A Little Fourier Analysis
Given an ¢ € L'(Agv; C), define the Fourier transform ¢ of ¢ by

p(&) = /ei(&y)w@(y) Mev (dy) - for € € RY.

to see that if ¢ is a second element of L*(Agv;C), then

Clearly, ¢ is continuous and [[¢[lu < [[¢z2(x;c)- Next, use Fubini’s theorem

(1) / () T(5) Amv (dy) = / (E)T(E) A (),

where ¢(y) = p(—y) for y € RN,

Before carrying out the next step, I need to compute § when g(y) =
2
(27‘(’)_%6_%. To this end, consider the analytic function

2
f(z) = /ezye*y7 Ar(dy) for z € C,
and use integration by parts to see that

f(z) = /yezyefg Ar(dy) = —/ez”d—dye*% Ar(dy) = 2f(2).

22

Hence, L (f(2)e=) = 0, and so f(z) = f(0)eT = (2m)}eT. Thus (&) =
2
e~ when N = 1. Further, by Fubini’s theorem, for N > 2,

1£12

N N . 2
36 = ) F [T [ e aatay) = %

Next, set g.(y) = e_%g(e_%y), and use a change of variables to see that

2
9e(§) — e for € >0 and ¢ € RY.

In particular, if ¥, = g, then 9. = (27)Ng., and so, by (1),
[ et rav(an) = 2m) [ @ aan (ae).
Hence, if ¢ € L' (\gv; C) N Cy(RY;C) and ¢ € L' (Agv;C), then
p(0) =ty [ o()gc(0) Nev ()

= tim(2m) ™ [ 9(© % v (de) = (20 [ 4() has (),
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More generally, if ¢ € L'(Agv;C) and . (y) = p(x + y), then p,(¢) =
e~ U (€), and so if ¢ € L'(Agv;C) N Ch(RY;C) and ¢ € L'(Agw; C),
then

() o(z) = (2m)N / eHER (¢ de = (2m) NV (9)" (@),

Now suppose that ¢ and 1 are both elements of L' (Ag~; C)NCL(RY; C) for
which ¢ and 9 are in L' (Agn; C). Then, by (1) and (2),

/ ()Y (y) Apw (dy) = (2m)~N / ©(y) ()Y () Aen (dy)

— (2m)~V / HE)D(E) g (dE),

and so we have proved the following version of what is called Parseval’s
identity

(3) / () B() A (dy) = (2m) N / HE)D(E) A (dE).

Given a Borel probability measure p on RY, define its characteristic func-
tion i : RY — C by

(€)= [ e p(ay).

Clearly i is a continuous function and ||ji]], < 1. We will now use (3) to prove
that

€12

(4) / pdpi = 2m) N 1im [ e F G(€)FE) M (de)

eNO

for ¢ € L'(\gv; C) N Cp(RY; C). To this end, define

vule) = [ 9o~ y) n(dy) and (o) = [ 9o~ 9)p0) Nes ),
and use Fubini’s theorm to see that
[ vetna = [oodnand i) = e

Hence, by (3),

/we dp = (2W)_N/€_E

and so (4) follows after one lets € \, 0.

An important consequence of (4) is that a Borel probability measure on
RY is determined by its characteristic function. That is, if x4 and v are such
measures, then

L=0 = p=u.

In fact more is true.
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THEOREM 5. Suppose that {u, : n > 1} is a sequence of Borel probability
measures on RN and that u is Borel probability measure on RN for which

lim i, (€) = ju(€) for all € € RY.

n—oo

Then
lim @dun:/cpdp for all ¢ € CL(RY;C).

n— oo

ProOOF: Let ¢ : RV — C be a bounded, uniformly continuous element of
L'(\pnv; C), and define ¢, as above. Then [|p. — ¢|lu — 0 as € \, 0, and so

/wedu/s@du‘VSgr;‘/saedun/cpdun

lim =0.

eNO

Thus, by (4),

(27T)angrgo‘/<pdun—/<pdu’
—ti i | [ ¢ 0(6) (716 - 706)) s (09) =0

e\ 0 n—o0

To remove the uniform continuity and integrability requirements, for k €
7%, set
ne(z) =1A ((L+k—|z]) V0).

Then, for every k € Z* and ¢ € CL(RY;C), nre is a uniformly continuous,
[0, 1]-valued element of L!(Ag~;C). In addition, n, 1 as k — oo, and so

n— oo

lim (1—nk)dun:1—/nkd,u—>0

as k — oco. Hence, for any € > 0, there is a k. such that

Sup/(l = k) dpin V/(l — k) dp < €.

n>1

Finally, let ¢ € C,(RY;C) be given. Since 7, ¢ is a uniformly continuous
element of L*(\pv;C),

n—00

lim '/wdun —/s@du‘ < 2||w||ue+nhggo‘/nkewdun —/nkﬁwdu‘ = 2| #llue-

]
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Exercise Set f(z) = m for x € R. The measure P with density f is

called the Cauchy distribution, and you are to compute its Fourier transform
P.

(i) Observe that

1 [ 2
fo =1 [ ea,
0

™

and use this to show that

~ o0 2
foo=va [ et
0
(ii) For a,b € R\ 0, show that

> _ a2 b2 V 2’/T 7|ab\
e = —€ .
0

~ lal

To this end, assume that a, b > 0 and use the change of variables 7 = at® —
bt~

(iii) Combine (i) and (ii) to arrive at P(€) = e~ l¢l.

(iv) More generally, if P,(dz) = dx for y > 0, show that I/—_’;(g) =
e ylél,

Y
m(y%+x?)



