
Return Times for Communicating, Recurrent States

I had often wondered whether the fact positive recurrence is a communicating class property admits a
direct proof and, more generally, whether finiteness of other moments of return times is also a communicating
class property. The answer to both these questions was given to me by Daniel Jerison, whose ideas provide
the foundation on which everything here rests.

Let i and j be a pair of distinct, recurrent, communicating states. For m ≥ 0, set Am(i, j) = {ρ(m)
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this leads to the interesting equation

Ei
[
ρi
∣∣Am(i, j)

]
= Ej

[
ρi
∣∣ ρi < ρj

]
+ Ei

[
ρj
∣∣ ρj < ρi

]
+ (m− 1)Ej

[
ρj
∣∣ ρj < ρi

]
.

Set T ρi

j =
∑ρi−1
n=0 1{j}(Xn), observe that

Pi
(
ρi > ρ

(m)
j

)
= Pi

(
T ρi

j > m− 1
)
, Pi

(
Am−1(i, j)

)
= Pi

(
T ρi

j = m− 1
)
,

and Pj
(
Am−1(i, j)

)
= Pj

(
T ρi

j = m
)
,
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To pass from (2) to a more familiar relation between ρi and ρj , note that
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where, at the end, I applied (2) with i and j reversed. Thus, we have now proved that
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a fact which, at least when j is positive recurrent, also follows from consideration of the stationary distribu-
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More generally, for any p ∈ (0,∞),
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