Solution Manual

Chapter 1

Exercise 1.1: Since

f(z) = 100

%(1+n)%—n:n[(1+l)%—1]

where f(z) = (1+ )2, the limit equals f'(0) = 1
Exercise 1.2: If one uses logarithms, this problem is trivial, since

1
log(n®|a|™) = alogn + nlogla| =n <|a| gy 6) ;
n
where 8 = log|a| < 0. Because &% — 0, it follows that [n®a”| < e for
large enough n’s, and therefore n "™ — 0. If one wants to avoid logarithms,
choose m so that (14 L) < |la|~2 and observe that

(n+1)%a"+!

- < |a\% for n > m.
na

Hence, |[n®a”| < m®|a|™=" for n > m. Fmally7 la|% is non-negative and de-
creases as k increases. Hence b = limy_o |a|2 exists and satisfies b = |a|2b,
which is possible only if b = 0.

Exercise 1.3: Given € > 0, choose n. so that |z, — x| < e for n > n.. Then

D (@m

m=1

ng—l

<fZ|xm—x|+e

and therefore lim,,_, o, |A,, — z| < e. To construct the required example, take
z, = (—1)", and observe that |A,| < 1 whereas {,, : n > 1} does not converge.

1 1 1
T = m T and therefore

Ay — 2| =

3=

Exercise 1.4: This is trivial, since -

n n+1 1
mz::l m+1 Z Zi 41

Exercise 1.5: To do the first part, given € > 0, choose n. so that

oo

Z lam| < e,

m=ne¢+1

and observe that

E am — 8| < E am — S| + E |am| < 2e
mes m>n.
meS

for any NDO S D {0,...,ne}.
The second part is covered by the outline given.



Exercise 1.6: To prove the sumation by parts formula, observe that

n

n n n—1
Z ambm = (l()b() + Z (Sm - mfl)bm = Z Smbm - Z Smberl
m=0 m=1 m=0 m=0

= Subn + > Sin(bm — bmg1)-

Now assume that y °_ o @m converges to S € R. By the preceding with b,,

)\m
Zn:am = Sp A" + ZS A

m=0

Because M = sup,,>( |S,| < oo, for each A € [0,1), the first term on the right
tends to 0 and

ZS AT~ ZS A

m=0

< M(1-\ Z)\m MN\"

also tends to 0. Hence, since (1 —A) >~ (A" =1,

i am\™ — S| < (1—\) i Sy — S|A™
m=0 m=0

for all A € [0,1). Finally, given € > 0, choose n. so that |S,, — S| < € for m > n..
Then

lim
n— o0

e} ne—1
(1=X) D [Sm—SIA™ <2M(1=X) Y A" +e(1-N) Z AT < 2Mn (1=\)+e
m=0 m=0 M=Ne
and so
_ oo
i - — S\ < e.
)l\l/ml(l A)m;)\sm SIA™ < e

If a,, = (—=1)™, then Ss, = 1 and So,41 = 0, and therefore Z;’::Oa
diverges. On the other hand,

= 1
Z(—l)m)\ T — 3 asA L

m=0
The final part follows immediately from the first part combined with (1.8.6).

Exercise 1.7: In the definition of ©, insert the condition w(0) # 0.
(i) Since w(0) > 1 and w(m) < D — 1 for infinitely many

S D™D —1)

D"<Z m)D"™™ < D"(D — 1) ZD‘m: i = D"l



Next, suppose that € [D", D"*1) and set y = D~ "z € [1, D). Take w(0) =
max{k € {0,...,D —1} : k < y}. Then w(0) > 1 and y — w(0) < 1. Now
assuming that w(0),...,w(m) € {0,..., D — 1} have been chosen so that 0 <
y— > ow(@)Dt < D™, and take

w(m—i—l):max{ké{O,...,D—l}: k<D™ <y—zm:w(€)De>}.

£=0

Then 0 < y — 22":51 w()D~* < D~™~1, Hence, by induction,
0<y— Zw(ﬁ)D*Z <D™™ forallmeN,
=0

and so z = Y.~ w(m)D™™ for this choice of w € Q. Furthermore, w € Q.
Indeed, if not, then there would exist an mg such that w(m) = D — 1 for all
m > myg. But then we would have the contradiction

mo oo o0
y— Y wmD ™= Y wmD "=D"*"(D-1)> D™ =D".
m=0 m=mgo+1 m=0

Finally to see that w is unique, suppose that € Q\{w} andy = >>0c_ n(m)D~"™.
Then there exists an mg such that w(mg) # n(me) and w(m) = n(m) for 0 <
m < myg, and, without loss in generality, we could assume that w(mg) < n(mo).
But this would mean that

Y wm)D™™ = (n(mo) —w(mo)) D™+ Y y(m)D”™ = D7,
m=mo+1 m=mo+1
whereas, because w € Q, we know that > e—mg 41 W(m) DT < DM,

(ii) For each m,
Ay ={weQ: wn)=D—1for all n > m}

is finite. Thus, since Q\Q = U;O:o A, Q\Q is countable, and so (2 is uncount-
able if and only if 2 is. Since Cantor’s argument shows that {2 is uncountable,
Q is also. Furthermore, by (i), ) is in one-to-one correspondence with [1,D),
and so [1,D) is uncountable. Since R contains [1, D), this proves that R is
uncountable.

(iii) It is clear that 2 € Z* if n > 0 and w(k) = 0 for k > n. Next suppose
that # € Z*, and choose w € Q so that © = >~ w(m)D"~™. If n < 0, then
we would have the contradiction

1< D" wm)D™™<D"(D—-1)Y D ™=D""'<1
m=0

m=0



Furthermore, if
(w(ko +ml+1),...,w(ko + ml+0)) = (w(ko +1),...,w(ko +£))

for m > 1, then

k=0
ko L
=S eln 4 gy et 1)

is a rational number. To prove the converse assertion, suppose that z = 7 where
a, b€ Z*, and choose n so that x € [D", D"*1). Then D~ "z € [1, D), and so,
without loss in generality, assume that € [1, D). By the Euclidean algorithm,
D™z = w(0) + 72, where, because z € [1,D), w(0) € {1,...,D — 1} and
ro € {0,...,b—1}. Next, suppose that (w(0),...,w(m)) € {0,...,D — 1}™+!
and ro, ..., €{0,...,b— 1} satisfy

¢
Dt
:E:Zw(k)D_k—i— re for 0 </ <m,
b
k=0
and use the Euclidean algorithm to determine w(m + 1) € N and r,,41 €
{0,...,b—1} by
DTm Tm+1
b b

Then, because D > 2= > w(m +1), w(m +1) € {0,...,D — 1} and

=wm+1)+

—m—1
D—m Tm+1

Hence, if z = w(0) + %2 and 27 = w(m + 1) + "2 for m > 0, then

m Dim -
=Y wkD ™+ "mfor all m >0,

k=0
and, because
D~™r,, =
D™ > m Z w(k)D™*  for all m >0,
b k=m+1

w = (w(0),...,w(m),...) is the element of Q such that z = 300 w(m)D"~™.

Observe that if 7,, = 1y, then w(mi +7) = w(ma +j) and 7, 15 = Tmatj
for all j > 0. Further, because the 7., € {0,...,b—1} for all m > 0, there exists
akye{0,...,b—1} and an ¢ € {1,...,b — ko} such that ry, = rg,4+¢. Hence
w(ko+ml+j) =w(ko+j) forallm>1and je€{1,...,¢}.



Exercise 1.8: The condition w(m + 1) # w(m) for infinitely many m should
be inserted into the definition of ;.

By the same argument as we used in (ii) of Exercise 1.7, we know that
Q; is uncountable. In addition, by part (i) of that exercise, we know that
w ~ Y% w(m)3 ™! is a one-to-one map of Q onto [0,1). To see that
int(C) = 0, suppose that (a,b) C C. Then, for each n, (a,b) is contained one
of the intervals that make up C,, and since each of these intervals has length
37", it follows that b — a < 37" for all n. That is, a = b.

Thus, what remains to be shown is that, for w € €,

(o)
w(m)3=—m e ﬂ int(Cy,) <= w e Q.
0 n=0

WK

(%)

3
I

To this end, for each n > 1, set E,, = {0,2}", and define

n—1

a, = Z n(m)3~™! and b,=a,+37"

m=0
for n € E,. Using induction on n > 1, one sees that
{a, : me E,} and {b,: ne€E,}

are, respectively, the set of left and right endpoints of the intervals whose union
is Cp,. Now suppose that z = Y - w(m)3~™"t € N>, int(C,) for some
w € Q. If w(m) =1 for some m, set mg = min{m : w(m) = 1}. If mg = 0, then

T =34+ w(m)3™™ ! which means that z € [3, g] and is therefore not
in int(Cy). If mg > 1, set n = mg + 1 and n = (w(0),...,w(mo — 1),0). Then
n € E, and
x_an+3—n 1+ Z 3—m 1_b+ Z 3—m1
m=n+1 m=n+1

Since Yo w(m)3™™1 < 37", it follows that x € [by,a, ), where o/ =
(w(()), oo w(mgy — 1),2)7 which, because a, is the left endpoint of the first
interval in C,, to the right of [a,, b,], means that = ¢ int(C,). Thus we have
proved the “ =" part of (x). To prove the opposite implication, suppose w €
Q, and set x =Y o w(m)3™™~ L. Given n > 1, let n = (w(0),...,w(n —1)).
Then z = a,+> - w(m)3~™! and so, since 0 < > °_ w(m)3~m"1 <3
x € (ay,by,) Cint(Cy).

Exercise 1.9: Everything except the last assertion follows immediately from
the first part of Lemma 1.3.5. To prove the final assertion, let z € S; and
set y = f(z). Given € > 0, first choose ¢ > 0 so that |g(n) — g(y)| < € if
n e SeN(y—€,y+¢€), and then choose § > 0 so that |f(£) — f(z)| < € if
EeSinN(z—46,x+9).

Exercise 1.10: Simply follow the outline.



Exercise 1.11: Since f ™ (U ez 4a) 2 fH(Ap) and 71 (Nuer Aa) € f1(Ap)
for all 8 € Z, it is clear that

- (U Aa> > U fH(4a) and £ (ﬂ Aa> <!

acl a€el acl a€cl

To prove the opposite inclusions, first suppose z € f~1 (U = Aa). Then there
exists a B € Z for which f(z) € Az and therefore y € f~1(Az). Next suppose
that © € (,cz /7' (Aa). Theny = f(z) € A, foralla € Z, and soy €
and z = f~1(y).

Next suppose that A C B C S5. Then

zefTY(B\A) < f(x)eB& f(z) ¢ A
= e f B &ad¢ [

a€I

A) = ze fTUB)\ fTH(A).

= [-1,1], and f(x) = 0 for
0. Flnally, if S5 =5, =R,
B) = {0} but f(A)Nf(B) =

H

On the other hand, if S; = Sy =R, A =[0,1], B
all x € R, then f(B\ A) = {0} but f(B)\ f(4) =
A=[-1,0,, B=[0,1], and f(z) = |a], then f(AN
[0, 1].

Exercise 1.12: By the quotient rule,

Thus z ~~ tan x is strictly increasing on (fg, %) and tends to 0o as x — 7,

and so, by Theorem 1.8.4, arctan’ z = (cos o arctan ) ~2. Since cos™2 = 1+tan?,
this proves that arctan’ z = (1 + 22)~1.

Exercise 1.13: For 0 < |z] < 7,

1 sinx oo 1 1 sinx
o = (o) .
& T 1—cosx & T

By Taylor’s theorm, 1 —cosz = %2 +O(|z]®) and S22 =1 — “"—; +O(|x]3), where
O denotes a generic function that tends to 0 at least as fast as its argument.
Since log(1 — t) = —t + O(t?), this means that

., (s —i: 1 ~1+0(e)) | 1
lg( x ) gi+0(|:c\3)( &+ 0Ul) = 31+ 0(al) 3

Exercise 1.14: By Taylor’s theorem,

h2
flexh) = f(c)Ehf'(c) + 7f”(c:|: 0y)
for some 61 with |64| < |h|. Hence, as h — 0,

fleth) 4+ fle=h) =2f(c) _ f"(c+01)+ f"(c—0-)
h? 2

— f"(c).



Hence, if f achieves its maximum value at ¢ and therefore
flec+h)+ f(c—h)—2f(c) <0 for small h,

it follows that f”(c) < 0.

Exercise 1.15: The only thing that has to be checked is that ¢ cannot achieve
its minimum value on [c,d] at either ¢ or d. Thus, suppose that ¢(y) > ¢(c)
for all y € [¢,d]. Then we would have f'(c¢) —y = ¢'(¢) > 0, which is impossibe
since y > f’(c). Similarly, if ¢ achieved its minimum at d, then one would have
the contradiction 0 < f'(d) —y = ¢'(d) < 0.

Exercise 1.16: Because f is continuous, it suffices to show that f (ITer) <

M for a < © < y < b. To this end, set z = %ﬂ’ By the Mean Value
theorem, there exist _ € (x, z) and 04 € (z,y) such that

F@)+ Fy) = 2(2) = f(6-)(@ = =) + ' (0:)(y — =) = T5= (' (6+) — £/(6-)

Since f'(01) > f'(0-), it follows that 2f(2) < f(z) + f(y).

Exercise 1.17: Because log” x = —272, —logx is convex on (0,00). Hence,

1og(a‘f1 --~az") = Z Om log an, <log (Z Hmam> ,
m=1 m=1

which, after exponentiation, gives the required result.

Exercise 1.18: By (1.8.4), ¢* > %T,L for any n > 0 and =z € [0,00). Given
a > 0, choose n > a+ 1, and conclude that z%e™* < ";' — 0 as ¢ — oco. Next,

observe that
. logx . T 1 .. az
lim = lim — = — lim —,
r—o0 ¢ T—00 AT o T—o00 AT

which, by the preceding, is 0. Finally,

1. al - — 1 70&1 :0
ml\‘HlOZE ogx xL)Hc}ox ogx

Exercise 1.19: Since Y L = o0, [[77_;(1 - (771737”) is not absolutely con-
vergent. To see that it nonetheless converges, first observe that it suffices to

that that lim,, oo Hf:zl (1 — %) exists in R and is not 0. But

[ (- 5) = I (- 50) (1 555) - I (- 2545)

m=1 m=1 m=1

Hence, since [ °_, (1 - 31((;27:)) is absolutely convergent, the required conver-

gence follows.

Exercises 1.20 & 1.21: Just follow the outlines given.



Chapter 2

Exercise 2.1: All these results are proved in exactly the same way as the
corresponding ones for R.

Exercise 2.2: The center of the outer circle has moved to 2Re, has been
rotated by 6, and touches the inner circle at Re?. Since the original point of
contact was at 2R — R = 2R + Re’™ and the outer circle has been rotated by
around its center, the point of contact has been rotated by 26 around the center
of the outer circle, and it therefore now lies at (() = 2Re’ + Re!("+20) —
R(2¢% — ¢'%). Finally,

2(0) = ((0) — R = Re" (2 — e — e7) = 2Re™(1 — cos 0).

Exercise 2.3: Follow the outline.

Exercise 2.4: All these are proved in exactly the same way of the corresponding
results for R.

Exercise 2.5:

(i) Working by induction, one sees that f must be infinitely differentiable
and that f? = (=17)f and f@*+1) = (=1)"f' for all n > 0. Hence, by
Taylor’s theorem, for each n > 0 and = € R, there exist a 6,, € R with |0,,| < |z|
such that

m 2m n (71)mx2m+1 f(gn)z2n+2

_“Z "mZ:O GmT1)! | @nt2)l

and so f = ac+ bs.

(ii) Using Theorem 2.3.2, one sees that ¢ = —s and s’ = ¢. Once one knows
these, it is clear that (¢?+s?)’ = 0 and therefore that ¢ +s° = ¢(0)2+5(0)? = 1.

(iii) Set f(z) = c(z +y). Then " = —f, f(0) = ¢(y), and f(x) = ' (y) =

—s(y). Thus (i) says that f(z) = c(y)c(z) — 5(3)s(y). The proof that s(z+3) =
s(z)c(y) + s(y)c(x) is essentially the same.

(iv) Because |'| = |s| < 1 and ¢(0) = 1, it is clear that c¢(z) > 3 for
x € [0, %] Hence, since s’ = ¢ > % on [0, 2] and therefore, by the Mean Value
Theorem, s(z) > § for x € [0, %] Now suppose that L > % and that ¢ > 0 on
[0, L]. Then, by the Mean Value Theorem, s(z) > s(%) > - on [%,L}, and so,
by the Mean Value Theorem,

1
4

L3
OSC(L)SC(i)_ 4 Sl_ 4 ’

As a consequence, we know that there must be an
< Ifoz_lnf{xzo. ()—0},thena€(0,2],
x

which means that L < %
) <0.
6 [0,), and s(a) > 0. Thus, because s(a)? =

<
z € [0,3] for which c(z
cla) = 0, ¢(x) > 0 for

(@)’ +s()? =1, s(a) =



(v) By (ii) and (iv),
cla+z) = c(a)e(z)—s(a)s(x) = —s(x) and s(a+x) = s(a)c(z)+o(z)c(a) = c(x).

Once one has these, the other relations follow easily.

Exercise 2.6: Clearly, sin’ = w?sin,, and cos! = w?cos,. Furthermore,

sin/, = cos,, and cos/, = w?sin,. Thus both sin,, and cos, satisfy f” = w?f,
and therefore so does a cos,, +bsin,, for all a, b € C. Finally, if u” = w?u, then
u®™) = 2"y and w1 = L2y Hence, just as in (i) of Exercise 2.5, we

see that

> (wx)2 u/ O 0 2n+1
0> Dy 5
|
o (2n) n=0 (2n +
Applying this to cos,, and sin,, we see that

e (wm)2n 1 e )2n+1
w = d w - a1\
cos,, () mz,_:o an)l and sin, z = 5 mzz:o o+ 1]

which means that v = u(0) cos,, +u/(0) sin,,,.

Exercise 2.7: All these results are proved in exactly the same way as the
corresponding results for functions of a real variable.

Exercise 2.8: Let log be the principle branch of the logarithm function on
Q. Given z € C)\ {0}, observe that z € Q, <~— ze~w=m) ¢ O_. Thus if
log, z = i(w—m) + 1og(—67i‘*’z) for z € Q,,, then log,, will have the required
properties.

Chapter 3

Exercise 3.1
(i) Since (%)/ = —w%,

1 . S| .
[lw)?dx: lim —dxr = hm( —ﬁ)zl.

R—o0 [ x? R—o0
(ii) Since (e7*) = —e™ ",
/ e ¥dr= lim (1-— eiR) =1
[O,oo) R—o0
(iii) & (iv) Since cos’ = —sin and sin’ = cos,

b b
/ sin z dx = cosb — cosa and / cosxdr = sinb — sina.
a a



(v) The sine function is stricly increasing from [07 g] onto [0, 1]. Let arcsin
denote its inverse. Then, since cos > 0 on [O, g},

1
V1—22’

1 _
arcsin'z = —————— = (1 —sin*(arcsinz)) 2 =
cos(arcsin z)

[NIE

and therefore
/ R inl in0=_
————dxr = arcsinl — arcsin0 = —.
0o Vv 1-— :B2 2

(vi) We showed in Exercise 1.12 that arctan’ x = H%’ and so

1
/ — dr = lim arctan R — arctan(0 = z.

(vii) Using integration by parts, one has

L 2 3 i
resinxdr = —x cosz‘;_o—F? x cosx dx
0 0

™

Ed 2 s
:2xsinm|x2fo—2/ smazdx:w—&—Qcosx’;fO:w—Q.
0

(viii) Make the change of variables y = 22 to see that

/ Loy d 1 / | gt arctanl — arctan0 =«
—_—dr = — = = —,

Exercise 3.2: Using (1.5.1), one can show that

sin(z + y) + sin(x — y) cos(z +y) + cos(x — y)
5 , COST COSY = 5

sinx cosy =

cos(x — y) — cos(x + y)
5 .

sinzsiny =
(i) Since f027r sinkzdx = 0 for all kK € N, the first of the preceding implies
that

/0% sin(maz) cos(nz) de = % (/027r sin((m + n)z) dz + /:Tr sin((m — n)x) dm) -0

for all m, n € N,

(ii) Obviously, fo% sin® Oz dx = 0. Since fo% cos kz dx equals 27 if k = 0 and
0 if k € Z*, the preceding implies that

2m 1 2m 2
/ sin?(mzx) dz = = <27r — / / cos(2mm)> de=m
0 2 o Jo

form e Z*.

10



(iii) By the preceding,

/%cos%dx:/%cos(zm)ﬂdx: o it m=0
0 0 2 T ifm>1.

Exercise 3.3: Integrating by parts, one has

R R
[(t+1) = lim e dr = lim —Rle " 41t lim e dx = tT(t).

R—o0 0 R—o0 R—o0 0

Exercise 3.4:
1

(i) Set F,(z) equal to m:; if  # 0 and F_q(z) = logz. Then F/(z) = z*

for all « € R and z € (0, 00).

(ii) Use integration by parts to see that ff logtdt = xlogx — x. Thus
xlogx — z is an indefinite integral of log x.

(iii) When x > 1, make the change of variables y = logt to see that

T 1 loga:l
dt = —dy = log(l .
gt )= estes

When z < 1, make that change of variable y = % and use that preceding to see

that .
/Ildt—/gld—l(l))
1o tlogt ). wylogy y=Tosimioer))

e

(iv) Make the change of variables y = logt to see that

xT 1 tn log;c 1 n+1
[ [ b
1 0

n+1

Exercise 3.5: Assume that o # 3, and follow the outline to see that

b 1 1 b, b
/a (l—ax)(l—ﬁx)dx:a—ﬂ (/a 1—axdm_/a 1—Bxdx>

_ log(1 — aa) —log(1 — ab) —log(1 — Bb) + log(1 — fBa)
Y-«

(1—aa)(1—pBa)
_ log ‘T—an =g
f—a '
Exercise 3.6: By following the outline one sees that
z\" ! " t
(%) 2 [a-oea
- Jo

Y n—1

forn > 1 and 0 < z < y < b. Hence, by (3.2.2), the remainder term for x > 0
in the Taylor expansion of f tends to 0 as n — oo.

11



Exercise 3.7: Simply observe that d—‘iemt = jae®?, and apply the Fundamental
Theorem of Calculus to check the first assertion. As for the second assertion,

use the preceding and the binomial formula to see that

27 n 27 s :
n . 0 if n is odd
nidt =92 " i(2m—n)t dt = .
/0 o8 Z (m) /0 ¢ 27"t lr () if nis even.
2

m=0
Given this, the final assertion is an easy application of Stirling’s formula.

Exercise 3.8:
(i) Because £(zy) = l(x) + £(y) for z, y € (0,00),

flz+y) =La*a?) =L(a”) +4(a?) = f(z+y) forz,yeR.

Hence, since f is continuous, Exercise 1.10 says that f(z) = xf(1), which is
that same saying that £(a®) = xf(a).

(ii) Because a > 1 and #(a) > 0, the preceding proves that ¢(y) tends to oo
as y = a” — oo and —oo as y = a® — 0. Hence, by Theorem 1.3.6, there exists
a b e (0,00) such that £(b) =1

(iii) By repeating the arguement in (i) with a replaced by b, we have that
(%) = x.

(iv) Let £(z) = [ +dt for x > 0. Then ¢ is differentiable and therfore

continuous. In addltlon { is strictly increasing and equal to 0 at 1. Hence, for

any a > 1, £(a) > 0. Finally, make the change of variables 7 = é to obtain

ﬁ(xy)=/Iid7=/fidr+/lidrze(m)—e(;),

1

< =

and make the change of variables 7 = % to show that

1 Y1
é(a):—/l —dr = —logy.
Exercise 3.9: Since f Ton? gt dt > , it suffices to show that
— logx
lim —dt <
z—=oo T, 10 t

To this end, let « € (0,1), and note that

] | ] ]
ng/ dt < 22T —e) = BT (1 _exm) — 0.
e

x logt  — =z xl-o

Therefore

— logx/ df — T logx/ 1 gt
a:~>oo T log t =00 T Jia logt

12



for every a € (0,1). Finally, since

log:c/ 1 dt < log x (2 — 1) <
T Jgo logt zlog x®

we see that

for every « € (0,1).

Exercise 3.10: In view of Parseval’s identity, the only step that needs comment
is the first equality. To verify it, observe that

1 2
/ dx
0

1
f@) [ sy

0 -
:/01|f(x)2da:— (/Olf(x)dx) </01f(y)dy>
- (Wa) < Olf(y) dy> +

/01|f<x>2d:c /Olf(x)dx2

Exercise 3.11: Just follow the outline.

2

/0 @) de

Exercise 3.12: The only aspect of the first part that needs comment is the
treatment of f’s for which f(0) # 0. From

1 1
[1 g(y)e_m(4)dy = —12/0 f(z)sin(mnz) dz
we know that (cf. (3.4.4))

frlx) =2 i rlim! (/1 9@)e-m (%) dy) em (3)

me7Z -1

2/11177- (x;y> g(y) dy = /; pr(% —y)g(2y) dy.

— 1
2

Hence, arguing as we did in the proof of Theorem 3.4.1, one concludes that
fr — f uniformly on [4,1 — §].

Given the preceding, the second part follows in exacly the same way as
(3.4.5) followed from Theorem 3.4.1. Finally, to do the third part, all that one
needs to know is that

/O f() sin(mmy) dy| < oo

[e's)
m=1

13



when f has a bounded derivative and f(0) = f(1) = 0. But, using integration
by parts and the fact that ¢'(x) = f'(—x) for € [-1,0), one sees that

/f sin(my) dy mﬂ/ ' (y) cos(mmy) dy = 1/1 9 (y)e—m (%) dy,

2mm 1

and therefore, by Schwarz’s inequality and (3.4.6),

y) sin(mmy) dy’

Finally,

/_ e (3) dy =2 / 9@y = 21" /0 d'2y—e_m(y) dy,

and, by Parseval’s identity,

o

>

m=1

1 2 1
/9’(2y—1)e—m(y)dy S/ ' 2y — 1)|” dy
0 0

e Y 2
= 2/_1|g(y)| dy—/o |f(y)|* dy < oo.

Exercises 3.13 & 3.14: Follow the outline.

Exercise 3.15: First note that if I = [ay, bs], then

A= D> < D> el

neS(br)\S(ar) neS(br)\S(ar)

and therefore Y, o [App| < 3207 |en| for any C. Hence, [[¢h|lvar < Doy |enl.
To prove the opposite inequality, for a given € > 0, choose N, so that 3\ [e]
< ¢, and define yp = a,

Ym,e = (min{zg 1 1 <k < Ne & 2 > Ym—1,e}) A (Ym—1,e +€) Ab for m > 1,

M, = min{m : ym, = b}, and I e = [Ym—1,e,Ym,e] for 1 < m < M,. Then
Ce = {Im,.: 1 <m < M.} is anon-overlapping cover of [a, b] and

Sae=y| Y cn>z|cn|—z|cn|

Iec. m=1 |{n: ym—-1<n<ym} n>Ne

Hence, [[{)|lvar = D oy |em| — 2€ for all € > 0.

14



To do the second part, use the same notation as above, and set S. =
{z1,...,zn_}. Clearly ||Ce|| < e. Further, if Z (1) = Ym,e, then, since ei-
ther Ym,e € Se or (ynb—l,eaym,e] N Se = (ba

R(pl;CB) = D oWmdAn. ¥+ Y. ¢Wmo)ArL, W

1<m< M, 1<m<M,
ym,FESE Zlm,eése

N,
Z xn Cn+z yme Z Cn

{n>Ne: ym—1,e<n<ym}

Since the last summation is dominated by |||/, > lenl, it follows that

n>ne
N.
ER(SOW};CeaEe) - Z @(mn)cn < HQOH[a,b]Ga
n=1

and, because ¢ is Riemann-Stieltjes integrable with respect to 1, this proves
b e8]

that [ o(z) di(z) = 3277 @(zn)en.
Exercise 3.16: Because F' can be written as the difference of two non-decreasing
functions, assume, without loss in generality, that F' itself is non-decreasing.

(i) If there are n points a < z1 < ---,z, < b such that lim, ., f(y) —
limy g, F(y) > efor each 1 <m <n, choose a =yp < x1 <y1 <+ < Yp_1 <
Tn < Yn = b, and conclude that

n

F(b) = F(a) =Y (F(ym) = F(ym-1)) > ne.

m=1

Thus there are at most
limp~ 0 F(x — h) > e
Now suppose that K C (a,b) is a closed set with the property that

w points « in (a,b) at which limy~ o F'(z + h) —

lim F(y) — lim F(y) < < Sforallze [a, 0] \ {0, .-, Tny1}
YN Yy

w

Next choose 0 < r < %min{xm —Tpmo1: 1 <m <n+1} sothat (n+2)r < g,
set K ={z € [a,b] : |z — 2| >r for 0 <m <n+1}, and then choose § > 0 so
that |F'(y) — F(z)| < e for z, y € K with |y — 2| < J. One can easily construct
a non-overlapping cover C of [a,b] so that ||C|| < § and, for each I € C, either
ICKorlClxy—rxm+r] for some 0 <m <n+ 1, and for this C one has

> 1] < 2(n+2)r <e.
IeC
sup; F—inf; F>e

(ii) Using the same notaion as in the proof of Lemma 3.5.1 and proceeding
in the same way, one has

R(p|F;C,E) = p(O)F(b) = p(a)F(a) = Y Flam)(@(Bm) = #(Bin-1)),
m=0

15



and by the Mean Value Theorem, for each 1 < m < n there is 7, € (Bm—1, Bm)
such that @(61%) - <P(6m71) = SDI(Tm)(Bm - ﬁm71)~ Hence,

R(F|¢;C,E) =p(b)F(b) — p(a)F(a) - R(F¥';C", E')

+ ) Flam) (@ (am) = ¢ (7)) (B — Bn—1)

Since the last term is dominated by || F||(4,4 (U(0;C") — L(;C’)) and ¢ is Rie-
mann integrable, the desired result follows after ||C||, and therefore ||C’||, tend
to 0.

(iii)—(iv) Given the outline, these are elementary applications of the preced-
ing.

Chapter 4

Exercise 4.1: This is completely elementary.

Exercise 4.2: If {x,, : n > 1} converges to x, then it is obvious that every
subsebseqence does also. Now suppose that every convergent subsequence con-
verges to x but that {x,, : n > 1} doesn’t. Then there would exist an ¢ > 0 and
a subsequence {x,, : k > 1} such that |x,, — x| > € for all k. But, because
{xn : n > 1} is bounded, we could assume that {x,, : k > 1} is convergent,
which, on the one hand, would mean that it must converge to x and, on the
other hand, is staying a distance at least ¢ away from x.

Exercise 4.3: Assume that Fy is bounded, and define f(x) = |x — Fy| =
inf{|ly — x| : y € F»}. By the triangle inequality, | f(x’) — f(x)| < |x’ — x|, and
so f is continuous. Hence, since Fj is compact, there exists a x € F} such that
f(z) = |Fy — Fy|, and, since x ¢ Fs, f(x) > 0.

To produce the required example, take Fy = Z* and F, = {n+2 : n € Z*}.

Exercise 4.4: Assume that F) is bounded, that {x, : n > 1} C F, that
{yn: .n >1} C Fy, and that x,, + y, — z. Because is bounded, there is a
subsequence {x,, : k> 1} which converges to some x € F;. Hence

ynk:Xnk+(ynk_xnk)_>yEZ_x>

andsox € I, ye Frand x+y =z
To produce the required example, take

F,=7Z% and ng{fnJr%:nGZJr}.

Then n+ (-n+1) — 0, but 0 £#m —n + L for any m, n € ZF.

Exercise 4.5: Let x € G be given. If y € Gy, choose r > 0 so that B(y,r) C G
and let v : [a,b] — G be a continous path connecting x to y (i.e., y(a) = x and
~v(b) =y). Giveny € B(y,r), define 4 : [a,b+1] — G so that ¥ | [a,b] = v and
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A(t) =y+(t—b)(y—y) for t € [b,b+1], and conclude that y € Gx. Hence G is
open. Next suppose that y ¢ Gx, and again choose r > 0 so that B(y,r) C G.
Ify € B(y,r) and v : [a,b] — G is a continuous path that connects x to ¥,
then 4 : [a,b+1] — G given by 7 | [a,b] = v and ¥(t) = y+ (¢t —b)(y —y) would
connect x to y, and so vy cannot exist. Hence G \ G is also open, and therefore
Gx = G if G is connected. Conversely, suppose that Gx = G for some x € G. If
there existed non-empty, disjoint, open sets G; and G5 with G = G U G3, we
could assume that x € G and that there is a 'y € G5. If there were a continuous
path 7 : [a,b] — G connecting x to y and s = inf{t € [a,b] : y(t) € G2}, then,
because G0 is closed, v(t) ¢ G and would therefore be in G5. But Gy is open,
and so there would exist a t € (a, s) such that v(t) € G, which contradicts the
choice of s. Hence G must be connected.

Exercise 4.6: To see that F(K) is compact, let {y, : n > 1} C F(K) be
given, and, for each n > 1, choose x,, € K so that y,, = F(x,). Then there
is a subsequence {x,, : k > 1} which converges to some x € K, and therefore
Yo, = F(xp,) — F(x) € F(K).

As for the required example, take f(z) = -1, and note that f(R) = (0, 1].

Tt
Exercise 4.9: By (4.2.1),
Ny
9(F G+ 16) — 9(F(30) = 3 ((0e,0) (F60) (Fy (x4 16) — F(x))
j=1

+o(Fy(x +1€) = Fy(x))),

where o denotes a generic function that tends to 0 strictly faster than its
argument (i.e., lim,_o @ = 0). At the same time, F;(x + t§) — F;(x) =

t0¢ Fj(z) + o(t). Hence

g(F(x+t€) - g(Fx) &
t

Exercises 4.8-4.13: Follow the outlines.

Exercise 4.14: Assume that a&? + 2b&n + cn? > 0 for all £, n € R. By taking
£ =1 and n = 0, we see that a > 0. Similarly, ¢ > 0, and so a + ¢ > 0. Now
suppose that a = 0. Then, by taking n = 1, we have that b > 0 for all £, which
means that b = 0 and therefore that b < 4ac. Now assume that a > 0. Then,

1 b 2 b2
0 < a€? +2b€ +c = (a25+1> +<C)
az a

for all £ € R. Taking £ = —3, this shows that ac > b2.
Now assume that a + ¢ > 0 and ac > b%. If a = 0, then ¢ > 0 and b = 0,
and so a&? 4 2b&n + cn? = en? > 0. Similarly, if ¢ = 0, then the same conclusion
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holds. Thus, assume that ac # 0. Since ac > 0 and a + ¢ > 0, we know that
a > 0 and ¢ > 0 and, because ac > b2,

) b 2 b2
a§2+2bf+c:<a2§+1> +2<c—>>0forallg,n€R.
a2 a

The final part of the exercise is now a trivial application of the preceding.

Exercise 4.15 It is obvious that the closure of a convex set is again convex and
that a continuous function on the closure C of a convex set C' is convex on C' if
it is convex on C. As for the other parts of this exercise, they all follow easily
from Exercises 1.16 & 4.14 plus the observation that f is convex on a convex
set C' if and only if, for all x, y € C, t € [0,1] — f((1 — t)x + ty) is convex.
Indeed, this observation reduces the question of convexity of f to one about
functions of a real variable.

Exercise 4.16: This follows immediately from applying (3.2.2) to the function
t f((l —t)x+ ty) and then applying (4.2.2).
Exercise 4.17:

(i) That Z is a solution if Z is follows immediately from the fact that the a,’s
are real. To prove the linearity property, simply observe that 9} (c1 21 +c2Z2) =
c10¢ 21 + c20:Z5 for all 0 < n < N. Combining these, one sees that if Z is a
solution, then so is R(Z) = Z+Z.

(ii) The equality

N-1
(%) (8?7 — Z a,ﬁf) e*t = P(z)e*
n=0

is obvious. Now suppose that A is an ¢th order root of P for some 1 </ < N,
let 1 <k < ¢, and differentiate (x) k times with respect to z at A or A. Because
the jth derivative of (z — \)* with respect to z at z = X is 0 for all 0 < j < £,
the product rule shows that P(*)(\) = 0. Hence, t*¢'* is a solution, and, by
(i), so is t*e . Now apply (i).

(iii) This is a somewhat tedious application of (ii) combined with the unique-
ness statement in Corollary 4.5.5.
Exercise 4.18 & 4.19: Follow the outlines.

Exercise 4.20: This is an elementary application of the results in Exercise
3.12.

Chapter 5

Exercises 5.1 & 5.2: Follow the outlines.
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Exercise 5.3: Given the results in Lemma 5.5.2 and Theorem 5.5.3, all but the
final part of this exercise are easy. To do the last part, observe that, by rotation
and translation invariance, it suffices to treat the case when xny = (x,en)gy =0
for all x € I', in which case the result is trivial.

Exercise 5.4: Follow the outline to evalute I(a,b). Once you have done that,
the second part requires that you justify writing

d p
1(a,b) = —2b/Rt—%e—“2f—¥ dt.

To that end, use Taylor’s theorem to see that

)2 b2 _ﬁ( 2bh + h?
T —e t | ———

e —e 't
t

LB
where, for some C' < o0,

2
ez if [p| < b

Ch?
() < =

Hence, for |h| < %, one has that

I(a,b+ h) —I(a,b)
h

2
+(2b+ h) / t=3e @t gt
(0,00)

< C’h/ ~3ematt=% a,
(0.00)

which gives the desired result when h — 0.

Exercise 5.5: The region in R? enclosed by the translated cardioid is
{re(#): 0 €[0,27] & 0 < 2R(1 — cosf}.

Thus, by Theorem 5.6.4, its area is

27 2R(1—cos0) 27
/ / pdp | = 2R2/ (1 —cosf)?dh = 6w R
0 0 0

To compute the arclength, use (1.5.1) to write 1 — cosf = 2sin? %. Thus its
arclength is

27 27 I
/ |z(9)\d9:4R/ singdé):SR/ sinfdf = 16R.
0 0 0

Exercise 5.6: The boundary is Riemann negligible because it is the union of
the graphs

g a3
T3 = as — — — —5 and 23 = —ag3 - -
az 3 az; aj
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over (z1,z2) € Q. For that same reason V is equal to the integral expression
given. By Fubini’s theorem,

-~ — —5 d$1d$2

2
1/1-2% 22 g2
2 1-— o2 dl’l dl’g
-2 5
= 4&1 / / 2 x% dJUl dJZQ
\/ az
1 \1—|x]?
= 4a1a2/ (/ V1= 1x|? dm1> dxsy
0 0

1
4
:alag/ \/1—|x|2dx:27ra1a2/ V1 —p2dp= %.
B(0,1) 0

Exercise 5.7: Since the mass density is a constant p, M is p times the

volume b
9 wh3
T | wxzdrs = —
0 3

h
Mc; = u/ / zjdxridzy | dxs.
0 z§+m§§m3

When j € {1, 2}, the inner integral vanishes for each z3, and so ¢; = 0. Finally,

of the region and

wht

h
Mecs :,u7r/ ng(ﬂg = —.
0 4

Hence, ¢ = (O, 0, %)

Exercise 5.8: Just as in the derivation of (5.6.3), everything comes down to

showing that
n(yys 2
T mdy=D u(lyl) dy
/B(O,T) ly — b3 B(0,D)

when D < r. Following the steps made in the derivation of (5.6.3), one arrives
at the integral

T (D+0)? | 5
/ ou(o) (/ (n 2+ (D—-0c*)n2) dn) do.
0 (D—0)2

At this point one now has to write the outer integral as the integral over o €
[0, D] plus the integral over [D,r]. When one does, one finds that the inner
integral for o € [0,D] is 2%, as it was before. However, the inner integral for
o € [D,r] is 0, and that is what accounts for the difference.
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Exercise 5.9: By choosing a rotation that changes e; to —e; but leaves e; fixed
and one that interchanges e; with e; but leaves e; fixed, one sees that, for any
continuous function f : R? — C, one sees that

/ f(@i, xy) dx :/ f(=z;,xz;)dx forl <i#j <N,
B(0,r) B(0,r)

and that

/ f(a:i,:ri)dx:/ flzy,z1)dx for 1 <i < N.
B(0,r) B(0,r)

From the first of these, it follows that

/ xidx:/ zixz;=0for 1 <i#j <N,
B(0,r) B(0,r)

and from the second and (5.4.5) that

N N+2

1 / T QNT‘

2 9. 2. N+1 7

x;dx = E xvdfoN/p dp = .
/B(o,r) N = Jsomn ’ 0 N+2

Now suppose that f: RY — R is twice continuously differentiable. Then

A(f,r)— f(0 1
(f 22 f(0) _ e /W(f(x)—f(o)) dz,

and so the desired result follows from Taylor’s theorem and the preceding com-
putations.

Exercise 5.10: Since

() = (F(p(1),p(1)

The first assertion is an application of the Fundamental Theorem of Calculus.
To do the second part, choose some xg € G. Given x € G, let p : [a,b] — G
be a piecewise smooth path connecting xg to x, set

RN’

ﬂmLYNMMm@%Mm

and observe that f(x) is independent of the choice of p. Finally, for a given
x € G, choose 7 > 0 so that B(x,r) C G, and let x; = x + re;. Choose a
piecewise smooth path p : [a,b] — G that connects x¢ to x;, and extend p to
[a, b+ 27] by setting p(t) =x; — (t —b)e; =x¢+ (r+b—t)e; for t € [b,b+ 2r].
Then f(x+ he;) = f(p(b+r —h)) if |h| <r, and so

f(x+he)—f(x) 1 /b"'r_h
b

1 h
= Fi(xo+(r+b—t)e;) dt = f/ F;(xo +te;) dt,
h h h Jo

+r
which tends to F;(x;) as h — 0.
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Chapter 6

Exercise 6.1: Set h = g — f. Then h is an analytic function on G and
h(a + te'®) = 0 for t € [~1,1]. Hence h{™(a) = 0 for all n > 0, and so,
by Theorem 6.2.2, h vanishes on G.

Exercise 6.2: Set
z2 a:2
f(z) = p(2) —e7 € C where p(z) = / e*Te” T dux.
R

If one shows that f is an analytic function, then, because it vanishes on R, one
can apply Exercise 6.1 to conclude that it vanishes everywhere. To see that it
is analytic, it suffices to check that ¢ is. To this end, set

vr(z) = / "¢ d for R > 0.
[7R7R]

Then
22 22
0(2) — pr(2)| < / eRGlial =% gy o / EYEIP.
R\[-R,R] [R,00)
Now note that
z? N 2
R@le -5 = = (IR - F) +IRE)E < REP

and therefore
2

o(2) = ol <2 [
[R,00)
Hence, as R — 00, ¢(z) — ¢(z) uniformly for z in bounded subsets of C, and
therefore, by Theorem 6.2.6, we need only show that ¢p is analytic. But, as
¢—=0,

e(z+()a: — % eCa: -1

¢ ¢

uniformly for = € [—R, R], and so

— 7:2
lim pr(z + ) — r(2) = / re*fe” 7 dx,
(=0 ¢ (- R,R]
which proves that ¢p is analytic.
Exercises 6.3—6.6: Follow the outlines.

Exercise 6.7: Set w = e7 = 1—\}'; Then 4w and +@ are the roots of 1 + 24,

and w and @ are the ones in the upper halfspece. Hence, by Corollary 6.3.3,

/1d_,2 L, 1 N\ _im(1 1) _ o«
1t TN s Ty ) T 2w Tiw) T e
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Next observe that

cos ax e
/(1+ dm—/f dx where f(z) = eI

[1e%-1

Given R > 1, define zg(t) = t for t € [-R,R] and zp(t) = Re"™(*~F) for
t € [R, R+ 1]. Then, just as in the final computation in §6.3,

R+1
/Rf (2)de = Jim F(zr(t)) 2r(t) dt.

R—o0 R

Furthermore, f is analytic in C\ {—¢,}, ¢ has winding number 0 with respect
to zg, and so, by Corollary 6.3.3,

COos ax .
/R m dr = 'L27TR€SZ‘(f).

Finally, g(z) = (z—1)%2f(2) = — a 612)2 is analytic in C\ {—i}, and so, by (6.3.1),

Resi(f) = ¢'(i) = em* 2.
To do the last computation, note that

sin® x 1 1 — cos2x
722‘”:7 722dx,
r (1+22) 2 Jr (14 2?)

and apply the preceding computation.
Exercises 6.8—6.10: Follow the outlines.
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