Homework #2

1.3.19: Clearly,
P(X+Y =2)= Y PX=z&Y=z-2)= Y PX=zPY =z-2),
z€lmage(X) z€lmage(X)

and similarly when the roles of X and Y are reversed. To do the second part,
observe that P(X =m) = e‘a% and P(Y =n) =e# i!/ for m, n > 0. Thus, by
the preceding

o n amBn-m e—a—B n . e—(a+,8)(a “rﬁ)n
m=0 m=0

1.3.21: There is an error in the statment of this problem. In both parts, 1=—Y1=1paz

2q
1—+/1—4pqzx?

should be replaced by 2z

(1.3.10) that

. Once this is replacement is made, one sees from

o0

> 1 2r—1
P n _ r r—1_2r—1
> P ZQH( : )pq 2

r=1

where P, = limy_,o P(((V} = n). Because (2’:1) = %(2:), one can apply the first

part of Exercise 1.3.20 to get the first equation in this exercise. The derivation of
the second equation follows from the first equation and Exercise 1.3.18 in the same
way as the final equation in Exercise 1.3.20 was proved.

1.4.17:
iP(X>n):§: i P(X =m)
n=0 =0 m=nt1
- f: P(X = m) (nlzl 1) = f: mP(X =m) = EF[X]
and - - -
i(?n +DP(X >n) = i(?n +1) < i P(X = m))
=0 n=0 m=nt1
— mi:l[@(x —m) (g(m - 1)) = miz <2m(mQ_1) - m)
= i m?P(X = m) = EF[X?].
1.4.18: -
gx(\) = e f% oo i; (@) _ gater-n),
Thus

E'[X] = ¢ (0) = o and E[X?] = g% (0) = o” + o,
which means that Var(X) = a.
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1.4.20: Because

g% g (9%
Ny == and A = 22 — () ,
T gx Y gx 9x
these results come down to EF[X] = ¢ (0), EP[X?] = ¢%(0), and Var(X) =
EP[X?] — EF[X])2.
1.4.21: f e <y < X, then X —z >~ —2x >0, and so
Ry
B [(X — 2] > (7~ )B(X 2 7) > U200
X <~y<z, thenz—X >z —v >0, and so
)2
B [(X —2)7] > (7~ 2)?B(xX <7) > 0220

1.4.22:
(i) If « is a median and m < a < m + 1, then

P(X <m)=P(X < a)

v
N =

,PX>m+1)=P(X >a) >

)

IN o)~

PX<m)=1-P(X>m+1)

IA
IV ol

,PX>m41)=1-P(X(X <m) <

1
2’
and therefore P(X <m) =1 =

=
>

m + 1). Hence,

Ju—y

PX>m)>P(X>m+1)=—

[\

and P(X <m+1) >P(X <m) = %, and so m and m+1 are medians. In addition,

ifm<p<m+1, thenIP’(XSB):P(XSm):%and[P’(XZB):IP(XZ
m + 1) = %. Thus, every element of [m,m + 1] is a median. Since this means
that the set of medians is an interval I that is the union of intervals of the form
[m,m + 1], the smallest median is an integer mq, the largest median is an integer
ma, and I = [my, ms).

(ii) If m < o < m + 1, then
E'[|X —a|] —EF[|X —m|] = (m — )P(X > m+1) + (a — m)P(X < m)
=(a—-m)(P(X <m)-P(X >m+1)) =(a—m)(1-2P(X >m+1)).
Ifm-—1<a<m, then
E[|X —of] —EF[|X —m|] = (m — a)P(X > m) + (a —m)P(X <m — 1)
=(a-m)(P(X <m—1)—P(X >m)) = (a —m)(1—2P(X >m)).
(iii) Suppose that mg <m < 8 < m+ 1. Then
EF[|X =B —EF[|X —=m|] = (B—m)(1 —2P(X >m+1)) >0

since m+1 isn’t a median and therefore, because P(X < m+1) > P(X < my) > %,
P(X > m+1) < 3. Thus EP[|X — g[] > EF[|X — ma]] for all 8 > m,. Similarly, if
m—1<p<m<mq, then

E°[|X - B]] —EF[|X —m|] = (B-—m)2P(X <m—1)—1) >0



since m —1 isn’t a median and therefore, because P(X > m—1) > P(X > my) >
P(X <m —1) < 3. Thus, we now know that
EP [|X — m2|] if ﬂ > moy

P
E°[|X - 8]] > {E]P’UX_mlH if B < my,

and this completes the proof when m; = mo. When m; < mg and m; < m <
m +1 < mg, we know from (i) that P(X > m+ 1) = 1, and so

BP[1X — 1] ~ B [1X — ] = (8 — m)(1 ~ 2(X 2 m+ 1) =0
for all B € [m,m + 1]. Hence EF[|X — B|] = E[|X — m|] for all B € [my, ma].
2.1.12: Set

)

N[

C={(—00,z1] X -+ x (—o0,zn] : (z1,...,2n5) € RV},
Then C is a II-system, and so, by Lemma 2.1.10, g1 = ug on ¥ = ¢(C). Thus,

it suffices to show that G € X for all open G # ). To this end, choose a dense
sequence {a* : k> 1} in G, and, for each k > 1, choose r, > 0 so that

R, = (a’f—rk,a’f—l—rk] X ~--(afv—7‘,.,a§“\,+rk] C G.
Then G = {J;-, Ry and
Ry = (—oqa’f—«—rk] X ~~~(—oo,a’fv+rk]\(—oo,a’f — 1] X '~(—oo,a’fv—rk] eX.
Hence, G € X.

2.1.13: Let X be the intersection of all the monotone classes that contain A. Then
¥ is the smallest monotone class containing A, and so ¥ C ¢(A), and we will know
that equality holds once we show that ¥ is a g-algebra. Clearly F € ¥. Now let
¥ be the set of A € ¥ such that AC € ¥ and, for all B € A, AUB € ¥ and
AN B € X. Then, since X1 O A and ¥; is a monotone class, ¥ C ;. Next, let
Y5 be the set of A € ¥ such that AC € ¥ and, for all B € ¥, AUB € ¥ and
AN B € Y. Then X5 is a monotone class, and therefore, since ¥ C X, ¥y D A,
which means that ¥ C 3s. Hence X is closed under complementation and finite
unions and intersections. Finally, if {A, : n > 1} C 3, then U:;zl A,, € X for all
n > 1, and so, since (J;, _; Am S Une_1 Ams Uy A € 2.

2.1.14: Since F~10 = 0, F.u(0) = u(0) = 0. Moreover, if {A, : n > 1} is a
sequence of mutually disjoint elements of Fy, then {F~1A,, : n > 1} is a sequence
of mutually disjoint elements of F;, and therefore

F.u <[j An> =u ([j F_lAn> = iu(F‘lAn) = iF*,u(An).

n=1 n=1



