Return Times for Communicating, Recurrent States

I had often wondered whether the fact positive recurrence is a communicating class property admits a
direct proof and, more generally, whether finiteness of other moments of return times is also a communicating
class property. The answer to both these questions was given to me by Daniel Jerison, whose ideas provide

the foundation on which everything here rests.

Let ¢ and j be a pair of distinct, recurrent, communicating states. For m > 0, set A,,(i,5) = {p;

pi < p§m+1)}. Use P; and E; to denote conditional probability and expectation given the Xy = i.
For m > 1,

Ei [Pi, Am(ivj)] = ]Ez [pz - Pgm), Am(iaj)] + Ei [P;m), Am(zv.])}

m

= Pi(ps > o\ )E; [pir pi < ps] + D Bl p = Y, An(i ).

p=1
Furthermore,
Ei[pj, Am(i,5)] = Ei[pj, pj < pi] P (Am—-1(3, 7)),
and, for 2 < pu < m,
Ei I:pgu) - p§#71)7 Am(%])] = Ei [Pgﬂ) - pﬁ"uil% pi > P;H)}PJ (Amfu(laj))
=Pi(pi > 0" VE; [pss pi > 1P (A (i, §)) = Pi( A1 (. 5))E; [ps pi > ps]-

Hence,

) Ei[pi, Am(i,5)] =Pi(pi > Pgm))Ej [pis i < pi) + Eilpss pj < pi) Bj (Am-1(i, )
+ (m — V)P (Am—1(i,§))E; [ps. pi > pj]-

Because

Pi(Am(i,5)) = Pi(pi > pj) P (Am-1(3, 7)) = Pi(pi > P§m))Pj (pi < pj) and
Pi(Am(i, ) =Pi(p{" " < pi)B;(pi > pj)P;i (pi < p5) = Pi(Am1(i, 1)) P; (ps < pi),

this leads to the interesting equation
Eilpi | Am(i,5)] = E;[pi | pi < pj] +Eilpj | o5 < pi] + (m —=1)E;[p; | p; < pi]-
Set T/ = it 1{;3(Xy), observe that
Pi(pi > p§™) =Bi(T0" > m—1), Pi(An_1(i,5) = Pi(Tf =m 1),
and P; (Am,l(i,j)) =P, (Tf’i — m),
and sum (1) over m > 1 to obtain first
Ei[pi, pi > pj] = Eilps, pj < pi] +Ej[pi A pj B [TV]
and then

. Ei[pi] = Eilpi A pj] +Ej[pi A ;] Bi [T]"].



To pass from (2) to a more familiar relation between p; and p;, note that
B [Tf] = Pi(p; < pi) E;[T7"]
and that, since
B;(T)" > m) =Bs(pi > o) = P;(ps > ;)"

E, [Tfi] =P;(p; < pj)_l. Hence
Pi(p; < pi)
Pji(pi < pj)’
and so, after reversing the roles of ¢ and j, we see that

BT B 7] = 1

Eq [iji] =

Combining this with (2), we obtain
B, [T 1Ei[pi] = B, [T} [Ei[pi A p;] +Ej[pi A pj] = E;[ps],
where, at the end, I applied (2) with ¢ and j reversed. Thus, we have now proved that
(3) E; [p;] = E; [T ] Ei[pi],
a fact which, at least when j is positive recurrent, also follows from consideration of the stationary distribu-

tions. Of course, because E; [T/ ] € (0,00), (3) proves that i is positive recurrent if j is.
More generally, for any p € (0, 00),

1 1 i . _ R
Ei[p?, Am(i, )] 77 < Eil(pi = ™), A )] 77 + 3 Ei[(04) = D)7, A (i, )] 77
p=1
1 1

= (IP’Z- (pi > p™)E; [pF, pi < Pj]) " (m - 1)(IP’1- (Am—1(i,5))E; [p%, pi > Pj])m
_1

+ (Ez [péja pi > p]]IPJ (Amfl(hj))) ! 17

and so
Ei[h, Am(i,5)] <3070 (Pi (T >m = 1)E;[p, pi < ps] + (m = D)PV'B (T = m — 1)E;[pF, pi > py]
B[}, pi > pi] P (T) =m)).
Summing over m > 1, one gets first
Ei[p?, pi > p;] < 3(p—1)* (Ez [T 1B (07, pi < pj] +Ei[(iji)pV1]Eg‘ 105, pi > pj] +Eilpf, pi > Pj])
and then
(4) Ei[of] <3070 (Eul(pi A py)"] + (B [T0] VES () )E; (i 7 ps)]).
In addition,
E;[p]] 2 Ei[(p; — pi)7, pj > pi] = Pi(pi < pj)Ei[p]]-
Hence, from (4), we have
1

®) B <3 (0

Finally, because, for any r € (0, 00), E; [(T]p)r] =Pi(p; < pi)E; [(iji)’”}, and, for any m > 0,

FE(TY] VELT ) ) Bl

B;(T)" > m) =Bs (o)™ < pi) = P;(p; < )",
E; [ijl] V E; [(iji)p\/l] < 0.



