u) = ∆1;

(c) dBr(v) = max{dBr(w) : w ∈ NG(u, S2) for which uw is free};

(d) dBr(v) ≥ 2;

then Maker claims an arbitrary such edge and repeats Phase 1. If no such edge exists, then
Maker proceeds to Phase 2.

Phase 2: In her first move in this phase, Maker claims a free edge uv such that u ∈ S1,
dBr(u) = ∆1 and v ∈ S2. Let xy denote the edge claimed by Breaker in his following move,
where x ∈ U1 and y ∈ U2. In her next (and final) move in this phase, Maker plays as follows.

(a) If x /∈ S1 or y /∈ S2, then Maker claims a free edge ab such that a ∈ S1, b ∈ S2 and
dBr(b) = ∆2.
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(b) Otherwise, if dBr(y) > k2, then Maker claims a free edge yz for an arbitrary vertex
z ∈ NG(y, S1).

(c) Otherwise, if there exists a vertex w ∈ S2 such that dBr(w) ≥ k2 and xw is free, then
Maker claims xw.

(d) Otherwise, Maker claims a free edge xz for an arbitrary vertex z ∈ NG(x, S2).

Maker then proceeds to Stage II.

Stage II: Maker builds a perfect matching of G[S] within |S1|+ 2 moves.

It is evident that, if Maker can follow the proposed strategy without forfeiting the game,
then she wins the perfect matching game, played on E(G), within n + 2 moves. It thus
suffices to prove that she can indeed do so.

We begin by proving the following simple claim.

Claim 5.18 If Maker follows the proposed strategy, then ∆1 ≤ k1 and ∆2 ≤ k2 hold imme-
diately after each of Maker’s moves in Phase 1 of Stage I.

Proof: The claim clearly holds before the game starts. Assume it holds immediately
after Maker’s jth move for some non-negative integer j. Let xy denote the edge claimed by
Breaker in his (j + 1)st move, where x ∈ U1 and y ∈ U2. Since Maker does not increase
dBr(w) for any w ∈ S in any of her moves, it follows that if x /∈ S1 or y /∈ S2, then there
is nothing to prove. Assume then that x ∈ S1 and y ∈ S2. It follows by our assumption
that ∆1 ≤ k1 + 1 and ∆2 ≤ k2 + 1 and that dBr(w) ≤ k1 holds for every w ∈ S1 \ {x} and
dBr(w) ≤ k2 holds for every w ∈ S2 \ {y}. Let uv denote the edge claimed by Maker in her
(j + 1)st move, where u ∈ S1 and v ∈ S2. If u = x, then x is removed from S1 and, as a
result, dBr(y) ≤ k2 holds after this move. Assume then that u 6= x; it follows by Maker’s
strategy that dBr(x) ≤ dBr(u) ≤ k1. If dBr(y) ≤ k2, then there is nothing to prove. Assume
then that dBr(y) = k2 + 1. If v = y, then y is removed from S2. Assume then that v 6= y.
Since y is the unique vertex of maximum degree in S2, it follows by Maker’s strategy that
uy ∈ E(Br). Hence, by claiming uv Maker decreases dBr(y). We conclude that ∆1 ≤ k1 and
∆2 ≤ k2 hold immediately after Maker’s (j + 1)st move. 2

We will first prove that Maker can follow Stage I of her strategy without forfeiting the
game, and, moreover, that this stage lasts at most k1n

k1+1
+ 2 moves.

It is obvious that Maker can follow her strategy for Phase 1. We will prove that this
phase lasts at most k1n

k1+1
moves. For every non-negative integer i, immediately after Breaker’s

(i + 1)st move, let D(i) =
∑

v∈S1
dBr(v). Note that D(i) ≥ 0 holds for every i and that

D(0) ≤ k1n + 1. For an arbitrary non-negative integer j, let uv be the edge claimed by
Maker in her (j+ 1)st move. Then D(j+ 1) ≤ D(j)−dBr(u)−dBr(v) + 1 ≤ D(j)− (k1 + 1),
where the last inequality follows by Properties (b) and (d) of the proposed strategy for Phase
1. It follows that there can be at most k1n

k1+1
such moves throughout Stage I.
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By its description, Phase 2 lasts exactly 2 moves. It follows that indeed Stage I lasts at
most k1n

k1+1
+ 2 moves. Therefore, |S1| = |S2| ≥ n

k1+1
− 2 > 2 + max{k1, k2} ≥ max{∆1,∆2}

holds throughout Stage I, where the second inequality holds since n is sufficiently large with
respect to k1 and k2. Hence, for every u ∈ S there exists some v ∈ S such that uv ∈ E is
free. In particular, Maker can follow the proposed strategy for Phase 2.

It remains to prove that Maker can follow Stage II of the proposed strategy without
forfeiting the game. Consider the game immediately after Maker’s last move in Stage I (or
before the game starts in case Maker plays no moves in Stage I). As noted above, at this
point we have |S1| = |S2| ≥ n

k1+1
− 2 ≥ max{f(k1 − 1, k2), f(k1, k2 − 1)}, where the last

inequality holds for sufficiently large n.

We claim that ∆1 ≤ k1, ∆2 ≤ k2 and ∆1 + ∆2 ≤ k1 + k2 − 1 hold at this point as well.
Note that, by Claim 5.18, ∆1 ≤ k1 and ∆2 ≤ k2 hold after each of Maker’s moves in Phase
1 of Stage I. If Maker enters Stage II directly from Phase 1 of Stage I, then ∆1 < k1 holds
as well and our claim follows. Assume then that Maker plays the two moves of Phase 2. It
follows by Claim 5.18 that immediately before Maker’s first move in this phase there is at
most one vertex z ∈ S1 such that dBr(z) > k1 and at most one vertex z′ ∈ S2 such that
dBr(z

′) > k2. In her first move in Phase 2, Maker claims an edge uv such that dBr(u) = ∆1.
Since this is done in Phase 2, it follows that uw ∈ E(Br) holds at this moment for every
w ∈ S2 for which dBr(w) ≥ 2. Clearly, ∆1 ≤ k1 holds after this move. Moreover, since
k2 ≥ 2, by removing u from S1, Maker decreases dBr(w) for every w ∈ S2 whose degree was
at least k2. Hence, ∆2 ≤ k2 holds after this move and, moreover, there is at most one vertex
z′′ ∈ S2 such that dBr(z

′′) = k2. In his next move, Breaker claims an edge xy. It is not hard
to see that each of the four options for Maker’s next move (as described in the proposed
strategy), ensures that ∆1 ≤ k1 and ∆2 < k2 will hold after this move.

We conclude that |S1| = |S2| ≥ max{f(k1 − 1, k2), f(k1, k2 − 1)}, ∆1 ≤ k1, ∆2 ≤ k2 and
∆1 + ∆2 ≤ k1 + k2 − 1 hold immediately before Breaker’s first move in Stage II. It thus
follows by the induction hypothesis that Maker can indeed build a perfect matching of G[S]
within |S1|+ 2 moves. 2

We are now ready to prove the main result of this section.

Proof of Theorem 5.3 Let L denote the set of leaves of T and let ε = (2∆(m2 +
1))−1. Since ∆(T ) ≤ ∆ and since T does not admit a bare path of length m2, it follows by
Lemma 5.12 that |L| ≥ |NT (L)| ≥ n

2∆(m2+1)
= εn. Let L′ ⊆ L be a maximal set of leaves, no

two of which have a common parent in T (that is, |L′| = |NT (L)|) and let T ′ = T \ L′.
First we describe a strategy for Maker in (E(Kn), Tn) and then prove that it allows her

to build a copy of T within n+ 1 moves. At any point during the game, if Maker is unable
to follow the proposed strategy, then she forfeits the game. The proposed strategy is divided
into the following two stages.

Stage I: In this stage, Maker’s aim is to embed a tree T ′′ such that T ′ ⊆ T ′′ ⊆ T and
|V (T ′′)| ≤ n− εn/2. Moreover, Maker does so in exactly |V (T ′′)| − 1 moves.
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Let k be the smallest integer such that ∆ + 3 ≤ ε∆k/40. Throughout this stage, Maker
maintains a set S ⊆ V (T ) of embedded vertices, an S-partial embedding f of T in Kn \ B,
a set A = V (Kn) \ f(S) of available vertices and a set D ⊆ V (Kn) of dangerous vertices,
where a vertex v ∈ V (Kn) is called dangerous if dB(v) ≥ ∆k+1 and v is either an available
vertex or an open vertex with respect to T . Initially, D = ∅, S = {v′} and f(v′) = v, where
v′ ∈ V (T ′) and v ∈ V (Kn) are arbitrary vertices.

For as long as V (T ′) \ S 6= ∅ or D 6= ∅, Maker plays as follows:

(1) If D 6= ∅, then let v ∈ D be an arbitrary vertex. We distinguish between the following
two cases:

(i) v is taken. Let v′1, . . . , v
′
r be the new neighbors of v′ := f−1(v) in T . In her next r

moves, Maker claims the edges of {vvi : 1 ≤ i ≤ r}, where v1, . . . , vr are r arbitrary
available vertices. Subsequently, Maker updates S, D and f by adding v′1, . . . , v

′
r

to S, deleting v from D and setting f(v′i) = vi for every 1 ≤ i ≤ r.

(ii) v is available. This case is further divided into the following three subcases:

(a) There exists a vertex u ∈ f(OT ) such that the edge uv is free. Maker claims
uv and updates S and f by adding v′ to S and setting f(v′) = v, where
v′ ∈ NT (f−1(u)) is an arbitrary new vertex. If v′ is a leaf of T , then Maker
deletes v from D.

(b) There are two vertices u,w ∈ f(OT ) and new vertices u1, u2, w1, w2 ∈ V (T )\S
such that f−1(u)u1, u1u2, f

−1(w)w1, w1w2 ∈ E(T ). Let z be an available vertex
such that the edges zv, zu and zw are free. Maker claims the edge zv and after
Breaker’s next move she claims zu if it is free and zw otherwise. Assume that
Maker claims zu (the complementary case in which she claims zw is similar).
She then updates S and f by adding u1 and u2 to S and setting f(u1) = z and
f(u2) = v. If u2 is a leaf of T , then Maker deletes v from D.

(c) There exists a vertex u ∈ f(OT ) and new vertices x′, y′, z′ ∈ V (T ) \ S such
that f−1(u)x′, x′y′, y′z′ ∈ E(T ). Maker claims a free edge vw for some w ∈ A.
Immediately after Breaker’s next move, let x be an available vertex such that
the edges xu, xv and xw are free. Maker claims the edge xu and after Breaker’s
next move she claims xw if it is free and xv otherwise. Assume that Maker
claims xw (the complementary case in which she claims xv is similar). She
then updates S and f by adding x′, y′ and z′ to S and setting f(x′) = x,
f(y′) = w and f(z′) = v. If z′ is a leaf of T , then Maker deletes v from D.

(2) If D = ∅, then Maker claims an arbitrary edge uv, where u ∈ f(OT ′) and v ∈ A.
Subsequently, she updates S and f by adding v′ to S and setting f(v′) = v, where
v′ ∈ NT ′(f

−1(u)) is an arbitrary new vertex.

As soon as V (T ′) \ S = D = ∅, Stage I is over and Maker proceeds to Stage II.

Stage II: Let H be the bipartite graph with parts A and f(OT ) and edge set E(H) =
{uv ∈ E(Kn) \ E(B) : u ∈ A, v ∈ f(OT )}. Maker builds a perfect matching of H within
|A|+ 2 moves, following the strategy whose existence is ensured by Lemma 5.16.
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It is evident that if Maker can follow the proposed strategy without forfeiting the game,
then she wins the game within n+ 1 moves. It thus suffices to prove that Maker can indeed
do so. We consider each of the two stages separately.

Stage I: We begin by proving the following three claims.

Claim 5.19 At most 2n
∆k+1 vertices become dangerous throughout Stage I.

Proof: Stage I of the proposed strategy lasts |V (T ′′)| − 1 ≤ n moves. Since, moreover,
a dangerous vertex has degree at least ∆k+1 in Breaker’s graph, it follows that there can be
at most 2n

∆k+1 such vertices. 2

Claim 5.20 The following two properties hold at any point during Stage I.

(1) |A| ≥ εn/2;

(2) dB(v) ≤ εn/(10∆) holds for every vertex v ∈ A ∪ f(OT ).

Proof: Starting with (1), note that |A| = n − |S| and that |S| = |V (T ′)| + |L′ ∩ S|
holds at the end of Stage I. Since |V (T ′)| ≤ n− εn it suffices to prove that |L′ ∩ S| ≤ εn/2.
Let w′ ∈ L′ ∩ S be an arbitrary vertex and let w = f(w′). Since Maker follows the proposed
strategy, D ∩ {w, f(NT (w′))} 6= ∅ must have been true at some point during Stage I. Using
Claim 5.19 we conclude that

|L′ ∩ S| ≤ 2n

∆k+1
≤ εn

2
.

Next, we prove (2). Let v ∈ A∪f(OT ) be an arbitrary vertex. If v was never a dangerous
vertex, then dB(v) < ∆k+1 ≤ εn/(10∆) holds by definition and since n is sufficiently large
with respect to ∆ and k. Otherwise, for as long as v ∈ D, Maker plays according to Case (1)
of the proposed strategy. Therefore, unless Maker forfeits the game, at some point during
Stage I she connects v to her tree (this requires zero moves in Case (i), one move in Case
(ii)(a), two moves in Case (ii)(b) and three moves in Case (ii)(c)). Since v can be removed
from D only in Case (i) or if f−1(v) is a leaf of T , it follows that, unless Maker forfeits the
game, at some point during Stage I she closes v. According to the proposed strategy for Case
(i), this requires at most ∆ moves. We conclude that Maker spends at most ∆ + 3 moves on
connecting a dangerous vertex to her tree and closing it. It thus follows by Claim 5.19 that

dB(v) ≤ ∆k+1 + (∆ + 3) · 2n

∆k+1
≤ ∆k+1 +

ε∆k

40
· 2n

∆k+1
≤ εn

10∆
,

where the last inequality holds since n is sufficiently large with respect to ∆ and k. 2

Claim 5.21 At any point during Stage I, if D 6= ∅ and v ∈ D is available, then at least one
of the conditions (a), (b) or (c) of Case (1)(ii) must hold.
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Proof: Suppose for a contradiction that none of (a), (b) and (c) hold. Since (a) does
not hold and since dB(v) ≤ εn/(10∆) holds by Part (2) of Claim 5.20, it follows that
|NT (L)∩OT | ≤ |OT | ≤ εn/(10∆). Since (b) does not hold, it follows that |OT \NT (L)| ≤ 1.
Finally, since (c) does not hold, it follows that if x ∈ OT \ NT (L), then x ∈ NT (NT (L)).
Therefore

|A| ≤ |NT (L) ∩ OT | ·∆ + |OT \NT (L)| · (∆ + ∆2)

≤ εn/(10∆) ·∆ + 1 · (∆ + ∆2)

< εn/2 ,

contrary to Part (1) of Claim 5.20. 2

Next, we consider each case of Stage I separately and prove that Maker can follow the
proposed strategy for that case.

(1) In this case D 6= ∅. Let v ∈ D be an arbitrary vertex.

(i) For as long as v is open we have dB(v) ≤ εn/(10∆) < εn/2−2∆ ≤ |A|−2∆, where
the first inequality holds by Part (2) of Claim 5.20 and the last inequality holds
by Part (1) of Claim 5.20. Maker can thus close v as instructed by the proposed
strategy for this case.

(ii) In this case (and all of its subcases) v is available.

(a) It readily follows by its description that Maker can follow the proposed strategy
for this subcase.

(b) Let u and w be open vertices as described in the proposed strategy for this
subcase. It follows by Parts (1) and (2) of Claim 5.20 that

dB(v) + dB(u) + dB(w) ≤ 3εn/(10∆) < εn/2 ≤ |A| .

We conclude that there exists a vertex z ∈ A such that the edges zv, zu and
zw are free.

(c) Similarly to Case (i) above, there exists a vertex w ∈ A such that the edge vw
is free. Similarly to case (ii)(b) above, there exists a vertex z ∈ A such that
the edges zv, zu and zw are free.

(2) Since D = ∅ and yet Stage I is not over, it follows that V (T ′) \ S 6= ∅. It follows that
OT ′ 6= ∅. Let u ∈ f(OT ′) be an arbitrary vertex. Since D = ∅, it follows that dB(u) <
∆k+1 < εn/2 ≤ |A|, where the last inequality follows from Part (1) of Claim 5.20. We
conclude that there exists a vertex v ∈ A such that uv is free.

Stage II: Since D = ∅ holds at the end of Stage I, it follows that δ(H) ≥ |A| − ∆k+1.
Since, moreover, n is sufficiently large and |A| ≥ εn/2 holds by Part (1) of Claim 5.20, it
follows by Lemma 5.16 that Maker has a strategy to win the perfect matching game, played
on E(H), within |A|+ 2 moves.
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At the end of Stage I, Maker’s graph is a tree isomorphic to T ′′. Hence, Stage I lasts ex-
actly |V (T ′′)|−1 moves. By Lemma 5.16, Stage II lasts at most |A|+2 = |V (T )|−|V (T ′′)|+2
moves. We conclude that the entire game lasts at most |V (T )|+ 1 = n+ 1 moves. 2

5.4 Building trees in optimal time

In this section we will prove Theorems 5.4 and 5.5. A central ingredient in the proofs of
both theorems is Maker’s ability to build a Hamilton path with some designated vertex as
an endpoint in optimal time. Our strategy for building a path quickly is based on the proof
of Theorem 1.4 from [39]. In particular, the first step is to build a perfect matching.

Lemma 5.22 For every sufficiently large integer r there exists an integer n0 = n0(r) such
that for every even integer n ≥ n0 and every graph G with n vertices and e(G) ≥

(
n
2

)
−n+ r

edges, Maker has a strategy to win the perfect matching game, played on E(G), within n/2+1
moves.

Proof: The following notation and terminology will be used throughout this proof.
At any point during the game, let S denote the set of vertices of G which are isolated in
Maker’s graph. Let Br = ((Kn \ G) ∪ B)[S]. For every free edge e ∈ G[S], let D(e) =
| {f ∈ E(Br) : e ∩ f 6= ∅} | denote the danger of e.

We present a strategy for Maker and then prove that it allows her to build a perfect
matching of G within n/2 + 1 moves. At any point during the game, if Maker is unable to
follow the proposed strategy, then she forfeits the game. The strategy is divided into the
following two stages.

Stage I: If there exists a free edge e ∈ G[S] such that D(e) ≥ 3, then Maker claims an
arbitrary such edge and repeats Stage I. Otherwise, she proceeds to Stage II.

Stage II: Maker builds a perfect matching of G[S] within |S|/2 + 1 moves.

It is evident that, if Maker can follow the proposed strategy without forfeiting the game,
then she wins the perfect matching game, played on E(G), within n/2 + 1 moves. It thus
suffices to prove that she can indeed do so.

It is clear by its description that Maker can follow Stage I of the proposed strategy
without forfeiting the game. In order to prove that she can also follow Stage II of the
proposed strategy, we first prove the following three claims.

Claim 5.23 e(Br) ≤ v(Br)− 2 holds at any point during Stage I.

Proof: The required inequality holds before and immediately after Breaker’s first move
since e(Br) ≤ e(Kn \G) + 1 ≤ n− r+ 1 ≤ n− 2 = v(Br)− 2 holds at that time, where the
second inequality holds by assumption and the third inequality holds since r ≥ 3. Assume
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that this inequality holds immediately after Breaker’s jth move for some positive integer j.
If Maker plays her jth move in Stage I, then she claims an edge e ∈ G[S] such that D(e) ≥ 3.
This decreases v(Br) = |S| by 2 and e(Br) by at least 3. It follows that e(Br) ≤ v(Br)− 3
holds immediately after Maker’s jth move. In his (j+1)st move, Breaker increases e(Br) by
at most 1 and does not decrease v(Br). Hence e(Br) ≤ v(Br) − 2 holds immediately after
his (j + 1)st move. 2

Claim 5.24 Maker plays at most (n− r)/2 moves in Stage I.

Proof: In each round (that is, a move of Maker and a counter move of Breaker) of Stage
I, e(Br) is decreased by at least 2 (it is decreased by D(e) ≥ 3 in Maker’s move and then
increased by at most 1 in Breaker’s move). The claim now follows since e(Br) ≥ 0 holds at
any point during the game and e(Br) ≤ e(Kn \G) + 1 ≤ n− r + 1 holds immediately after
Breaker’s first move. 2

Claim 5.25 Let m ≥ 6 be an even integer and let H = (V,E) be a graph on m vertices
which satisfies the following two properties:

(i) |{f ∈ E : e ∩ f 6= ∅}| ≤ 2 for every e ∈ E(Km) \ E.

(ii) For every u ∈ V there exists a vertex v ∈ V such that uv /∈ E.

Then there exists a partition V = A ∪B such that |A| = |B| = m/2 and eH(A,B) ≤ 1.

Proof: Note that ∆(H) ≤ 2. Indeed, suppose for a contradiction that there exist
vertices u, v1, v2, v3 ∈ V such that uv1, uv2, uv3 ∈ E. It follows by Property (ii) that there
exists a vertex v4 ∈ V such that uv4 /∈ E. We thus have uv1, uv2, uv3 ∈ {f ∈ E : uv4∩f 6= ∅},
contrary to Property (i).

Assume first that ∆(H) = 2 and let u, v, w ∈ V be such that uv, uw ∈ E. Let A be
an arbitrary subset of V \ {u, v, w} of size m/2 (such a set A exists since m ≥ 6) and let
B = V \ A. We claim that eH(A,B) = 0. Indeed, suppose for a contradiction that there
exist vertices x ∈ A and y ∈ B such that xy ∈ E. Since ∆(H) ≤ 2 and uv, uw ∈ E, it
follows that ux ∈ E(Km) \ E. However, we then have uv, uw, xy ∈ {f ∈ E : ux ∩ f 6= ∅},
contrary to Property (i).

Assume then that ∆(H) ≤ 1, that is, H is a matching. Let E = {xiyi : 1 ≤ i ≤ `},
where 0 ≤ ` ≤ m/2 is an integer. Let A = {x1, . . . , xdm/4e, y1, . . . , ybm/4c} and let B = V \A.
Note that |A| = |B| = m/2 and that EH(A,B) ⊆ {xdm/4eydm/4e} and thus eH(A,B) ≤ 1 as
claimed. 2
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We are now ready to prove that Maker can follow Stage II of the proposed strategy with-
out forfeiting the game. It follows by the description of Stage I of the proposed strategy that
D(e) ≤ 2 holds for every free edge e ∈ G[S] at the beginning of Stage II. Moreover, it follows
by Claim 5.23 that, immediately after Breaker’s last move in Stage I, for every u ∈ V there
is a free edge e such that u ∈ e. Therefore, the conditions of Claim 5.25 are satisfied (with
H = Br). Hence, there exists a partition S = A ∪ B such that eBr(A,B) ≤ 1. Let e be
an edge for which EG[S](A,B) ⊇ EKn(A,B) \ {e}. Maker (being the first to play in Stage
II) plays the perfect matching game on EKn(A,B) \ {e}. She pretends that she is in fact
playing as the second player on EKn(A,B) and that Breaker has claimed e in his first move.
Since r is sufficiently large and |S| ≥ n − 2(n − r)/2 = r holds by Claim 5.24, it follows
by Theorem 5.15 that Maker has a strategy to win the perfect matching game, played on
EKn(A,B), within |S|/2 + 1 moves. 2

We will use Lemma 5.22 to prove the following result.

Lemma 5.26 There exists an integer m0 such that the following holds for every m ≥ m0.
Let G be a graph with m vertices and

(
m
2

)
− k edges, where k is a non-negative integer.

Assume that k ≤ (m − 25)/2 if m is odd and k ≤ (m − 28)/2 if m is even. Let x be an
arbitrary vertex of G. Then, playing a Maker-Breaker game on E(G), Maker has a strategy
to build in m− 1 moves a Hamilton path of G such that x is one of its endpoints.

Proof: The following notation and terminology will be used throughout this proof.
Given paths P1 = (v1 . . . vt) and P2 = (u1 . . . ur) in a graph G for which vtu1 ∈ E(G), let
P1 ◦ vtu1 ◦ P2 denote the path (v1 . . . vtu1 . . . ur). Let G be a graph on m vertices and let
P0, P1, . . . , P` be paths in G where P0 = {p0} is a special path of length zero and e(Pi) ≥ 1
for every 1 ≤ i ≤ `. For every 1 ≤ i ≤ ` let End(Pi) denote the set of two endpoints of the
path Pi and let End =

⋃`
i=1 End(Pi) ∪ {p0}. Let

X =

{
uv ∈ E(Km) : {u, v} ∈

(
End

2

)
and {u, v} 6= End(Pi) for every 1 ≤ i ≤ `

}
.

At any point during the game, let Br denote the graph with vertex set End and edge set
X ∩ (E(Km \G) ∪ E(B)). The edges of X \ E(Br) are called available. For every available
edge e, let D(e) = | {f ∈ E(Br) : e ∩ f 6= ∅} | denote the danger of e.

Without loss of generality we can assume that m is odd (otherwise, in her first move,
Maker claims an arbitrary free edge xx′ and then plays on (G \ B)[V (G) \ {x}] with x′ as
the designated endpoint; note that k ≤ (m− 28)/2 =⇒ k + 1 ≤ [(m− 1)− 25]/2).

We present a strategy for Maker and then prove that it allows her to build the required
path in m−1 moves. At any point during the game, if Maker is unable to follow the proposed
strategy, then she forfeits the game. The strategy is divided into the following five stages.

Stage I: Maker builds paths P1, . . . , P(m−3)/2 in G\{x} which satisfy the following three
properties:

(a) e(P1) = 3.



79

(b) e(Pi) = 1 for every 2 ≤ i ≤ (m− 3)/2.

(c) V (Pi) ∩ V (Pj) = ∅ for every 1 ≤ i < j ≤ (m− 3)/2.

This stage lasts exactly (m− 1)/2 + 1 moves. As soon as it is over, Maker proceeds to Stage
II.

Stage II: Let p0 = x, let P0 = {p0}, let ` = (m − 3)/2 and let P = {P0, P1, . . . , P`}.
For every i ≥ (m− 1)/2 + 2, immediately before her ith move, Maker checks whether there
exists an available edge e ∈ X \ E(Br) such that D(e) ≥ 3. If there is no such edge, then
this stage is over and Maker proceeds to Stage III. Otherwise, in her ith move, Maker claims
an arbitrary such edge uv. She then updates P as follows. Let 0 ≤ i < j ≤ ` denote the
unique indices for which u ∈ V (Pi) and v ∈ V (Pj). Maker deletes Pj from P . Moreover, If
i ≥ 1, then she replaces Pi with Pi ◦ uv ◦ Pj (which is now referred to as Pi) and if i = 0,
then she sets p0 = z, where z is the unique vertex in End(Pj) \ {v}. In both cases the set X
is updated accordingly.

Stage III: If ∆(Br) ≤ 1, then this stage is over and Maker proceeds to Stage IV.
Otherwise, she claims an available edge uu′, where u ∈ End is an arbitrary vertex of degree
at least 2 in Br. Maker then updates P and X as in Stage II and repeats Stage III.

Stage IV: In her first move in this stage, Maker plays as follows. If there exists a vertex
w ∈ End such that p0w ∈ E(Br), then Maker claims an available edge wz. Otherwise, she
claims an arbitrary available edge. In either case she updates P and X as in Stage II.

For every i ≥ 2, before her ith move in this stage, Maker checks how many paths are in P .
If there are exactly 3 paths, then this stage is over and she proceeds to Stage V; otherwise,
she plays as follows. Let uv denote the edge claimed by Breaker in his last move; assume
without loss of generality that u 6= p0. If uv /∈ X, then Maker claims an arbitrary available
edge. Otherwise she claims an available edge uw for some w ∈ End \ {p0}. In either case
Maker updates P and X as in Stage II and repeats Stage IV.

Stage V: Claiming two more edges, Maker connects her 3 paths to a Hamilton path of
G such that x is one of its endpoints.

It is evident that, if Maker can follow the proposed strategy without forfeiting the game,
then she builds a Hamilton path of G such that x is one of its endpoints in m− 1 moves. It
thus suffices to prove that she can indeed do so. We consider each stage separately.

Stage I: Since m is sufficiently large, k ≤ (m− 25)/2 and |V (G) \ {x}| = m− 1 is even,
it follows by Lemma 5.22 that Maker can follow the proposed strategy for this stage.

Stage II: It follows by its description that Maker can follow the proposed strategy for
this stage.

Stage III: In order to prove that Maker can follow the proposed strategy for this stage
without forfeiting the game, we will first prove the following three claims.

Claim 5.27 Maker plays at most (m+ 2k + 3)/4 moves in Stage II.
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Proof: Since Breaker claims exactly (m−1)/2 + 2 edges of G before Maker’s first move
in Stage II, it follows that e(Br) ≤ (m − 1)/2 + 2 + k holds at that point. In each round
(that is, a move of Maker and a counter move of Breaker) of Stage II, e(Br) is decreased
by at least 2 (it is decreased by D(e) ≥ 3 in Maker’s move and then increased by at most
1 in Breaker’s move). The claim now follows since e(Br) ≥ 0 holds at any point during the
game. 2

Claim 5.28 e(Br) ≤ |End| − 3 holds at any point during Stage II.

Proof: At the end of Stage I, Maker’s graph consists of (m−5)/2 paths of length 1 each,
1 path of length 3, and 1 special path P0 = {x} of length 0. Hence, |End| = m − 2 holds
at the beginning of Stage II. Since Breaker claims exactly (m − 1)/2 + 2 edges of G before
Maker’s first move of Stage II, it follows that e(Br) ≤ (m−1)/2+2+k ≤ m−5 = |End|−3
holds at that point, where the last inequality holds by the assumed upper bound on k. As-
sume that e(Br) ≤ |End| − 3 holds immediately after Breaker’s jth move for some integer
j ≥ (m−1)/2+2. If Maker plays her jth move in Stage II, then she claims an available edge
e such that D(e) ≥ 3. This decreases |End| by 2 and e(Br) by at least 3. It follows that
e(Br) ≤ |End|−4 holds immediately after Maker’s jth move. In his (j+ 1)st move, Breaker
increases e(Br) by at most 1 and does not decrease |End|. Hence e(Br) ≤ |End| − 3 holds
immediately after his (j + 1)st move. 2

Claim 5.29 The following three properties hold immediately before Maker’s first move of
Stage III:

(i) |End| ≥ (m− 2k − 7)/2.

(ii) ∆(Br) ≤ 2.

(iii) Br is a matching or a subgraph of K3 or a subgraph of C4 whose vertices are End(Pi)∪
End(Pj) for some 1 ≤ i < j ≤ `.

Proof: As shown in the proof of Claim 5.28, |End| = m− 2 holds at the beginning of
Stage II. In each of her moves in Stage II, Maker decreases |End| by exactly 2. Since, by
Claim 5.27 Maker plays at most (m + 2k + 3)/4 moves in Stage II, it follows that |End| ≥
(m− 2)− (m+ 2k + 3)/2 = (m− 2k − 7)/2 holds at the end of Stage II; this proves (i).

Next, we prove (ii). suppose for a contradiction that there are vertices u, v1, v2, v3 ∈
End such that uv1, uv2, uv3 ∈ E(Br) at the end of Stage II. It follows by Claim 5.28 that
there exists a vertex v4 ∈ End such that the edge uv4 is available. Clearly uv1, uv2, uv3 ∈
{f ∈ E(Br) : uv4 ∩ f 6= ∅}. Therefore, D(uv4) ≥ 3 contrary to our assumption that Stage
II is over.

Finally, we prove (iii). It follows by (ii) that ∆(Br) ≤ 2. If ∆(Br) ≤ 1, then Br is a
matching. Assume then that there are vertices u, v, w ∈ End such that uv, uw ∈ E(Br).
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Let 1 ≤ i ≤ ` be the unique index such that u ∈ V (Pi) and let u′ = End(Pi) \ {u}. We
claim that dBr(z) = 0 for every z ∈ End \ {u, v, w, u′}. Indeed, suppose for a contradiction
that there exist vertices z ∈ End \ {u, v, w, u′} and z′ ∈ End such that zz′ ∈ E(Br). Since
∆(Br) ≤ 2, z /∈ {u, v, w, u′} and uv, uw ∈ E(Br), it follows that uz is available. However,
we then have uv, uw, zz′ ∈ {f ∈ E(Br) : uz ∩ f 6= ∅}. Therefore, D(uz) ≥ 3 contrary to our
assumption that Stage II is over. If dBr(u

′) = 0 as well, then E(Br) ⊆ {uv, uw, vw}, that
is, Br is a subgraph of K3. Assume then without loss of generality that u′w ∈ E(Br). Since
∆(Br) ≤ 2 holds by (ii), it follows that vw /∈ E(Br). If on the other hand vw is available,
then uv, uw, u′w ∈ {f ∈ E(Br) : vw∩f 6= ∅} contrary to our assumption that Stage II is over.
It follows that {v, w} = End(Pj) for some 1 ≤ j ≤ ` and that E(Br) ⊆ {uv, uw, u′v, u′w}. 2

We can now prove that Maker can follow the proposed strategy for this stage without
forfeiting the game. While doing so we will also show that she plays at most 2 moves in
Stage III. It follows by Part (iii) of Claim 5.29 that, immediately before Maker’s first move in
Stage III, the graph Br is a matching or a subgraph of K3 or a subgraph of C4 whose vertices
are End(Pi)∪End(Pj) for some 1 ≤ i < j ≤ `. In the first case, ∆(Br) ≤ 1 and thus Maker
plays no moves in Stage III. Next, assume that {uv, uw} ⊆ E(Br) ⊆ {uv, uw, vw} for some
u, v, w ∈ End. Assume without loss of generality that Maker claims uy in her first move
of Stage III. Since e(Br) ≤ 3 holds immediately before this move, it follows by Part (i) of
Claim 5.29 and by the assumed upper bound on k from Lemma 5.26 that such an available
edge exists. Let zz′ denote the edge claimed by Breaker in his subsequent move. Note that
E(Br) ⊆ {vw, zz′} holds at this point. If {v, w} ∩ {z, z′} = ∅, then Br is a matching and
Stage III is over. Assume then without loss of generality that v = z. In her second move
of Stage III, Maker claims an available edge vz′′. Since e(Br) ≤ 2 holds immediately before
this move, it follows that such an available edge exists. Clearly, e(Br) ≤ 1 must hold after
Breaker’s next move. It follows that Maker will not play any additional moves in Stage
III. Finally, assume that there are indices 1 ≤ i < j ≤ ` such that End(Pi) = {u, u′},
End(Pj) = {v, v′} and E(Br) ⊆ {uv, uv′, u′v, u′v′}. Assume without loss of generality that
Maker claims uy in her first move of Stage III. Since e(Br) ≤ 3 holds immediately before
this move, it follows that such an available edge exists. Let zz′ denote the edge claimed by
Breaker in his subsequent move. Note that E(Br) ⊆ {u′v, u′v′, zz′} holds at this point. Since
vv′ /∈ X, it follows that zz′ 6= vv′; assume without loss of generality that z /∈ {v, v′}. In her
second move of Stage III, Maker claims u′z if z′ 6= u′ and an available edge u′z′′ otherwise.
Since e(Br) ≤ 3 holds immediately before this move, it follows that such an available edge
exists. Clearly, e(Br) ≤ 1 must hold after Breaker’s next move. It follows that Maker will
not play any additional moves in Stage III.

Stage IV: In order to prove that Maker can follow the proposed strategy for this stage
without forfeiting the game, we will first prove the following two claims.

Claim 5.30 At the end of Stage III, Maker’s graph consists of at least 4 paths.

Proof: It follows by Part (i) of Claim 5.29 that |End| ≥ (m − 2k − 7)/2 holds at the
end of Stage II. Since, as noted above, Maker plays at most 2 moves in Stage III, it follows
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that |End| ≥ (m− 2k − 11)/2 ≥ 7 holds at the end of that stage, where the last inequality
holds by the assumed upper bound on k. The claim readily follows. 2

Claim 5.31 The following two properties hold immediately after each of Maker’s moves in
this stage:

(i) dBr(p0) = 0.

(ii) ∆(Br) ≤ 1.

Proof: It follows by the description of Stage III of the proposed strategy that Property
(ii) holds immediately before Maker’s first move in Stage IV. It thus follows by the descrip-
tion of Maker’s first move in this stage, that both properties hold after this move. Assume
then that both properties hold immediately after Maker’s ith move of this stage for some
i ≥ 1. Let uv denote the edge claimed by Breaker in his ith move of this stage (recall that
Maker is the first to play in Stage IV), where u 6= p0. Assume that uv ∈ X as otherwise
there is nothing to prove. Note that dBr(w) ≤ 1 holds for every w ∈ End \ {u, v} at this
point. Unless she forfeits the game, in her (i + 1)st move of this stage, Maker claims an
available edge uw such that w ∈ End \ {p0}. This does not change p0, removes u from End
and decreases dBr(v) by 1. It follows that dBr(v) ≤ 1 and that dBr(v) = 0 if v = p0. 2

It follows by Claim 5.30 and by the description of the proposed strategy for Stage IV
that |End| ≥ 7 holds immediately before each of Maker’s moves in Stage IV. It thus follows
by Property (ii) from Claim 5.31 that Maker can follow the proposed strategy for this stage
without forfeiting the game.

Stage V: It follows by Claim 5.30 and by the description of the proposed strategy for
Stage IV that Maker’s graph consists of exactly 3 paths (one of which is p0) in the beginning
of Stage V. Using Properties (i) and (ii) from Claim 5.31, one can show via a simple case
analysis (whose details we omit) that, regardless of Breaker’s strategy, Maker can claim two
available edges such that the resulting graph is a Hamilton path with x as an endpoint. 2

We now turn to the proof of Theorem 5.4 whose main idea is the following. Similarly to
the proof of Theorem 5.3 given in Section 5.3, Maker starts by embedding a tree T ′′ ⊆ T
while limiting Breaker’s degrees in certain vertices. In contrast to the proof of Theorem 5.3,
where T \T ′′ is a matching of linear size, in the current proof T \T ′′ consists of linearly many
pairwise vertex-disjoint bare paths of length k each, where k is a fixed large constant. We
then embed the paths of T \T ′′, recalling that for each of them, one endpoint was previously
embedded. The main tool used for this latter part is Lemma 5.26.

In order to prove Theorem 5.4 we will require the following results.
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Theorem 5.32 (Theorem 3 in [55]) Let T be a tree, chosen uniformly at random from
the class of all labeled trees on n vertices. Then asymptotically almost surely, ∆(T ) =
(1 + o(1)) log n/ log log n.

Lemma 5.33 For every positive integer k there exists a real number ε > 0 such that the
following holds for every sufficiently large integer n. Let T be a tree, chosen uniformly at
random from the class of all labeled trees on n vertices. Then asymptotically almost surely
T is such that there exists a family P which satisfies all of the following properties:

(1) Every P ∈ P is a bare path of length k in T .

(2) |P| ≥ εn.

(3) For every P ∈ P, one of the vertices in End(P ) is a leaf of T .

(4) If P1 ∈ P and P2 ∈ P are two distinct paths, then V (P1) ∩ V (P2) = ∅.

Lemma 5.33 is an immediate corollary of Lemma 3 from [1]; we omit the straightforward
details.

Lemma 5.34 Let k and q be integers and let X and Y be sets such that |X| = q and
|Y | = kq. Let H be a graph, where V (H) = X ∪ Y , which satisfies the following properties:

(a) ∆(H[Y ]) ≤ q − 1.

(b) dH(u, Y ) ≤ q/2 for every u ∈ X.

(c) dH(u,X) ≤ q/(2k) for every u ∈ Y .

Then there exists a partition V (H) = V1 ∪ . . .∪Vq such that the following properties hold for
every 1 ≤ i ≤ q:

(i) |X ∩ Vi| = 1.

(ii) |Y ∩ Vi| = k.

(iii) E(H[Vi]) = ∅.

In the proof of Lemma 5.34 we will make use of the following well known result due to
Hajnal and Szemerédi [35].

Theorem 5.35 (Theorem 1 in [35]) Let G be a graph on n vertices and let r be a positive
integer. If ∆(G) ≤ r−1, then there exists a proper r-colouring of the vertices of G such that
every colour class has size bn/rc or dn/re.
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Proof of Lemma 5.34 Since ∆(H[Y ]) ≤ q−1 holds by Property (a), it follows by The-
orem 5.35 that there exists a partition Y = U1∪ . . .∪Uq such that |Ui| = k and E(H[Ui]) = ∅
hold for every 1 ≤ i ≤ q. Let U = {U1, . . . , Uq} and let G be the bipartite graph with parts
X := {x1, . . . , xq} and U where, for every 1 ≤ i, j ≤ q there is an edge of G between xi and
Uj if and only if dG(xi, Uj) = 0. Since δ(G) ≥ q/2 holds by Properties (b) and (c), it follows
by Hall’s Theorem (see, e.g. [60]) that G admits a perfect matching. Assume without loss of
generality that {xiUi : 1 ≤ i ≤ q} is such a matching. For every 1 ≤ i ≤ q let Vi = Ui ∪{xi}.
It is easy to see that the partition V (H) = V1∪. . .∪Vq satisfies Properties (i), (ii) and (iii). 2

Proof of Theorem 5.4 Let k be a sufficiently large integer (e.g. m0 from Lemma 5.26
is large enough) and let n be sufficiently large with respect to k. Let T be a tree, chosen uni-
formly at random from the class of all labeled trees on n vertices. It follows by Theorem 5.32
that, asymptotically almost surely, ∆(T ) = (1 + o(1)) log n/ log log n and by Lemma 5.33
that there exists a family P of εn pairwise vertex-disjoint bare paths of T , such that for
every P ∈ P , P = (vP0 . . . v

P
k ) and vPk is a leaf of T . From now on we will thus assume that

the tree T satisfies these properties.

Let

T ′ = T \

(⋃
P∈P

(
V (P ) \ {vP0 }

))
.

Throughout the game, Maker maintains a set S ⊆ V (T ) of embedded vertices, an S-partial
embedding f of T in Kn \ B and a set A = V (Kn) \ f(S) of available vertices. Initially,
S = {v′} and f(v′) = v, where v′ ∈ V (T ′) and v ∈ V (Kn) are arbitrary vertices.

First we describe a strategy for Maker in (E(Kn), Tn) and then prove that it allows her
to build a copy of T within n− 1 moves. At any point during the game, if Maker is unable
to follow the proposed strategy, then she forfeits the game. Certain parts of the proposed
strategy are very similar to the strategy described in the proof of Theorem 5.3. Therefore,
we describe these parts rather briefly while elaborating considerably where the two strategies
differ. The proposed strategy is divided into the following three stages.

Stage I: Maker builds a tree T ′′ such that the following properties hold at the end of
this stage:

(1) T ′ ⊆ T ′′ ⊆ T .

(2) dB(v) ≤ 2
√
n log n for every vertex v ∈ A ∪ f(OT ).

(3) |{P ∈ P : vP1 ∈ S}| ≤
√
n (in particular, |V (T ′′)| ≤ n− εn).

Moreover, Maker does so in exactly |V (T ′′)| − 1 moves.

Stage II: In this stage Maker completes the embedding of every path P ∈ P which was
partially embedded in Stage I. For every P ∈ P , let 0 ≤ iP ≤ k denote the largest integer
such that vPiP ∈ S. For as long as there exists a path P ∈ P for which 0 < iP < k, Maker
plays as follows. She picks an arbitrary path P ∈ P for which 0 < iP < k and claims an
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arbitrary free edge f(vPiP )u, where u ∈ A. Subsequently, Maker updates S and f by adding
vPiP+1 to S and setting f(vPiP+1) = u.

As soon as iP ∈ {0, k} holds for every P ∈ P , Stage II is over and Maker proceeds to
Stage III.

Stage III: Let f(OT ) = {x1, . . . , xq} and let A∪{x1, . . . , xq} = V1∪. . .∪Vq be a partition
of A ∪ {x1, . . . , xq} such that the following properties hold for every 1 ≤ i ≤ q:

(a) |Vi| = k + 1.

(b) xi ∈ Vi.

(c) E(B[Vi]) = ∅.

For every 1 ≤ i ≤ q let Si be a strategy for building a Hamilton path of (Kn \ B)[Vi] such
that xi is one of its endpoints in |Vi| − 1 moves. Maker plays q such games in parallel, that
is, whenever Breaker claims an edge of Kn[Vi] for some 1 ≤ i ≤ q for which M [Vi] is not yet
a Hamilton path, Maker plays in (Kn \ B)[Vi] according to Si. In all other cases, she plays
in (Kn \ B)[Vj] according to Sj, where 1 ≤ j ≤ q is an arbitrary index for which M [Vj] is
not yet a Hamilton path.

It is evident that if Maker can follow the proposed strategy without forfeiting the game,
then she builds a copy of T in n− 1 moves. It thus suffices to prove that Maker can indeed
do so. We consider each of the three stages separately.

Stage I: The exact details of Maker’s strategy for this stage and the proof that she can
follow it without forfeiting the game are essentially the same as those for Stage I in the
proof of Theorem 5.3. There are a few differences which arise since ∆(T ) is not bounded
(but not too large either – see Theorem 5.32) and since T \ T ′ consists of pairwise vertex-
disjoint long bare paths, rather than a matching. Defining a vertex v ∈ A ∪ f(OT ) to be
dangerous if dB(v) ≥

√
n log n ensures that at most 2

√
n/ log n vertices become dangerous

throughout Stage I similarly to Claim 5.19. Since the paths in P are pairwise vertex-disjoint,
∆(T ) = o(log n) and 2

√
n log n ≤ εn/(10∆(T )), it follows that Claims 5.20 and 5.21 hold as

well. The remaining details are omitted.

Stage II: Since e(P ) = k holds for every P ∈ P , it follows by Property (3) that Stage
II lasts O(k

√
n) moves and that |A| = Θ(n) holds at any point during this stage. Since n

is sufficiently large with respect to k, it follows by Property (2) that dB(v) = O(
√
n log n)

holds for every vertex v ∈ A∪f(OT ) at any point during this stage. We conclude that Maker
can indeed follow the proposed strategy for this stage.

Stage III: Since, as noted above, dB(v) = O(
√
n log n) holds for every vertex v ∈

A∪ f(OT ) at the end of Stage II and since n is sufficiently large with respect to k, it follows
by Lemma 5.34 that the required partition exists. Moreover, it follows by Property (c), by the
choice of k and by Lemma 5.26 that Maker can follow the proposed strategy for this stage. 2

We end this section with a proof of Theorem 5.5. The main idea is similar to the proof of
Theorem 5.2 given in Section 5.2. That is, we first embed the tree T except for a sufficiently
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long bare path P between a leaf and another vertex and then embed P , recalling that one
of its endpoints was already embedded. We will do so without wasting any moves. We can
thus use Theorem 5.6 for the former and Lemma 5.26 for the latter.

Proof of Theorem 5.5 Let k =
(

∆
2

)
+1, let m0 = m0(k) be the constant whose existence

follows from Lemma 5.26 and let m3 = max{m0, (∆ + 1)2}. Let P be a bare path in T of
length m3 with endpoints x′1 and x′2, where x′2 is a leaf. Let T ′ be the tree which is obtained
from T by deleting all the vertices in V (P ) \ {x′1}.

Maker’s strategy consists of two stages. In the first stage she embeds T ′ using the strategy
whose existence follows from Theorem 5.6 (with r = 1) while ensuring that Properties
(i) and (ii) are satisfied. Let f : T ′ → M be an isomorphism, let x1 = f(x′1), let A =
V (Kn) \ f(V (T ′)), let U = A ∪ {x1} and let G = (Kn \B)[U ].

In the second stage she embeds P into G such that x1 is the non-leaf endpoint. She does
so using the strategy whose existence follows from Lemma 5.26 which is applicable by the
choice of m3 and by Property (ii). Hence, T ⊆M holds at the end of the second stage, that
is, Maker wins the game.

It follows by Theorem 5.6 that the first stage lasts exactly v(T ′)−1 = n−|V (P )| = n−|U |
moves. It follows by Lemma 5.26 that the second stage lasts exactly |U | − 1 moves. There-
fore, the entire game lasts exactly n− 1 moves as claimed. 2

5.5 Concluding remarks and open problems

Building trees in the shortest possible time.

As noted in the introduction of this chapter, there are trees T on n vertices with bounded
maximum degree which Maker cannot build in n−1 moves. We proved that Maker can build
such a tree T in at most n moves if it admits a long bare path and in at most n + 1 moves
if it does not. We do not believe that there are bounded degree trees that require Maker to
waste more than one move. This leads us to make the following conjecture.

Conjecture 5.36 Let ∆ be a positive integer. Then there exists an integer n0 = n0(∆) such
that for every n ≥ n0 and for every tree T = (V,E) with |V | = n and ∆(T ) ≤ ∆, Maker has
a strategy to win the game (E(Kn), Tn) within n moves.

It follows by Theorem 5.2 that the assertion of Conjectute 5.36 is true for bounded degree
trees which admit a long bare path; the problem is with trees that do not admit such a path.
Nevertheless, we can prove Conjectute 5.36 for many (but not all) such trees as well. For
example, we can prove (but omit the details) that Maker has a strategy to build a complete
binary tree in n moves (recall from the introduction of this chapter that this is tight).

Building trees without wasting moves.

As previously noted, there are trees which Maker can build in n− 1 moves (such as the
path on n vertices) and there are trees which require at least n moves (such as the complete
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binary tree). It would be interesting to characterize the family of all (bounded degree) trees
on n vertices which, playing on Kn, Maker can build in exactly n− 1 moves.

Strong tree embedding games.

As noted in Chapter 2, an explicit very fast winning strategy for Maker in a weak game
can sometimes be adapted to an explicit winning strategy for Red in the corresponding
strong game. Since it was proved in Chapter 4 that Maker has a strategy to win the weak
tree embedding game (E(Kn), Tn) within n+o(n) moves, it was noted in Chapter 3 that one
could be hopeful about the possibility of devising an explicit winning strategy for Red in the
corresponding strong game. The first step towards this goal is to find a much faster strategy
for Maker in the weak game (E(Kn), Tn). This was accomplished in the current chapter.

Building trees quickly on random graphs.

The study of fast winning strategies for Maker on random graphs was initiated in [21]
(see Chapter 8). The problem of determining the values of p = p(n) for which asymptotically
almost surely Maker can win (E(G(n, p)), Tn) quickly (say, within n + o(n) moves), where
T is any tree with bounded maximum degree was raised in that chapter. Note that the
game Tn studied in this chapter is the special case with p = 1. It seems plausible that the
methods developed in the current chapter combined with those of Chapter 8 could be helpful
when addressing this problem. It should however be noted that the exact threshold for the
appearance in G(n, p) of some fixed bounded degree spanning tree is not known in general
and is an important open problem in the theory of random graphs. It would thus be very hard
to answer the analogous general question for games. However, the exact threshold is known
in several special cases, such as trees with linearly many leaves [45]. Therefore, one could
try to adjust the proof of Theorems 5.3 to G(n, p) with p being as close as possible to the
threshold log n/n. Moreover, a weaker (but far from trivial) general upper bound was proved
in [51] so one could at least try to prove that Maker wins quickly on these denser random
graphs. Finally, note that some results about (E(G(n, p)), Tn), where p ≥ Cn−1/3 log2 n,
follow from more general results proved in [48]. However, even for this range of probabilities,
a different argument is needed in order to prove that Maker wins quickly.
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Part II

Games on random boards
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Chapter 6

Introduction

Let G = (V,E) be a graph and let P be a monotone increasing graph property on V (a
family of graphs on V , closed under isomorphism and addition of edges). Consider the
Maker-Breaker game (E,FP) whose board is E, and the winning sets are all the edge-
sets of subgraphs H ⊆ G which possess P . We denote the family of graphs G for which the
(E(G),FP) game is a Maker’s win byMP . Although the propertyMP is described in game-
theoretic terms, it should be noted that the games (E(G),FP) are finite perfect information
games with no chance moves, and thus MP is some graph property which clearly satisfies
MP ⊆ P . Moreover, since P is monotone increasing, MP is clearly monotone increasing
as well. By considering monotone increasing graph properties, the game can be terminated
as soon as the graph spanned by Maker’s edges satisfies the property, regardless of whether
all edges have been claimed or not. This leads to several natural questions. First, how
sparse can a graph G ∈ MP be? In this context, playing on random graphs (where the
density of the graph is chosen according to the property at hand) becomes very natural. The
systematic study of this setting was initiated in [59] by Stojaković and Szabó, and this part
of the thesis is a further exploration of it. Second, one can also study the minimum number
of moves needed for Maker in order to win the game (see e.g. [5, 57, 26, 39, 46]). Third, one
can ask for the maximal bias b for which Maker can still win the (1 : b) game (E(G),FP).
In this part we investigate all these problems.

6.0.1 Random graphs

The most widely used random graph model is the Binomial random graph, G(n, p). In
this model we start with n vertices, labeled, say, by V = {1, . . . , n} = [n], and select a
graph on these n vertices by going over all

(
n
2

)
pairs of vertices, deciding independently with

probability p for a pair to be an edge. The model G(n, p) is thus a probability space of all
labeled graphs on the vertex set [n] where the probability of such a graph, G = ([n], E), to be

selected is p|E|(1− p)(
n
2)−|E|. This product probability space provides us with a wide variety

of probabilistic tools for analyzing the behavior of various random graph properties. (See
monographs [17] and [47] for a thorough introduction to the subject of random graphs). In
the subsequent sections we will need at some point to employ a slightly generalized model.
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Let F ⊆
(
V
2

)
be an arbitrary subset and let G(n, p)−F := G(n, p) \ F .

Although the Binomial random graph model is very natural and relatively easy to use,
it was not the first model to be considered. In their seminal paper [25], Erdős and Rényi
considered the uniform probability space over all graphs on a fixed set of vertices with exactly
M edges, G(n,M). Note that for any value of p, if we condition the random graph G(n, p) to
have exactly M edges, then we obtain exactly the Erdős-Rényi random graph model. The
similarity of the two models enables us to prove the occurrence of events in the G(n, p) model
and get the corresponding result in the G(n,M) model.

Proposition 6.1 ([47], Proposition 1.13) Let P = P(n) be a sequence of monotone in-
creasing graph properties, 0 ≤ a ≤ 1 and 0 ≤ M ≤

(
n
2

)
be an integer. If for every se-

quence p = p(n) ∈ [0, 1] such that p = M/
(
n
2

)
± O

(
M
((
n
2

)
−M

)
/
(
n
2

)3
)

it holds that

limn→∞ Pr [G(n, p) ∈ P ] = a, then limn→∞ Pr [G(n,M) ∈ P ] = a.

The converse result to Proposition 6.1 holds1 as well (see e.g. Proposition 1.12 in [47]); this
enables us to transfer results from one model to the other. Unfortunately, not all properties
we will encounter and explore are monotone increasing, and hence Proposition 6.1 cannot be
used in those cases. Nonetheless, we would like to take advantage of the “ease” of calculations
in the G(n, p) model (due to the independence of appearance of its edges), and transfer the
results to the G(n,M) model, for the appropriate values of M . To achieve this we will use
this more crude estimate (see e.g. [47]), which will suffice for our purposes.

Claim 6.2 ([47], inequality (1.6)) Let P be a property of graphs on n vertices and let
1 ≤ M ≤

(
n
2

)
be an integer. Setting p = M/

(
n
2

)
we have Pr [G(n,M) ∈ P ] ≤ 3

√
M ·

Pr [G(n, p) ∈ P ].

Next, we consider the following generation process of graphs. Given a set V of n vertices
and an ordering on the pairs of vertices π :

(
V
2

)
→
[(
n
2

)]
, we define a graph process to be a

sequence of graphs G̃ = G̃(π) = {Gt}
(n2)
t=0 on V . Starting with G0 = (V, ∅), for every integer

1 ≤ t ≤
(
n
2

)
, the graph Gt is defined by Gt := Gt−1 ∪ π−1(t). For a given graph process G̃ on

V , we define the hitting time of a monotone increasing graph property P on V as

τ(G̃;P) = min{t : Gt ∈ P}. (6.1)

When selecting π uniformly at random, the process G̃(π) is usually called the random graph

process. If G̃ = {Gt}
(n2)
t=0 is the random graph process, then, for every 0 ≤ M ≤

(
n
2

)
, the

graph GM is distributed according to G(n,M), that is, GM ∼ G(n,M). This shows that
analyzing the hitting time of a monotone increasing property P is in fact a refinement of the
study of values of M and p for which G(n,M) ∈ P and G(n, p) ∈ P respectively (where to
get the values of p we employ the converse of Proposition 6.1 as stated above).

For every positive integer k let δk denote the graph property of having minimum degree
at least k, let ECk denote the graph property of being k-edge connected, let VCk denote the

1In fact, when moving from G(n,M) to G(n, p) the monotonicity requirement is not necessary.
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graph property of being k-vertex connected, and let HAM denote the graph property of
admitting a Hamilton cycle. Two cornerstone results in the theory of random graphs are
that of Bollobás and Thomason [19] who proved that for every 1 ≤ k ≤ n − 1, with high

probability (or w.h.p. for brevity)2 τ(G̃; δk) = τ(G̃; ECk) = τ(G̃;VCk), and that of Komlós

and Szemerédi [50] who proved that w.h.p. τ(G̃; δ2) = τ(G̃;HAM) (see also [16]). Note that
these two results (and many others which have succeeded) provide a very strong indication
that the “bottleneck” for such properties in random graphs is in fact the vertices of minimum
degree. The results of Chapter 7 are of the very same nature.

2In this part, we say that a sequence of events An in a random graph model occurs w.h.p. if the probability
of An tends to 1 as the number of vertices n tends to infinity.
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Chapter 7

Hitting time results

7.1 Introduction

Given a graph G with minimum degree at most 2k − 1, when playing on the board E(G)
Breaker can keep claiming edges incident to some vertex of minimum degree, and with the
advantage of playing first will thus leave Maker with a graph containing a vertex of degree
at most k − 1. This implies that Breaker wins the k-edge-connectivity game (E(G),FECk)
for such graphs, and therefore τ(G̃;MECk) ≥ τ(G̃; δ2k) for every graph process G̃. In [59]
Stojaković and Szabó were the first to consider Maker-Breaker games played on random
graphs. By combining theorems of Lehman [54] and of Palmer and Spencer [56], they

observed that for every fixed positive integer k, if G̃ is the random graph process, then
w.h.p. τ(G̃;MECk) = τ(G̃; δ2k), thus providing a very precise hitting time result for the
edge-connectivity game1. Similarly to the edge-connectivity case we have that for every
graph process G̃

τ(G̃; δ2k) ≤ τ(G̃;MVCk). (7.1)

Let PM denote the graph property of admitting a matching of size bn/2c in a graph on n
vertices. Every graph G on an even number of vertices with minimum degree at most 1 is a
win for Breaker in the perfect matching game (E(G),FPM). Hence, for every graph process

G̃ on an even number of vertices

τ(G̃; δ2) ≤ τ(G̃;MPM). (7.2)

In [59] Stojaković and Szabó conjectured that if G̃ is the random graph process, then
w.h.p. equality holds in (7.2). Although they did not prove this conjecture, in [59] they
proved that if p > 64 lnn

n
, then w.h.p. G(n, p) ∈ MPM. Note that this result is optimal in

p up to multiplicative constant factor, for if p ≤ lnn+ln lnn−ω(1)
n

, where ω(1) is some function
which tends to infinity with n arbitrarily slowly, then w.h.p. δ(G(n, p)) ≤ 1, and hence by
(7.2), w.h.p. G(n, p) /∈MPM.

1In [59] only the case of k = 1 is explicitly mentioned, but it can be generalized for any positive integer
k in a straightforward manner.
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Clearly, every graph G with minimum degree at most 3 is a win for Breaker in the
Hamiltonicity game (E(G),FHAM). Hence, we have that for every graph process G̃

τ(G̃; δ4) ≤ τ(G̃;MHAM). (7.3)

In [59] Stojaković and Szabó conjectured that if G̃ is the random graph process, then w.h.p.
equality holds in (7.3).

One of the first results in the field of Maker-Breaker games on graphs is due to Chvátal
and Erdős in their seminal paper [20], which states that Kn ∈ MHAM for sufficiently large
values of n (in [46] Hefetz and Stich proved that n ≥ 38 suffices). The problem of finding
sparse graphs which are a win for Maker was addressed by Hefetz et. al. [42] where they
showed that, for sufficiently large values of n, there exists a graph G ∈MHAM on n vertices
with e(G) ≤ 21n. Playing the Hamiltonicity game (E(G),FHAM) on the random graph
G(n, p) was first considered in the original paper of Stojaković and Szabó [59] where they
proved that if p > 32 lnn√

n
, then w.h.p. G(n, p) ∈ MHAM. Later, Stojaković [58] found

the correct order of magnitude proving that p > 5.4 lnn/n suffices for G(n, p) to be w.h.p.
Maker’s win in the Hamiltonicity game. This requirement on p was subsequently improved
to p ≥ lnn+(ln lnn)s

n
, where s is some large but fixed constant, by Hefetz et. al. [40]. Note

that this result is very close to being optimal, for if p = lnn+3 ln lnn−ω(1)
n

, where ω(1) is
some function which tends to infinity with n arbitrarily slowly, then w.h.p. δ(G(n, p)) < 4
and hence by (7.3) w.h.p. G(n, p) /∈ MHAM. Lastly, in [13] Ben-Shimon, Krivelevich and
Sudakov studied the Hamiltonicity game played on the edges of random regular graphs (the
uniform probability measure over all d-regular graphs on a fixed vertex set) and proved that
for large enough constant values of d this game is Maker’s win.

7.1.1 Our results

In this chapter we address the aforementioned Maker-Breaker games on random graphs,
namely when Maker’s goal is to build graphs which satisfy the properties of being k-vertex
connected, admitting a perfect matching, and being Hamiltonian. Specifically, the main
objective of this chapter is to prove that the trivial minimum degree requirement as stated
in (7.1), (7.2), and (7.3) is actually the bottleneck for a typical random graph to be a win
for Maker in all of the above mentioned games. The following results will thus be proved.

Theorem 7.1 For every fixed integer k ≥ 1, if G̃ is the random graph process, then w.h.p.

τ(G̃;MVCk) = τ(G̃; δ2k).

For every positive integer k it holds that VCk ⊆ ECk, hence Theorem 7.1 is in fact an
improvement of the aforementioned result of Stojaković and Szabó in [59].

The following result for the prefect matching game is also proved.

Theorem 7.2 If G̃ is the random graph process on an even number of vertices, then w.h.p.

τ(G̃;MPM) = τ(G̃; δ2).
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Theorem 7.2 settles a conjecture raised in [59]. By the connection between the random
graph models as described in Section 6.0.1 and by known results on the distribution of the
minimum degree of G(n, p), Theorem 7.2 implies that w.h.p. G(n, p) ∈ MPM for every

p ≥ lnn+ln lnn+ω(1)
n

, improving on the result of Stojaković and Szabó in [59].

Theorem 7.3 If G̃ is the random graph process, then w.h.p.

τ(G̃;MHAM) = τ(G̃; δ4).

Theorem 7.3 settles a conjecture raised in [59]. Moreover, similarly to the above, Theorem
7.3 improves on the result of Hefetz et. al. in [40] by implying that w.h.p. G(n, p) ∈MHAM

for every p ≥ lnn+3 ln lnn+ω(1)
n

.

From Maker-Breaker games to general random graphs

We stress that using some simple observations, all of the above results have implications for
the general framework of random graphs, hence implying that, in a sense, Theorems 7.1, 7.2,
and 7.3 in fact partially strengthen some of the classical results of random graph theory.

Lehman’s Theorem [54] states that G ∈MECk if and only if G admits 2k pairwise edge-
disjoint spanning trees 2. We note that the assertion of Theorem 7.1 combined with Lehman’s
Theorem implies that for fixed k w.h.p. the hitting time of G̃ for admitting 2k pairwise edge
disjoint spanning trees is precisely the time the process first hits minimum degree 2k. Hence,
we recover a result of Palmer and Spencer [56] for even values of k.

Next, we stress that by using a strategy stealing argument, all of the above results can be
transferred from the Maker-Breaker setting to statements about graph packing. Indeed, let
G be a graph and let P be some monotone increasing graph property for which we know that
G ∈ MP . Let SM be some winning strategy of Maker for the game (E(G),FP). Breaker,
who is the first player under our assumptions, can choose to steal Maker’s winning strategy
as follows. He starts by claiming an arbitrary edge of G. He then pretends that the game
starts with Maker’s first move; he thus assumes the role of the second player. He responds
to each of Maker’s moves according to SM . If at any point during the game, the strategy
SM requires Breaker to claim an edge that he has already claimed, Breaker simply claims
some other arbitrary edge which was not previously claimed by either of the players. Since
Breaker is following a winning strategy for (E(G),FP) and since P is a monotone increasing
graph property (that is, extra edges cannot “hurt” Breaker), he will build a subgraph which
satisfies P by the end of the game. On the other hand, we can assume that Maker follows
SM as well. It follows that Maker will also build a subgraph which satisfies P (as his winning
strategy can beat any strategy chosen by Breaker). Clearly, at the end of the game we have
found two edge-disjoint subgraphs, each satisfying P .

For every positive integer k ≥ 1, let PMk and HAMk denote the graph properties of
admitting k pairwise edge-disjoint perfect matchings, and k pairwise edge-disjoint Hamilton

2in fact, Lehman stated his theorem only for the case k = 1, but it is straightforward to generalize it to
handle every positive integer k.
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cycles respectively. Applying the aforementioned strategy stealing argument to the assertions
of Theorems 7.2 and 7.3 implies the following: if G̃ is the random graph process, then
w.h.p. τ(G̃;PM2) = τ(G̃; δ2) and τ(G̃;HAM2) = τ(G̃; δ4). In Section 7.7 we discuss some

generalizations of Theorems 7.2 and 7.3 which in turn imply that τ(G̃;PM2k) = τ(G̃; δ2k)

and τ(G̃;HAM2k) = τ(G̃; δ4k) for a fixed integer k ≥ 1. This is in fact a classical theorem
(for fixed even minimum degree) of Bollobás and Frieze [18] for optimal packing of perfect
matchings and Hamilton cycles in sparse random graphs (see also further extensions to
random graphs of non-constant minimum degree [32, 14, 49]).

7.1.2 Notation and terminology

Our graph-theoretic notation is standard and follows that of [60]. In particular, we use the
following. For a graph G, let V (G) and E(G) denote its sets of vertices and edges respectively,
and let e(G) = |E(G)|. For a set A ⊆ V (G), let EG(A) denote the set of edges of G with
both endpoints in A, and let eG(A) = |EG(A)|. For disjoint sets A,B ⊆ V (G), let EG(A,B)
denote the set of edges of G with one endpoint in A and the other in B, and let eG(A,B) =
|EG(A,B)|. For a set S ⊆ V (G), let NG(S) = {u ∈ V (G) \ S : ∃v ∈ S, {u, v} ∈ E(G)}
denote the set of neighbors of S in V (G)\S. For a vertex w ∈ V (G), we abbreviate NG({w})
to NG(w). For a vertex w ∈ V (G) \ S let dG(w, S) = |{u ∈ S : {u,w} ∈ E(G)}| denote
the number of vertices of S that are adjacent to w in G. We abbreviate dG(w, V \ {w}) to
dG(w) which denotes the degree of w in G. The minimum vertex degree in G is denoted by
δ(G). For a set S ⊆ V (G) let G[S] denote the subgraph of G with vertex set S and edge set
EG(S). Let conn(G) and odd(G) respectively denote the number of connected components
and the number of connected components of odd cardinality in G. Lastly, we will denote by
`(G) the length of a longest path in G, where the length of a path is the number of its edges.

7.1.3 Organization

The rest of the chapter is organized as follows. In Section 7.2 we provide some prelimi-
nary technical results about positional games, expanders, and random graphs, which will be
needed in the course of our proofs. Section 7.3 is devoted to the analysis of a general game in
which Maker’s goal is to build an expander graph. This will give us a framework from which
we can build on to prove the concrete results on the more natural games mentioned above.
In Section 7.4 we prove some properties of random graphs and random graph processes that
will be useful in the proofs of our main results. We then move on to provide the full proofs of
Theorems 7.1 and 7.2 in Section 7.5. These proofs will rely heavily on the general expander
game and the properties of random graphs and random graph processes which we discussed
in the preceding two sections. In Section 7.6 we move on to the proof of Theorem 7.3, which
is more delicate than the previous two and requires some more ideas to get the result in full.
Lastly, we discuss some further generalizations and sketch their proofs in Section 7.7.
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7.2 Auxiliary results

In this section we cite some tools which we will make use of in the succeeding sections. First,
we will need to employ bounds on large deviations of random variables. We will mostly use
the following well-known bound on the lower and the upper tails of the Binomial distribution
due to Chernoff (see e.g. [4, Appendix A]).

Theorem 7.4 (Chernoff bounds) If X ∼ B(n, p) then

1. Pr [X < (1− ε)np] < exp(− ε2np
2

) for every ε > 0;

2. Pr [X > (1 + ε)np] < exp(−np
3

) for every ε ≥ 1.

It will sometimes be more convenient to use the following bound on the upper tail of the
Binomial distribution.

Lemma 7.5 If X ∼ Bin(n, p) and k ≥ np, then Pr [X ≥ k] ≤ (enp/k)k.

Note that the bound given in Lemma 7.5 is especially useful when k is “much larger” than
np.

For the sake of simplicity and clarity of presentation, we do not make a particular effort to
optimize the constants obtained in our proofs. We also omit floor and ceiling signs whenever
these are not crucial. Most of our results are asymptotic in nature and whenever necessary
we assume that n is sufficiently large.

7.2.1 Basic positional games results

The following theorem is a classical result of Erdős and Selfridge [24] which provides a useful
sufficient condition for Breaker’s win in the (X,F) game.

Theorem 7.6 (Erdős and Selfridge [24]) For any hypergraph (X,F), if∑
A∈F

2−|A| <
1

2
,

then Breaker, playing as the first or second player, has a winning strategy for the (X,F)
game.

The following simple lemma is useful when a player is trying to ensure expansion of small
sets. A similar lemma appeared in [40].

Lemma 7.7 For every integer k > 0, if H is a graph on n vertices with minimum degree
δ(H) ≥ 4k, then H ∈ Mδk . Moreover, Maker can win the minimum degree k game on the
edge set of H in at most kn moves.
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Proof: We define a new graph H∗, where H∗ = H if all the degrees in H are even, and
otherwise H∗ is the graph obtained from H by adding a new vertex v∗ and connecting it
to every vertex of odd degree in H. Since all degrees of H∗ are even, it admits an Eulerian

orientation
−→
H ∗. For every v ∈ V (H), let E(v) = {{v, u} ∈ E(H) :

−−−→
(v, u) ∈ E(

−→
H ∗)}.

Clearly, |E(v)| ≥
⌈
dH(v)−1

2

⌉
and the sets {E(v)}v∈V (H) are pairwise disjoint. In every round,

if Breaker claims an edge of E(v), then Maker responds by claiming an edge from E(v),
unless he already has k edges incident with v in which case Maker proceeds by claiming
an edge from E(u), where u is some vertex such that Maker did not yet claim k of its
incident edges (if no such vertex exists, then the game was already won by Maker). Note

that as
⌈
|E(v)|−1

2

⌉
≥
⌈
dH(v)−2

4

⌉
≥
⌈

4k−2
4

⌉
≥ k, Maker can always play according to this

strategy until he claims k edges incident with v. Disregarding the orientation, after at most
kn moves, the graph spanned by Maker’s edges has minimum degree at least k as claimed. 2

7.2.2 (R, c)-expanders

Let us first define the type of expanders we wish to study.

Definition 7.8 For every c > 0 and every positive integer R we say that a graph G = (V,E)
is an (R, c)-expander if every subset of vertices U ⊆ V of cardinality |U | ≤ R satisfies
|NG(U)| ≥ c · |U |. We denote the graph property of being an (R, c)-expander by XR,c.

Remark 7.9 From the above definition it clearly follows that for every c > 0 and every
positive integer R (both c and R can be functions of the number of vertices of the graph in
question), the graph property XR,c is monotone increasing.

Next, we consider some structural properties of (R, c)-expanders. The following two
claims show that the removal or addition of subsets that satisfy certain properties result in
graphs that are still expanders. These properties will allow us to slightly modify certain
expanders without losing their expansion properties.

Claim 7.10 If G = (V,E) is an (R, c)-expander and U ⊆ V is a subset of vertices such that
no two vertices of U have a common neighbor in G, then G[V \U ] is an (R, c− 1)-expander.

Proof: Let S ⊆ V \U be a set of cardinality |S| ≤ R. It follows by our assumption on U that
|NG(v)∩U | ≤ 1 holds for every vertex v ∈ S. Hence |NG[V \U ](S)| ≥ |NG(S)|−|S| ≥ (c−1)|S|.
2

Claim 7.11 Let G = (V,E) be a graph, let c > 0, and let R be a positive integer. Let U ⊆ V
be a subset of vertices such that dG(u) ≥ (c− 1) for every u ∈ U , and, moreover, there is no
path of length at most 4 in G whose (possibly identical) endpoints lie in U . If G[V \U ] is an
(R, c)-expander, then G is an (R, c− 1)-expander.
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Proof: Let V ′ = V \ U and let H = G[V ′]. Let S ⊆ V be of cardinality s ≤ R, and
let S1 = S ∩ U and let S2 = S \ S1 with respective cardinalities s1 and s2 = s − s1. Our
assumptions on U imply that it is independent and that for every U ′ ⊆ U we have that
|NG(U ′)| ≥ (c−1)|U ′|. It follows that NG(S1) ⊆ V \U . Furthermore, NG(S1) can contain at
most one vertex from each set {{t}∪NH(t)}t∈V ′ , and hence |NG(S1)∩ (S2∪NH(S2))| ≤ |S2|.
It follows that NG(S) ⊇ NH(S2) ∪ (NG(S1) \ (NH(S2) ∪ S2)), which implies |NG(S)| ≥
c · s2 + (c− 1)s1 − s2 = (c− 1)s as claimed. 2

Next, we describe some sufficient conditions for a graph G = (V,E) to be an expander
(with appropriate parameters). Define:

(M1) eG(U) ≤ δ(G)|U |
2(c+1)

for every subset of vertices U ⊆ V of cardinality 1 ≤ |U | < (c+ 1)r;

(M2) eG(U,W ) > 0 for every pair of disjoint subsets of vertices U,W ⊆ V of cardinality
|U | = |W | = r.

Lemma 7.12 For every c > 0, if G = (V,E) is a graph which satisfies properties M1 and

M2 for some positive integer r ≤ |V |
c+2

, then G is a ( |V |−r
c+1

, c)-expander.

Proof: Set R = |V |−r
c+1

; note that R ≥ r holds by the assumption of the lemma. Assume
for the sake of contradiction that there exists a set S ⊆ V of cardinality |S| ≤ R for which
|NG(S)| < c|S|. Let T = S∪NG(S), then |T | < (c+1)|S|. If 1 ≤ |S| ≤ r, then |T | < (c+1)r.
Moreover, since all edges that have at least one endpoint in S are spanned by the vertices of
T , it follows that eG(T ) ≥ δ(G)|S|

2
> δ(G)|T |

2(c+1)
, which contradicts property M1. If r < |S| ≤ R,

then, since eG(S, V \ T ) = 0 and |V \ T | > |V | − (c+ 1)|S| ≥ |V | − (c+ 1)R = r, we obtain
a contradiction to property M2. This concludes the proof of the lemma. 2

The reason we study (R, c)-expanders is the fact that they entail some pseudo-random
properties from which (under some conditions on R and c) some of the natural properties that
are considered in this chapter follow. We will provide a sufficient conditions for an (R, c)-
expander to be k-vertex connected and to admit a perfect matching. Hence by playing for an
(R, c)-expander, Maker will be able to win the two games whose goals are the aforementioned
two properties (each posing different conditions on R and c). The sufficient condition for a
graph to be Hamiltonian, that we will use in the course of the proof, is more delicate than
the conditions for k-vertex connectivity and for admitting a perfect matching, and requires
some additional ideas, but the heart of the proof will still rely on expanders, and the same
expander game.

7.3 An expander game on pseudo-random graphs

The main object of this section is to describe a general Maker-Breaker game which will reside
in the core of all of our proofs. Specifically, the goal of this section is to provide sufficient
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conditions for G ∈MXR,c , or namely, for a graph G to be Maker’s win when Maker’s goal is
to build an (R, c)-expander. Although this game may seem at first to be an unnatural and
artificial game to study, it turns out that this game will lie in the heart of our proofs of all
of the results presented in this chapter. Given parameters c > 0, 0 < ε < 1, K > 0 and a
positive integer r ≤ |V |

c+1
, we define the following two properties of a graph H = (V,E) on

n′ vertices. These properties, which are closely related to properties M1 and M2, will be
needed in the proof of the main result of this section. Define:

(Q1) eH(U) ≤ εδ(H)|U |
10(c+1)

for every subset of vertices U ⊆ V of cardinality 1 ≤ |U | < (c+ 1)r;

(Q2) eH(U,W ) ≥ Kr ln
(
n′

r

)
for every pair of disjoint subsets of vertices U,W ⊆ V of

cardinality |U | = |W | = r.

Remark 7.13 Whenever we will cite property Q2 we will give an explicit expression for K
which will not necessarily be a constant.

Theorem 7.14 There exists an integer n0 > 0 such that for every graph G′ = (V,E) on
n′ ≥ n0 vertices with minimum degree δ(G′) > 0 and for every choice of parameters 1

2δ(G′)
<

ε < 1
2
, c > 0, and integer 0 < r ≤ min{ n′

c+2
, n
′

e30
} for which G′ satisfies properties Q1 and

Q2 with K = n′

r(1−2ε)
, Maker can win the (n

′−r
c+1

, c)-expander game on G′, that is, G′ ∈MXR,c

with R = n′−r
c+1

.

Our proof of this theorem will be presented as a series of three lemmata whose composition
implies Theorem 7.14 directly.

Lemma 7.15 There exists an integer n0 > 0 such that for every graph G′ = (V,E) on n′ ≥
n0 vertices with minimum degree δ(G′) > 0 and for every choice of parameters 1

2δ(G′)
< ε < 1

2

and integer 0 < r ≤ n′/e4 for which G′ satisfies property Q2 with K = n′

r(1−2ε)
, the edge

set E can be split into two disjoint subsets E = E1 ∪ E2 such that the graph G1 = (V,E1)
has minimum degree δ(G1) ≥ εδ(G′) and the graph G2 = (V,E2) satisfies property Q2 with
K = 3.

Proof: Pick every edge of G′ to be an edge in G1 with probability 2ε independently of
all other choices. The degree in G1 of every vertex v ∈ V is binomially distributed, that is,
dG1(v) ∼ Bin(dG′(v), 2ε) and thus its median is at least b2εδ(G′)c. By our choice of ε we
have that b2εδ(G′)c > εδ(G′) and therefore Pr [dG1(v) ≥ εδ(G′)] > 1/2. Since the degrees of
every two vertices are positively correlated, by the FKG inequality (see e.g. [4, Chapter 6])
we have that

Pr [δ(G1) ≥ εδ(G′)] > 2−n
′
.

Let U,W be a pair of disjoint subsets of vertices of cardinality |U | = |W | = r. By our

assumption on G′ we have that eG′(U,W ) ≥
n′ ln

(
n′
r

)
1−2ε

. As eG2(U,W ) ∼ Bin(eG′(U,W ), 1−2ε)
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we have E [eG2(U,W )] ≥ n′ ln
(
n′

r

)
. Applying Theorem 7.4 we have

Pr

[
eG2(U,W ) < 3r ln

(
n′

r

)]
≤ exp

(
−
(
1− 3r

n′

)2
n′ ln

(
n′

r

)
2

)
≤ exp

(
−
n′ ln

(
n′

r

)
3

)
.

By applying the union bound over all pairs of disjoint subsets of vertices of cardinality r
each, we conclude that the probability that G2 violates property Q2 with K = 3 is at most

(
n′

r

)(
n′ − r
r

)
exp

(
−
n′ ln

(
n′

r

)
3

)
≤

(
en′

r

)2r

· exp

(
−
n′ ln

(
n′

r

)
3

)

= exp

(
2r

(
1 + ln

(
n′

r

))
−
n′ ln

(
n′

r

)
3

)

≤ exp

(
−
n′ ln

(
n′

r

)
4

)
< 2−n

′
,

and therefore there exists a partition of G′ as claimed. 2

The following lemma provides a sufficient condition for a graph G = (V,E) to be a
Maker’s win in the game (E,FM2), that is, the game on the edge set of G in which Maker’s
goal is to build a subgraph which satisfies the (monotone increasing) property M2. In order
to prove this result, we invoke a rather standard technique of studying a dual game in which
the roles of Maker and Breaker are exchanged. Note that in the dual game, Breaker (which
was the original Maker) is the second player.

Lemma 7.16 There exists an integer n0 > 0 such that for every graph G2 = (V,E2) on
n′ ≥ n0 vertices and for every integer 0 < r ≤ n′/e30 for which G2 satisfies property Q2 with
K = 3, playing on E2 Maker can build a subgraph of G2 which satisfies property M2.

Proof: Let G2 be any graph with vertex set V . In order for Maker to build a graph which
satisfies property M2, he can adopt the role of Breaker in the game (E2,L), where L is
the family of edge-sets of all induced bipartite subgraphs of G2 with both parts of size r.
Recall that, by property Q2 with K = 3, the size of every such winning set L ∈ L is at least
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3r ln
(
n′

r

)
. It follows that

∑
L∈L

2−|L| ≤
∑
U⊆V
|U |=r

∑
W⊆V \U
|W |=r

2−eG2
(U,W )

≤
(
n′

r

)(
n′ − r
r

)
· exp

(
−3r ln

(
n′

r

)
ln 2

)
≤

(
en′

r

)2r

· exp

(
−3r ln

(
n′

r

)
ln 2

)
≤ exp

(
r ·
(

2 ln

(
n′

r

)
+ 2− ln 2 · 3 ln

(
n′

r

)))
<

1

2
.

The assertion of the lemma readily follows from Theorem 7.6. 2

Lemma 7.17 There exists an integer n0 > 0 such that for every graph G′ = (V,E) on
n′ ≥ n0 vertices and for every choice of parameters 0 < ε < 1, c > 0 and integer 0 < r ≤ n′

c+2

for which G′ satisfies property Q1 and whose edge set can be partitioned into two disjoint sets
E = E1 ∪ E2 where G1 = (V,E1) is of minimum degree δ(G1) ≥ ε · δ(G′), and G2 = (V,E2)
satisfies Q2 with K = 3, Maker can win the (n

′−r
c+1

, c)-expander game, that is, G′ ∈ MXR,c

with R = n′−r
c+1

.

Proof: Before the game starts, Maker splits the board into two parts, G1 = (V,E1) and
G2 = (V,E2) as indicated in the lemma. Maker then plays two separate games in parallel,
one on E1 and the other on E2. In every turn in which Breaker claims some edge of Ei, for
i = 1, 2, Maker responds by claiming an edge of Ei as well (except for maybe once if Breaker
has claimed the last edge of Ei). Let H denote the graph built by Maker by the end of the
game and set H1 = (V,E(H) ∩ E1) and H2 = (V,E(H) ∩ E2).

The game on E1 is played according to Lemma 7.7. Hence, by the end of the game,
Maker’s graph H1 will have minimum degree at least δ(H1) ≥ δ(G1)

5
. Since G′ satisfies

property Q1 and δ(G1) ≥ εδ(G′) it follows that, for every U ⊆ V of cardinality 1 ≤ |U | <
(c + 1)r, the number of Maker’s edges with both endpoints in U is eH(U) ≤ eG′(U) ≤
εδ(G′)|U |
10(c+1)

≤ δ(G1)|U |
10(c+1)

≤ δ(H1)|U |
2(c+1)

≤ δ(H)|U |
2(c+1)

. Hence, H satisfies property M1.

The game on E2 is played according to Lemma 7.16. Hence, by the end of the game,
Maker will build a graph H2 which satisfies property M2. By the monotonicity of M2,
this property also holds for H. Noting that H, n′, r and c satisfy the conditions of Lemma
7.12, we deduce that H ∈MXR,c , that is, Maker’s graph is an (R, c)-expander as claimed. 2
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7.4 Properties of random graphs and random graph

processes

We consider the random graph model we are interested in, the random graph process. For
every fixed integer k ≥ 1 we define two functions as follows:

mk =

(
n

2

)
lnn+ (k − 1) ln lnn− ln ln lnn

n
; (7.4)

Mk =

(
n

2

)
lnn+ (k − 1) ln lnn+ ln ln lnn

n
. (7.5)

The following lemma (see e.g. [17]) describes a fairly precise behavior of the minimum degree
of the random graph process.

Lemma 7.18 For every fixed integer k ≥ 1, if G̃ is the random graph process, then w.h.p.

mk < τ(G̃; δk) < Mk.

Let G = (V,E) be a graph on n vertices and, for a positive integer t, let

Dt = Dt(G) = {v ∈ V : dG(v) < t}. (7.6)

Remark 7.19 Let G̃ = {Gi}
(n2)
i=0 be the random graph process, then Dt(Gi−1) ⊇ Dt(Gi) holds

for every 1 ≤ i ≤
(
n
2

)
.

Next, we prove and cite some structural properties of the set Dt(G(n,M)) = Dt(GM).
In order to prove these results, we resort to the use of G(n, p), where the analysis is much
simpler, and then use Claim 6.2 to transfer the results to the random graph model G(n,M).

Claim 7.20 For every integer t ≤ ln0.9 n, if G̃ = {Gi}
(n2)
i=0 is the random graph process and

M ≥ m1, then w.h.p. |Dt(GM)| ≤ n0.3.

Proof: Set p = M/
(
n
2

)
and let G ∼ G(n, p). By (7.4) we have that p > 0.9 lnn/n. Fix a

subset U ⊆ V (G) of cardinality |U | = bn0.3c. We upper bound the probability that every
vertex of U has strictly less than t neighbors outside of U . Let N = |V (G)\U | = (1−o(1))n
and let u ∈ U be an arbitrary vertex, then eG(u, V \ U) ∼ Bin(N, p), and therefore

Pr [eG(u, V (G) \ U) < t] ≤
t∑
i=0

(
N

i

)
pi(1− p)N−i

≤
t∑
i=0

(
n

i

)
pi(1− p)n−i

≤
t∑
i=0

exp {i · ln(np)− p(n− i)}

≤ n−0.89
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Since the numbers of edges emitting out of U from each vertex of U are independent random
variables (each counting the appearance of edges in a set disjoint of all others), it follows
that the probability that every vertex of U has strictly less than t neighbors outside of U ,
is at most n−0.89|U |. There are

(
n
|U |

)
subsets of this cardinality. Hence, applying the union

bound over all of these sets entails that the probability there exists such a set U is at most(
n

|U |

)
· n−0.89|U | ≤ exp

(
|U | · (1 + ln

n

|U |
− 0.89 lnn)

)
≤ exp (−0.18|U | lnn)) ≤ e−n

0.3

.

By the definition of Dt(G) all its vertices have less than t edges emitting out of it, hence the
probability that |Dt(G)| > n0.3 is at most e−n

0.3
. Applying Claim 6.2 we have that

Pr
[
|Dt(GM)| > n0.3

]
≤ 3
√
M · exp

(
−n0.3

)
< 2
√
n lnn · exp

(
−n0.3

)
= o(1).

This concludes the proof of the claim. 2

Claim 7.21 For every fixed integer k ≥ 1 and for every integer t ≤ ln0.9 n, if G̃ = {Gi}
(n2)
i=0

is the random graph process and M = τ(G̃; δk), then w.h.p G = GM does not contain a
non-empty path of length at most 4 such that both of its (possibly identical) endpoints lie in
Dt(GM).

Proof: Clearly, it suffices to consider the case t = ln0.9 n. We will prove the claim for
two distinct endpoints in Dt(GM), and for paths of length 2 ≤ r ≤ 4 between them, where
the other cases are similar (and a little simpler). By Lemma 7.18 we can assume that

mk < τ(G̃; δk) < Mk, and hence it follows by Remark 7.19 that Dt(GM) ⊆ Dt(Gmk) := D.
Our analysis will consist of two stages. First we show that w.h.p. there is no path of length
at most 4 that connects two vertices of D. Second we show that w.h.p. none of the edges
that were added during the random graph process between time mk and time Mk, that is,
the edges in E(GMk

) \ E(Gmk), create such a path.

Let G = Gmk ∼ G(n,mk) and let P = (v0, . . . , vr) be a sequence of r+1 vertices of V (G),
where 2 ≤ r ≤ 4. Our first goal is to bound the probability that P forms a path of length r
in G such that v0 and vr are both in D. Denote by AP the event {vi, vi+1} ∈ E(G) for every
0 ≤ i ≤ r − 1, we have

Pr [AP ∧ {v0, vr} ⊆ D] = Pr [AP ] · Pr [{v0, vr} ⊆ D | AP ] .

Denoting N =
(
n
2

)
and recalling (7.4) we have

Pr [AP ] =

(
N−r
mk−r

)(
N
mk

) < 1.01

(
lnn

n

)r
. (7.7)

Next, we note that Pr [{v0, vr} ⊆ D | AP ] ≤ Pr [eG({v0, vr}, V \ {v0, vr}) ≤ 2t | AP ]. Condi-
tioning on AP implies that the two edges {v0, v1} and {vr−1, vr} are present in G. It follows
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that [eG({v0, vr}, V \ {v0, vr})| AP ]−2 is distributed according to the hypergeometric distri-
bution with parameters N − r, mk− r, and 2n− 6. Putting everything together we conclude
that

Pr [{v0, vr} ⊆ D | AP ] ≤ Pr [eG({v0, vr}, V \ {v0, vr})− 2 ≤ 2t− 2 | AP ]

≤
2t−2∑
j=0

(
2n− 6

j

)
·
(
N−r−2n+6
mk−r−j

)(
N−r
mk−r

)
≤ 2t ·

(
2n

2t

)
·
(

mk − r
N −mk + 2t

)2t

·
(
N − r − 2n+ 6

N − r

)mk−r−2t

≤ 2t ·
(

en(mk − r)
t(N −mk + 2t)

)2t

· exp

(
−(mk − r − 2t) · 2n− 6

N − r

)
≤ 2t · exp (−1.9 lnn)

≤ n−1.8.

Hence, applying a union bound argument over all such sequences of r+1 vertices, we conclude
that the probability there exists a path in G of length 2 ≤ r ≤ 4 connecting two distinct
vertices of D is at most

∑4
r=2 n

r+1 · 1.01
(

lnn
n

)r · n−1.8 = o(1).

In light of the above, we can assume that after mk steps the random graph process does
not admit a short path connecting two vertices of D. Moreover, by Claim 7.20 we can assume
that |D| ≤ n0.3. Now, let mk < M ′ ≤ Mk, set H = GM ′−1, and let e be the edge added at
step M ′ (that is, e = E(GM ′)\E(H)). We upper bound the probability that e creates a short
path which connects two vertices of D ⊇ Dt(H). We note that a standard application of the
Chernoff bound (Theorem 7.4) in conjunction with Claim 6.2 implies that w.h.p. the maxi-
mum degree of H satisfies ∆(H) ≤ 2 lnn. Let U be the set of vertices at distance at most 3
from Dt(H). If e closes a short path that connects two vertices of Dt(H), then both endpoints
of e must lie in U . Clearly |U | ≤ |D| · ∆(H)3 ≤ 8n0.3 ln3 n. It follows that the probability

that e is chosen within this set is at most
(|U|2 )
N−M ′ = o(n−1.3). Since Mk−mk = O(n ln ln lnn),

applying a union bound argument over all integral values of mk ≤ M ′ ≤ Mk, implies that
the probability that such an edge is selected is o(1). This concludes the proof of the claim. 2

Claim 7.22 For every fixed integer k ≥ 2, if G̃ = {Gi}
(n2)
i=0 is the random graph process and

M = τ(G̃; δk), then w.h.p. GM = (V,E) is such that eGM (U) < |U | ln0.8 n for every subset
of vertices U ⊆ V of cardinality 1 ≤ |U | ≤ n

ln0.3 n
.

Proof: By Lemma 7.18 we can assume that M < Mk. As the complement of the property
at hand is monotone increasing, it follows by Proposition 6.1 that it suffices to prove that,
if p = p(n) ≤ 2 lnn/n and G ∼ G(n, p), then the probability that there exists a subset
U ⊆ V of cardinality 1 ≤ |U | ≤ n

ln0.3 n
such that eG(U) ≥ |U | ln0.8 n, tends to 0 as n tends to

infinity. Fix a subset U of cardinality 1 ≤ u ≤ n · ln−0.3 n, then eG(U) ∼ Bin(
(
u
2

)
, p). Since
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u · ln0.8 n ≥
(
u
2

)
· p, we can apply Lemma 7.5 to upper bound the probability that eG(U) is

too large. We can then upper bound the probability of the claim being violated, by applying
a union bound argument as follows

n·ln−0.3 n∑
u=1

(
n

u

)
Pr
[
eG(U) ≥ u · ln0.8 n

]
≤

n·ln−0.3 n∑
u=1

(en
u

)u
·

(
e
(
u
2

)
p

u · ln0.8 n

)u·ln0.8 n

≤
n·ln−0.3 n∑
u=1

(
eln0.8 n+1 ·

(u
n

)ln0.8 n−1

· (ln0.2 n)ln0.8 n

)u

≤
n·ln−0.3 n∑
u=1

(
4 ·
(u
n

)0.99

· (ln0.2 n)

)u ln0.8 n

≤
n·ln−0.3 n∑
u=1

(
ln−0.09 n

)u ln0.8 n

= o(1),

where the last equality follows from the fact that we are summing a geometric series with a
first element and quotient both being o(1). This concludes the proof of the claim. 2

Claim 7.23 For every fixed integer k ≥ 1 and for an integer r = n
2 ln0.4 n

, if G̃ = {Gi}
(n2)
i=0

is the random graph process and M = τ(G̃; δk), then w.h.p. eGM (U,W ) ≥ n ln0.1 n for every
pair of disjoint subsets U,W ⊆ V (GM) of cardinality |U | = |W | = r.

Proof: By Lemma 7.18 we can assume that M > mk. As the property at hand is monotone
increasing, it follows by Proposition 6.1 that it suffices to prove the claim for G ∼ G(n, p)
with p ≥ lnn

n
. Fix a pair of disjoint subsets U,W ⊆ V (G) of cardinality r each. Then

eG(U,W ) ∼ Bin(r2, p), and thus E [eG(U,W )] ≥ n ln0.2 n
4

. We upper bound the probability
that eG(U,W ) is too small using Theorem 7.4. We can then upper bound the probability of
the claim being violated, by applying a union bound argument as follows(

n

r

)(
n− r
r

)
Pr
[
eG(U,W ) < n ln0.1 n

]
≤

(en
r

)2r

exp

(
−
(
1− 4

ln0.1 n

)2
r2p

2

)

≤ exp

(
r

(
2 + ln lnn− ln0.2 n

10

))
= o(1).

This concludes the proof of the claim. 2

Finally, we prove that removing vertices of small degree from a random graph with
an appropriate number of edges typically results in a graph on which Maker can win the
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expander game. In fact, we even show that Maker can win the game when this graph
is thinned substantially (that is, the vast majority of edges are removed). This stronger
property will play a crucial role in the proof of Theorem 7.3. Our proof will make use, in
particular, of results we have obtained in Claims 7.20, 7.22, 7.23 and in Theorem 7.14.

Lemma 7.24 For every α > 0 and for every fixed integer k ≥ 2, if G̃ = {Gi}
(n2)
i=0 is the

random graph process and M = τ(G̃; δk), then w.h.p. G′ = (V ′, E ′) := GM \ Dln0.9 n(GM) on

n′ vertices contains a spanning subgraph Ĝ ⊆ G′ with at most 2n′ ln0.97 n′ edges, such that
Ĝ ∈MXR,c for every 0 < c ≤ ln0.02 n′ and R ≤ (1− α) n′

c+1
.

Remark 7.25 As was noted in Remark 7.9, by the monotonicity of XR,c, the above lemma
can be used to deduce that G′ ∈MXR,c.

Proof: Pick every edge of G′ to be an edge of Ĝ with probability γ = ln−0.03 n, indepen-
dently of all other choices. Our goal is to prove that, with positive probability, Ĝ satisfies
the conditions of Theorem 7.14, with parameters

ε = γ and r =
n′

ln0.4 n′
.

Based on typical properties of the random graph process, we can assume that G′ satisfies
the following properties:

1) δ(G′) ≥ ln0.9 n;

2) e(G′) ≤ e(GM) ≤ e(GMk
) ≤ (1 + o(1))n lnn

2
(Lemma 7.18);

3) |Dln0.9 n(GM)| ≤ n0.3, and therefore n′ ≥ n(1− n−0.7) (Claim 7.20);

4) Every set U ⊆ V ′ of cardinality |U | ≤ (c + 1)r ≤ n
ln0.3 n

satisfies eG′(U) = eGM (U) ≤
|U | ln0.8 n ≤ |U | ln0.81 n′ (Claim 7.22);

5) Every pair of disjoint subsets U,W ⊆ V ′ of cardinality |U | = |W | = r ≥ n
2 ln0.4 n

satisfies

eG′(U,W ) ≥ n ln0.1 n (Claim 7.23).

It follows that our choice of parameters meets the requirements on ε, c and r, made in
Theorem 7.14.

We proceed to prove that, with a “not too small” probability, Ĝ satisfies property Q1.
First note that every set U ⊆ V ′ of cardinality |U | ≤ (c + 1)r satisfies eĜ(U) ≤ eG′(U) ≤
|U | ln0.81 n′. The degree in Ĝ of every vertex v ∈ V ′ is binomially distributed, dĜ(v) ∼
Bin(dG′(v), γ), with median at least bγδ(G′)c. Therefore Pr

[
dĜ(v) ≥ bγδ(G′)c

]
≥ 1/2. Since

δ(G′) ≥ ln0.9 n and since the degrees of every two vertices are positively correlated, using the
FKG inequality (see e.g. [4, Chapter 6]) we have that

Pr
[
δ(Ĝ) ≥ bln0.87 nc

]
≥ Pr

[
δ(Ĝ) ≥ bγδ(G′)c

]
≥ 2−n

′
.
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It follows that with probability at least 2−n
′

we have εδ(Ĝ)
10(c+1)

> ln0.81 n′, and thus Ĝ satisfies

property Q1 with probability at least 2−n
′
.

Next, we prove that, with “very large” probability, Ĝ satisfies property Q2. Fixing
a pair of disjoint sets of vertices U,W ⊆ V ′ of cardinality r each, it clearly follows that
eĜ(U,W ) ∼ Bin(eG′(U,W ), γ), and thus E

[
eĜ(U,W )

]
≥ n ln0.07 n > n′ ln0.07 n′. Since

n′

(1−2ε)
ln
(
n′

r

)
≤ n′ ln0.05 n′, we can upper bound the probability that the pair U,W does not

satisfy property Q2 with K = n′

r(1−2ε)
, using Theorem 7.4 as follows.

Pr
[
eĜ(U,W ) < n′ ln0.05 n′

]
≤ exp

(
−(1− ln−0.02 n′)2n′ ln0.07 n′

2

)
≤ exp

(
−n

′ ln0.07 n′

3

)
.

Applying a simple union bound argument we deduce that the probability that there exists a
pair of disjoint subsets of vertices, of cardinality r each, which does not satisfy property Q2
with K = n′

r(1−2ε)
is at most(

n′

r

)
·
(
n′ − r
r

)
·exp

(
−n

′ ln0.07 n′

3

)
≤ exp

(
2r ln

(
en′

r

)
− n′ ln0.07 n′

3

)
≤ exp

(
−n

′ ln0.07 n′

4

)
.

Finally, note that e(Ĝ) ∼ Bin(e(G′), γ) and thus E
[
e(Ĝ)

]
= (1− o(1))n

′ ln0.97 n′

2
. Hence,

using Theorem 7.4 we deduce that

Pr
[
e(Ĝ) > 2n′ ln0.97 n′

]
< exp

(
−(1− o(1))n′ ln0.97 n′

6

)
.

Putting everything together we conclude that exp
(
− (1−o(1))n′ ln0.97 n′

6

)
+exp

(
−n′ ln0.07 n′

4

)
<

2−n
′
. Hence, there exists a subgraph Ĝ ⊆ G′ with at most 2n′ ln0.97 n′ edges which satisfies

the conditions of Theorem 7.14. It follows that Ĝ ∈MXR,c as claimed. 2

7.5 Hitting time of the k-vertex connectivity and per-

fect matching games

This short section is devoted to the proofs of Theorems 7.1 and 7.2. These two theorems are
simple corollaries of the results presented in the previous sections.

7.5.1 k-vertex connectivity

As already mentioned in Section 7.2 we will provide a sufficient condition on R and c such
that an (R, c)-expander will surely be k-vertex connected.
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Lemma 7.26 For every positive integer k, if G = (V,E) is an (R, c)-expander such that
c ≥ k, and Rc ≥ 1

2
(|V |+ k), then G ∈ VCk.

Proof: Assume for the sake of contradiction that there exists some set S ⊆ V of size
|S| ≤ k − 1 whose removal disconnects G. Denote the connected components of G \ S by
S1, . . . , St, where t ≥ 2 and 1 ≤ |S1| ≤ . . . ≤ |St|. If |S1| ≤ R, then k−1 ≥ |S| ≥ |NG(S1)| ≥
c|S1| ≥ c ≥ k, which is clearly a contradiction. Assume then that |S1| > R. For i ∈ {1, 2}, let
Ai ⊆ Si be an arbitrary subset of size R. It follows that |V | ≥ |S1∪S2∪NG(S1)∪NG(S2)| ≥
|NG(A1) ∪ NG(A2)| = |NG(A1)| + |NG(A2)| − |NG(A1) ∩ NG(A2)| ≥ 2Rc − |S| ≥ |V | + 1,
which is clearly a contradiction. It follows that G is k-vertex-connected as claimed. 2

In order to prove Theorem 7.1 it thus suffices to show that w.h.p. at the moment the
random graph process first reaches minimum degree 2k, Maker has a winning strategy for
the (R, c)-expander game for suitably chosen values of R and c. In doing so we will heavily
rely on Theorem 7.14. Proof: [Proof of Theorem 7.1] Fix some positive integer k ≥ 1

and let G̃ = {Gi}
(n2)
i=0 denote the random graph process. Set M = τ(G̃; δ2k), let G = GM ,

Small = Dln0.9 n(G), G′ = G[V \ Small] and denote by n′ the number of vertices in
G′. Setting c = k + 2, and R = n′

k+4
, the conditions of Lemma 7.24 are met, and thus

G′ ∈MX n′
k+4

,k+2
.

Maker’s strategy will consist of splitting the board into F1 = E(G′) and F2 = EG(Small, V \
Small), and playing the corresponding two games in parallel, that is, in each move Maker
will claim an edge of the board Breaker chose his last edge from (except for possibly his
last move in one of the two games). Playing on the edges of F1, Maker aims to build an
( n′

k+4
, k+ 2)-expander. As noted above, Maker has a winning strategy for this game. Playing

on the edges of F2, Maker follows a simple pairing strategy which guarantees that, by the
end of the game, the graph H which Maker constructs will satisfy dH(v) ≥ bdG(v)/2c for
every v ∈ Small. To achieve this goal, whenever Breaker claims an edge which is incident
with some vertex v ∈ Small, Maker responds by claiming a different edge incident with v
if such an edge exists, and otherwise he claims an arbitrary free edge of F1 ∪ F2. Since the
minimum degree in G is 2k, it follows by Maker’s strategy for the game on F2 and by Claim
7.21, that in Maker’s graph H, the vertices of Small form an independent set with k edges
emitting out of each vertex. Since the graph H ′ = H[V \Small] is an ( n′

k+4
, k+2)-expander,

and since (k + 2) · n′

k+4
≥ 1

2
(n+ k) holds for every k ≥ 1 by Claim 7.20, Lemma 7.26 implies

that H ′ ∈ VCk. Adding to H ′ the vertices of Small with their incident edges clearly keeps
the k-vertex connectivity property, as connecting a new vertex to at least k vertices of a
k-vertex connected graph produces a k-vertex connected graph. This concludes the proof of
the theorem. 2

7.5.2 Perfect matching

Next, in order to show that expansion entails admitting a perfect matching, we make use of
the well-known Berge-Tutte formula for the size of a maximum matching in a graph (see e.g.
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[60, Corollary 3.3.7]).

Theorem 7.27 (Berge-Tutte) The maximum number of vertices which are saturated by a
matching in a graph G = (V,E) is minS⊆V {|V |+ |S| − odd(G− S)}.

The following lemma is applicable regardless of the parity of the number of vertices in the
graph.

Lemma 7.28 If G = (V,E) is an (R, c)-expander such that c ≥ 2 and (c + 1)R ≤ |V | <
2Rc− 8c, then G ∈ PM.

Proof: From the conditions on R and c it follows that Rc > |V |/2 and, combined with G
being an (R, c)-expander, this trivially implies that the graph G must be connected. Setting
S = ∅, we have that odd(G− S) = 1 for odd |V |, and that odd(G− S) = 0 for even |V |. By
Theorem 7.27 we can thus assume that S 6= ∅. We will in fact prove that |S| ≥ conn(G−S)
holds for every non-empty S ⊆ V . It clearly suffices to prove this for every ∅ 6= S ⊆ V of
cardinality |S| ≤ |V |/2. Let S be such a set, let t = conn(G−S), and let S1, . . . , St denote the
connected components of G−S, where 1 ≤ |S1| ≤ . . . ≤ |St|. Assume first that there exists a
set A ⊆ {1, . . . , t} such that |S|/c <

∣∣⋃
i∈A Si

∣∣ ≤ R. By definition we have NG(
⋃
i∈A Si) ⊆ S.

It follows that |S| ≥ |NG(
⋃
i∈A Si)| ≥ c

∣∣⋃
i∈A Si

∣∣ > |S|, which is clearly a contradiction.
Hence, no such A ⊆ {1, . . . , t} exists. It follows that there must exist some 0 ≤ j∗ ≤ t such
that

∑j∗

i=1 |Si| ≤ b|S|/cc and |Si| > R− |S|/c for every j∗ < i ≤ t. If j∗ ≥ t− 1, then, since
|Si| ≥ 1 for every 1 ≤ i ≤ t, it follows that t ≤

∑t−1
i=1 |Si|+ 1 ≤ b|S|/cc+ 1 ≤ |S|. Hence, we

can assume that j∗ ≤ t−2. We split our analysis of this case into two subcases. First, assume
that 1 ≤ |S| < Rc

2
or equivalently, that c(R− |S|/c) > |S|. If R− |S|/c ≤ |Sj∗+1| ≤ R, then,

as S ⊇ NG(Sj∗+1) we have that |S| ≥ |NG(Sj∗+1)| ≥ c(R − |S|/c) > |S|, a contradiction.
Therefore, in this subcase |Si| > R holds for every j∗ < i ≤ t. Since j∗ ≤ t − 2, for
i ∈ {t − 1, t}, we can choose Ai ⊆ Si to be an arbitrary subset of size R. It follows that
|V | =

∑t
i=1 |Si|+|S| ≥ t−2+|St−1∪St∪NG(St−1)∪NG(St)| ≥ t−2+|NG(At−1)∪NG(At)| =

t−2+ |NG(At−1)|+ |NG(At)|−|NG(At−1)∩NG(At)| ≥ t−2+2Rc−|S| > |V |+8c+t−2−|S|,
which implies |S| > t + 8c − 2 > t. This completes the proof of the first subcase. Second,
we assume that Rc/2 ≤ |S| ≤ |V |/2; it follows that |S| > |V |/4. Note that under our
assumption on R and c we have that R − |S|/c > 4, and therefore |Si| ≥ 5 for every
j∗ < i ≤ t. Moreover, since |Si| ≥ 1 holds for every 1 ≤ i ≤ j∗, it follows that j∗ ≤ |S|/c.
Putting everything together we have that |S| > 1

3

∑t
i=1 |Si| ≥

j∗+(t−j∗)(R−|S|/c)
3

≥ 5t−4j∗

3
, and

therefore t < |S|
5

(3 + 4
c
) ≤ |S|. This concludes the proof of the lemma. 2

In order to prove Theorem 7.2 we proceed very similarly to the proof of Theorem 7.1.

Proof: [Proof of Theorem 7.2] Let G̃ = {Gi}
(n2)
i=0 denote the random graph process. Set

M = τ(G̃; δ2), let G = GM , Small = Dln0.9 n(G), G′ = G[V \ Small] and denote by n′ the
number of vertices in G′. Setting c = 8, and R = n′

10
, the conditions of Lemma 7.24 are met,

and thus G′ ∈MXn′
10 ,8

.

Maker’s strategy is quite similar to the one presented in the proof of Theorem 7.1. He
splits the board into F1 = E(G′) and F2 = EG(Small, V \ Small), and plays the corre-
sponding two games in parallel, that is, in each move Maker will claim an edge of the board
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Breaker chose his last edge from (except for possibly his last move in one of the two games).
Playing on the edges of F1, Maker aims to build an (n′/10, 8)-expander. As noted above,
Maker has a winning strategy for this game. We denote the restriction of the graph built by
Maker by the end of the game to the edges of F1 by H1. Playing on the edges of F2, Maker
follows a simple pairing strategy which guarantees that, by the end of the game, the graph
H2 which Maker constructs will satisfy dH2(v) ≥ bdG(v)/2c for every v ∈ Small. To achieve
this goal, whenever Breaker claims an edge which is incident with some vertex v ∈ Small,
Maker responds by claiming a different edge incident with v if such an edge exists, and
otherwise he claims an arbitrary free edge of F1 ∪ F2. Recalling Claim 7.21 we can assume
that Small is an independent set in G and that no two vertices in Small share a common
neighbor. As the minimum degree in G is 2, Maker’s graph, H = H1 ∪H2, will contain at
least one edge emitting out of every vertex in Small, each incident with a different vertex
of V \Small. Therefore, there exists a matchingM which covers all vertices of Small. Let
T denote the set of vertices of V \Small which are covered byM. Again, by Claim 7.21 we
can assume that no two vertices in T share a common neighbor (as this would create a path
of length 4 between two vertices in Small). Since, the graph H1 is an (n′/10, 8)-expander,
it follows by Claim 7.10 that the graph H ′ = H1 \ T is an (n′/10, 7)-expander. The values
R = n′/10 and c = 7 satisfy the condition of Lemma 7.28, implying that H ′ ∈ PM. LetM′

be some perfect matching of H ′, then M∪M′ is a perfect matching of H. This concludes
the proof of the theorem. 2

7.6 Hitting time of the Hamiltonicity game

Our proof of Theorem 7.3 is fairly similar to the two proofs presented in the previous section.
However, having built an appropriate expander, Maker will need to claim additional edges in
order to transform his expander into a Hamiltonian graph. In order to describe the relevant
connection between Hamiltonicity and (R, c)-expanders, we require the notion of boosters.

Definition 7.29 For every graph G, we say that a non-edge {u, v} /∈ E(G) is a booster
with respect to G, if either G ∪ {u, v} is Hamiltonian or `(G ∪ {u, v}) > `(G). We denote
by BG the set of boosters with respect to G.

The following is a well-known property of (R, 2)-expanders (see e.g. [32]).

Lemma 7.30 If G is a connected non-Hamiltonian (R, 2)-expander, then |BG| ≥ R2/2.

Our goal is to show that during a game on an appropriate graph G, assuming Maker can
build a subgraph of G which is an (R, c)-expander, he can also claim sufficiently many such
boosters, so that his (R, c)-expander becomes Hamiltonian. In order to do so, we further
analyze the structure of the random graph process.
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Lemma 7.31 If G̃ = {Gi}
(n2)
i=0 is the random graph process and M = τ(G̃; δ4), then w.h.p.

GM does not contain a connected non-Hamiltonian (n/5, 2)-expander Γ with at most n ln0.98 n
edges such that |E(GM) ∩ BΓ| ≤ n lnn

100
.

Proof: First we note that any (n/5, 2)-expander must be connected, as each connected
component must be of size at least n/5 + 2n/5 > n/2. Let m4 ≤M ′ ≤M4 be an integer, let
p = M ′/

(
n
2

)
> lnn

n
, and let G = (V,E) ∼ G(n, p). Our goal is to prove that the probability

that G contains a connected non-Hamiltonian (n/5, 2)-expander subgraph Γ with at most
n ln0.98 n edges such that |E ∩ BΓ| ≤ n lnn

100
is “much smaller” than the probability that

e(G) = M ′. Applying Claim 6.2 for every integer m4 ≤ M ′ ≤ M4 and then summing over
all such integers, will enable us to complete the proof.

Let S denote the set of all labeled non-Hamiltonian (n/5, 2)-expanders on the vertex
set V which have at most n ln0.98 n edges. Fix a graph Γ = (V, F ) ∈ S, then clearly
Pr [Γ ⊆ G] = p|F |. Now, let G′ = (V,E \ F ) ∼ G(n, p)−F . By definition, every booster with
respect to Γ is a non-edge in Γ, hence BΓ is a subset of the potential pairs of the graph G′.
Lemma 7.30 implies that |BΓ| ≥ n2/50, and since |E(G′)∩BΓ| ∼ Bin(|BΓ|, p), it follows that

E [|E(G′) ∩ BΓ|] ≥ n2p
50

> n lnn
50

. Applying Theorem 7.4 we have

Pr

[
|E(G′) ∩ BΓ| ≤

n lnn

100

]
≤ exp

(
−
(
1− 50

100

)2
n2p

100

)
= exp

(
−n

2p

400

)
.

Next, we note that by the independence of appearance of edges in G(n, p), the event Γ ⊆ G
and the event that some booster e with respect to Γ was chosen among the edges of G′,
are independent events. It follows that the probability that G contains a connected non-
Hamiltonian (n/5, 2)-expander Γ with m ≤ n ln0.98 n edges, such that |E ∩ BΓ| ≤ n lnn

100
is at

most
((n2)
m

)
pm · exp

(
−n2p

400

)
. Applying a union bound argument over all integers 1 ≤ m ≤

n ln0.98 n we obtain

n ln0.98 n∑
m=1

((n
2

)
m

)
pm · exp

(
−n

2p

400

)

≤
n ln0.98 n∑
m=1

(
en2p

2m

)m
· exp

(
−n

2p

400

)

≤
n ln0.98 n∑
m=1

exp

(
m ·
(

1 + ln

(
n2p

2m

))
− n2p

400

)
≤ exp

(
−n

2p

401

)
.

Using Claim 6.2, the above calculation implies that the same event, with G ∼ G(n,M ′),

is upper bounded by 3
√
M ′ · exp

(
−n2p

401

)
≤ exp

(−n lnn
402

)
. Taking the union bound over

all integral values of m4 ≤ M ′ ≤ M4, we conclude that the probability there exists such
an integer M ′ for which GM ′ violates the claim is at most (M4 − m4 + 1) · exp

(−n lnn
402

)
≤
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n ln ln lnn · exp
(−n lnn

402

)
= o(1). 2

We are now ready to present the full proof of Theorem 7.3.

Proof: [Proof of Theorem 7.3] Let G̃ = {Gi}
(n2)
i=0 denote the random graph process. Set

M = τ(G̃; δ4), let G = GM , Small = Dln0.9 n(G), G′ = G[V \ Small] and denote by n′

the number of vertices in G′. By Claim 7.20 we can assume that |Small| ≤ n0.3. Setting
c = 3, and R = 9n′

40
, the conditions of Lemma 7.24 are met, and thus there exists a subgraph

Ĝ ⊆ G′ such that Ĝ ∈MX 9n′
40 ,3

and e(Ĝ) ≤ 2n′ ln0.97 n′.

Maker’s strategy consists of two phases. Let ei denote the edge selected by Maker in
his ith move and let Hi = (V, {e1, . . . , ei}) denote Maker’s graph immediately after his ith
move. Let H ′ denote Maker’s graph at the end of the first phase and let H denote Maker’s
graph at the end of the second phase, that is, Maker’s final graph. Before the game starts,
Maker splits the board E(G) into three parts F1 = E(Ĝ), F2 = EG(Small, V \Small) and

F3 = E(G′ \ Ĝ). During the first phase, Maker plays two games in parallel, one on F1 and
the other on F2. For every j ≥ 1, on his jth move of the first phase, Maker claims an edge
of F1 ∪ F2, according to his strategy for each of the two games. If on his jth move Breaker
claims an edge of Fi, for some i ∈ {1, 2}, then Maker claims an edge of Fi as well (unless
he has already achieved his goal in the game on Fi). If Breaker claims an edge of F3, then
Maker claims an edge of F1 ∪ F2 which brings him closer to his goal in the corresponding
game. Playing on the edge set of F1, Maker aims to build a (9n′/40, 3)-expander H ′1. As
noted above, Maker has a winning strategy for this game. Moreover, since |F1| ≤ 2n′ ln0.97 n′,
Maker can build such an expander within at most t1,1 := n′ ln0.97 n′ moves. Playing on the
edges of F2, Maker follows a simple pairing strategy which guarantees that, by the end of the
game, the graph H ′2 which Maker constructs, will satisfy dH′2(v) ≥ 2 for every v ∈ Small.
For every edge which is incident with some vertex v ∈ Small that Breaker claims, Maker
responds by claiming a different edge incident with v. Note that if Maker’s current graph
already contains two edges incident with v he can simply claim another free edge of F1 ∪ F2

which brings him closer to his goal in the corresponding game. Hence, the number of moves
required for Maker to reach his goal in the game on F2 is at most t1,2 := 2|Small| ≤ 2n0.3. It
follows by Claim 7.21 that Small is an independent set and that no two edges emitting from
Small are incident with the same vertex of V \ Small. Hence, Maker’s graph H ′2, satisfies
NH′2

(U ′) ≥ 2|U ′| for every U ′ ⊆ Small. Applying Claim 7.11 and noting that 9n′/40 ≥ n/5,
it follows that H ′ = H ′1 ∪ H ′2 is an (n/5, 2)-expander. Clearly, Maker’s final graph H is
an (n/5, 2)-expander as well. A crucial point to keep in mind is that the number of moves
required for Maker to construct his (n/5, 2)-expander H ′, is t1 = t1,1 + t1,2 = o(n ln0.98 n).

After having completed the construction of H ′, Maker proceeds to the second phase of
his strategy. Let t2 ≤ n denote the number of moves Maker plays during the second phase.
For every t1 < j ≤ t1 + t2, on his jth move, Maker claims an edge of G which is a booster
with respect to Hj−1. This is possible since, throughout the game Breaker claims at most
t1 + t2 ≤ t1 + n edges of G, but by Lemma 7.31, w.h.p. either Hj−1 is Hamiltonian or it has
at least n lnn/100 > t1 + n boosters among the edges of G. It follows by the definition of
a booster that either Hj is Hamiltonian or `(Hj) > `(Hj−1). Repeating the same argument



116

t2 ≤ n times, we conclude that H is Hamiltonian as claimed. 2

7.7 Remarks on possible generalizations

We note that, by using a slight modification of our proofs, Theorems 7.2 and 7.3 can in
fact be extended. Recall that for every positive integer k ≥ 1, PMk and HAMk denote
the graph properties of admitting k pairwise edge-disjoint perfect matchings, and k pairwise
edge-disjoint Hamilton cycles respectively.

Theorem 7.32 For every fixed integer k ≥ 1, if G̃ is the random graph process, then w.h.p.

τ(G̃;MPMk) = τ(G̃; δ2k).

Theorem 7.33 For every fixed integer k ≥ 1, if G̃ is the random graph process, then w.h.p.

τ(G̃;MHAMk) = τ(G̃; δ4k).

Theorem 7.33 can be viewed as a Combinatorial game analog of the classical result of Bollobás
and Frieze [18] who proved that w.h.p. τ(G̃;HAMk) = τ(G̃; δ2k) (see also [32] for an
extension to non-constant minimum degree in the G(n, p) model). Moreover, as noted in
Subsection 7.1.1, Theorem 7.33 entails this result of Bollobás and Frieze when k is even.

We now sketch how the proof of Theorem 7.3 can be adapted so as to entail Theorem
7.33. Similarly, the proof of Theorem 7.32 can be obtained using appropriate modifications
to the proof of Theorem 7.2, but as this case is simpler, we omit the details.

It suffices to prove that when removing all vertices of degree at most ln0.9 n from the
random graph G(n,M), where M = τ(G̃; δ4k), playing on this subgraph G′ on n′ vertices,
w.h.p. Maker can quickly (that is, within o(n′ lnn′) moves) build a (9n′/40k, 3k)-expander
H ′ for which the property M2 with r = n′/ ln0.4 n′ holds. Moreover, at the same time, Maker
can ensure that the minimum degree of his graph will be at least 2k. After the removal of
0 ≤ i ≤ k − 1 edge-disjoint Hamilton cycles from the original graph we have removed a 2i-
regular graph from H ′ and are left with a graph Ĥi (which is spanned by the vertices which
are not in Small) for which |NĤi

(U)| ≥ 3k|U | − 2i|U | ≥ (k + 2)|U | for every U ⊆ V (H ′)
of cardinality |U | ≤ 9n′/40k. To complete the proof it is left to note that the choice of the
parameter r guarantees that between sets of linear size there is a super-linear number of
edges. It is not hard to see that adding back the vertices of Small, each of which is incident
with at least 2k − 2i ≥ 2 edges, results in a connected (n/5, 2)-expander. This graph has
more boosters than the number of moves played so far. It follows that Breaker could not
have claimed all of them. Maker can thus continue playing for another Hamilton cycle using
the boosters left in the graph. As there is a super-linear number of boosters and Breaker
can claim at most n of them per Hamilton cycle, Maker can keep playing this way until he
completely saturates his vertices of minimum degree.



Chapter 8

Fast Maker-Breaker games on random
boards

8.1 Introduction

As already discussed in previous chapters, many natural games played on the edge set of the
complete graph Kn are drastically in favor of Maker. Hence, it is natural to try to make his
life a bit harder and to play on different types of boards or to limit his number of moves. In
this chapter we are mainly interested in the following two questions.

(i) Given a sparse board G = (V,E), can Maker win the game played on this board?

(ii) How fast can Maker win this game?

In [59] it was suggested to play Maker-Breaker games on the edge set of a random
graph G ∼ G(n, p) and some games were examined such as the perfect matching game, the
Hamiltonicity game, the connectivity game and the k-clique game.

Later on, in Chapter 7, it was proved that the edge set of G ∼ G(n, p) with p =
(1+o(1)) lnn

n
is typically such that Maker has a strategy to win the unbiased perfect matching

game, the Hamiltonicity game and the k-connectivity game. This is best possible since
p = lnn

n
is the threshold probability for the property of G(n, p) having an isolated vertex.

Moreover, the proof in Chapter 7 is of a ”hitting-time” type. That means, in the random
graph process, i.e. when adding one new edge randomly every time, typically at the moment
the graph reaches the needed minimum degree for winning the desired game, Maker indeed
can win this game. For example, at the first time the graph process achieves minimum degree
2 the board is typically such that Maker wins the perfect matching game.

In this chapter we consider the perfect matching game PM(G), the Hamiltonicity game
H(G) and the k-connectivity game Ck(G) played on the edge set of a typical graph G sampled
from G(n, p). Here, we are mainly interested at the duration of these games and we wish to
show that Maker typically has a strategy to win in an (asymptotically) optimal time.
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Using fast strategies for Maker in certain games, explicit strategies for Red were given for
games such as the perfect matching game, the Hamiltonicity game and the k-connectivity
game played on the edge set of Kn (see Chapters 2 and 3). This provides substantial
motivation for studying fast winning strategies in Maker-Breaker games.

Regarding the strong game played on G ∼ G(n, p), not much is known yet. Hence, as
a first step for finding explicit strategies for Red in the strong game played on a random
board, it is natural to look for fast winning strategies for Maker in the analogous games.
Therefore the following question is quite natural.

Question(s) : Given p = p(n), how fast can Maker win the perfect matching, the Hamiltonic-
ity and the k-connectivity games played on the edge set of a random boardG ∼ G(n, p)?

In this chapter we resolve these questions for a wide range of the values of p = p(n). We
prove the following theorems:

Theorem 8.1 Let b ≥ 1 be an integer, let K > 12, p = lnK n
n

, and let G ∼ G(n, p). Then
a.a.s. G is such that in the (1 : b) weak game PM(G), Maker has a strategy to win within
n
2

+ o(n) moves.

Theorem 8.2 Let b ≥ 1 be an integer, let K > 100, p = lnK n
n

, and let G ∼ G(n, p). Then
a.a.s. G is such that in the (1 : b) weak game H(G), Maker has a strategy to win within
n+ o(n) moves.

Theorem 8.3 Let b ≥ 1, k ≥ 2 be two integers, let K > 100, p = lnK n
n

, and let G ∼ G(n, p).
Then a.a.s. G is such that in the (1 : b) weak game Ck(G), Maker has a strategy to win within
kn
2

+ o(n) moves.

Due to obvious monotonicity the results are valid for any p = p(n) larger than stated in
the theorems above.

For the sake of simplicity and clarity of presentation, we do not make a particular effort
to optimize the constants obtained in our proofs. We do not believe that the order of
magnitude we assume for p in the above theorems is optimal. We also omit floor and ceiling
signs whenever these are not crucial. Most of our results are asymptotic in nature and
whenever necessary we assume that n is sufficiently large.

The remaining part of the chapter is organized as follows. First, we introduce the nec-
essary notation. In Section 8.2, we assemble several results that we need. We give some
basic results of positional games in Section 8.2.1, of graph theory in Section 8.2.2, and about
G(n, p) in Section 8.2.3. The strategy of Maker (in each of the three games) includes building
a suitable expander on a subgraph, which then contains the desired structure. We therefore
include results about expanders in Section 8.2.4. We prove Theorem 8.1, 8.2 and 8.3 in
Sections 8.3, 8.4 and 8.5, respectively. Finally, in Section 8.6 we pose some open problems
connected to our results.
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8.1.1 Notation and terminology

Our graph-theoretic notation is standard and follows that of [60]. In particular, we use the
following.

For a graph G, let V (G) and E(G) denote its sets of vertices and edges, respectively.
Let S, T ⊆ V (G) be subsets. Let G[S] denote the subgraph of G, induced on the vertices
of S, and let EG(S) = E(G[S]). Further, let EG(S, T ) := {st ∈ E(G) : s ∈ S, t ∈ T}, and
let NG(S) := {v ∈ V : ∃s ∈ S s.t. vs ∈ E(G)} denote the neighborhood of S. Further, for
v ∈ V (G), let dG(v, S) = |EG({v}, S)|, and dG(v) := dG(v, V (G)). For an edge e ∈ E(G)
we denote by G− e the graph with vertex set V (G) and edge set E(G) \ {e}. We omit the
subscript G whenever there is no risk of confusion.

Assume that some Maker-Breaker game, played on the edge set of some graph G, is in
progress. At any given moment during the game, we denote the graph formed by Maker’s
edges by M , and the graph formed by Breaker’s edges by B. At any point during the game,
the edges of F := G \ (M ∪B) are called free edges.

8.2 Auxiliary results

In this section we present some auxiliary results that will be used throughout the chapter.

First, we will need to employ bounds on large deviations of random variables. We will
mostly use the following well-known bound on the lower and the upper tails of the Binomial
distribution due to Chernoff (see [4], [47]).

Lemma 8.4 If X ∼ Bin(n, p), then

• P[X < (1− a)np] < exp
(
−a2np

2

)
for every a > 0.

• P[X > (1 + a)np] < exp
(
−np

3

)
for every a ≥ 1.

Lemma 8.5 Let X ∼ Bin(n, p), µ = E(X) and k ≥ 7µ, then P(X ≥ k) ≤ e−k.

8.2.1 Basic positional games results

The following fundamental theorem, due to Beck [6], is a useful sufficient condition for
Breaker’s win in the (a : b) game (X,F). It will be used extensively throughout the chapter.

Theorem 8.6 Let X be a finite set and let F ⊆ 2X . If
∑

F∈F(1 + b)−|F |/a < 1
1+b

, then
Breaker (as the first or second player) has a winning strategy for the (a : b) game (X,F).

While Theorem 8.6 is useful in proving that Breaker wins a certain game, it does not
show that he wins this game quickly. The following lemma is helpful in this respect.
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Lemma 8.7 (Trick of fake moves) Let X be a finite set and let F ⊆ 2X . Let b′ < b be
positive integers. If Maker has a winning strategy for the (1 : b) game (X,F), then he has a
strategy to win the (1 : b′) game (X,F) within 1 + |X|/(b+ 1) moves.

The main idea of the proof of Lemma 8.7 is that, in every move of the (1 : b′) game (X,F),
Maker (in his mind) gives Breaker b − b′ additional board elements. The straightforward
details can be found in [9].

We will also use a variant of the classical Box Game first introduced by Chvátal and
Erdős in [20]. The Box Game with resets rBox(m, b), first studied in [29] (see Chapter 4),
is played by two players, called BoxMaker and BoxBreaker. They play on a hypergraph
H = {A1, . . . , Am}, where the sets Ai are pairwise disjoint. BoxMaker claims b elements
of
⋃m
i=1Ai per turn, and then BoxBreaker responds by resetting one of BoxMaker’s boxes,

that is, by deleting all of BoxMaker’s elements from the chosen hyperedge Ai. Note that
the chosen box does not leave the game. At every point during the game, and for every
1 ≤ i ≤ m, we define the weight of box Ai to be the number of BoxMaker’s elements that
are currently in Ai, that is, the number of elements of Ai that were claimed by BoxMaker
and have not been deleted yet by BoxBreaker.

Theorem 8.8 (Theorem 4.7 in Chapter 4) For every integer k ≥ 1, BoxBreaker has a
strategy for the game rBox(m, b) which ensures that, at any point during the first k rounds
of the game, every box Ai has weight at most b(1 + ln(m+ k)).

We will use this theorem to provide Maker with a strategy to obtain some minimum
degree in his graph. To that end, let G = (V,E) be some graph, and let V1, V2 ⊆ V be
arbitrary subsets. By (1 : b) - Deg(V1, V2) we denote the (1 : b) positional game where the
board is E and Maker tries to get a large degree dM(v, V2) for every v ∈ V1. Occasionally, we
shall simply refer back to this as the degree game. The following is an immediate conclusion
of Theorem 8.8.

Claim 8.9 (The degree game) Let G = (V,E) be a graph on |V | = n vertices, V1, V2 ⊆
V , and let b be an integer. Then, in the (1 : b)−Deg(V1, V2) game, Maker can ensure that
dB(v, V2) ≤ 10b(dM(v, V2) + 1) lnn for every vertex v ∈ V1.

Proof: Maker pretends he is BoxBreaker and that he is playing the rBox(n, 2b) game
with the boxes {vu ∈ E : u ∈ V2}, v ∈ V1. Notice that these boxes are not necessarily
disjoint, since we did not require V1 and V2 to be disjoint. However, any edge belongs to at
most two of these boxes. So BoxBreaker can pretend that the boxes are disjoint and that
BoxMaker claims 2b elements in every move (using the Trick of fake moves). Now, according
to Theorem 8.8, BoxBreaker can ensure that at any point during the first k rounds of the
game, every box has weight at most 2b(1 + ln(n+ k)). Hence, at the end of the game every
box has weight at most 2b(1 + ln(n +

(
n
2

)
)) ≤ 10b lnn. So, for every vertex v ∈ V1, Maker

(BoxBreaker) has claimed at least one incident edge of v for every 10b lnn incident edges
Breaker (BoxMaker) has claimed. Hence dB(v, V2) ≤ 10b(dM(v, V2) + 1) lnn. 2
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8.2.2 General graph theory results

We will use the following graph which was introduced in Chapter 3. Let k ≥ 2 and n ≥
3(k − 1) be positive integers such that (k − 1) | n. Let m := n

k−1
. Let C1, . . . , Ck−1 be

k − 1 pairwise vertex disjoint cycles, each of length m. For every 1 ≤ i < j ≤ k − 1 let
Pij be a perfect matching in the bipartite graph (V (Ci) ∪ V (Cj), {uv : u ∈ V (Ci), v ∈
V (Cj)}). Let Gk be the family of all graphs Gk = (Vk, Ek) where Vk =

⋃k−1
i=1 V (Ci) and

Ek =
(⋃k−1

i=1 E(Ci)
)
∪
(⋃

1≤i<j≤k−1 Pij

)
.

We now prove the following lemma.

Lemma 8.10 For all integers k ≥ 2 and n ≥ 3(k − 1) such that (k − 1) | n, every Gk ∈ Gk
is k-regular and k-vertex-connected.

Proof: For k = 2, the lemma is trivial. So assume k ≥ 3. It is obvious that Gk is
k-regular. Let S ⊆ Vk be an arbitrary set of size at most k− 1. We will prove that Gk \S is
connected. Assume first that there exists some 1 ≤ i ≤ k−1 for which S ∩V (Ci) = ∅. Then
(Gk \S)∩Ci = Ci is connected and V (Ci) is a dominating set of Gk \S. It follows that Gk \S
is connected. Assume then that |S∩V (Ci)| = 1 for every 1 ≤ i ≤ k−1. Hence, (Gk \S)∩Ci
is a path on k − 1 vertices for every 1 ≤ i ≤ k − 1. Since k − 1 ≥ 2 and |S ∩ V (Ci)| = 1 for
every 1 ≤ i ≤ k−1 hold by the assumption, it follows that there is at least one edge between
(Gk\S)∩Ci and (Gk\S)∩Cj for every 1 ≤ i < j ≤ k−1. It follows thatGk\S is connected. 2

The following lemma shows that if a directed graph satisfies some pseudo-random prop-
erties then it contains a long directed path. We will use it in the proof of Theorem 8.2.

Lemma 8.11 (Lemma 4.4 [11]) Let m be an integer and let D = (V,E) be an oriented
graph with the following property: There exists an edge from S to T between any two disjoint
sets S, T ⊆ V such that |S| = |T | = m. Then, D contains a directed path of length at least
|V | − 2m+ 1.

The next lemma provides a sufficient (Hall-type) condition for a bipartite graph to contain
a perfect matching.

Lemma 8.12 Let G = (U1 ∪ U2, E) be a bipartite graph with |U1| = |U2| = n. Let r ≤ n/2
be an integer such that:

(B1) For i ∈ {1, 2} and every X ⊂ Ui of size |X| ≤ r, |N(X)| ≥ |X|.

(B2) For every X ⊂ U1 and Y ⊂ U2 with |X| = |Y | = r, |E(X, Y )| > 0.

Then G has a perfect matching.
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Proof: In order to prove that G admits a perfect matching we will prove that G satisfies
Hall’s condition, that is, |N(X)| ≥ |X| for every X ⊆ Ui (see e.g. [60]).

We distinguish three cases:

Case 1: If |X| ≤ r, then by (B1) we have that |N(X)| ≥ |X| and we are done.

Case 2: If r < |X| ≤ n− r. By (B2) we have that |N(X)| ≥ n− r ≥ |X|.
Case 3: |X| > n − r. Let X ⊆ U1 and assume towards a contradiction that |N(X)| ≤

|X| − 1. Let Y ⊂ U2 be a subset of size n − |X| + 1 for which N(X) ⊆ U2 \ Y . Since
|X| > n − r we get that |Y | ≤ r and by Case 1 we have that |N(Y )| ≥ |Y | = n − |X| + 1.
Moreover, N(X) ⊆ U2 \Y implies that N(Y ) ⊆ U1 \X, which is clearly a contradiction since
we have that n− |X|+ 1 ≤ |N(Y )| ≤ n− |X|. The case X ⊆ U2 is treated similarly. 2

8.2.3 Properties of G(n, p)

This subsection specifies properties (A1)-(A3) that a graph G ∼ G(n, p) fulfils a.a.s. It turns
out that these properties are all we need to prove our main theorems. So in fact, we could
strengthen them to hold for any graph G that has suitable pseudo-random properties.

Lemma 8.13 Let K ≥ 2 and let G ∼ G(n, p) with p = lnK n/n. Further, let α ∈ R such
that 1 ≤ α < K, and let f = f(n) be some function that satisfies 1 ≤ f = O((ln lnn)3).
Then, a.a.s.

(A1) δ(G) = Θ
(
lnK n

)
and ∆(G) = Θ

(
lnK n

)
.

(A2) For every subset U ⊆ V , |E(U)| ≤ max{100 |U | lnn, 100 |U |2p}.

(A3) For any two disjoint subsets U,W ⊆ V with |U | = |W | = nf−1 ln−α n, |E(U,W )| =
Ω
(
nf−2 lnK−2α n

)
and |E(U)| = Ω

(
nf−2 lnK−2α n

)
.

Proof: To prove (A1), let v ∈ V . Since dG(v) ∼ Bin(n− 1, p) we conclude E(dG(v)) =
(n− 1)p = (1− o(1)) lnK n. Hence, by Lemma 8.4,

P
(
dG(v) ≤ (1− 1/2) lnK n

)
≤ exp

(
− lnK n

8
(1− o(1))

)
= o(1/n).

Now, by the union bound argument we conclude that

P
(
∃ v ∈ V : dG(v) ≤ lnK n

2

)
≤ n · o(1/n) = o(1).

Similarly, by Lemma 8.4, we obtain

P
(
∃ v ∈ V : dG(v) ≥ 2 lnK n

)
= o(1).
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To prove (A2), let U ⊆ V be a fixed subset of size t := |U |. Then

7E(|E(U)|) ≤ 7t2p < 100t2p ≤ max{100t lnn, 100t2p}.

Thus, by Lemma 8.5,

P
(
|E(U)| ≥ max{100t lnn, 100t2p}

)
≤ exp

(
−max{100t lnn, 100t2p}

)
≤ exp

(
− 100t lnn

)
.

It follows that

P
(
∃ U ⊆ V : |E(U)| > max{100|U | lnn, 100|U |2p}

)
≤

n∑
t=1

(
n

t

)
exp(−100t lnn)

≤
n∑
t=1

exp
(
t lnn− 100t lnn

)
≤

n∑
t=1

exp
(
− 99 lnn

)
= exp(−98 lnn) = o(1).

For (A3), let U,W ⊆ V be two disjoint subsets such that |U | = |W | = nf−1 ln−α n. Note that
|E(U,W )| is binomially distributed with expectation µn := nf−2 lnK−2α n. So by Lemma 8.4
we have that P

(
|E(U,W )| ≤ µn

2

)
≤ exp

(
−µn

8

)
. Applying union bound we get that

P
(
∃ disjoint U,W ⊆ V : |U | = |W | = n

f lnα n
and |E(U,W )| ≤ µn

2

)
≤
(

n
n

f lnα n

)2

exp
(
−µn

8

)
≤ exp

(
2n

f lnα n
(α ln lnn+ 1 + ln f)− n lnK−2α n

8f 2

)
= o(1),

since K > α. Finally, since |E(U)| ∼ Bin
((|U |

2

)
, p
)

, it follows analogously that a.a.s.

|E(U)| = Ω
(
nf−2 lnK−2α n

)
for all U with |U | = nf−1 ln−α n. 2

8.2.4 Expanders

Definition 8.14 Let G = (V,E) be a graph with |V | = n. Let R := R(n) and c := c(n)
be two positive integers. We say that the graph G is an (R, c)-expander if it satisfies the
following two properties:
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(E1) For every subset X ⊆ V with |X| ≤ R, |N(X) \X| ≥ c|X|.

(E2) |E(X, Y )| > 0 for every two disjoint subsets X, Y ⊆ V of size |X| = |Y | = R.

Recall that a graph G = (V,E) is called Hamilton-connected if for every x, y ∈ V , the
graph G contains a Hamilton path with x and y as its endpoints. The following sufficient
condition for a graph to be Hamilton-connected was introduced in [44].

Theorem 8.15 Let n be sufficiently large, and let G = (V,E) be an
(
n/ lnn, ln lnn

)
-

expander on n vertices. Then G is Hamilton-connected.

That is, by ensuring expander properties (locally), we can enforce a Hamilton cycle
(global property).

The following theorem lies in the heart of all of our proofs. It says that in a subgraph of
G of sublinear order where certain properties hold Maker is able to build a suitable expander
fast, that is in o(n) moves.

Theorem 8.16 Let b be an integer, K > 12, let n be a sufficiently large integer and let
p = lnK n/n. Let H = (VH , EH) be a graph on |VH | = Θ

(
n/ ln4 n

)
vertices and let M and

F be two edge disjoint subgraphs of H, where EM already belongs to Maker and F consists
of free edges. Assume that the following properties hold:

(1) EM ∪ EF = EH .

(2) There exist a constant c1 > 0 and a partition VH = A1 ∪ (VH \ A1) such that

dM(v) ≥ c1 lnK−6 n for every v ∈ A1,

dF (v) ≥ c1 lnK−4 n for every v /∈ A1

and |A1| = O(n · ln6−K n).

(3) For any two disjoint subsets U,W ⊆ VH of size |U | = |W | = n
(lnn)5 (ln lnn)3

,

|EH(U,W )| = Ω
(
n lnK−10 n
(ln lnn)6

)
.

(4) For every subset U ⊆ VH , |EH(U)| ≤ max{100 |U | lnn, 100 |U |2p}.

Then, for every c ≤ ln ln |VH | and R = |VH |/ ln |VH |, in the (1 : b) Maker-Breaker game
played on EH , Maker has a strategy to build an (R, c)-expander within o(n) moves.

Before we prove this theorem we need an auxiliary result. Consider a graph H with
(edge-disjoint) subgraphs M and F such that the assumptions of Theorem 8.16 hold. Given
a subgraph H1 = (VH , E1) of H, we denote M1 and F1 to be the restrictions of M and F
respectively to the subgraph H1. The following lemma says that in H we can find a sparse
subgraph with suitable properties that will guarantee Maker’s win in the expander game.
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Lemma 8.17 Under the assumptions of Theorem 8.16 there exists a subgraph H1 = (VH , E1)
of H with the following properties:

(i) For every v /∈ A1, dF1(v) = Ω(ln3 n).

(ii) For any two disjoint subsets U,W ⊆ VH such that |U | = |W | = n
(lnn)5 (ln lnn)3

,

|E1(U,W )| = Ω
(

n
(lnn)3 (ln lnn)6

)
.

(iii) For every U ⊆ VH , |E1(U)| ≤ max{1000|U | lnn, 1000|U |2 ln7 n/n}.

(iv) |E1| = o(n).

Note that all size parameters in this lemma do not depend on K anymore. We want to
stress that this is crucial for obtaining |E1| = o(n).

Proof: Let % = ln7−K(n). Pick every edge of H to be an edge of H1 with probability
% independently of all other choices. Let s(n) := n

(lnn)5 (ln lnn)3
. The properties (i)-(iv) will

all be proven by identifying the correct binomial distribution and by applying Chernoff- and
union-bound-type arguments.

To prove property (i), notice that for every v /∈ A1 the degree of v in F1 is binomially
distributed, that is, dF1(v) ∼ Bin(dF (v), %) with mean E(dF1(v)) ≥ c1 ln3 n.

Therefore, by Lemma 8.4 we have P
(
dF1(v) ≤ 1

2
c1 ln3 n

)
≤ exp

(
− 1

8
c1 ln3 n

)
. Hence,

by the union bound we conclude P
(
∃ v ∈ VH \ A1 : dF1(v) ≤ 1

2
c1 ln3 n

)
= o(1).

For property (ii), let c2 > 0 be such that |EH(U,W )| ≥ c2n lnK−10 n/(ln lnn)6 for ev-
ery two disjoint subsets U,W ⊆ VH with |U | = |W | = s(n). This c2 clearly exists by
assumption (3). Let U,W be such subsets. Since |E1(U,W )| ∼ Bin(EH(U,W ), %) with mean
E(|E1(U,W )|) ≥ c2n

(lnn)3 (ln lnn)6
, by Lemma 8.4,

P

(
|E1(U,W )| ≤ c2n

2(lnn)3 (ln lnn)6

)
≤ exp

(
− c2n

8(lnn)3 (ln lnn)6

)
.

Therefore, by union bound we conclude that

P

(
∃ U,W ⊆ VH : |U | = |W | = s(n) and |E1(U,W )| ≤ c2n

2(lnn)3 (ln lnn)6

)

≤
(

n
n

ln5 n

)2

exp

(
− c2n

8(lnn)3 (ln lnn)6

)

≤ exp

(
2n

ln4 n
− c2n

8(lnn)3 (ln lnn)6

)
= o(1).
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To prove property (iii), note that |E1(U)| ∼ Bin(EH(U), %) with expectation E(|E1(U)|) ≤
max{100 |U | lnn, 100 |U |2 ln7 n/n}. Again, by Lemma 8.5 and union bound we get that:

P
(
∃ U ⊆ VH : |E1(U)| ≥ max

{
1000 |U | lnn, 1000 |U |2 ln7 n/n

})
≤
|VH |∑
t=1

(
|VH |
t

)
exp

(
−max

{
1000t lnn, 1000t2 ln7 n/n

})
≤

n∑
t=1

exp
(
t lnn− 1000t lnn

)
≤ n exp(−999 lnn) = o(1).

For property (iv), notice that |E1| ∼ Bin(|EH |, %). By condition (4), and since |VH | =
Θ(n/ ln4 n), |EH | = O(n lnK−8 n). So the expected size of E1 is µ = O(n% lnK−8 n) = o(n).
Hence, again, by Lemma 8.4 we conclude that |E1| = o(n) with probability tending to 1.

We have shown that in the randomly chosen subgraph the properties (i)− (iv) hold a.a.s.
In particular, there exists an instance where all hold. 2

Now, we are ready to prove Theorem 8.16.

Proof: [of Theorem 8.16]

Let H1 = (VH , E1) be a subgraph of H as given by Lemma 8.17. For achieving his goal,
Maker will play two games in parallel on E1. In the odd moves Maker plays the (1 : 2b)
degree game on F1 and in the even moves he plays as F -Breaker the (2b : 1) game (E1,F),
where the winning sets are

F =

{
E1(U,W ) : U,W ⊆ VH , U ∩W = ∅ and |U | = |W | = n

(lnn)5 (ln lnn)3

}
.

Combining Claim 8.9 and Lemma 8.17, Maker can ensure with his odd moves that

for every v ∈ VH \ A1 : dM∩H1(v) = Ω(ln2 n). (8.1)

Also, by Lemma 8.17 (ii),

∑
F∈F

2−|F |/2b ≤
(

n
n

ln5 n

)2

2
−Ω

(
n/((lnn)3 (ln lnn)6)

)

≤ exp

(
2n

ln4 n
− Ω

(
n

(lnn)3 (ln lnn)6

))
= o(1).

So by Theorem 8.6 Maker (as F -Breaker) wins the game (E1,F). That is, for any

two disjoint subsets U,W ⊆ VH of size |U | = |W | = |VH |
ln |VH |

= Θ
(

n
ln5 n

)
= ω( n

(lnn)5 (ln lnn)3
),

Maker can claim an edge between U and W . Note that this gives condition (E2) of the
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expander definition, with R = |VH |/ ln |VH |. Furthermore, by Lemma 8.17 (iv), the game
lasts |E1| = o(n) moves.

To prove that by the end of this game Maker’s graph is indeed a
(
|VH |/ ln |VH |, ln ln |VH |

)
-

expander, it remains to check condition (E1).

Assume for a contradiction that there exists a set X ⊆ VH such that

|X| ≤ |VH |/ ln |VH | and |X ∪NM(X)| ≤ 2|X| ln ln |VH |. (8.2)

We distinguish three cases.

Case 1: |X ∩ A1| ≥ |X|/2. Then |X| = O(n · ln6−K n) by assumption (2). Hence, and
by assumption (4) and (8.2),

|EH(X,NM(X))| ≤ |EH(X ∪NM(X))|

≤ max
{

100 |X ∪NM(X)| lnn, 100 |X ∪NM(X)|2p
}

= O
(

max
{
|X|(ln ln |VH |) lnn, |X|(ln ln |VH |)2 ln6 n

})
.

But this implies |EH(X,NM(X))| = o(|X| lnK−6 n) since K > 12. However, since every
vertex v ∈ A1 has Maker degree at least c1 ·lnK−6 n we also conclude that |EM(X,NM(X))| =
Ω(|X| lnK−6 n), a contradiction.

Case 2: |X \ A1| ≥ |X|/2 and |X| < n
(lnn)5 (ln lnn)3

. By (8.1), for every v ∈ X \ A1,

dM∩H1(v) = Ω(ln2 n). Hence, |EM∩H1(X,NM(X))| = Ω(|X| ln2 n).
On the other hand, by Lemma 8.17,

|EH1(X,NM(X))| ≤ max
{

1000 |X ∪NM(X)| lnn, 1000 |X ∪NM(X)|2 ln7 n/n
}

= O
(

max
{
|X|(ln ln |VH |) lnn, |X|2(ln ln |VH |)2 ln7 n/n

})
= o(|X| ln2 n),

where the first equality follows from (8.2). But this, again, is a contradiction.

Case 3: n
(lnn)5 (ln lnn)3

≤ |X| ≤ |VH |
ln |VH |

. Since Maker wins (as F -Breaker) the game (E1,F)
we conclude that

|NM(X)| ≥ |VH | −
n

(lnn)5 (ln lnn)3
= Ω

(
n

ln4 n

)
= ω(|X| ln lnn),

which contradicts (8.2). This completes the proof. 2

8.3 The Perfect Matching Game

In this section we prove Theorem 8.1 and a variant for random bipartite graphs.



128

Proof: [of Theorem 8.1] First we describe a strategy for Maker and then we prove it
is a winning strategy. At any point during the game, if Maker cannot follow the proposed
strategy (including the time limits) then he forfeits the game. Before the game starts, Maker
picks a subset U0 ⊆ V of size |U0| = n

ln4 n
such that for every v ∈ V , d(v, U0) = Ω(lnK−4 n).

Such a subset exists because a randomly chosen subset of size n
ln4 n

has this property by a
Chernoff-type argument a.a.s. Now, we divide Maker’s strategy into two main stages.

Stage I: At this stage, Maker builds a matching M0 of size n/2−n/ ln4 n which does not
touch U0. Moreover, Maker wants to ensure that by the end of this stage, for every v ∈ V ,

dF (v, U0) = Ω
(
lnK−4 n

)
, or dM(v, U0) = Ω

(
lnK−6 n

)
. (8.3)

Initially, set M0 = ∅. For i ≤ n, as long as |M0| < n/2− n/ ln4 n, Maker plays his i-th move
as follows:

(1) If there exists an integer j such that i = jblnnc, then Maker plays the degree game
(1 : b lnn)−Deg(V, U0).

(2) Otherwise, Maker claims an arbitrary free edge ei ∈ E s.t. ei ∩ e = ∅ for every e ∈ M0

and ei ∩ U0 = ∅. Then, Maker updates M0 to M0 ∪ {ei}.

When Stage I is over, i.e. |M0| = n/2− n/ ln4 n, Maker proceeds to Stage II.

Stage II: Let VH = V \V (M0) with |VH | = 2n/ ln4 n, and let H := (G−B)[VH ]. We will
show that H together with the subgraphs M consisting of Maker’s edges and F consisting
of the free edges satisfies the conditions of Theorem 8.16. That is, Maker can play on H
according to the strategy suggested by the theorem and build a suitable expander in o(n)
moves.

Indeed, stage I and stage II constitute a winning strategy, i.e. if Maker can follow the
proposed strategy, he will get a perfect matching of G. By Theorem 8.16, Maker’s subgraph
of H will be an (R, c)-expander with R = |VH |/ ln |VH | and c = ln ln |VH |, for large n. By
Theorem 8.15, this subgraph will be Hamilton-connected and that is why it will contain a
perfect matching M1. Together with M0 this forms a perfect matching of G. Furthermore,
Maker will win in n/2 + o(n) moves, since Stage I lasts at most n/2 + o(n) rounds, whereas
in Stage II Maker needs only o(n) moves. Thus, we only need to guarantee that Maker can
follow the strategy.

By Lemma 8.13, the properties (A1), (A2) and (A3) hold a.a.s. for G. We condition on
these, and henceforth assume that G satisfies (A1), (A2) and (A3), where f ∈ {1, (ln lnn)3}.
We consider each stage separately.

Stage I: First, consider part (2), that is when Maker tries to build the matching M0

greedily. Assume that Maker has to play his i-th move in Stage I and i 6= jblnnc for any
j ∈ N. Furthermore, assume that still |M0| < n/2 − n/ ln4 n. Let T := V \ (V (M0) ∪ U0).
Then |T | > n/ ln4 n. Thus, by (A3) (f = 1), |E(T )| = ω(n). Since i ≤ n, Maker and Breaker
have claimed O(n) edges so far. In particular, Maker can find a free edge in T to be added
to M0. Thus, he can follow part (2) of Stage I.
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Secondly, consider part (1). It is clear that Maker can play the degree game. Thus, we
only need to prove that the desired degree condition (8.3) will hold. We already know that
there exists a constant c1 > 0 with d(v, U0) ≥ c1 lnK−4 n for every v ∈ V . If at the end of
Stage I Breaker has dB(v, U0) ≤ 0.5c1 lnK−4 n for some v ∈ V , then (8.3) holds trivially for
this v. Thus, we can assume that dB(v, U0) ≥ 0.5c1 lnK−4 n. In this case, Claim 8.9 gives
dM(v, U0) ≥ 0.04c1 lnK−6 n/b.

Stage II: We only need to check whether the conditions of Theorem 8.16 hold for H =
(VH , E(H)). Firstly, |VH | = 2n/ ln4 n. Also, condition (1) holds trivially by the definition of
H.

For condition (2), note that because of the degree condition (8.3) we can find a constant
c2 such that VH = A1 ∪ (V \ A1), where dM(v) ≥ c2 lnK−6 n for every v ∈ A1 and dF (v) ≥
c2 lnK−4 n for every v /∈ A1. Since Stage I took at most n rounds, |A1| = O(n · ln6−K n).

Towards condition (3), note that by (A3) (f = (ln lnn)3) for every disjoint U,W ⊆ V of

size n
(lnn)5 (ln lnn)3

, |E(U,W )| = Ω
(
n lnK−10 n
(ln lnn)6

)
. Since Stage I took at most n rounds, Breaker

has claimed O(n) edges. Hence, in the reduced graph (where Breaker’s edges are deleted),
property (3) is satisfied.

Condition (4) follows by (A2) and since H ⊆ G. 2

In the light of Theorem 8.3, i.e. the k-connectivity game, we would like to get a similar
result for a random bipartite graph. That is, for even n we denote by Bn,p a bipartite graph
with two vertex classes of size n/2, where every possible edge is inserted with probability p.
We show that Maker can win the perfect matching game on Bn,p fast. The main difference
to the proof of Theorem 8.1 is that Maker will not build an expander, but will rather fulfill
the conditions of Lemma 8.12.

Theorem 8.18 Let b ≥ 1 be an integer, let K > 12, p = lnK(n)
n

, and let G ∼ Bn,p. Then
a.a.s. Maker wins the (1 : b) perfect matching game played on G within n

2
+ o(n) moves.

Proof: The proof is analogous to the proof of Theorem 8.1, so we just sketch it here.

For G = (U1 ∪U2, E(G)) ∼ Bn,p, first choose a subset U0 ⊂ U1 ∪U2 such that |U0 ∩U1| =
|U0 ∩ U2| = n

2 ln4 n
, and d(v, U0) = Ω(lnK−4 n) for every v ∈ U1 ∪ U2.

Then Maker divides the game into two stages.

Stage I: Maker again builds greedily a matching M0 of size n/2 − n/ ln4 n which does
not touch U0. Furthermore, Maker ensures that by the end of this stage for some c1 > 0,
dF (v, U0) ≥ c1 lnK−4 n or dM(v, U0) ≥ c1 lnK−6 n for every v ∈ U1 ∪ U2.

Stage II: Let VH = V \ V (M0) with |VH ∩ Ui| = n
ln4 n

and let H = (G− B)[VH ]. Maker
plays similarly to the strategy given in the proof of Theorem 8.16. This time, he will not
build an expander like before. But he will ensure that after o(n) rounds his subgraph of H
will satisfy conditions (B1) and (B2) of Lemma 8.12 with r = |VH |/ ln(|VH |).
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Similarly to Lemma 8.17, we find a sparser subgraphH1 ⊆ H with the analogue properties
for bipartite graphs. As in the proof of Theorem 8.16, Maker plays in every even move the
(2b : 1) game (E1,F) as F -Breaker where E1 is the edge set of H1, and where

F =

{
E1(U,W ) : U ⊆ U1, W ⊆ U2 and |U | = |W | = n

(lnn)5 (ln lnn)3

}
.

Winning this game, he will ensure (B2) with r = |VH |/ ln |VH |.
To obtain (B1), Maker plays in each odd move the (1 : 2b) degree game. 2

8.4 The Hamiltonicity Game

In this section we prove Theorem 8.2.

Proof: First we describe a strategy for Maker and then we prove it is a winning strategy.
At any point during the game, if Maker cannot follow the proposed strategy (including the
time limits) then he forfeits the game. As in the perfect matching game, Maker picks a
subset U0 ⊆ V of size |U0| = n

10 ln4 n
such that for every v ∈ V , d(v, U0) = Ω(lnK−4 n).

We divide Maker’s strategy into the following four main stages.

Stage I: At this stage, Maker builds a matching M0 of size n/2−n/(9 ln4 n) which does
not touch U0. Moreover, Maker wants to ensure that by the end of this stage dF (v, U0) =
Ω
(
lnK−4 n

)
or dM(v, U0) = Ω

(
lnK−6 n

)
for every v ∈ V . As soon as this stage is over, Maker

proceeds to Stage II.

Stage II: For a path P let End(P ) denote the set of its endpoints. Throughout this
stage, Maker maintains a set M1 of vertex disjoint paths, a subset M2 ⊆ M1 and a set
End := {v ∈ V : ∃P ∈ M1 \M2 such that v ∈ End(P )}. Initially, M1 := M0 and M2 = ∅.
Let r be the number of rounds Stage I lasted. For every i > r, Maker will play his i-th move
of this stage as follows:

(1) If there exists an integer j such that i = jblnnc, then Maker plays the degree game
(1 : b lnn)−Deg(V, U0).

(2) Otherwise, Maker claims a free edge xy between two vertices from End which are end-
points of two disjoint paths. Also, Maker updates M1 by replacing the two old paths
merged through xy by a new one. Note that this new path is not deleted from M1.
Maker also updates End accordingly.

(3) If there is any path P of length at least 10 lnK/3 n then Maker updates M2 := M2∪{P}.

This stage ends when |M1| = bn/ lnK/3 nc. Thus, Stage II lasts not more than n/2 +o(n)
rounds. When this stage ends, Maker proceeds to Stage III.
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Stage III: In this stage Maker ensures that his graph on V \ U0 will contain a path P
of length at least n − n/ ln4 n. Moreover, Maker does so within o(n) moves. Let s be the
number of rounds Stage I and II lasted. For every i > s, Maker plays his i-th move of this
stage as follows:

(1) If there exists an integer j such that i = jblnnc, then Maker plays the degree game
(1 : b lnn)−Deg(V, U0).

(2) Otherwise, consider the paths in M1 of length at least 3 lnK/4 n. Maker tries to connect
these paths, not necessarily through their endpoints, but through points close to their
ends. The full details of this partial game will be given in the proof below.

Stage IV: Let x, y be the endpoints of P , the long path created in Stage III. Let VH =
(V \ V (P )) ∪ {x, y}. At this stage Maker builds a Hamilton path on (G− B)[VH ] with x, y
as its endpoints. Moreover, Maker does so within o(n) moves.

It is evident that if Maker can follow the proposed strategy then he wins the Hamiltonicity
game within n + o(n) moves. It thus remains to prove that indeed Maker can follow the
proposed strategy without forfeiting the game.

By Lemma 8.13, the properties (A1), (A2) and (A3) hold a.a.s. for G. We condition on
these, and henceforth assume that G satisfies (A1), (A2) and (A3), where f ∈ {1, (ln lnn)3}.
We consider each stage separately.

Stage I: The proof that Maker can follow the proposed strategy for this stage is analogous
to the proof that Maker can follow Stage I of the proposed strategy in the proof of Theorem
8.1.

Stage II: Assume i 6= jblnnc. If |M1| > n/ lnK/3 n, then |M1 \M2| = Ω
(
n/ lnK/3 n

)
,

since there can be at most n/(10 lnK/3 n) disjoint paths of length at least 10 lnK/3 n. Hence,

|End| = Ω
(
n/ lnK/3 n

)
and by (A3) (f = 1), we have that the number of edges of G spanned

by End is Ω
(
n lnK/3 n

)
= ω(n). Therefore, we conclude that indeed Maker can claim a free

edge in G[End].

Stage III: Let U ′ = {v ∈ V : v belongs to a path of length ≤ 3 lnK/4 n in M1} and
update M1 := M1 \ {P : P is of length ≤ 3 lnK/4 n}. Notice that

|U ′| ≤ 3 lnK/4 n · n

lnK/3 n
= o

(
n

ln4 n

)
.

So the sum of the lengths of all paths in M1 is at least

|V (M0) \ U ′| − |M1| ≥ n− n/4 ln4 n. (8.4)

For every path P ∈ M1, define L(P ) and R(P ) to be the first and last lnK/4 n vertices of
P (according to some fixed orientation of the path). Notice that since |V (P )| > 3 lnK/4 n
it follows that L(P ) ∩ R(P ) = ∅ for every P ∈ M1. Now, let m = n/ lnK/2 n and let
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H = (X,F) be the hypergraph whose vertices are all edges of G − B with both endpoints
in
⋃
P∈M1

(L(P ) ∪R(P )) and whose hyperedges are:

F =

{
EG−B(S, T ) : ∃ distinct P1, ..., P2m ∈M1 s.t S =

m⋃
i=1

L(Pi), T =
2m⋃

i=m+1

R(Pi)

}
.

Note that for EG−B(S, T ) ∈ F , |S| = |T | = m lnK/4 n = n/ lnK/4 n holds. Thus, by (A3)
(f = 1), we have for an element of F that

|EG−B(S, T )| ≥ |EG(S, T )| − (1 + o(1))bn = Ω
(
n lnK/2 n

)
.

Moreover, by (A2), we get that |X| = O

((
lnK/4 n|M1|

)2

p

)
= O

(
n ln5K/6 n

)
.

Now, ∑
F∈F

2−|F |/ ln0.9K n =
∑
F∈F

2−Ω(n ln−0.4K n)

≤
(
|M1|
m

)2

2−Ω(n ln−0.4K n)

≤
(
e lnK/6 n

)2n/ lnK/2 n

2−Ω(n ln−0.4K n)

≤ exp

(
2n

lnK/2 n
(1 +K ln lnn/6)− Ω

( n

ln0.4K n

))
= o(1).

Thus, by Theorem 8.6 Maker as F -Breaker can win the (ln0.9K n, 1) game (X,F). Lemma
8.7 therefore tells us that Maker can claim at least one element in every F ∈ F within
1 + |X|/(ln0.9K n+ 1) = o(n) moves.

To complete Stage III, let us define the auxiliary directed graph D = (VD, ED) whose
vertices are {P : P ∈ M1} and whose directed edges are {(P,Q) : EM(R(P ), L(Q)) 6= ∅}.
Notice that for every pair of disjoint subsets S, T ⊆ VD such that |S| = |T | = m, there exists
an edge in D from S to T , since Maker wins the game (X,F). Now, we claim that Maker
has a path of the desired length in his graph. By Lemma 8.11, D contains a directed path
P = P0 . . . Pt of length t ≥ |VD| − 2m+ 1. Further, note that any path in M1 has length at
most 20 lnK/3 n. Combining this with (8.4), removing paths P ∈ M1 which do not appear
in P and deleting unnecessary parts of L(P ) and R(P ) from paths P ∈ P we conclude that
Maker has thus created a path of length at least n−n/4 ln4 n−2|M1| lnK/4 n−2m·20 lnK/3 n ≥
n− n/ ln4 n.

Stage IV: Let P be the long path Maker has created in Stage III, and let x, y be its
endpoints. Denote VH = (V \ V (P )) ∪ {x, y}. Analogously to the perfect matching game,
we can use Theorem 8.16 and Theorem 8.15 on H := (G−B)[VH ]. That is, Maker can build
an expander on a sparse subgraph, and thus obtains a Hamilton path in H with x, y as its
endpoints in o(n) moves. This completes the proof. 2
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8.5 The k-Connectivity Game

In this section we prove Theorem 8.3. It is a simple application of the Hamiltonicity game,
the Perfect-matching game on random bipartite graphs, and the degree game.

Proof: Let G ∼ G(n, p), and randomly partition the vertex set into k disjoint sets
V1, ..., Vk−1,W where each Vi has size

⌊
n
k−1

⌋
(W might be empty). For every 1 ≤ i ≤ k − 1,

let Gi = G[Vi], and for every 1 ≤ i < j ≤ k − 1 let Gij be the bipartite subgraph of G with
parts Vi and Vj. From the definition it is clear that Gi ∼ Gb n

k−1c,p for every 1 ≤ i ≤ k − 1

and Gij ∼ B2b n
k−1c,p for every 1 ≤ i < j ≤ k − 1.

Now, Maker’s strategy is to play the Hamiltonicity game on every Gi, the perfect match-
ing game on every Gij, and for every w ∈ W , Maker wants to claim k distinct edges ww′ with
w′ ∈ V \W (recall that G is typically such that d(v) = Θ(lnK n) for every vertex v ∈ V (G)).
Thus, in total Maker plays on t ≤ k − 1 +

(
k−1

2

)
+ k − 2 =

(
k
2

)
+ k ≤ k2 boards. Enumerate

all boards arbitrarily, and let Maker play on board i mod t in his i-th move. Between any
two moves on a particular board, Breaker has claimed at most bk2 new edges on this board.
Using the trick of fake moves we can assume that Maker plays the (1 : bk2) Hamiltonicity
game on every Gi, the (1 : bk2) perfect matching game on every Gij, and the degree-game
(1 : bk2) −Deg({w}, V \W ) for every w ∈ W . By Theorem 8.2 and Theorem 8.18, every
Hamiltonicity game and every perfect matching game lasts

⌊
n
k−1

⌋
+ o(n) moves, whereas the

games Deg({w}, V \W ) last in total at most k|W | = O(1) moves. If Maker succeeds on
some board (that is, either he formed a Hamilton cycle on some Gj, or a perfect matching
on some Gj1j2 , or dM(w, V \W )) ≥ k for w ∈ W ), then he quits playing on that particular
board. That is, he ignores this board and plays on another one where he has not won yet.

By Lemma 8.10 Maker is thus able to build a k-connected graph on G[V1 ∪ . . . ∪ Vk−1].
Also, since for every w ∈ W , dM(w, V \W ) ≥ k, Maker’s final graph will be k-connected. In
total, Maker plays at most

(k − 1)

(⌊
n

k − 1

⌋
+ o(n)

)
+

(
k − 1

2

)(⌊
n

k − 1

⌋
+ o(n)

)
+O(1) ≤ kn

2
+ o(n)

moves, as claimed. 2

8.6 Open problems

We conclude with the list of several open problems directly relevant to the results of this
chapter.

Sparser graphs. For the three games considered in this chapter, we would like to
find fast winning strategies for Maker when the games are played on G ∼ G(n, p), where
p = (1 + ε) lnn

n
for a constant ε > 0. Our proofs heavily depend on the ability of Maker

to build an expander fast (cf. Theorem 8.16), which does not seem possible for such small
p. We were not able to prove an analogue to Lemma 8.17 for smaller p’s mainly because
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of Property (iv) in this lemma. Therefore, we find it very interesting to either find fast
strategies for Maker substantially different from ours, or alternatively provide Breaker with
a strategy for delaying Maker’s win by a linear number of moves.

Faster winning strategies for Maker. In this chapter we have proved that Maker can
win the perfect matching game, the Hamiltonicity game and the k-connectivity game played
on G ∼ G(n, p) within n/2 + o(n), n+ o(n) and kn/2 + o(n) moves, respectively. Although
this is asymptotically tight it could be that the error term does not depend on n. It would
be interesting to find the error term explicitly, or at least to provide tighter estimates on it.

Fast winning strategies for other games. It would be very interesting to prove
similar results, i.e. fast winning strategies for Maker, for other games played on G ∼ G(n, p).
We suggest the fixed-spanning-tree game. To be precise, let ∆ ∈ N be fixed, and let (Tn)n∈N
be a sequence of trees on n vertices with bounded maximum degree ∆(Tn) ≤ ∆. Maker’s
goal is to build a copy of Tn within n + o(n) moves. Notice that this problem might be
much harder than what we proved since even the problem of embedding spanning trees into
G ∼ G(n, p) is still not completely settled (for more details see, e.g [51], [45]).

Winning strategies for Red. The problems considered in this chapter were initially
motivated by finding winning strategies for Red in the strong games via fast winning strate-
gies for Maker (see Chapters 2 and 3). It would be very interesting to prove that indeed
typically Red can win the analogous strong games played on G ∼ G(n, p).



Chapter 9

Biased games on random boards

9.1 Introduction

In this chapter we consider biased games played on the edge set of a typical graph G sampled
from G(n, p). In particular, we consider the perfect matching game PM(G), the Hamiltonic-
ity game H(G) and the k-connectivity game Ck(G). In case k = 1 we denote C(G) := C1(G).

Maker-Breaker games played on the edge set of the complete graph Kn are well studied.
In this case, many natural unbiased games are drastically in favor of Maker (see, e.g., [54],
[39], [46], [28]). Hence, in order to even out the odds, it is natural to give Breaker more
power by increasing his bias (that is, to play a (1, b) game instead of a (1, 1) game), and/or
to play on different types of boards.

Maker-Breaker games are bias monotone. That means that if Maker wins some game
with bias (a, b), he also wins this game with bias (a′, b′), for every a′ ≥ a, b′ ≤ b. Similarly,
if Breaker wins a game with bias (a, b), he also wins this game with bias (a′, b′), for every
a′ ≤ a, b′ ≥ b. Avoider-Enforcer games are also bias monotone in the version considered in
this chapter (this version is called the monotone version, as opposed to the strict version,
where Avoider and Enforcer claim exactly a and b elements per move, respectively. The
strict version is not bias monotone.). It means that if Avoider wins some game with bias
(a, b), he also wins this game with bias (a′, b′), for every a′ ≤ a, b′ ≥ b, and that if Enforcer
wins a game with bias (a, b), he also wins this game with bias (a′, b′), for every a′ ≥ a, b′ ≤ b.

This bias monotonicity allows us to define the critical bias (also referred to as the threshold
bias): for a given game F , the critical bias b∗ is the value for which Maker wins the game
F with bias (1, b) for every b < b∗, and Breaker wins the game F with bias (1, b) for every
b ≥ b∗. Similarly, this is the value for which Avoider wins the game F with bias (1, b) for
every b ≥ b∗, and that Enforcer wins the game F with bias (1, b) for every b < b∗.

In their seminal paper [20], Chvatál and Erdős proved that playing the (1, b) connectivity
game on the edge set of the complete graph Kn, for every ε > 0, Breaker wins for every
b ≥ (1+ε)n

lnn
, and Maker wins for every b ≤ n

(4+ε) lnn
. They conjectured that b = n

lnn
is

(asymptotically) the critical bias for this game. Gebauer and Szabó proved in [34] that this

135
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is indeed the case. Later on, Krivelevich proved in [52] that b = n
lnn

is also the critical bias
for the Hamiltonicity game.

Stojaković and Szabó suggested in [59] to play Maker-Breaker games on the edge set
of a random board G ∼ G(n, p). In this well known and well studied model, the graph
G consists of n labeled vertices, and each pair of vertices is chosen to be an edge in the
graph independently with probability p. They examined some games on this board such as
the connectivity game, the perfect matching game, the Hamiltonicity game and building a
k-clique game. Since then, much progress has been made in understanding Maker-Breaker
games played on G ∼ G(n, p). For example, it was proved in Chapter 7 that for p =
(1+o(1)) lnn

n
, G ∼ G(n, p) is typically (i.e. with probability tending to 1 as n tends to infinity)

such that Maker wins the (1, 1) games PM(G), H(G) and Ck(G). Moreover, the proofs in
Chapter 7 are of a “hitting time” type. It means that in the random graph process (see
[17]), typically at the moment the graph reaches the needed minimum degree for Maker to
win the desired game, Maker indeed wins this game. Later on, in [21] (see Chapter 8), fast
winning strategies for Maker in various games played on G ∼ G(n, p) were also considered.

In [59], Stojaković and Szabó conjectured the following:

Conjecture 9.1 ([59], Conjecture 1) There exists a constant C such that for every p ≥
C lnn
n

, a random graph G ∼ G(n, p) is typically such that the critical bias for the game H(G)
is b∗ = Θ

(
np
lnn

)
.

In this chapter we prove Conjecture 9.1, and in fact, for p = ω
(

lnn
n

)
we prove the following

stronger statement:

Theorem 9.2 Let p = ω
(

lnn
n

)
. Then G ∼ G(n, p) is typically such that np

lnn
is the asymptotic

critical bias for the games PM(G), H(G) and Ck(G).

In order to prove Theorem 9.2 we prove the following two theorems:

Theorem 9.3 Let 0 ≤ p ≤ 1, ε > 0 and b ≥ (1 + ε) np
lnn

. Then G ∼ G(n, p) is typically such
that in the (1, b) Maker-Breaker game played on E(G), Breaker has a strategy to isolate a
vertex in Maker’s graph, as a first or a second player.

Theorem 9.4 Let p = ω
(

lnn
n

)
, ε > 0 and b = (1 − ε) np

lnn
. Then G ∼ G(n, p) is typically

such that Maker has a winning strategy in the (1, b) games PM(G), H(G), and Ck(G) for a
fixed positive integer k, as a first or a second player.

In the case p = Θ
(

lnn
n

)
we establish two non-trivial bounds for the critical bias b∗. This

also settles Conjecture 9.1 for this case but does not determine the exact value of b∗ (notice
that in this case, b∗ is a constant!).

Theorem 9.5 Let p = c lnn
n

, where c > 1600 and let ε > 0. Then G ∼ G(n, p) is typically
such that the critical bias for the games PM(G), H(G) and Ck(G) lies between c/10 and
c+ ε.
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Remark: In the terms of Theorem 9.5, if 1 < c ≤ 1600, we get by Theorem 9.3 that
b∗ ≤ c+ ε, and by the main result of [12] (see Chapter 7) that b∗ > 1, so indeed b∗ = Θ( np

lnn
)

in this case as well.

We also consider the analogous Avoider-Enforcer games played on the edge set of a
random board G ∼ G(n, p). Here Avoider aims to avoid claiming all the edges of a graph
which contains a perfect matching, a Hamilton cycle, or that is k-connected, (according to
the game), and Enforcer tries to force him claiming all the edges of such a subgraph. We
prove the following analog of Conjecture 9.1:

Theorem 9.6 Let 70000 lnn
n

≤ p ≤ 1. A random graph G ∼ G(n, p) is typically such that the
asymptotic critical bias for the (1,b) Avoider-Enforcer games PM(G), H(G) and Ck(G) (for
a fixed positive integer k) is b∗ = Θ( np

lnn
).

As in the Maker-Breaker case, we divide our result into two separate theorems, one which
establishes Avoider’s win, and one which establishes Enforcer’s win:

Theorem 9.7 Let 0 ≤ p ≤ 1 and b ≥ 25np
lnn

. Then G ∼ G(n, p) is typically such that in the
(1, b) Avoider-Enforcer game played on E(G), Avoider has a strategy to isolate a vertex in
his graph, as a first or a second player.

Theorem 9.8 Let 70000 lnn
n

≤ p ≤ 1 and b ≤ np
20000 lnn

. Then G ∼ G(n, p) is typically such
that Enforcer has a winning strategy in the (1, b) games PM(G), H(G) and Ck(G) (for every
positive integer k), as a first or a second player.

9.1.1 Notation and terminology

Our graph-theoretic notation is standard and follows that of [60]. In particular, we use the
following:

For a graph G, let V = V (G) and E = E(G) denote its sets of vertices and edges,
respectively. For subsets U,W ⊆ V , and for a vertex v ∈ V , we denote by E(U) all the
edges with both endpoints in U , by E(U,W ) all the edges with one endpoint in U and one
endpoint in W , and by E(v, U) all the edges with one endpoint being v and one endpoint in
U . We further denote e(U) := |E(U)|, e(U,W ) := |E(U,W )| and e(v, U) := |E(v, U)|.

For a subset U ⊆ V we denote by N(U) the external neighborhood of U , that is: N(U) :=
{v ∈ V \ U : ∃u ∈ U s.t. uv ∈ E}.

Assume that some Maker-Breaker game, played on the edge set of some graph G, is in
progress. At any given moment during the game, we denote the graph formed by Maker’s
edges by M , the graph formed by Breaker’s edges by B, and the edges of G \ (M ∪B) by F .
For any vertex v ∈ V , dM(v) and dB(v) denote the degree of v in M and in B, respectively.
The edges of G \ (M ∪B) are called free edges, and dF (v) denotes the number of free edges
incident to v, for any v ∈ V .
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Whenever we say that G ∼ G(n, p) typically has some property, we mean that G has
that property with probability tending to 1 as n tends to infinity.

We use the following notation throughout this chapter:

f(n) :=
np

lnn
.

For the sake of simplicity and clarity of presentation, and in order to shorten some of our
proofs, no real effort has been made here to optimize the constants appearing in our results.
We also omit floor and ceiling signs whenever these are not crucial. Most of our results are
asymptotic in nature and whenever necessary we assume that n is sufficiently large.

9.2 Auxiliary results

In this section we present some auxiliary results that will be used throughout the chapter.

9.2.1 Binomial distribution bounds

We use extensively the following well known bound on the lower and the upper tails of the
Binomial distribution due to Chernoff (see, e.g., [4]):

Lemma 9.9 If X ∼ Bin(n, p), then

• Pr (X < (1− a)np) < exp
(
−a2np

2

)
for every a > 0.

• Pr (X > (1 + a)np) < exp
(
−a2np

3

)
for every 0 < a < 1.

The following is a trivial yet useful bound:

Lemma 9.10 Let X ∼ Bin(n, p) and k ∈ N. Then

Pr(X ≥ k) ≤
(enp
k

)k
.

Proof: Pr(X ≥ k) ≤
(
n
k

)
pk ≤

(
enp
k

)k
. 2

9.2.2 Basic positional games results

Maker-Breaker games

The following fundamental theorem, due to Beck [9], is a useful sufficient condition for
Breaker’s win in the (a, b) game (X,F). It will be used in the proof of Theorem 9.4.
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Theorem 9.11 ([9], Theorem 20.1) Let X be a finite set and let F ⊆ 2X . Breaker, as a
first or a second player, has a winning strategy in the (a, b) game (X,F), provided that:∑

F∈F

(1 + b)−|F |/a <
1

1 + b
.

While Theorem 9.11 simply shows that Breaker can win certain games, the following
lemma shows that Maker can win certain games quickly (see [9]):

Lemma 9.12 (Trick of fake moves) Let X be a finite set and let F ⊆ 2X . Let b′ < b be
positive integers. If Maker has a winning strategy for the (1, b) game (X,F), then he has a

strategy to win the (1, b′) game (X,F) within d |X|
b+1
e moves.

The main idea of the proof of Lemma 9.12 is that, in every move of the (1, b′) game (X,F),
Maker (in his mind) gives Breaker b − b′ additional board elements. The straightforward
details can be found in [9].

Recall the classic box game which was first introduced by Chvátal and Erdős in [20]. In
the Box Game Box(m, `, b) there are m pairwise disjoint boxes A1, . . . , Am, each of size `.
In every round, the first player, called BoxMaker, claims b elements of

⋃m
i=1 Ai and then the

second player, called BoxBreaker, destroys one box. BoxMaker wins the game Box(m, `, b)
if and only if he is able to claim all elements of some box before it is destroyed. We use the
following theorem which was proved in [20]:

Theorem 9.13 Let m, ` be two integers. Then, BoxMaker wins the game Box(m, `, b) for
every b > `

lnm
.

Avoider-Enforcer games

Similarly to Theorem 9.11, we have the following sufficient condition for Avoider’s win, which
was proved in [43]:

Lemma 9.14 ([43], Theorem 1.1) Let X be a finite set and let F ⊆ 2X . Avoider, as a
first or a second player, has a winning strategy in the (a, b) game (X,F), provided that:

∑
F∈F

(
1 +

1

a

)−|F |
<

(
1 +

1

a

)−a
.

In the proof of Theorem 9.7 we use the Avoider-Enforcer version of the box game – mono-
tone-rBox(b1, . . . , bn, (p, q)) which was analyzed in [30]. In this game there are n disjoint
boxes of sizes 1 ≤ b1 ≤ . . . ≤ bn, Avoider claims at least p elements per move, Enforcer claims
at least q elements per move, and Avoider loses if and only if he claims all the elements in
some box by the end of the game. The following lemma can be easily derived from Theorem
1.7 and Remark 3.2 in [30]:
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Lemma 9.15 Let b, k be positive integers. For every integer n ≥ 2ek/b and for every se-
quence of integers 1 ≤ b1 ≤ . . . ≤ bn ≤ k, Enforcer wins the game monotone-rBox(b1, . . . , bn, (b, 1))
as a first or a second player.

9.2.3 (R, c)-Expanders

Definition 9.16 For every c > 0 and every positive integer R we say that a graph G =
(V,E) is an (R, c)-expander if |N(U)| ≥ c|U | for every subset of vertices U ⊆ V such that
|U | ≤ R.

In the proof of Theorem 9.4 Maker builds an expander and then he turns it into a
Hamiltonian graph. In order to describe the relevant connection between Hamiltonicity and
(R, c)-expanders, we need the notion of boosters.

Given a graph G, we denote by `(G) the maximum length of a path in G.

Definition 9.17 For every graph G, we say that a non-edge uv /∈ E(G) is a booster with
respect to G, if either G ∪ {uv} is Hamiltonian or `(G ∪ {uv}) > `(G). We denote by BG
the set of boosters with respect to G.

The following is a well-known property of (R, 2)-expanders (see e.g. [32]).

Lemma 9.18 If G is a connected non-Hamiltonian (R, 2)-expander, then |BG| ≥ R2/2.

Our goal is to show that during a game on an appropriate graph G, assuming Maker can
build a subgraph of G which is an (R, 2)-expander, he can also claim sufficiently many such
boosters, so that his (R, 2)-expander becomes Hamiltonian. In order to do so, we need the
following lemma:

Lemma 9.19 Let a > 0 and p > 800a lnn
n

. Then G ∼ G(n, p) is typically such that every
subgraph Γ ⊆ G which is a non-Hamiltonian (n/5, 2)-expander with an lnn

2 ln lnn
≤ |E(Γ)| ≤

100an lnn
ln lnn

satisfies |E(G) ∩ BΓ| > n2p
100

.

Proof. First, notice that any (n/5, 2)-expander is connected. Indeed, let C be a con-
nected component of G. If |C| ≤ n/5 then clearly C has neighbors outside, a contradiction.
Otherwise, since G is an (n/5, 2)-expander, C must be of size at least 3n/5 > n/2. Hence
there is exactly one such component and G is connected. Now, fix a non-Hamiltonian
(n/5, 2)-expander Γ in the complete graph Kn. Then clearly Pr (Γ ⊆ G) = p|E(Γ)|. By
definition, the set of boosters of Γ, BΓ, is a subset of the potential edges of G. There-
fore, |E(G) ∩ BΓ| ∼ Bin(|BΓ|, p) and the expected number of boosters is |BΓ|p ≥ n2p

50
by

Lemma 9.18. Now, by Lemma 9.9 we get that Pr(|E(G)∩BΓ| ≤ n2p
100

) ≤ exp(−n2p
8

). Running
over all choices of Γ with an lnn

2 ln lnn
≤ |E(Γ)| ≤ 100an lnn

ln lnn
and using the union bound we get
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Pr

(
∃ Γ such that Γ ⊆ G and |E(G) ∩ BΓ| ≤

n2p

100

)

≤
100an lnn

ln lnn∑
m= an lnn

2 ln lnn

((n
2

)
m

)
pm exp(−n

2p

8
)

≤
100an lnn

ln lnn∑
m= an lnn

2 ln lnn

(
en2p

2m

)m
exp(−n

2p

8
)

≤
100an lnn

ln lnn∑
m= an lnn

2 ln lnn

exp

(
m ln

(
en2p

2m

)
− n2p

8

)
= ♥

To complete the proof we should show that ♥ = o(1). For that goal we consider each of the
cases np = ω(ln2 n) and np = O(ln2 n) separately. For the former we have that

♥ ≤
100an lnn

ln lnn∑
m= an lnn

2 ln lnn

exp

(
n ln2 n− n2p

8

)
= o(1);

and for the latter we have

♥ ≤
100an lnn

ln lnn∑
m=an lnn

ln lnn

exp

(
100an lnn

ln lnn
ln

(
enp ln lnn

a lnn

)
− n2p

8

)

≤
100an lnn

ln lnn∑
m= an lnn

2 ln lnn

exp

(
100an lnn

ln lnn
ln (C lnn ln lnn)− n2p

8

)

=

100an lnn
ln lnn∑

m= an lnn
2 ln lnn

exp

(
(1 + o(1))100an lnn− n2p

8

)
= o(1)

This completes the proof. 2

The following lemma shows that an (R, c)-expander with the appropriate parameters is
also k-vertex-connected.

Lemma 9.20 (Chapter 7, Lemma 7.26) For every positive integer k, if G = (V,E) is
an (R, c)-expander such that c ≥ k, and Rc ≥ 1

2
(|V |+ k), then G is k-vertex-connected.

9.2.4 Properties of G ∼ G(n, p)

Throughout this chapter we use the following properties of G ∼ G(n, p):
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Theorem 9.21 Let p ≥ lnn
n

and recall our notation f(n) := np
lnn

. A random graph G ∼
G(n, p) is typically such that the following properties hold:

(P1) For every v ∈ V , d(v) ≤ 4np. For every α > 0 there are only o(n) vertices with degree
at least (1 + α)np.
If f(n) = ω(1) then for every 0 < α < 1 and for every v ∈ V ,

(1− α)np ≤ d(v) ≤ (1 + α)np.

(P2) For every subset U ⊆ V , e(U) ≤ max{3|U | lnn, 3|U |2p} .

(P3) For every subset U ⊆ V of size |U | ≤ n ln lnn
lnn

, e(U) ≤ 100|U |f(n) ln lnn.

(P4) Let ε > 0. For every constant α > 0 and for every subset U ⊆ V where 1 ≤ |U | ≤ α
p

,

|N(U)| ≥ β|U |np, for β =
1−
√

(2+ε)(α+1)
f(n)

α+1
.

(P5) For every U ⊆ V , 1
p
≤ |U | ≤ n

lnn
, |N(U)| ≥ n/4.

(P6) Let ε > 0. For every α ≥
√

4
f(n)

+ ε and for every set U ⊆ V , the number of edges

between the set and its complement U c satisfies:

e(U,U c) ≥ (1− α)|U |(n− |U |)p.

(P7) Let ε, α be two positive constants which satisfy α2εf(n) > 4, and denote m := εn ln lnn
lnn

.
For every two disjoint subsets A,B ⊆ V with |A| = |B| = m, e(A,B) ≥ (1− α)m2p.

(P8) e(A,B) ≥ (1 − α)|A||B|p for every two disjoint subsets A,B ⊆ V with |A| = 10000n
ln lnn

,
|B| = n/10 and for every α > 0.

(P9) For every subset U ⊆ V such that 1 ≤ |U | ≤ n
ln2 n

, and for every ε > 0, |{v ∈ V \ U :
d(v, U) ≤ εnp

lnn
}| = (1− o(1))n.

Proof. For the proofs of (P4),(P5) below we will use the following:

Let U ⊆ V . For every vertex v ∈ V \ U we have that Pr (v ∈ N(U)) = 1 − (1 − p)|U |
independently of all other vertices. Therefore |N(U)| ∼ Bin(n− |U |, 1− (1− p)|U |). Notice
that for any 0 < p < 1 (all the properties above trivially hold for p = 1) and for any positive
integer k we have the following variation of Bernoulli’s inequality: (1 − p)−k ≥ 1 + kp.

Therefore, (1− (1− p)|U |) ≥ (1− 1
1+|U |p) = |U |p

1+|U |p . It follows that:

E(|N(U)|) = (n− |U |)(1− (1− p)|U |) ≥ (n− |U |)|U |p
1 + |U |p

. (9.1)
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(P1) For every v ∈ V , since d(v) ∼ Bin(n− 1, p) , it follows by Lemma 9.10 that

Pr(d(v) ≥ 4np) ≤
(
enp

4np

)4np

< e−1.2np ≤ e−1.2 lnn = n−1.2.

Applying the union bound we get that

Pr(∃v ∈ V with d(v) ≥ 4np) ≤ n · n−1.2 = o(1).

Now let α > 0. By Lemma 9.9 we get that for every v ∈ V :

Pr(d(v) > (1 + α)np) ≤ exp(−α′np) ≤ n−α
′
,

for some constant α′. Denote by S the set of all vertices with such degree. E(|S|) ≤
n1−α′ . |S| is a nonnegative random variable, so by Markov’s inequality we get that:

Pr(|S| > n1−α
′
2 ) ≤ n1−α′

n1−α′
2

= n−
α′
2 = o(1).

Therefore, w.h.p. |S| ≤ n1−α
′
2 = o(n).

Assume now that f(n) = ω(1), and let 0 < α < 1 be a constant. By Lemma 9.9 and
the union bound we get that

Pr(∃v ∈ V with d(v) ≥ (1 + α)np) ≤ n exp

(
−α

2

3
np

)

= n exp

(
−α

2

3
f(n) lnn

)
= n−ω(1) = o(1).

The lower bound is achieved in a similar way.

(P2) Since e(U) ∼ Bin
((|U |

2

)
, p
)

, using Lemma 9.10 and the union bound we get that:

Pr
(
∃U ⊆ V with e(U) > max{3|U | lnn, 3|U |2p}

)
≤

lnn
p∑
t=1

(
n

t

)(
e
(
t
2

)
p

3t lnn

)3t lnn

+
n∑

t= lnn
p

(
n

t

)(
e
(
t
2

)
p

3t2p

)3t2p

≤

lnn
p∑
t=1

[
n

(
tp

2 lnn

)3 lnn
]t

+
n∑

t= lnn
p

[
n

(
1

2

)3tp
]t

≤
n∑
t=1

(e
8

)t lnn

≤
n∑
t=1

n−t = o(1).
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(P3) Let U ⊂ V be a subset of size at most n ln lnn
lnn

. Since e(U) ∼ Bin(
(|U |

2

)
, p), by Lemma

9.10 we get that

Pr(e(U) ≥ 10|U |f(n) ln lnn) ≤
(

e|U |2p
20|U |f(n) ln lnn

)10|U |f(n) ln lnn

.

Applying the union bound we get that

Pr

(
∃ U such that |U | ≤ n ln lnn

lnn
with e(U) ≥ 10|U |f(n) ln lnn

)

≤
n ln lnn

lnn∑
k=1

(
n

k

)(
ek2p

20kf(n) ln lnn

)10kf(n) ln lnn

≤
n ln lnn

lnn∑
k=1

[
en

k

(
ekp

20f(n) ln lnn

)10f(n) ln lnn
]k

=

n ln lnn
lnn∑
k=1

[
e2np

20f(n) ln lnn

(
ekp

20f(n) ln lnn

)10f(n) ln lnn−1
]k

≤
n ln lnn

lnn∑
k=1

[
e2 lnn

20 ln lnn

(
enp ln lnn

20f(n) lnn ln lnn

)10f(n) ln lnn−1
]k

≤
n ln lnn

lnn∑
k=1

[
e2 lnn

20 ln lnn

( e
20

)10f(n) ln lnn−1
]k

=o(1).

(P4) Since n− |U | = (1− o(1))n in this range, by (9.1) we have that:

E(|N(U)|) ≥ (n− |U |)|U |p
1 + |U |p

≥ (1− o(1))
|U |np
α + 1

.

By Lemma 9.9 we have that for any δ > 0:

Pr (|N(U)| < (1− δ)E(|N(U)|)) ≤ e−
δ2

2
E(|N(U)|) ≤ e−α

′|U |np,

where α′ = δ2

(2+o(1))(α+1)
. Now, by taking δ =

√
(2+ε)(α+1)

f(n)
(for some ε > 0) we get that

α′f(n) > 1 + ε
3
, and so by applying the union bound we get that:

Pr(∃ such U) ≤
α/p∑
k=1

(
n

k

)
e−α

′knp ≤
α/p∑
k=1

[
ne−α

′f(n) lnn
]k

= o(1).

Therefore, w.h.p. for every such U , |N(U)| ≥ (1 − δ)E(|N(U)|) ≥ β|U |np, for β =
1−
√

(2+ε)(α+1)
f(n)

α+1
.
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(P5) Let 1
p
≤ |U | ≤ n

lnn
. By (9.1), E (|N(U)|) ≥ (n−|U |)|U |p

1+|U |p ≥ n/3.

By Lemma 9.9 we have that Pr (|N(U)| ≤ n/4) ≤ e−0.01n.

Applying the union bound we get that

Pr (∃ such U) ≤
n/ lnn∑
k=1/p

(
n

k

)
e−0.01n ≤ n

(
n
n

lnn

)
e−0.01n

≤ n(e lnn)
n

lnn e−0.01n = n exp
( n

lnn
ln(e lnn)− 0.01n

)
= o(1).

(P6) Assume first that |U | ≤ n/2, otherwise switch the roles of U and U c. Since every edge
between U and U c is chosen independently, e(U,U c) ∼ Bin(|U ||U c|, p). By Lemma 9.9
we have that for given α > 0 and U ⊆ V :

Pr (e(U,U c) < (1− α)|U |(n− |U |)p) ≤ exp

(
−α

2

2
|U |(n− |U |)p

)

≤ exp

(
−α

2

4
|U |np

)
≤ exp

(
−(

1

f(n)
+ δ)|U |np

)
= exp (−|U |(lnn+ δnp)) ,

for some δ = δ(ε) > 0. By the union bound we get that:

Pr(∃ such U) ≤
n/2∑
k=1

(
n

k

)
exp (−k(lnn+ δnp)) ≤

n/2∑
k=1

[n exp (− lnn− δnp)]k

=

n/2∑
k=1

(
n−δf(n)

)k
= o(1).

(P7) Similarly to (P6), given A,B ⊂ V , |A| = |B| = m, e(A,B) ∼ Bin(m2, p). Therefore,
by Lemma 9.9 we have that:

Pr
(
e(A,B) ≤ (1− α)m2p

)
≤ exp

(
−α

2

2
m2p

)
.

Applying the union bound we get that:

Pr (∃ such A,B) ≤
(
n

m

)2

exp

(
−α

2

2
m2p

)
≤
[(en

m

)2

exp

(
−α

2

2
mp

)]m

=

[(
e lnn

ε ln lnn

)2

exp

(
−α

2

2
εf(n) ln lnn

)]m
≤
[
(lnn)2(lnn)−(2+δ)

]m
= o(1),

for some δ = δ(ε, α) > 0.
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(P8) Given subsets A,B ⊆ V as described, since e(A,B) ∼ Bin(|A||B|, p), by Lemma 9.9
we get that

Pr (e(A,B) ≤ (1− α)|A||B|p) ≤ exp

(
−α

2

2
|A||B|p

)
= exp

(
− α

′n2p

ln lnn

)
,

for some constant α′. Applying the union bound we get that:

Pr (∃ such A,B) ≤
(

n
1000n
ln lnn

)(
n

n/10

)
exp

(
− α

′n2p

ln lnn

)
≤ 4n exp (−ω(n)) = o(1).

(P9) Assume towards a contradiction that there exists a subset U ⊆ V such that 1 ≤ |U | ≤
n

ln2 n
and that there are Θ(n) vertices v ∈ V \ U with d(v, U) ≥ εnp

lnn
. Therefore, the

average degree of the vertices in U is at least Θ
(
n np

lnn
1
|U |

)
= Ω (np lnn). But by (P1),

d(v) ≤ 4np for every v ∈ V — a contradiction. Hence, |{v ∈ V \U : d(v, U) ≤ εnp
lnn
}| =

o(n). 2

The following two lemmas may seem somewhat unnatural, but they will be crucial for
our purposes. The first one will be useful in the proof of Theorem 9.8:

Lemma 9.22 Let p ≥ 80 lnn
n

. A random graph G ∼ G(n, p) is typically such that for every
set U ⊆ V of size 80

p
≤ |U | ≤ n

lnn
, and for every set W ⊆ N(U) of size |W | = 1

2
|N(U)|, the

following holds:

e(U,W ) ≥ 1

50
|U |np.

Proof: First, we prove the following claim:

Claim 9.23 For p ≥ 80 lnn
n

, G ∼ G(n, p) is typically such that for every two disjoint sets
U,W ⊆ V such that 80

p
≤ |U | ≤ n

lnn
and |W | = n

100
, e(U,W ) ≤ 1.5|U ||W |p.

Proof of Claim 9.23. Let U,W ⊆ V as described above. Since e(U,W ) ∼ Bin(|U ||W |, p),
by Lemma 9.9 we have that:

Pr(e(U,W ) > 1.5|U | n
100

p) ≤ e−
1

1200
|U |np.

By the union bound we get that:

Pr(∃ such U,W ) ≤
n

lnn∑
k= 80

p

(
n

k

)(
n

n/100

)
e−

1
1200

knp

≤
n

lnn∑
k= 80

p

[(en
k

)
(100e)n/100ke−np/1200

]k
≤

n
lnn∑
k= 80

p

[(enp
80

)
(e6)np/8000e−np/1200

]k
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≤
n

lnn∑
k= 80

p

[
np exp(− np

12000
)
]k

= o(1).

2

Now we return to the proof of Lemma 9.22, and we assume that G satisfies the properties
of Theorem 9.21 and Claim 9.23. Let U ⊆ V , 80

p
≤ |U | ≤ n

lnn
, fix some W ⊆ N(U) such that

|W | = 1
2
|N(U)|, and denote W ′ = N(U) \W . Denote by E1 the number of edges between

U and W , and by E2 the number of edges between U and W ′. Notice that for these sizes of

U , n − |U | = (1 − o(1))n, and that
√

4
80
< 0.23, so by (P6) of Theorem 9.21 we have that

E1 + E2 ≥ 0.77|U |np.
Now partition W ′ into subsets of size n

100
(the last one may be of smaller size). Since

|W ′| ≤ n
2
, 50 such subsets suffice. By Claim 9.23, there are at most 1.5

100
|U |np edges between

U and each of the subsets, so E2 ≤ 0.75|U |np. Putting the two inequalities together, we get
that E1 ≥ 1

50
|U |np. 2

The second lemma will be a key ingredient in the main proof of the next subsection.

Lemma 9.24 Let p = ω( lnn
n

). Then G ∼ G(n, p) is typically such that the following holds:

For every subset JN = {v1, . . . , vN} ⊆ V we have that

N∑
j=1

e(vj, Jj)

j
= o(np)

where N = n
ln3 n

and Jj = {v1, . . . , vj}, 1 ≤ j ≤ N .

Proof. Let t = dlog2(N + 1)e. Partition JN = I0 ∪ I1 ∪ . . . ∪ It in such a way that
Ii = {v2i , . . . v2i+1−1} for every 0 ≤ i < t, and It = {v2t , . . . , vN}. Notice that |Ii| = 2i for
every 1 ≤ i < t. We have:

N∑
j=1

e(vj, Jj)

j
≤

t∑
i=1

e(Ii) + e(Ii, J2i)

2i
≤

t∑
i=1

e(J2i+1)

2i
= ♠.

Now we distinguish between the following two cases:

(i) pn = ω(ln2 n). In this case we have by Property (P2) of Theorem 9.21:

♠ ≤
log2( lnn

p
)∑

i=1

3|J2i+1| lnn
2i

+
t∑

i=log2( lnn
p

)

3|J2i+1|2p
2i

≤ c1 lnn ln(
lnn

p
) + c2Np ≤ c1 ln2 n+ c2Np,

for some positive constants c1 and c2. This is clearly o(np) as desired.
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(ii) pn = O(ln2 n). In this case we need a more careful calculation. First, we prove the
following claim:

Claim 9.25 If np = O(ln2 n), then for every c > 3, G ∼ G(n, p) is typically such that
e(X) ≤ c|X| for every subset X ⊆ V of size |X| ≤ n

ln3 n
.

Proof of Claim 9.25. Let X ⊂ V be a subset of size at most n
ln3 n

. Since e(X) ∼

Bin(
(|X|

2

)
, p), by Lemma 9.10 we get that Pr(e(X) ≥ c|X|) ≤

(
e|X|2p
c|X|

)c|X|
. Applying

the union bound we get that

Pr

(
∃X such that |X| ≤ n

ln3 n
and e(X) ≥ c|X|

)

≤

n
ln3 n∑
k=1

(
n

k

)(
ek2p

ck

)ck
≤

n
ln3 n∑
k=1

[
en

k

(
ekp

c

)c]k

=

n
ln3 n∑
k=1

[
e2np

c

(
ekp

c

)c−1
]k
≤

n
ln3 n∑
k=1

[
O(ln2 n)O(ln−1 n)c−1

]k
=

n
ln3 n∑
k=1

[
O(lnn)3−c]k = o(1).

2

Now, applying Claim 9.25 with c = 4, we get that

♠ ≤
t∑
i=1

4|J2i+1|
2i

≤
t∑
i=1

8 = O(lnn) = o(np).

This completes the proof of Lemma 9.24. 2

9.2.5 The minimum degree game

In the proof of Theorem 9.4, Maker has to build a suitable expander which possesses some
relevant properties. The first step towards creating a good expander is to create a spanning
subgraph with a large enough minimum degree. The following theorem was proved in [34]:

Theorem 9.26 ([34], Theorem 1.3) Let ε > 0 be a constant. Maker has a strategy to
build a graph with minimum degree at least ε

3(1−ε) lnn while playing against Breaker’s bias of

(1− ε) n
lnn

on E(Kn).

In fact, the following theorem can be derived immediately from the proof of Theorem 9.26:
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Theorem 9.27 Let ε > 0 be a constant. Maker has a strategy to build a graph with minimum
degree at least c = c(n) = ε

3(1−ε) lnn while playing against a Breaker’s bias of (1 − ε) n
lnn

on

E(Kn). Moreover, Maker can do so within cn moves and in such a way that for every vertex
v ∈ V (Kn), at the same moment v becomes of degree c in Maker’s graph, there are still Θ(n)
free edges incident with v.

Using Theorem 9.27, Krivelevich proved in [52] that Maker has a strategy to build a good
expander. Here, we wish to prove an analog of Theorem 9.27 for G(n, p):

Theorem 9.28 Let p = ω
(

lnn
n

)
, ε > 0 and let b = (1−ε) np

lnn
. Then G ∼ G(n, p) is typically

such that in the (1, b) Maker-Breaker game played on E(G), Maker has a strategy to build a
graph with minimum degree c = c(n) = ε

6
lnn. Moreover, Maker can do so within cn moves

and in such a way that for every vertex v ∈ V (G), at the same moment that v becomes of
degree c in Maker’s graph, at least εnp/3 edges incident with v are free.

Proof of Theorem 9.28. The proof is very similar to the proof of Theorem 9.26 so we
omit some of the calculations (for more details, the reader is referred to [34]). Since claiming
an extra edge is never a disadvantage for any of the players, we can assume that Breaker is
the first player to move. A vertex v ∈ V is called dangerous if dM(v) < c. The game ends
at the first moment in which either none of the vertices is dangerous (and Maker won), or
there exists a dangerous vertex v ∈ V with less than εnp/3 free edges incident to it (and
Breaker won). For every vertex v ∈ V let dang(v) := dB(v)− 2b · dM(v) be the danger value

of v. For a subset X ⊆ V , we define dang(X) =
∑
v∈X dang(v)

|X| (the average danger of vertices

in X).

The strategy proposed to Maker is the following one:

Maker’s strategy SM : As long as there is a vertex of degree less than c in Maker’s graph,
Maker claims a free edge vu for some v which satisfies dang(v) = max{dang(u) : u ∈ V }
(ties are broken arbitrarily).

Suppose towards a contradiction that Breaker has a strategy SB to win against Maker
who plays according to the strategy SM as suggested above. Let g be the length of this
game and let I = {v1, . . . , vg} be the multi-set which defines Maker’s game, i.e, in his ith
move, Maker plays at vi (in fact, according to the assumption Maker does not make his
gth move, so let vg be the vertex which made him lose). For every 0 ≤ i ≤ g − 1, let
Ii = {vg−i, . . . , vg}. Following the notation of [34], let dangBi(v) and dangMi

(v) denote the
danger value of a vertex v ∈ V directly before Breaker’s and Maker’s ith move, respectively.
Notice that in his last move, Breaker claims b edges to decrease the minimum degree of the
free graph to at most εnp/3. In order to be able to do that, directly before Breaker’s last
move Bg, there must be a dangerous vertex vg with dM(vg) ≤ c − 1 and dF (vg) ≤ εnp

3
+ b.

By (P1) of Theorem 9.21 we can assume that δ(G) ≥ (1 − ε
12

)np. Therefore we have that
dangBg(vg) ≥ (1− ε

12
− ε

3
)np− b− 2b(c− 1) = (1− 5

12
ε)np− b(2c− 1) ≥ (1− 3

4
ε)np.

Analogously to the proof of Theorem 9.26 in [34], we state the following lemmas which
estimate the change of the average danger after each move of any of the players. In the first
lemma we estimate the change after Maker’s move:



150

Lemma 9.29 Let i, 1 ≤ i ≤ g − 1,

(i) if Ii 6= Ii−1, then dangMg−i(Ii)− dangBg−i+1
(Ii−1) ≥ 0.

(ii) if Ii = Ii−1, then dangMg−i(Ii)− dangBg−i+1
(Ii−1) ≥ 2b

|Ii| .

In the second lemma we estimate the change of the average danger during Breaker’s
moves:

Lemma 9.30 Let i be an integer, 1 ≤ i ≤ g − 1.

(i) dangMg−i(Ii)− dangBg−i(Ii) ≤
2b
|Ii|

(ii) dangMg−i(Ii)− dangBg−i(Ii) ≤
b+e(vg−i,Ii)+a(i−1)−a(i)

|Ii| , where a(i) denotes the number of
edges spanned by Ii which Breaker claimed in the first g − i− 1 rounds.

Combining Lemmas 9.29 and 9.30, we get the following corollary which estimates the
change of the average danger after a full round:

Corollary 9.31 Let i be an integer, 1 ≤ i ≤ g − 1.

(i) if Ii = Ii−1, then dangBg−i(Ii)− dangBg−i+1
(Ii−1) ≥ 0.

(ii) if Ii 6= Ii−1, then dangBg−i(Ii)− dangBg−i+1
(Ii−1) ≥ − 2b

|Ii|

(iii) if Ii 6= Ii−1, then dangBg−i(Ii)−dangBg−i+1
(Ii−1) ≥ − b+e(vg−i,Ii)+a(i−1)−a(i)

|Ii| , where a(i)
denotes the number of edges spanned by Ii which Breaker took in the first g − i− 1 rounds.

In order to complete the proof, we prove that before Breaker’s first move, dangB1
(Ig−1) >

0, thus obtaining a contradiction.

Let N := n
ln3 n

. For the analysis, we split the game into two parts: the main game, and
the end game which starts when |Ii| ≤ N .

Let |Ig| = r and let i1 < . . . < ir−1 be those indices for which Iij 6= Iij−1. Note that
|Iij | = j + 1. Note also that since Iij−1 = Iij−1

and ij−1 ≤ ij − 1, a(ij − 1) ≤ a(ij−1).

Recall that the danger value of vg directly before Bg is at least

dangBg(vg) > (1− 3

4
ε)np. (9.2)

Assume first that r < N .
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dangB1
(Ig−1) = dangBg(I0) +

g−1∑
i=1

(
dangBg−i(Ii)− dangBg−i+1

(Ii−1)
)

≥ dangBg(I0) +
r−1∑
j=1

(
dangBg−ij (Iij)− dangBg−ij+1

(Iij−1)
)

[by Corollary 9.31(i)]

≥ dangBg(I0)−
r−1∑
j=1

b+ e(vg−ij , Iij) + a(ij − 1)− a(ij)

j + 1
[by Corollary 9.31(iii)]

≥ dangBg(I0)− b ln r −
r−1∑
j=1

e(vg−ij , Iij)

j + 1
− a(0)

2
+

r−1∑
j=2

a(ij−1)

(j + 1)j
+
a(ir−1)

r

≥ dangBg(I0)− b ln r − o(np) [by Lemma 9.24]

> (1− 3

4
ε)np− (1− ε+ o(1))np [by (9.2)]

> 0. (9.3)

Assume now that r ≥ N .

dangB1
(Ig−1) = dangBg(I0) +

g−1∑
i=1

(
dangBg−i(Ii)− dangBg−i+1

(Ii−1)
)

≥ dangBg(I0) +
r−1∑
j=1

(
dangBg−ij (Iij)− dangBg−ij+1

(Iij−1)
)

[by Corollary 9.31(i)]

= dangBg(I0) +
N−1∑
j=1

(
dangBg−ij (Iij)− dangBg−ij+1

(Iij−1)
)

+

r−1∑
j=N

(
dangBg−ij (Iij)− dangBg−ij+1

(Iij−1)
)

≥ dangBg(vg)−
N−1∑
j=1

b

j + 1
− o(np)−

r−1∑
j=N

2b

j + 1
[by Corollary 9.31(ii) and (9.3)]

≥ (1− 3

4
ε)np− b lnn− o(np)− 2b(lnn− ln

n

ln3 n
) [by (9.2)]

= (1− 3

4
ε)np− (1− ε)np− o(np)− 6b ln lnn

=
ε

4
np− o(np)

> 0.

This completes the proof. 2
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9.3 Maker-Breaker games on G(n, p)

9.3.1 Breaker’s win

In this subsection we prove Theorem 9.3.

Chvátal and Erdős proved in [20] that playing on the edge set of the complete graph
Kn, if Breaker’s bias is b = (1 + ε) n

lnn
, then Breaker is able to isolate a vertex in his graph

and thus to win a lot of natural games such as the perfect matching game, the hamiltonicity
game and the k-connectivity game.

In their proof, Breaker wins by creating a large clique which is disjoint of Maker’s graph
and then playing the box game on the stars centered in this clique. Our proof is based on
the same idea.

Proof of Theorem 9.3: First, we may assume that p ≥ lnn
n

, since otherwise G ∼ G(n, p)
typically contains isolated vertices and Breaker wins no matter how he plays. Now we
introduce a strategy for Breaker and then we prove it is a winning strategy. At any point
during the game, if Breaker cannot follow the proposed strategy then he forfeits the game.
Breaker’s strategy is divided into the following two stages:

Stage I: Throughout this stage Breaker maintains a subset C ⊆ V which satisfies the
following properties:

(i) EG(C) = EB(C).

(ii) dM(v) = 0 for every v ∈ C.

(iii) dG(v) ≤ (1 + ε/2)np for every v ∈ C.

Initially, C = ∅. In every move, Breaker increases the size of C by at least one. This stage
ends after the first move in which |C| ≥ n

ln2 n
.

Stage II: For every v ∈ C, let Av = {vu ∈ E(G) : vu /∈ E(B)}. In this stage, Breaker
claims all the elements of one of these sets.

It is evident that if Breaker can follow the proposed strategy, then he isolates a vertex
in Maker’s graph and wins the game. It thus remains to prove that Breaker can follow the
proposed strategy. We consider each stage separately.

Stage I: Notice that in every move Maker can decrease the size of C by at most one.
Hence, it is enough to prove that in every move Breaker is able to find at least two vertices
which are isolated in Maker’s graph and have bounded degree as required, and to claim all
the free edges between them and C. For this it is enough to prove that Breaker can always
find two vertices u, v ∈ V \C which have the proper degree in G and are isolated in Maker’s
graph, and such that e(v, C), e(v, C) ≤ b

2
. Since this stage lasts o(n) moves, and the number

of vertices with too high degree in G is o(n) by Property (P1) of Theorem 9.21, the existence
of such vertices is trivial by Property (P9) of Theorem 9.21.
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Stage II: Notice that |C| ≥ n
ln2 n

and that Av ∩ Au = ∅ for every two vertices u 6= v in
C. In addition, by the way Breaker chooses his vertices we have that |Av| ≤ (1 + ε/2)np for

every v ∈ C. Recall that b = (1 + ε) np
lnn

> (1+ε/2)np
ln |C| . Therefore, by Theorem 9.13 Breaker (as

BoxMaker) wins the Box Game on these sets.

This completes the proof. 2

9.3.2 Maker’s win

In this subsection we prove Theorems 9.4 and 9.5. We start with providing Maker with a
winning strategy in the Hamiltonicity game for each case (which implies the perfect matching
game) and then we sketch the changes which need to be done in order to turn it into a winning
strategy in the k-connectivity game as well.

Proof of Theorem 9.4. First we describe a strategy for Maker and then prove it is a
winning strategy.

At any point during the game, if Maker is unable to follow the proposed strategy (includ-
ing the time limits), then he forfeits the game. Maker’s strategy is divided into the following
three stages:

Stage I: Maker builds an (10000n
ln lnn

, 2)-expander within 100n lnn
ln lnn

moves.

Stage II: Maker makes his graph an (n/5, 2)-expander within additional 100n lnn
ln lnn

moves.

Stage III: Maker makes his graph Hamiltonian by adding at most n boosters.

It is evident that if Maker can follow the proposed strategy without forfeiting the game
he wins. It thus suffices to prove that indeed Maker can follow the proposed strategy. We
consider each stage separately.

Stage I: In his first 100n lnn
ln lnn

moves, Maker creates a graph with minimum degree c =
c(n) = 100 lnn

ln lnn
. Maker plays according to the strategy proposed in Theorem 9.28 except of

the seemingly minor but crucial change that in every move, when Maker needs to claim an
edge incident with a vertex v, Maker randomly chooses such a free edge. We prove that,
with a positive probability, this non-deterministic strategy ensures that Maker’s graph is an
(10000n

ln lnn
, 2) expander and then, since our game is a perfect information game, we conclude

that indeed there exists a deterministic such strategy for Maker. Recall that according to
the strategy proposed in Theorem 9.28, at any move Maker claims a free edge vu with
dang(v) = max{dang(u) : u ∈ V }. In this case we say that the edge vu is chosen by v.
We wish to show that the probability of having a subset A ⊆ V with |A| ≤ 10000n

ln lnn
and

|NM(A)| ≤ 2|A| − 1 is o(1). To that end, we can assume that G satisfies all the properties
listed in Theorem 9.21 and in Theorem 9.21 and Theorem 9.28.

Assume that there exists a subset A ⊂ V of size |A| ≤ 10000n
ln lnn

such that after this stage
NM(A) is contained in a set B of size at most 2|A| − 1. This implies that

|EM(A,A ∪B)| ≥ c|A|/2 =
50|A| lnn

ln lnn
.
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Recall that f(n) := np
lnn

. We distinguish between the following two cases:

Case I: At least c|A|/4 edges of Maker which are incident to A were chosen by vertices
from A. Notice that if |A| ≤ n ln lnn

lnn
there are at most o(|A|) vertices v ∈ A such that

e(v,A∪B) = Ω(f(n)(ln lnn)2), since otherwise we have that e(A∪B) = Ω(f(n) ln ln2 n|A|)
which contradicts (P3) of Theorem 9.21 and that if n ln lnn

lnn
< |A| ≤ 10000n

ln lnn
then there are at

most o(|A|) vertices v ∈ A such that e(v, A∪B) = Ω(np) (follows from (P2) of Theorem 9.21).
Consider an edge e = ab with a ∈ A and b ∈ A ∪ B and assume that e has been chosen
by chosen by a. Notice that by Theorem 9.28, when Maker chose e, the vertex a had
at least εnp/3 free neighbors. Therefore, for at least (1 − o(1))|A| such vertices a ∈ A,
the probability that Maker chose an edge with a second endpoint in A ∪ B is at most(
f(n)(ln lnn)2

εnp/3

)
= 3(ln lnn)2

ε lnn
when |A| ≤ n ln lnn

lnn
or an arbitrarily small constant δ > 0 when

n ln lnn
lnn

< |A| ≤ 10000n
ln lnn

. Therefore, the probability that all of Maker’s edges incident to

A were chosen in A ∪ B is at most
(

3(ln lnn)2

ε lnn

)(1−o(1))c|A|/4
for |A| ≤ n ln lnn

lnn
and at most

δ(1−o(1))c|A|/4 otherwise. Applying the union bound we get that the probability that there
exists such A (with |NM(A)| ≤ 2|A| − 1) is at most

∑
|A|<n ln lnn

lnn

(
n

|A|

)(
n

2|A| − 1

)(
3(ln lnn)2

ε lnn

)(1−o(1))c|A|/4

+

10000n
ln lnn∑

|A|=n ln lnn
lnn

(
n

|A|

)(
n

2|A| − 1

)
δ(1−o(1))c|A|/4

≤
∑

|A|<n ln lnn
lnn

n3|A|
(

3(ln lnn)2

ε lnn

) 24|A| lnn
ln lnn

+

10000n
ln lnn∑

|A|=n ln lnn
lnn

(
e3n3

4|A|3

)|A|
δ

24|A| lnn
ln lnn

≤
∑

|A|<n ln lnn
lnn

[
n3 exp

(
24 lnn

ln lnn
ln

(
3(ln lnn)2

ε lnn

))]|A|
+

10000n
ln lnn∑

|A|=n ln lnn
lnn

(
α

ln3 n

ln ln3 n
δ

24 lnn
ln lnn

)|A|
≤

∑
|A|<n ln lnn

lnn

[
n3 exp (−(1− o(1))24 lnn)

]|A|
+ o(1) = o(1).

Case II: At least c|A|/4 edges of Maker which are incident to A were chosen by vertices
from B. As in Case I, notice that there are at most o(|B|) vertices v ∈ B such that
e(v,A) ≥ f(n)(ln lnn)2 when |B| ≤ 2n ln lnn

lnn
and at most o(|B|) vertices v ∈ B such that

e(v,A) = Ω(np) when 2n ln lnn
lnn

≤ |B|20000n
ln lnn

. Similarly to the previous case, with the only
difference being that not all the edges which were chosen by vertices from B have to touch
A, we get that the probability that all Maker’s edges incident to A were chosen in A ∪B is
at most (

c|B|
c|A|/4

)(
3(ln lnn)2

ε lnn

)(1−o(1))c|A|/4

or (
c|B|
c|A|/4

)
δ(1−o(1))c|A|/4,

for an arbitrarily small δ, for |B| ≤ 2n ln lnn
lnn

or 2n ln lnn
lnn

≤ |B|20000n
ln lnn

, respectively (the binomial
coefficient corresponds to the number of possible choices of edges from EM(A,B) out of all
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edges chosen by vertices from B). Applying the union bound, similarly to the computations
in Case I, we get that the probability that there exists such A (with |NM(A)| ≤ 2|A| − 1) is
o(1).

This completes the proof that Maker can build a (10000n
ln lnn

, 2)-expander fast and thus is
able to follow Stage I of the proposed strategy.

Stage II: It is enough to prove that Maker has a strategy to ensure that EM(A,B) 6= ∅
for every two disjoint subsets A,B ⊆ V of sizes |A| = 10000n

ln lnn
and |B| = n/10. Otherwise,

there exists a subset X ⊆ V of size 10000n
ln lnn

≤ |X| ≤ n/5 such that |X ∪ N(X)| < 3|X|. In
this case, there exist two subsets A ⊆ X and B ⊆ V \ (X ∪ N(X)) with |A| = 10000n

ln lnn
and

|B| = n/10 such that EM(A,B) = ∅.
Recall that by Property (P8) of Theorem 9.21, G ∼ G(n, p) is typically such that for

every two such subsets A,B ⊆ V and for every α > 0 we have that

eG(A,B) ≥ (1− α)|A||B|p ≥ 999n2p

ln lnn
.

To achieve his goal for this stage, Maker can use the trick of fake moves and to play as
Breaker in the (np ln lnn

100 lnn
, 1) Maker-Breaker game where the winning sets are

F = {EF (A,B) : A,B ⊆ V , A ∩B = ∅, |A| = 10000n

ln lnn
and |B| = n/10}.

Notice that since so far Breaker has played at most 100n lnn
ln lnn

, we get that eF (A,B) ≥ 899n2p
ln lnn

for every A,B ⊂ V (G) of sizes |A| = 10000n
ln lnn

and |B| = n/10}. Finally, since the following
inequality holds (

n
10000n
ln lnn

)(
n

n/10

)
2−89900n lnn/(ln lnn)2 ≤ 4n2−ω(n) = o(1)

it follows by Theorems 9.11 and 9.12 that indeed Maker can achieve his goals for this stage
within e(G)

np ln lnn/100 lnn
= 100n lnn

ln lnn
moves (recall that e(G) = Θ(n2p)).

Stage III: So far Maker has played at most 200n lnn
ln lnn

moves (and at least 50n lnn
ln lnn

moves)
and his graph is an (n/5, 2)-expander. Notice that for the choice a = 2 Lemma 9.19 holds.
In addition, Maker and Breaker together claimed o(n2p) edges of G. Therefore, there are
still Θ(n2p) free boosters in G, so Maker can easily claim n boosters and to turn his graph
into a Hamiltonian graph.

This completes the proof that Maker wins the game H(G) (and of course also the game
PM(G)). 2

Now, we briefly sketch the proof of Theorem 9.5.

Sketch of proof of Theorem 9.5. Let c > 100, p = cn
lnn

and G ∼ G(n, p). The upper
bound on b∗ is obtained immediately from Theorem 9.3. We wish to show that G is typically
such that given b ≤ c/10, Maker has a winning strategy in the (1, b) game H(G). First, we
make the following modifications to the following modifications to Theorem 9.28:
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• In the statement of the theorem, p = c lnn
n

, b ≤ np
10 lnn

= c
10

, and ε is some positive
constant.

• By similar calculations to those in (P1) of Theorem 9.21, we can assume that δ(G) ≥
1
2
np.

• We conclude that dangBg(vg) ≥ (1
2
− ε

3
)np− b(2c− 1) ≥ (1

2
− ε

3
− ε

60
)np.

• Finally, we use the following calculation:

dangB1
(Ig−1) ≥ dangBg(I0) +

r−1∑
j=1

(
dangBg−ij (Iij)− dangBg−ij+1

(Iij−1)
)

≥ dangBg(I0)−
r−1∑
j=1

2b

j + 1

≥ dangBg(I0)− 2b lnn

≥ (
1

2
− ε

3
− ε

60
)np− 1

5
np

> 0

to get a contradiction (for sufficiently small ε).

With this variant of Theorem 9.28, adapted to the case p = Θ( lnn
n

), the proof of Theorem
9.5 goes the same as the proof of Theorem 9.4, mutatis mutandis. 2

Remark: To win the k-connectivity game, Maker follows Stages I and II of the proposed
strategy SM with the following parameters changes:

• In Stage I, Maker creates an (n ln lnn
lnn

, k)-expander.

• In Stage II, Maker makes his graph an (n+k
2k
, k)-expander by claiming an edge between

any two disjoint subsets A,B ⊆ V such that |A| = n ln lnn
lnn

, |B| = n
10k

.

Then, by Lemma 9.20, Maker’s graph is k-connected and he wins the game. We omit
the straightforward details and the calculations, which are almost identical to those of the
Hamiltonicity game.

9.4 Avoider-Enforcer games on G(n, p)

9.4.1 Avoider’s win

In this subsection we prove Theorem 9.7.
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Proof: In order to isolate a vertex in his graph Avoider does the following: before his
first move (regardless of the identity of the first player) Avoider identifies a set U ⊆ V of
size

√
n

lnn
with e(U) ≤ np

2 lnn
(he can find such a set since this is the expected number of

edges inside a set of this size). Assume |U | ≡ 0(mod 3) (otherwise Avoider removes from
U a vertex or two and everything works the same). Then, in his first move, Avoider claims
all the edges not incident to U . He then ignores – until he can no longer do so – all the
edges inside U and pretends he is Enforcer in the following reverse box game: he divides the
vertices of U into triplets – each triplet is a box. The elements in each box are all the edges
between the three vertices of the box and V \ U .

Avoider does not claim edges inside U unless he has to. Enforcer, however, in his new
role as Avoider in the reverse box game, may claim occasionally edges inside U . However,
since his bias is too big, in each move he must make at least b − e(U) ≥ 24.5np

lnn
of his steps

”in the boxes” (between U and its complement).

We may assume that p ≥ lnn
n

, since otherwise G ∼ G(n, p) typically contains isolated
vertices and Avoider wins no matter how he plays. Therefore, by (P1) we can bound from
above the degree of every vertex in the graph by 4np, and so the size of each box is bounded
from above by 12np. The number of boxes in this game is 1

3

√
n

lnn
. Enforcer’s bias is 1 and

Avoider’s bias is at least 24.5np
lnn

. Putting it all together in the terms of Lemma 9.15 we get
that, as

2 exp

(
12np
24.5np

lnn

)
< exp(0.49 lnn) <

1

3

√
n

lnn
,

Enforcer wins this game, i.e. Avoider is forced to claim all the elements in one of the boxes.

Now let’s go back to the original game. By what we have just shown, as long as Avoider
does not claim edges inside U , he has at least three isolated vertices in his graph. So if he
can avoid claiming edges inside U throughout the game, he wins. If he is forced to claim
an edge inside U , it means that all the remaining free edges on the board are inside U . By
claiming one edge he will touch at most two of his isolated vertices, and Enforcer in his
next move will be forced to claim all the remaining edges on the board, leaving at least one
isolated vertex in Avoider’s graph. 2

9.4.2 Enforcer’s win

In this subsection we prove Theorem 9.8. For this proof we would like to use similar tech-
niques to those used by Krivelevich and Szabó in [53]. We use the following Hamiltonicity
criterion by Hefetz et al:

Lemma 9.32 ([44], Theorem 1.1) Let 12 ≤ d ≤ e
3√

lnn and let G be a graph on n vertices
satisfying properties P1, P2 below:

P1 For every S ⊆ V , if |S| ≤ k1(n, d) := n ln lnn ln d
d lnn ln ln lnn

then |N(S)| ≥ d|S|;
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P2 There is an edge in G between any two disjoint subsets A,B ⊆ V such that |A|, |B| ≥
k2(n, d) := n ln lnn ln d

4130 lnn ln ln lnn
.

Then G is Hamiltonian, for sufficiently large n.

Clearly, if by the end of the game Avoider’s graph is Hamiltonian, it also contains a
perfect matching. In addition, the proof of Theorem 6 in [53] shows that, in the terms of
Lemma 9.32, if G satisfies P1 and P2 then G is d-connected. In particular, if d = ω(1), then
G is k-connected for any fixed k. Theorem 9.8 is now an immediate corollary of corollary of
Lemma 9.32 and the following theorem:

Theorem 9.33 Let p ≥ 70000 lnn
n

and b ≤ np
20000 lnn

. In a biased (1, b) Avoider-Enforcer
game, Enforcer has a strategy to force Avoider to create a graph satisfying P1 and P2 with
d = d(n) = ln lnn provided n is large enough.

Proof: As we set d = d(n) = ln lnn we use the following notation:

k∗1 = k∗1(n) = k1(n, d) =
n

lnn
,

k∗2 = k∗2(n) = k2(n, d) =
n ln lnn

4130 lnn
.

For every 1 ≤ k ≤ k∗1 and for every S ⊆ V , |S| = k, define the hypergraph F(S) on N(S)
in the following way: divide the vertices of N(S) into 2dk subsets, each of size |N(S)|/2dk
(by (P5) and (P4) the size of N(S) is much greater than 2dk, so this is well defined). Each
combination of dk subsets forms a hyperedge in F(S).

For a given S of size k, if by the end of the game in Avoider’s graph S is connected by
an edge to every hyperedge of F(S), then |NA(S)| > dk. Otherwise, there are dk subsets
disconnected from S which form a hyperedge in F(S), in contradiction. So in order to force
P1 in Avoider’s graph, it suffices to ensure that in his graph, for every 1 ≤ k ≤ k∗1, for every
S ⊆ V , |S| = k, and for every F ∈ F(S), there is an edge between S and F .

Notice that for every F ∈ F(S), e(S, F ) ≥ 1
180
|S|np. Indeed, if 1 ≤ |S| ≤ 80

p
, then

by (P4) N(S) ≥ 1
90
|S|np, and so the number of edges in G between S and half of its

external neighborhood is at least the number of vertices there, which is at least 1
180
|S|np. If

80
p
≤ |S| ≤ n

lnn
, then by Lemma 9.22 the number of edges in G between S and half of its

external neighborhood is at least 1
50
|S|np > 1

180
|S|np.

In order to force P2 in Avoider’s graph, it is enough to ensure that he claims an edge
between any two disjoint sets of size k∗2. By (P7), for any such sets A,B, e(A,B) ≥ 0.5(k∗2)2p.

Finally, in order to conclude that Enforcer can force Avoider to claim all these edges, by
Lemma 9.14 it is sufficient to verify that:

k∗1∑
k=1

∑
|S|=k

|F(S)|
(

1 +
1

b

)− 1
180
|S|np

+
∑

|A|,|B|=k∗2

(
1 +

1

b

)− 1
2

(k∗2)2p

<

(
1 +

1

b

)−b
.
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By using the well known estimate 1 + x = ex+Θ(x2) for x→ 0, we can bound the term on
the right hand side from below by e−

1
2 .

The first summand on the left hand side can be estimated from above by:

k∗1∑
k=1

(
n

k

)(
2dk

dk

)
e−

knp
180b ≤

k∗1∑
k=1

[
n(2e)de

− np
180np

20000 lnn

]k
≤

≤
k∗1∑
k=1

[
ne2 ln lnne−100 lnn

]k
= o(1).

The second summand on the left hand side can be estimated from above by:(
n

k∗2

)2

e−
0.5(k∗2)

2p

b ≤

[(
en

k∗2

)2

e−
104k∗2 lnn

n

]k∗2
=

=

[(
4130e lnn

ln lnn

)2

e−
104

4130
ln lnn

]k∗2
≤

[
(lnn)2−2.4

]k∗2
= o(1).

This completes the proof. 2

9.5 Concluding remarks and open questions

In this chapter we analyzed Maker-Breaker games and Avoider-Enforcer games played on
the edge set of a random graph G ∼ G(n, p). We have shown the following:

Maker-Breaker games: for p = ω( lnn
n

), the critical bias in the Hamiltonicity, perfect
matching and k-connectivity games is b∗ = lnn

n
. For p = c lnn

n
(where c > 1), there exist

b1 = b1(c) and b2 = b2(c) such that the critical bias in these games satisfies: b1 ≤ b∗ ≤ b2.

Avoider-Enforcer games: for p ≥ c lnn
n

(where c > 70000), there exist c1 and c2

such that the critical bias in the Hamiltonicity, perfect matching and k-connectivity games
satisfies: c1 lnn

n
≤ b∗ ≤ c2 lnn

n
.

Notice that while in the first case (Maker-Breaker with p = ω( lnn
n

)) we establish the exact
critical bias, in the latter two (Maker-Breaker with p = Θ( lnn

n
), and Avoider-Enforcer) we

only establish the order of magnitude of the critical bias. Although it is possible to achieve
somewhat better constants than those appearing in this chapter, we were not able to close
the gap completely. It would be nice to get to the exact constant in these cases as well.
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Part III

The odd cycle game

161





Chapter 10

The odd cycle game

10.1 Introduction

In this Chapter we consider the non-k-colorability game. Given a positive integer k, in the
non-k-colorability game, NCk(G), the winning sets are all the edge sets of subgraphs H ⊆ G
which are not k-colorable. Since a graph G is not 2-colorable if and only if it contains an
odd cycle, we refer to NC2(G) as the odd cycle game.

The following question is due to Duffus,  Luczak and Rödl [23]:

Question 10.1 Is it true that for any positive integers k and b, there exists an integer
r = r(k, b) such that Maker has a winning strategy for the (1 : b) game NCk(G), played on
any graph G such that χ(G) ≥ r?

Not much is known about Conjecture 10.1. By a strategy stealing argument the answer
for Question 10.1 is “yes” for b = 1 and any k (for more details the reader is referred to [2]).
Note that strategy stealing is a purely existential argument; we do not know any explicit
strategy for Maker to win the game with these parameters.

For any b ≥ 2 and any k ≥ 2 Question 10.1 is open. Two partial results were obtained
in [2]. The first result shows that χ(G) = Ω(log(|V (G)|)) suffices to ensure Maker’s win. The
second result shows that if χ(G) ≥ r holds in some robust way, then Maker has a winning
strategy for the game on G. However, no bounds on χ(G) which do not depend on |V (G)|
are known.

In [23], Duffus,  Luczak and Rödl ask the following question:

Question 10.2 Is it true that there exists an integer k such that for all graphs G with
χ(G) ≥ k, Maker has a strategy to claim an odd cycle in the game where Maker claims one
vertex each turn and Breaker claims two?

In this chapter we partially answer Questions 10.1 and 10.2 for the case where Maker’s
goal is to build an odd cycle (a non-2-chromatic graph), playing on a graph G with high
minimum degree. Our main results are the following:

163
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Theorem 10.3 For every 0 < δ < 1, there exists an integer n0 = n0(δ) for which the
following holds. Suppose that:

(Q1) G is a graph with |V (G)| = n ≥ n0, and

(Q2) δ(G) ≥ δn, and

(Q3) χ(G) > 32/δ.

Then for every b ≤ δ2n
6400(log2 n)2

, Maker has a winning strategy in the (1 : b) game NC2(G).

The next result shows that the bound on the chromatic number of G can be lowered
to the optimal χ(G) ≥ 3 if G has high connectivity instead of high minimum degree. In
particular, O(log n)-connectivity suffices in a game with a constant Breaker’s bias. (This is
because every k-chromatic graph G contains a k-color-critical subgraph G0 ⊂ G, and every
k-color-critical graph is (k − 1)-edge-connected. Thus Theorem 10.4 can be applied to G0.)
This reproves Theorem 1.6 of [2] for the odd cycle game.

Theorem 10.4 For every positive integer b, there exists an integer n0 = n0(b) for which the
following holds. Suppose that:

(i) G is a graph with |V (G)| = n ≥ n0, and

(ii) G is (104 log2 n · b2(log2 b)
2)-edge-connected, and

(iii) χ(G) ≥ 3.

Then Maker has a winning strategy in the (1 : b) game NC2(G).

The following theorem is the “vertex version” of Theorem 10.3, where instead of claiming
edges, Maker and Breaker claim vertices of the graph G.

Theorem 10.5 For every 0 < δ < 1 and for every positive integer b, there exists an integer
n0 = n0(δ, b) for which the following holds. Suppose that:

(i) G is a graph with |V (G)| = n ≥ n0, and

(ii) δ(G) ≥ δn, and

(iii) χ(G) > 2(b+ 1)/δ.

Then Maker has a winning strategy in the (1 : b) odd-cycle game played on V (G). Fur-
thermore, the odd cycle that Maker builds is of constant size (depending only on δ).
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10.1.1 Notation and terminology

The notation in this chapter is standard and follows that of [22]. In particular we use
the following. Given a graph G, denote by V (G) and E(G) its sets of vertices and edges,
respectively. For two subsets A,B ⊆ V (G), let EG(A,B) be the set of edges in E(G) with
one endpoint in A and one endpoint in B. For a vertex v ∈ V (G) and a subset U ⊆ V (G),
denote by dG(v, U) the number of edges from v to U . Denote by G[U ] the induced subgraph
on U and set U c = V (G) \ U . We also denote NG(U) = {v ∈ V (G) : ∃u ∈ U.vu ∈ E(G)}.

The remainder of the chapter is organized as follows. In Section 10.2, we list some tools to
be used in our arguments. Theorems 10.3 and 10.4 are proved in Section 10.3. Theorem 10.5
is proved in Section 10.4.

10.2 Auxiliary results

The following lemma shows that if G is a graph with high minimum degree and high chro-
matic number, then it contains a subgraph which is highly connected and is only one edge
far from being bipartite. This is a key ingredient in the proof of Theorem 10.3.

Lemma 10.6 Let 0 < δ < 1 and let n be a sufficiently large integer. Suppose that G is a
graph on n vertices with δ(G) ≥ δn and χ(G) > 32/δ. Then there exist two disjoint subsets
A,B ⊆ V (G) such that the bipartite graph H = (A ∪ B,EG(A,B)) is δ2n/64-connected and
EG(A) 6= ∅.

To prove Lemma 10.6 we use the following lemma due to Bohman, Frieze, Krivelevich and
Martin [15] which enables us to partition a dense graph into a few vertex disjoint subgraphs
which are highly connected:

Lemma 10.7 (Lemma 1 in [15]) Let H be a graph on n vertices with minimum degree
k > 0. Then there exists a partition V (H) = V1 ∪ . . . ∪ Vt such that for every 1 ≤ i ≤ t the
set Vi has at least k/8 vertices and the induced subgraph H[Vi] is k2/(16n)-vertex-connected.

For the convenience of the reader we include the proof of Lemma 10.7.

Proof. Recall a classical result of Mader (see [22]) stating that every graph of average
degree at least k has a k/4-vertex-connected subgraph.

Let (C1, . . . , Ct) be a family of disjoint subsets of V (H) with the property that each
induced subgraph H[Ci] is k/8-connected and that, among all such families of subsets, the
set of vertices

C :=
t⋃
i=1

Ci



166

is maximal. According to Mader’s Theorem, t > 0. Also, |Ci| ≥ k/8 for all i and thus
t ≤ 8n/k.

Let now (V1, . . . , Vt) be a family of disjoint subsets of V (H) such that Ci ⊆ Vi, the
induced subgraph H[Vi] is k2/(16n)-connected for all 1 ≤ i ≤ t and that among all such
families the set of vertices

U :=
t⋃
i=1

Vi

is maximal. We claim that U = V (H). Assume to the contrary that there exists a vertex
v ∈ U c. If |NH(v)∩Vi| ≥ k2/(16n) for some i, then adding v to Vi can be easily seen to keep
H[Vi] k

2/(16n)-connected, contradicting the maximality of U . Thus v has less than k2/(16n)
neighbors in each of the t ≤ 8n/k sets Vi, and therefore d(v, U c) > k − (8n/k)(k2/(16n)) =
k/2. We conclude that the minimum degree of the induced subgraph H[U c] is at least k/2.
Applying Mader’s Theorem, this time to H[U c], unveils a k/8-connected subgraph disjoint
from C, a contradiction of the choice of (C1, . . . , Ct). Hence the family (V1, . . . , Vt) indeed
covers all the vertices of H and thus forms a required partition. 2

Proof of Lemma 10.6. Let V (G) = X1 ∪ X2 be a partition such that for every
Xi ∈ {X1, X2} and for every v ∈ Xi, d(v,X3−i) ≥ d(v)/2 (easily obtained by taking a
partition which maximizes |E(X1, X2)|). Consider the bipartite subgraph G′ ⊆ G obtained
by removing all the edges inside X1 and X2; clearly δ(G′) ≥ δ(G)/2 ≥ δn/2. Now, applying
Lemma 10.7 to G′, we get a partition V (G′) = V1 ∪ . . . ∪ Vt with

|Vi| ≥
(
δn

2

)
/8 =

δn

16
,

hence

t ≤ n

δn/16
=

16

δ
,

and the induced subgraph G′[Vi] is (δn/2)2 /(16n) = δ2n/64-connected, for every 1 ≤ i ≤ t.
Since χ(G) > 32/δ ≥ 2t, we conclude that there exists 1 ≤ i ≤ t for which G[Vi] is not
2-colorable, since otherwise giving distinct sets of 2 colors to each G[Vi] yields a proper 2t-
coloring, a contradiction. Recall that G′[Vi] is bipartite, so we can denote its parts by A and
B in such a way that EG(A) 6= ∅. This completes the proof. 2

The following theorem of Alon, Hefetz and Krivelevich [2] enables Maker to win the (1 : b)
connectivity game played on the edge set of some given graph G, provided that G is a highly
edge-connected graph. It will be useful in the proof of Theorems 10.3 and 10.4.

Theorem 10.8 Let G = (V,E) be a graph on n vertices and let b ≥ 2 and k = k(n) ≥ log2 n
be integers. If G is (100kb log2 b)-edge-connected, then in the (1 : b) game played on E(G),
Maker (as a first or second player) has a strategy for building a k-edge-connected spanning
subgraph of G. In particular, Maker can build a connected spanning subgraph of G.

For the proof of Theorem 10.5 we need the following lemmas:
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Lemma 10.9 Let 0 < δ < 1, b be a positive integer and n be a sufficiently large integer.
Suppose that G is a graph on n vertices with δ(G) ≥ δn and χ(G) > 2(b+ 1)/δ. Then there
exist two disjoint subsets A,B ⊆ V (G) such that the bipartite graph H = (A∪B,EG(A,B))
satisfies

(i) |EH(U,U c)| = Ω(n3/2) for every U ⊆ A ∪B of size δn/2 ≤ |U | ≤ |A ∪B| − δn/2;

(ii) δ(H) ≥ δ2n/2;

(iii) all but o(n) vertices in H have degree at least (1− o(1))δn/2; and

(iv) χ(G[A]) > b+ 1.

In a similar way as the proof of Lemma 10.6, Lemma 10.9 is an immediate consequence
of the following:

Lemma 10.10 Let 0 < δ < 1 and let n be a sufficiently large integer. Let G be a graph on
n vertices with δ(G) ≥ δn. Then there exists a partition V (G) = V1∪ . . .∪Vt which satisfies:

(i) |Vi| ≥ δn(1− o(1)) for every 1 ≤ i ≤ t;

(ii) δ(G[Vi]) ≥ δ2n for every 1 ≤ i ≤ t;

(iii) all but o(n) vertices in G[Vi] have degree at least δn(1− o(1)) for every 1 ≤ i ≤ t; and

(iv) |EG(A,B)| = Ω(n3/2) for every partition Vi = A ∪ B for which δn ≤ |A| ≤ |Vi| − δn
and for every 1 ≤ i ≤ t.

Proof. We construct the partition in the following way: initially, let V1 := V (G) and
U := ∅. Assume we have a partition V (G) = V1 ∪ · · · ∪ Vk and a current set U (notice that
U will be modified during the iterations). If there exists an index 1 ≤ i ≤ k and a partition
Vi = A ∪ B for which |A|, |B| ≥ δn and e(A,B) < n3/2, then we break Vi into A ∪ B and
define a new partition V1 ∪ · · · ∪ Vi−1 ∪A ∪B ∪ Vi+1 ∪ · · ·Vk. Notice that there are at most
n3/4 vertices v in X ∈ {A,B} such that d(v,X) < d(v, Vi) − n3/4. Otherwise, we get that
e(A,B) ≥ n3/2, a contradiction. We add these at most 2n3/4 vertices to U . Since none of the
Vi’s is ever smaller than δn, we get that this procedure stops after at most 1/δ iterations. Let
V (G) = V1∪ . . .∪Vt be the final partition and let U be the corresponding set of vertices with
(possibly) small degrees inside their parts. Notice that for every i ∈ [t] and every v ∈ Vi \U ,
we have d(v, Vi) ≥ δn− tn3/4 = δn(1− o(1)). By the previous argument, in every iteration
we increase |U | by at most 2n3/4, hence |U | ≤ 2n3/4/δ. Now for every vertex v ∈ U , choose
a part Vj, 1 ≤ j ≤ t, for which d(v, Vj) ≥ δ2n and move v to Vj (recall that dG(v) ≥ δn and
that t ≤ 1/δ). We get a final partition which satisfies properties (i)− (iv). 2

For the next lemma, we need to define an auxiliary game. Given a graph H and a
subset M ⊆ V (H), consider the Maker-Breaker game G(H,M) played on V (H), in which
the winning sets are all subsets T ⊆ V (H), such that H[T ∪M ] is a connected subgraph of
H or it contains a triangle.
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Lemma 10.11 Let H = (A∪B,EG(A,B)) be a graph satisfying (i)− (iii) of Lemma 10.9.
Let M ⊆ V (H) be any subset that can be partitioned to M = D ∪ R, where D is any
dominating set of size O(log n), and such that for each vertex v ∈ D there exists u ∈ R with
degree at least (1 − o(1))δn/2 such that uv ∈ E(H). Then, for any constant b, Maker can
win the (1 : b) game G(H,M) within O(log n) moves.

Proof. First, notice that since |D| = O(log n) we conclude that there are at most
O(log n) components in H[M ]. Now, in order to complete the proof, it suffices to prove that
Maker can merge two components of H[M ] within two rounds, by claiming extra vertices.

Let C be a component of H[M ]. Recall that C spans an edge xy, where x ∈ D with
d(x) ≥ δ(H) ≥ δ2n/2 and y ∈ NH(x) \D with d(y) ≥ (1− o(1))δn/2. Let U = C ∪NH(C).
We may assume that |NH(x) ∪ NH(y)| ≥ δn/2, since otherwise |NH(x) ∩ NH(y)| = d(x) +
d(y)−|NH(x)∪NH(y)| ≥ (1−o(1))δ2n/2, and Maker can claim a vertex in NH(x)∩NH(y) to
complete a triangle. Hence |U | ≥ |NH(x)∪NH(y)| ≥ δn/2. We consider two cases depending
on the size of U c.

Case 1: |U c| ≥ δn/2. Then by Lemma 10.9 (i), |EH(U,U c)| = Ω(n3/2). Note that edges
between U and U c can only go from NH(C) \ C to U c. Therefore, since |NH(C) \ C| ≤ n,
there exist Ω(

√
n) many vertices z ∈ N(C) \ C with d(z, U c) = Ω(

√
n). Since Breaker’s

bias b is a constant, Maker can claim such a z and one of its neighbors in U c, say z′, in
two rounds. Since z′ ∈ U c, z′ is not adjacent to any vertex in C. However, D ⊂ M is a
dominating set of H, thus z′ is adjacent to some vertex in M contained in a component of
H[M ] other than C. Thus after claiming z and z′, Maker merges two components of H[M ].

Case 2: |U c| < δn/2. We are done if U c is empty, thus U c is not empty and contains some
component of H[M ], call it C ′. Similarly, C ′ contains two adjacent vertices x′, y′ such that
d(x′) ≥ δ2n/2 and d(y′) ≥ (1−o(1))δn/2. We may assume that |(N(C)∩N(C ′))\(C∪C ′)| =
o(n), since otherwise Maker can merge two components in just one move by claiming a vertex
in N(C)∩N(C ′). Thus all but o(n) vertices in N(x′)∪N(y′) are in U c. But |U c| < δn/2, thus
|N(x′)∩N(y′)| ≥ (1− o(1))δ2n/2. Then Maker can easily claim a vertex in NH(x)∩NH(y)
to complete a triangle. 2

10.3 Proofs of Theorems 10.3 and 10.4

In this section we prove Theorems 10.3 and 10.4.

Proof of Theorem 10.3. First we describe a strategy for Maker and then prove it
is indeed a winning strategy. At any point during the game, if Maker cannot follow the
proposed strategy, then he forfeits the game. Maker’s strategy is divided into the following
two stages:

Stage I: Let H = (A ∪ B,EG(A,B)) be a subgraph of G as described in Lemma 10.6
and let e ∈ EG(A). In his first move, Maker claims the edge e.

Stage II: In this stage, Maker builds a connected spanning subgraph of H.
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Notice that if Maker can follow the proposed strategy then he wins the game. Indeed, if
Maker has built a connected spanning subgraph of H, then since H is a bipartite graph and
e is in one of its sides then adding e to Maker’s graph creates an odd cycle. It thus suffices
to prove that indeed Maker can follow the proposed strategy without forfeiting the game.
We consider each stage separately.

Stage I: Follows immediately from Lemma 10.6 and since Maker is the first player to
claim an edge.

Stage II: Apply Theorem 10.8 on H with b ≤ δ2n
6400(log2 n)2

and k = log2 n, then

100k · b · log2 b ≤ 100 log2 n ·
δ2n

6400(log2 n)2
· log2 n ≤

δ2n

64
.

Thus H is (100kb log2 b)-edge-connected, and Maker has a winning strategy for the (1 : b)
k-edge-connectivity game played on E(H). In particular, Maker can build a connected
spanning subgraph of H. 2

The idea for Theorem 10.4 is similar, we provide only a sketch here.

Proof of Theorem 10.4: Let G be a graph which satisfies the conditions of Theo-
rem 10.4. Set k := 100 log2 n · b log2 b, then G is (100kb log2 b)-edge-connected. Now we
consider two cases:

Case 1: Suppose that there exists a spanning subgraph G′ ⊆ G that is bipartite and
k-edge-connected. Then since χ(G) ≥ 3, at least one side of G′ spans an edge in G. Maker,
in his first move, claims such an edge. Starting from his second move, Maker plays a
connectivity game on E(G′). Let k′ = log2 n, then G′ is k = (100k′b log2 b)-edge-connected.
Thus by Theorem 10.8, Maker can build a k′-edge-connected spanning subgraph G′′ ⊆ G′.
Then G′′ together with the first edge Maker claimed contains an odd cycle.

Case 2: Suppose that all spanning subgraphs of G that are k-edge-connected are non-
bipartite. Then Maker plays the k-connectivity game on E(G). By Theorem 10.8, he can
build a k-edge-connected spanning subgraph of G, which is, under the assumption of Case
2, non-bipartite as desired. 2

10.4 Proof of Theorem 10.5

In this section we prove Theorem 10.5.

Proof. First we describe a strategy for Maker and then prove it is indeed a winning
strategy. At any point during the game, if Maker cannot follow the proposed strategy, then
he forfeits the game. Maker’s strategy is divided into the following four stages:

Stage I: Let H = (A ∪ B,EG(A,B)) be a subgraph of G as described in Lemma 10.9.
In his first two moves, Maker claims two adjacent vertices, u and v, in A.

Stage II: In this stage, Maker claims a dominating set D of H of size 100 log n/δ2.
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Stage III: Let D′ = D ∪ {u, v}. In this stage, for every vertex w ∈ D′, Maker claims a
distinct vertex z ∈ N(w) \D′ with dH(z) = (1− o(1))δn/2.

Stage IV: Let M be the set of vertices that Maker has claimed so far. In this stage
Maker claims a set of vertices T ⊆ V (H) of size O(log n), for which H[M ∪ T ] is connected.

Notice that if Maker can follow the proposed strategy then he has claimed an odd cycle.
Indeed, if Maker connects M in H, in particular Maker has built a (u, v)-path, say P , in H.
Then since H is a bipartite graph and u and v are in the same partition class, P is of even
length. Thus P , together with the edge uv that he claimed in Stage I, form an odd cycle
claimed by Maker. Furthermore, we will show that Maker can also ensure an odd cycle of
constant length.

We prove that indeed Maker can follow the proposed strategy without forfeiting the game.

Stage I: By Lemma 10.9 (iv) we have b+1 < χ(G[A]) ≤ ∆(G[A])+1. Hence ∆(G[A]) ≥
b+1, namely there is a star with b+1 leaves in G[A]. Since Breaker can only claim b vertices
at each round, Maker can claim the center of this star in his first move and then claim one
of its leaves in his second move.

Stage II: We show that by claiming vertices uniformly at random, after claiming
100 log n/δ2 vertices, with high probability (that is, with probability 1− o(1)), Maker claims
a dominating set D of H against any strategy of Breaker. Since the game of claiming a
dominating set of H in 100 log n/δ2 moves is a finite, perfect information game (and there-
fore – deterministic), it follows that Maker has a deterministic strategy for claiming such
a D (although we do not describe it here). It suffices to show that a set D of 100 log n/δ2

vertices chosen uniformly at random from V (H) is with high probability a dominating set of
H. Fix a vertex x ∈ V (H), since δ(H) ≥ δ2n/2, the probability that no vertex from NH(x)
is chosen is at most (1− δ2/2)100 logn/δ2 . Applying the union bound we get

P[D is not a dominating set of H] ≤ n · (1− δ2/2)100 logn/δ2 ≤ n · e−
δ2

2
·100 logn/δ2 = o(1).

It could happen that some vertex that Maker wants to claim, when building D, is already
taken by Breaker. However, Stages I and II take only |D|+ 2 = O(log n) rounds. Therefore,
during the first two stages Breaker claims O(log n) = o(n/ log n) many vertices. It thus
follows that, in each move, the probability that Maker will choose a vertex which has already
been claimed by Breaker is at most o(1/ log n). Hence, with probability 1−o(1) Maker never
chooses any vertex that Breaker has already claimed.

Stage III: By Lemma 10.9 (ii) and (iii), every w ∈ D′ has Θ(n) many neighbors, all but
o(n) of which have degree (1 − o(1))δn/2. Since |D′| = O(log n) = o(n), Maker can secure
such a distinct neighbor for each vertex in D′.

Stage IV: Let F be the set of vertices that Breaker has claimed in Stage I, II and III.
Notice that |F | = O(log n) = o(n) has negligible size. Applying Lemma 10.11 to H \F gives
us the desired result.

We will finish the proof by showing that the odd cycle that Maker built is of constant
length. Observe that with high probability D from Stage II has the following property:

(P1) ∀v ∈ V (H), d(v,D) ≥ 25 log2 n.
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Consider a vertex v in H. Since δ(H) ≥ δ2n/2, for every vertex Maker has claimed in
D, the probability that it is a neighbor of v is at least δ2/2. Thus the expected number of
neighbors of v in D is at least δ2/2 · |D| = δ2/2 · 100 log2 n/δ

2 = 50 log2 n. Thus a standard
Chernoff bound argument implies (P1).

By (P1), the minimum degree of Maker’s graph is Ω(log n). On the other hand, Maker’s
graph is of order O(log n), since the whole game ends in O(log n) rounds. Therefore Maker’s
graph (even minus the special edge uv) is connected and is of linear minimum degree (with
respect to the order of the graph), which implies that its diameter is constant (see e.g, [60]
Problem 2.1.65). Therefore, removing the edge uv, taking a shortest path between u, v and
adding uv back, we obtain an odd cycle of constant length. 2
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[34] H. Gebauer and T. Szabó. Asymptotic random graph intuition for the biased connec-
tivity game. Random Structures and Algorithms, 35(4):431–443, 2009.
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[50] J. Komlós and E. Szemerédi. Limit distributions for the existence of Hamilton circuits
in a random graph. Discrete Mathematics, 43(1):55–63, 1983.

[51] M. Krivelevich. Embedding spanning trees in random graphs. SIAM Journal on Discrete
Mathematics, 24(4):1495–1500, 2010.

[52] M. Krivelevich. The critical bias for the Hamiltonicity game is (1+o(1))n/ lnn. Journal
of the American Mathematical Society, 24:125–131, 2011.

[53] M. Krivelevich and T. Szabó. Biased positional games and small hypergraphs with large
covers. Electronic Journal of Combinatorics, 15(1):R70, 2008.

[54] A. Lehman. A solution of the Shannon switching game. Journal of the Society for
Industrial and Applied Mathematics, 12(4):687–725, 1964.

[55] J. W. Moon. On the maximum degree in a random tree. The Michigan Mathematical
Journal, 15(4):429–432, 1968.

[56] E. M. Palmer and J. J. Spencer. Hitting time for k edge-disjoint spanning trees in a
random graph. Periodica Mathematica Hungarica, 31(3):235–240, 1995.
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