Homework #3

2.2.5: Given ) # F € F(Q), let G,, be the set of y € T' for which there is an
x € F such that p(z,y) < +. Then Gy, is open and F = (7", G, € 65(Q). Thus
F(Q) C &5(Q). Next let G € (). Then GC € F(2), and so GC € &4(Q). Since
I'e€ 85(Q) < ICeF,(Q), it follows that G € T, ().

Let X be the set of T € By, for which there exists an A € §,(2) and a B € &4(2)
such that A CT C B and u(B\A) =0. If G € 6(Q), then, because &(Q2) C F,(Q),
we can take A = G = B to see that G € ¥. Thus &(2) C X. Next, because
complementation maps &5(Q) onto F,(2), it is clear that [ € ¥ = Il € %.
Further, given I' = (J7~, T',, where {I';, : n > 1} C X, for each n > 1 choose
A, € §,(Q) and B,, € 645() so that A, C T, C B, and u(B, \ 4,) = 0. If
A=;_, A, and B =) _, By, then A € §,(Q), B € 65(2), ACT C B, and

W(B\ A) < f: (Bn \ Ay)

Since this means that ¥ is a o-algebra that contains &(€2), we have now shown that
Bg C 3.

2.3.10: Because F' is right-continuous, F' o f(u) > u. If v < u, then
{z: F(z)>u} C{z: F(z) > v},

and therefore f(u) > f(v). If v, / u, set x, = f(v,). Then z, < 11 < f(u)
and F(z,) > v,. Thus, if z = lim,,— o @, then F(z) > F(x,) > v, for all n > 1,
and so F'(z) > u. Since this means that f(u) < x, it follows that z = f(u) and
therefore that f(vy,) * f(u). We already know that F o f(u) > u. Now suppose
that = f(u) € R and that F is continuous at x. Choose {z, : n > 1} C (—o0,x)
so that x, . Then F(x,) < u for all n > 1, and so F(z) = limy, 00 F(2,) < u.

2.3.11: Since (z — +, 2]\ {z},

u({z}) = lim (F(z) = F(e - 1)) = P(2) - F(a-).

n— oo

2.4.26: By definition, the equation holds when f = 1p for any I' € F5. Thus it
holds for all non-negative, Fe-measurable simple functions, and therefore, by the
monotone convergence theorem, for all non-negative, F3 measureable functions.

2.4.27: Clearly v(#) = 0. In addtion, if {I, : n > 1} is a sequence of mutually
disjoint, F-measurable sets, and I' = |J°, [,, and f, = Y. _, 1r,, then f, =

n=1 m=1
> _i1r,, / 1r, and do, by the monotone convergence theorem,

n

Z () = nh—>Holo Z v(Ty) = nh_}rrgo fndu = /1[‘ dp = u(T).

m=1 m=1

2.4.28: By the fundamental theorem of calculus,

()
ﬂﬂ@=é F(t)dt,
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and therefore
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2.4.33: Since ¥, = 0 off of G and
p(z, GO)
1+ p(x, GC)
Yn 7 1g follows from the fact the t 1 for t € (0,1]. To check that v, is
uniformly continuous, first observe that, for each a € (0,1], ¢ € [0,00) — t* €

[0,00) is uniformly continuous. To check this, note that ¢ is Lipschitz continous

on [1,00) and that, by Holder’s inequality with p = ﬁ,
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€ (0,1) for z € G,

Second, observe that t € [0, 00) — 1—+t is Lipschitz continuous and that

lp(z,GC) — ply, GO)| < ¢(x,y).
Hence, since the composition of uniformly continuous functions is again uniformly
continuous, v, is uniformly continuous.

(i) Let H be the set of p-integrable functions for which the desired property
holds, and observe that H is a vector space and that f € H if there exists a
sequence {f, : n > 1} C H such that [|f, — f|dp — 0. Thus, we will know
that every p-integrable function is in H once we show that 1p € H for every
I' € Bg with u(T') < oco. To this end, T be such a set. Since pu(I'\ T N Gg) \, 0,
J1ir = 1rag,|dp — 0. Hence, we need only check that I' € H when I' C Gy,
for some £ > 1. Given such a I', Exercise 2.2.5 guarantees that we can find a
non-increasing sequence {B,, : n > 1} of open subsets of Gy, such that I C B,, and
J 1B, —1r|dp 0. Hence, we will know that I' € H once we show that every open
G with u(GQ) € (0,00) is in H. Given such a G, define {1, : n > 1} accordingly.
Then, by the monotone convergence theorem, [ |1 — 9, |du N\, 0.

(ii) First observe that u(G) = v(G) for all open G. If G C Gy, and {¢, : n > 1}
is chosen as in the initial part of this exercise, the p and v integrals of each v,
are equal and converge to u(G) and v(G), respectively. For general G, note that
w(G) = limgoo p(G N Gy) = limg0o V(G N Gg) = v(G). Next suppose that
I € &5(FE). I T C Gy, then there is a sequence of open sets B,, C G} such that
B, \( T, so u(I') = v(I'). Now suppose that G, O T" € Bg. Then, by Exercise
2.2.5, there is a Gy, 2 B € &4(F) and a G, D B’ € &4(F) such that I' C BN B’
and u(B\T) = 0 = v(B'\T). Hence, G, 2 B” = BN B’ € &4(E), and so
w(T) = p(B") = v(B"”) = v(T). Finally, for any I € Bg,
(T

)= hm wI'NGE) = khm v(I'NGy) = v(I).



