Chapter VIII

Gaussian Measures on a Banach Space

As I said at the end of §4.3.2, the distribution of Brownian motion is called
Wiener measure because Wiener was the first to construct it. Wiener’s own
thinking about his measure had little or nothing in common with the Lévy—
Khinchine program. Instead, he looked upon his measure as a Gaussian measure
on an infinite dimensional space, and most of what he did with his measure is
best understood from that perspective. Thus, in this chapter, we will look at
Wiener measure from a strictly Gaussian point of view. More generally, we
will be dealing here with measures on a real Banach space E which are centered
Gaussian in the sense that, for each z* in the dual space E*, x € E +—— (x,2*) €
R is a centered Gaussian random variable. Not surprisingly, such a measure will
be said to be a centered Gaussian measure on F .

Although the ideas which I will use are implicit in Wiener’s work, it was I.
Segal and his school, especially L. Gross,* who gave them the form presented
here.

§8.1 The Classical Wiener Space

In order to motivate what follows, it is helpful to first understand Wiener mea-
sure from the point of view which I will be adopting here.

§8.1.1. Classical Wiener Measure. Up until now I have been rather casual
about the space from which Brownian paths come. Namely, because Brownian
paths are continuous, I have thought of their distribution as being a probability
on the space C'(RY) = C’([O, 00); RN). In general, there is no harm done by choos-
ing C(RY) as the sample space for Brownian paths. However, for my purposes
here, T need our sample spaces to be separable Banach spaces, and, although it
is a complete, separable metric space, C'(RY) is not a Banach space. With this
in mind, define ©(RY) to be the space of continuous paths 6 : [0,00) — RV
with the properties that 8(0) = 0 and lim;—,. t~16(¢)| = 0.

* See ILE. Segal’s “Distributions in Hilbert space and canonical systems of operators,” T.A.M.S.
88 (1958) and L. Gross’s “Abstract Wiener spaces,” Proc. 5th Berkeley Symp. on Prob. &
Stat., 2(1965). A good exposition of this topic can be found in H.-H. Kuo’s Gaussian Measures
in Banach Spaces, publ. by Springer—Verlag Math. Lec. Notes., no. 463.
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LEMMA 8.1.1. The map

| (t)]
e C(RV) — =sup ——=— € [0,
Y € CRY) — [[¥llern) A [0, oc]
is lower semicontinuous, and the pair (O(R™), || - |lo®~)) is a separable Banach

space which is continuously embedded as a Borel measurable subset of C(RY). In
particular, Bgrxy coincides with BC(RN)[G(RN)] = {Aﬂ@(RN) A€ BC(RN)}.
Moreover, the dual space ©(RN)" of ©(RN) can be identified with the space
of RN -valued, Borel measures X on [0,00) with the properties that A({0}) = 0
and'

Moy = /[ (N < oc

when the duality relation is given by

0, 7) = /[O 00\,

Finally, if (B(t), F;,P) is an RN-valued Brownian motion, then B € O(RY)
P-almost surely and
E[|IB[gg~)] < 32N.

PROOF: It is obvious that the inclusion map taking O(RY) into C'(RY) is con-
tinuous. To see that || - [lgm~) is lower semicontinuous on C(RY) and that

O(RY) € Be vy, note that, for any s € [0,00) and R € (0, 00),
A(s,R) = {¢ € C(RY) : [(t)] < R(1+1) for t > s}

is closed in C(RY). Hence, since ||[¢|lory) < R <= ¥ € A(O,R), || - lo®v) is
lower semicontinuous. In addition, since {1 € C(RY) : 4(0) = 0} is also closed,

oo o0

O(RY) = ﬂ U {weA 1. zp(o):o} € Bogm).-

In order to analyze the space (O(RY),|| - [[g®r~)), define

F:ORY) — Co(R;RY) = {1/) € C(R;RY): lim |y(s)| = }

|s]|—o0
by
0 (e*)

—_— e R.
1+e8 s

[F(0)](s) =

1 use |A| to denote the variation measure determined by .



290 VIII Gaussian Measures on a Banach Space

As is well-known, Cj (R; RN ) with the uniform norm is a separable Banach space;
and it is obvious that F is an isometry from ©(RY) onto Cj (R; RN ) Moreover,
by the Riesz Representation Theorem for Cjy (R; RN ), one knows that the dual
of C (R;RN ) is isometric to the space of totally finite, RY-valued measures
on (R; BR) with the norm given by total variation. Hence, the identification
of O(RN)" reduces to the obvious interpretation of the adjoint map F* as a
mapping from totally finite RY-valued measures onto the space of RY-valued
measures which do not charge 0 and whose variation measure integrate (1 + t).

Because of the Strong Law in part (ii) of Exercise 4.3.11, it is clear that almost
every Brownian path is in ©(RY). In addition, by the Brownian scaling property
and Doob’s Inequality (cf. Theorem 7.1.9),

E[||B||? < 4”+1E[su BtQ}
[ ||@<RN>L;) S (B0

- iz*””]E [ sup |B(t)2] < 32E[|B(1)]’] =32N. O

— 0<t<1

In view of Lemma 8.1.1, we now know that the distribution of RV-valued
Brownian motion induces a Borel measure W) on the separable Banach space
O(RY), and throughout this chapter I will refer to this measure as the classical
Wiener measure.

My next goal is to characterize, in terms of ©(RY), exactly which measure
on O(RY) Wiener’s is, and for this purpose I will use that following simple fact
about Borel probability measures on a separable Banach space.

LEMMA 8.1.2. Let E with norm || - |g be a separable, real Banach space, and
use
(r,2") € EX E* — (z,2") € R

to denote the duality relation between E and its dual space E*. Then the Borel
field By coincides with the o-algebra generated by the maps x € E —— (x,x*)
as x* runs over E*. In particular, if, for p € M;(E), one defines its Fourier
transform i : £* — C by

Alz®) = /E exp[VT (2,0)] u(dr), 2" € B,

then i is a continuous function of weak* convergence on ©*, and ji uniquely
determines p in the sense that if v is a second element of M;(0) and [i = U then
w=v.

PROOF: Since it is clear that each of the maps z € E —— (x,2*) € R is
continuous and therefore Bg-measurable, the first assertion will follow as soon
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as we show that the norm z ~~ ||z||g can be expressed as a measurable function of
these maps. But, because F is separable, we know (cf. Exercise 5.1.19) that the
closed unit ball Bg-(0,1) in E* is separable with respect to the weak* topology
and therefore that we can find a sequence {z} :,n > 1} C Bg-(0,1) so that

|zlle = sup (z,z;,), =€ E.
nezt

Turning to the properties of /i, note that its continuity with respect to weak*
convergence is an immediate consequence of Lebesgue’s Dominated Convergence
Theorem. Furthermore, in view of the preceding, we will know that i completely
determines y as soon as we show that, for each n € Z* and X* = (:c“{, ... ,a:;) €

(E*)n, fi determines the marginal distribution py- € My (RY) of
reE— ((ac,xi‘),,(x,xf)) eR”

under p. But this is clear (cf. Lemma 2.3.3), since
(€)= i (Z smx;> for € = (¢1,...,60) €R™. O
m=1

I will now compute the Fourier transform of W) To this end, first recall
that, for an RY-valued Brownian motion, {(&,B(t))py : ¢ > 0 and £ € RV}
spans a Gaussian family &(B) in L?(P;R). Hence, span({(ﬁ, 0(15)) ot >
0and £ € RV}) is a Gaussian family in L2(W™);R). From this, combined
with an easy limit argument using Riemann sum approximations, one sees that,
for any A € O(RN)", 6 ~~ (8, \) is a centered Gaussian random variable under
W (N) | Furthermore, because, for 0 < s < t,

E™[(€,00) g (m,000)) ] = BV [(€,0(5)) s (1, 6(5)) ] = 5(€,m) g
we can apply Fubini’s Theorem to see that
BV (6, A)2 //s/\t)\ ds) - A(dt).
[0,00)2

Therefore, we now know that W) is characterized by its Fourier transform

(8.1.3) W(N)( )=exp |—= //sAt)\ (ds)- A(dt)|, AeO®RN)".
[0,00)2

Equivalently, we have shown that W) is the centered Gaussian measure on

O(RYN) with the property that, for each A € O(RY)", 6 ~» (6, ) is a centered

Gaussian random variable with variance equal to [ s At X(ds) - A(dt).
[0,00)2
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§8.1.2. The Classical Cameron—Martin Space. From the Gaussian stand-
point, it is extremely unfortunate that the natural home for Wiener measure is
a Banach space rather than a Hilbert space. Indeed, in finite dimensions, ev-
ery centered, Gaussian measure with non-degenerate covariance can be thought
as the canonical, or standard, Gaussian measure on a Hilbert space. Namely, if
Y0,c is the Gaussian measure on RY with mean 0 and non-degenerate covariance
C, consider RY as a Hilbert space H with inner product (g,h)g = (g, Ch)gv,
and take A\p to be the natural Lebesgue measure there: the one which assigns
measure 1 to a unit cube in H or, equivalently, the one obtained by pushing the
usual Lebesgue measure Agy forward under the linear transformation Cz. Then

we can write
1 th2
Wo,c(dh) = ﬂ /\H (dh)
(2m)=

and )
a2,

Jo,c(h) =e” 72
As was already pointed out in Exercise 3.1.11, in infinite dimensions there is
no precise analog of the preceding canonical respresentation (cf. Exercise 8.1.7
for further corroboration of this point). Nonetheless, a good deal of insight can
be gained by seeing how close one can come. In order to guess on which Hilbert
space it is that W) would like to live, I will give R. Feynman’s highly ques-
tionable but remarkably powerful way of thinking about such matters. Namely,
givenn € ZT,0 =ty <t} < -+ < t,, and a set A € (BRN)n, we know that
W) assigns {0 : (6(t1),...,0(t,)) € A} probability

1 ‘ym Ym 1|
g w35

_tm 1

V|2

where yo = 0 and Z(t1,...,t,) =[] _, (27r(tm - tml)) Now rename the
variable y,, as “0(t,,),” and rewrite the preceding as Z(ti,...,t,) " times

"ttt [ 10tm) = 0(tm 1)\
/Aexp -y 5 1( ; ) d0(t1) - - - dO(L,).

me—1 m tm—l

Obviously, nothing very significant has happened yet since nothing very excit-
ing has been done yet. However, if we now close our eyes, suspend our disbelief,
and pass to the limit as n tends to infinity and the t;’s become dense, we arrive
at the Feynman’s representation® of Wiener’s measure:

(8.1.4) W (dg) = expl ;/ |9(t)|2dt] de,
[0,00)

*In truth, Feynman himself never dabbled in considerations so mundane as the ones which
follow. He was interested in the Schédinger equation, and so he had a factor /—1 multiplying
the exponent.
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where @ denotes the velocity (i.e., derivative) of 8. Of course, when we reopen
our eyes and take a look at (8.1.4), we see that it is riddled with flaws. Not even
one of the ingredients on the right-hand side (8.1.4) makes sense! In the first
place, the constant Z must be 0 (or maybe o). Secondly, since the image of the
“measure d@” under

0 c ORYN) — (0(t1)....0(t,)) € (RV)"

is Lebesgue measure for every n € Z* and 0 < t1--- < t,, “d0” must be
the nonexistent translation invariant measure on the infinite dimensional space
O(RY). Finally, the integral in the exponent only makes sense if 6 is differen-
tiable in some sense, but almost no Brownian path is. Nonetheless, ridiculous
as it is, (8.1.4) is exactly the expression at which one would arrive if one were to
make a sufficiently naive interpretation of the notion that Wiener measure is the
standard Gauss measure on the Hilbert space H(RY) consisting of absolutely
continuous h : [0,00) — RY with h(0) = 0 and

e vy = B £2(0,00)my) < oo

Of course, the preceding discussion is entirely heuristic. However, now we
know that H!(RY) is the Hilbert space at which to look, it is easy to provide
a mathematically rigorous statement of the connection between @(RM), W),
and HY(RY). To this end, observe that H(RY) is continuously embedded in
O(RY) as a dense subspace. Indeed, if h € H(RY), then |h(t)| < t2 |z vy,
and so not only is h € O(RY) but also ||h|[gr~y) < 3|/h|m @v). In addition,
since C2°((0,00);RY) is already dense in O(RY), the density of H'(RV) in
O(RY) is clear. Knowing this, abstract reasoning (cf. Lemma 8.2.3) guarantees
that ©(RY)" can be identified as a subspace of H'(RY). That is, for each X €
O(RN)", there is a hy € H'(RY) with the property that (h,hx), vy = (B A)
for all h € HY(RY), and in the present setting it is a easy to give a concrete
representation of hy. In fact, if A € @(]RN)*, then, for any h € H*(RV),

(h,\) = /( - h(t) - A(dt) = /( - ( /( ” h(r) d7> - A(dt)

= /(0700) h(T) . )\((7', oo)) dr = (h, hA)Hl(RN)’

where

hy(t) = /(0 ) A((r,00)) dr.
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Moreover,

Hh)\H%—Il(RN) :/( )| ((T OO))|2dT—/O : // (ds) - X(dt) | dr

(7,00)2
= // s AtA(ds) - A(dt).
(0,00)2
Hence, by (8.1.3),
T ||h>\H%{(RN) N *
(8.1.5) WIV)(A) = exp s | AeORY) .

Although (8.1.5) is far less intuitively appealing than (8.1.4), it provides a
mathematically rigorous way in which to think of WW (") as the standard Gaussian
measure on H'(RY). Furthermore, there is a is another way to understand why
one should accept (8.1.5) as evidence for this way of thinking about W &),
Indeed, given A € @(]RN)*, write

(6, A) = lim 0(t) - A(dt) = — hm/ 0(t) - dX((t,00)),

T— 00 [0,T] T— 00

where the integral in the last expression is taken in the sense of Riemann-Stieljes.
Next, apply the integration by part formula* to conclude that ¢ ~» X((t,00)) is
Riemann—Stieljes integrable with respect to ¢ ~» 6(t) and that

T T
/0 0(t) - dA((t,00)) = —0(T) - A((T, 20)) +/0 A((t,00)) - dO(2).

Hence, since

. 16(T)| _
Jim [0(T)[[A|(T,00) < lim. T (07m)(1+t)|>\l(dt)—
T
(8.1.6) (. A) = lim hy(t) - dO(t),
—0o0 Jo

where again the integral is in the sense of Riemann—Stieljes. Thus, if one some-
what casually writes d@(t) = 0(t) dt, one can believe that (0, A) provides a rea-
sonable interpretation of (H,h)\) for all @ € O(RY), not just those which
are in H'(RV).

Because R. Cameron and T. Martin were the first mathematicians to system-
atically exploit the consequences of this line of reasoning, I will call H*(RY) the
Cameron—Martin space for classical Wiener measure.

H(RN)

* See, for example, Theorem 1.2.7 in my A Concise Introduction to the Theory of Integration
published by Birkh&duser (3rd edition, 1999).
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Exercises for §8.1

EXERCISE 8.1.7. Let H be a separable Hilbert space, and, for each n € Z* and
subset {g1,...,9n} C H, let A(g1,...,gn) denote the o-algebra over H generated
by the mapping

he H+— ((h,gl)H,...,(h,gn>H) E]Rn7

and check that

AZLJ{A(gl,...,gn):nGZJr and g1,...,9, € H}

is an algebra which generates By. Show that there always exists a finitely
additive Wy on A which is uniquely determined by the properties that it is
o-additive on A(g,...,gn) for every n € Z* and {¢1,...,9,} C H and that

Lexp[ﬁ(hg);@ W (dh) = exp [—|92H%I} , g€ H.

On the other hand, as we already know, this finitely additive measure admits a
countably additive extension to By if and only if H is finite dimensional.

§8.2 A Structure Theorem for Gaussian Measures

Say that a centered Gaussian measure W on a separable Banach space E is
non-degenerate if E"Y [(:c, :17*)2] > 0 unless * = 0. In this section I will show
that any non-degenerate, centered Gaussian measure YV on a separable Banach
space E shares the same basic structure as W) has on ©(RY). In particular,
I will show that there is always a Hilbert space H C FE for which W is the
standard Gauss measure in the same sense as W) was shown in §8.1.2 to be
the standard Gauss measure for H!(RY).

§8.2.1. Fernique’s Theorem. In order to carry out my program, I need a
basic integrability result about Banach space valued, Gaussian random variables.
The one which T will use is due to X. Fernique, and his is arguably the most
singularly beautiful result in the theory of Gaussian measures on a Banach space.

THEOREM 8.2.1 (Fernique’s Theorem). Let E be a real, separable Banach
space, and suppose that X is an E-valued random variable which a centered and
Gaussian in the sense that, for each z* € E*, (X, z*) is a centered, R-valued
Gaussian random variable. If R = inf{r : P(| X||g <€) > 3)}, then

2
1112,

(5.2.2) Blenid ] <k =et+ 30 ()
n=0

(See Corollary 8.4.3 below for a sharpened statement.)
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PROOF: After enlarging the sample space if necessary, I may and will assume
that there is an independent, E-valued random variable X’ with the same dis-
tribution as X. Set ¥ = 272(X + X’) and Y’ = 272 (X — X’). Then the pair
(Y,Y”’) has the same distribution as the pair (X, X’). Indeed, this comes down
to showing that the R*-valued random variable ((Y,z*),(Y’,z*)) has the same
distribution as ((X,2*), (X’,z*)), and that is an elementary application of the
additivity property of independent Gaussians.

Turning to the main assertion, let 0 < s <t be given, and use the preceding
to justify

P(| X < s)P(|1X]|g >t) =P(|X||g < s & | X || > t)
—P(|X — X'||p <235 & | X + X'||p > 25¢)
<P(|IX e - |1X || <2%s & [|X |6 + [|X'|| 5 > 2%¢)
SB(|X|z A X2 2275t~ s) =B(|X|z 2272 (¢~ 9)"

Now suppose that P(||X| < R) > 2, and define {t, : n > 0} by tp = R and
t, =R+ 2%1‘”_1 for n > 1. Then

P(|X |5 < R)P(|X |5 > tn) <P(|X|p > ta1)”

and therefore

B(IX 5 > t) _ (IP’(HXHE > tn1)>2

P(IX]z <R) ~ \ P(|X|lz <R)

for n > 1. Working by induction, one gets from this that

P(IX]le > t) _ (P(|X||E > R))”

P(IX]z < R) ~ \P(IX|z < R)

il n n n
and therefore, since t,, = R22—=1 < 323" R, that P(|X| g > 32%11%) <3772,

n
22 -1

Hence,
p[ XI5 L = on nt1
E [67,2 } < e*P(|X|p < 3R)+ Y ¥ P(32% R < | X5 < 32°F R)
n=0
) oo e 2n
<eb+) (5) =K O
n=0

§8.2.2. The Basic Structure Theorem. I will now abstract the relationship,
proved in §8.1.2, between O(RY), H'(RY), and W), and for this purpose I
will need the following simple lemma.
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LEMMA 8.2.3. Let F be a separable, real Banach space, and suppose that H C
FE is a real Hilbert space which is continuously embedded as a dense subspace of
E.

(i) For each x* € E* there is a unique h,~ € H with the property that
(h,hx*)H = (h,x*) for all h € H, and the map z* € E* —— hy« € H is
linear, continuous, one-to-one, onto a dense subspace of H.

(ii) If x € E, then x € H if and only if there is a K < oo such that |(x,x*)]
K||hy|| g for all z* € E*. Moreover, for each h € H, |h||g = sup{(h, z*) : x*
E* & ||z*|| g < 1}.

(iii) If L* is a subspace of E*, then there exists a sequence {z}, : n > 0} C L*
such that {h,, : n > 0} is an orthonormal basis for H. Moreover, if x € E, then
x € H if and only if Y7 (x,2})? < oo, and

<
€

[ee]

() = (hyap) (W ) for all h, ' € H.

»n
n=0

PROOF: Because H is continuous embedded in FE, there exists a C' < oo such
that |h||g < C||h||g. Thus, if * € E* and f(h) = (h,z*), then f is linear and
lf(R)] < ||hllellz*||e+ < C||lz*||g-||h||m, and so, by the Riesz Representation
Theorem for Hilbert spaces, there exists a unique h,« € H such that f(h) =
(hyhe-) - In fact, ||hy- ||z < Cllz*|g-, and uniqueness can be used to check
that x* ~» hg« is linear. To see that z* ~» h,+ is one-to-one, it suffices to show
that z* = 0 if hy» = 0. But if Ay« = 0, then (h,z*) = 0, for all h € H, and
therefore, because H is dense in E, x* = 0. Because I will use it below, I will
prove slightly more than the density of just {h,- : «* € E*} in H. Namely, for
any weak*® dense subset S* of E*, {h,« : xx € S*} is dense in H. Indeed, if this
were not the case, then there would exist an h € H \ {0} with the property that
(h,z*) = (h, hl’*)H =0 for all z* € S. But, since S* is weak™ dense in E*, this
would lead to the contradiction that h = 0. Thus, (i) is now proved.

Obviously, if h € H, then |(h,z*)| = |(h, hy= ) 1| < ||he || m||h]| g for * € E*.
Conversely, if z € E and |(z,2*)| < K||hy«|| g for some K < oo and all z* € E*,
set f(hgy+) = (x,2*) for * € E*. Then, because x* ~» hy« is one-to-one, f
is a well-defined, linear functional on {h,~ : x* € E*}. Moreover, |f(z*)| <
K||hy+| g, and therefore, since {h,+ : x* € E*} is dense, f admits a unique
extension as a continuous, linear functional on H. Hence, by Riesz’s theorem,
there is an h € H such that

(w,2%) = f(hee) = (o) = (hya*), @* € B,

which means that 2 = h € H. In addition, if h € H, then ||h||g = sup{(h, z*) :
||hes ||} follows from the density of {h,- : z* € E*}, and this completes the
proof of (ii).
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Turning to (iii), remember that, by Exercise 5.1.19, the weak* topology on E*
is second countable. Hence, the weak* topology on L* is also second countable
and therefore separable. Thus, we can find a sequence in L* which is weak*
dense in E*, and then, proceeding as in the hint given for that exercise, extract
a subsequence of linearly independent elements whose span S* is weak* dense
in E*. Starting with this subsequence, apply the Grahm—Schmidt orthogonal-
ization procedure to produce a sequence {z : n > 0} whose span is S* and
for which {h;- : n > 0} is orthonormal in H. Moreover, because the span of
{hex + n > 0} equals {hy,- : 2* € S*}, which, by what we proved earlier, is
dense in H, {hgx : m > 0} is an orthonormal basis in H. Knowing this, it is
immediate that

(h’ h,)H = Z(hv hﬂﬁn)H(hlvhﬂﬁn)H = Z(h,x;ﬂh/,x;).

In particular, ||h||%, = > o0 (h,2})?. Finally, if z € E and Y~ (z,z})? < oo,
set g = > 0@, T3 )hex. Then g € H and (x — g,2*) = 0 for all z* € 5™
Hence, since S* is weak™ dense in E*, x = g€ H. O

Given a separable real Hilbert space H, a separable real Banach space F, and
aW € M (E), I will say that the triple (H, E,)V) is an abstract Wiener
space if H is continuously embedded as a dense subspace of E' and W € M, (E)
has Fourier transform

2
— Clihg 1%

(8.2.4) W(x*)=e — 2 for all z* € E*.

The terminology is justified by the fact, demonstrated at the end of §8.1.2,
that (H'(RY), O(RY), W ™)) is an abstract Wiener space. The concept of an
abstract Wiener space was introduced by Gross, although his description was
somewhat different from the one just given (cf. Theorem 8.3.9) for a reconcilation
of mine with his definition.)

THEOREM 8.2.5. Suppose that E is a separable, real Banach space and that
W € M;(F) is a centered Gaussian measure which is non-degenerate. Then
there exists a unique Hilbert space H such that (H, E, W) is an abstract Wiener
space.

PROOF: By Fernique’s Theorem, we know that C' = /EW[||]|%] < oc.

To understand the proof of existence, it is best to start with the proof of
uniqueness. Thus, suppose that H is a Hilbert space for which (E, H,W) is an
abstract Wiener space. Then, for all z*, y* € E*, (hy+,y*) = (hg«, hy=)g =
(hy=,z*). In addition,

(haw, %) = [[hg

b= [ W),
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and so, by the symmetry just established,

) (o) = ey = [ ,0°) ") W),
for all z*, y* € E*. Next observe that
(**) /H(m,x*)xHEW(daz) < C|lhg | ms

and therefore that the integral [ z(z,z*) W(dz) is a well defined element of E.
Moreover, by (*)

(hys,y*) = </x(x,x*>W(dx)> for all y* € E~,
and so

(**%) hys = /Mm,x*)W(dx).

Finally, given h € H, choose {z}, : n > 1} C E* so that h,x — h in H. Then

. * I .
Jimsup [|(-,25) = (o) o gpm = Jim ] sup [lhs; ha;,

and so, if ¥ denotes the closure of {({-,z*) : x* € E*} in L2 (W;R) and F :
¥ — F is given by

H:07

Fp) = / w(@) W(dz), e,

then h = F(¢). Conversely, if v € U and {2z} : n > 1} is chosen so that
(-,2%) — ¢ in L*(W;R), then {h,: : n > 1} converges in H to some h € H
and it converges in F to F(v). Hence, F(¢) = h € H. In other words, H =

The proof of existence is now a matter of checking that if ¥ and F are defined
as above and if H = F(¥) with |[F(¥)||z = [[¥]z20v;r), then (H, E,W) is an
abstract Wiener space. To this end,

(F(), %) = / (2" Y (@) W(dz) = (F(), hae) .

and therefore both (*) and (***) hold for this choice of H. Further, given (*), it
is clear that ||h,«||% is the variance of (-,z*) and therefore that (8.2.4) holds.
At the same time, just as in the derivation of (**), ||[F(¥)||g < C|[¥|[L2ovr) =
C||F ()|, and so H is continuously embedded inside E. Finally, by the Hahn—
Banach Theorem, to show that H is dense in E it suffices to check the only
x* € E* such that (F(¢),z*) = 0 for all ¢» € ¥ is * = 0. But when ¢ = (-, z*),
(F(¢),z*) = [(x,2*)?> W(dz), and therefore, because W is non-degenate, such
an z* would have to be 0. O

§8.2.3. The Cameron—Marin Space. Given a centered, non-degenerate
Gaussian measure W on F, the Hilbert space H for which (H, E, W) is an ab-
stract Wiener space is called its Cameron—Martin space. Here are a couple
of important properties of the Cameron—-Martin subspace.
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THEOREM 8.2.6. If (H,E,W) is an abstract Wiener space, then the map
r* € E* — hg- € H is continuous from the weak* topology on E* into the
strong topology on H. In particular, for each R > 0, {h,+ : 2* € Bg«(0,R)}
is a compact subset of H, By (0, R) is a compact subset of E, and so H € Bg.
Moreover, when E is infinite dimensional W(H ) = 0. Finally, there is a unique
linear, isometric map Z : H — L?*(W;R) such that Z(h,+) = (-,z*) for all
x* € E*, and {Z(h) : h € H} is a Gaussian family in L?>(W;R).

ProOF: To prove the intitial assertion, remember that z* ~ W(z*) is contin-
uous with respect to the weak* topology. Hence, if x;, — z* in the weak™
topology, then

”hw; - hw*“%{ 30 % *
exp | ——— g =W(zy —2") — 1,

and so hm: — hy« in H.

Given the first assertion, the compactness of {h;+ : =* € Bg-(0,R)} in H
follows from the compactness (cf. Exercise 5.1.19) of Bg«(0, R) in the weak™*
topology. To see that By (0, R) is compact in E, again apply Exercise 5.1.19 to
check that By (0, R) is compact in the weak topology on H. Therefore, all that
we have to show is that the embedding map h € H —— h € F is continuous
from the weak topology on H into the strong topology on E. Thus, suppose
that hy — h weakly in H. Because {h;t* : z* € Bp«(0, 1)} is compact in H,
for each € > 0 there exist an n € Z* and {z7,...,2%} C Bg+(0,1) such that

n

{hg« : 2* € Bg-(0,1)} C UBH(hminvE)'
1

Now choose £ so that maxi<m<p [(hx — h,x},)| < € for all k£ > £. Then, for any
x* € Bg+(0,1) and all k > ¢,

1<m<n

[(he — h,2*)| < e+ min |(he — hyhe — har ) | < €+ 2esup || he o
E>1

Since, by the uniform boundedness principle, sup,~q |hx||g < oo, this proves
that ||hx — h||g = sup{(hx — h,2*) : * € Bg«(0,1)} — 0 as k — oo.

Because H = |J;° B (0,n) and By (0,n) is a compact subset of E for each
n € Z*, it is clear that H € Bg. To see that W(H) = 0 when F is infinite
dimensional, choose {z} : n > 0} as in the final part of Lemma 8.2.3, and
set X,,(x) = (z, ). Then the X,,’s are an infinite sequence of independent,
centered, Gaussians with mean value 1, and so, >~ ; X2 = co W-almost surely.
Hence, by Lemma 8.2.3, W-almost no x is in H.
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Turning to the map Z, define Z(h,+) = (-,2*). Then, for each x*, Z(h+)
a centered Gaussian with variance ||h,«||%, and so Z is a linear isometry from
{he : x* € E*} into L2(W;R). Hence, since {h,- : x* € E*} is dense in H, T
admits a unique extension as a linear isometry from H into L?(W;R). Moreover,

as the L2(W; R)-limit of centered Gaussians, Z(h) is a centered Gaussian for each
heH. [0

The map Z in Theorem 8.2.6 was introduced for the classical Wiener space by
Paley and Wiener, and so I will call it the Payley—Wiener map. To appreciate
its importance here, recall the suggestion in §8.1.2 that @ ~» (6, A) be thought
of as an extention of h ~~ (h, h>\) to O(RY), and, in the same sense,

HI(RN)
think of x ~ (z,z*) as an extention of the inner product h ~~ (h, hﬂ?*)H to E.
When one adopts this point of view, then x ~» [Z(h)](z) can be interpreted as
an extension of (-,h)y to E, this time not just for h € {hy- : z* € E*} but
for any h € H. Of course, when FE is infinite dimensional, one has to be careful
when using this interpretation, since for general h € H, Z(h) is defined only up
to a W-null set. Nonetheless, by adopting it, one gets further evidence for the
idea that W wants to be the standard Gauss measure on H. Namely, because

2

(8.2.7) EW [eV~1ZM] = e—%, h € H,
if W lived on H, then it would certainly be the standard Gauss measure there.

Perhaps the most important application of the Paley—Wiener map is the fol-
lowing theorem about the behavior of Gaussian measures under translation.
That is, if y € E and 7, : E — FE is given by 7,(x) = 2 + y, we will be looking
at the measure (7). and its relationship to W. Using the reasoning suggested
above, the result is easy to guess. Namely, if W really lived on H and were given
by a Feynman-type representation

2
1 ey

W(dh) = 26_ 2

Am (dh),

then (7,).)V should have the Feynman representation

1 lh—g)2
Z¢ T % g (dh),

which could be re-written as

[(74)W](dh) = exp [(h, ) ;; — 5ll9ll7] W(dh).

Hence, if we assume that Z(g) gives us the correct interpretation of (-, g)p, we
are led to guess that, at least for g € H,

(8:28) [(rg).W(dx)](dh) = Ry(x) W(dz) where R, = exp[Z(g) — llal%]-

That (8.2.8) is correct was proved for the classical Wiener space by Cameron
and Martin, and for this reason it is called the Cameron—Martin formula. In
fact, one has the following result, the second half of which is due to Segal.
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THEOREM 8.2.9. If (H,FE,W) is an abstract Wiener space, then, for each
g € H, (15)«W < W and the R, in (8.2.8) is the corresponding Radon-Nikodym
derivative. Conversely, if (1), WV is not singular to WV, then y € H.

PRrROOF: Let g € H, and set p = (74) V. Then

(*) (z*) = BV [V~ 14990 ] = exp[V/=1(g,2*) — L hyn

i)

Now define v by the right hand side of (8.2.8). Clearly v € M;(E). Thus, we
will have proved the first part once we show that o is given by the right hand
side of (*). To this end, observe that, for any hy, he € H,

2 2
EW [651I(h1)+§21(h2)] = exp %H}“”%I + §1§2(h17 h2)H + %th”%

for all &1,& € C. Indeed, this is obvious when &; and & are pure imaginary,
and, since both sides are entire functions of (£1,&;) € C2, it follows in general
by analytic continuation. In particular, by taking hy = g, &1 = 1, hg = hg+, and
& = +/—1, it is easy to check that the right hand side of (*) is equal to ©(z*).

To prove the second assertion, begin by recalling from Lemma 8.2.3 that if
y € E, then y € H if and only if there is a K < oo with the property that
|{(y,z*)| < K for all z* € E* with ||h;«||g = 1. Now suppose that (7,+). WV L
W, and let R be the Radon—Nikodym derivative of its absolutely continuous
part. Given z* € E* with |hy«||g = 1, let F,« be the o-algebra generated by
x ~» (z,z*), and check that (7,) W | Fpr < W | Fp- with Radon-Nikodym
derivative

) = exp () o) - LE2).

Hence,
2

Y > EV[R| F,-] > EV[R? | F.-]7,
and so (cf. Exercise 8.2.14)

exp <_<yv§*>2) —EW([Y?] > a=EY[R!] € (0,1].

Since this means that (y,2*)? < 8log é, the proof is complete. [J
Exercises for §8.2

EXERCISE 8.2.10. Let C € RY @ RY be a positive definite, symmetric matrix,
take £ = RN is the standard Euclidean metric, and H = RV with the Hilbert
inner product (x,y)g = (x,C 'y)pv. Show that (H,E,vo,c) is an abstract
Wiener space.
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EXERCISE 8.2.11. Referring to the setting in Lemma 8.2.3, show that there is a

sequence {|| - ||(£) : m > 0} of norms on F each of which is commensurate with
|- e Ge, CJY - 1< - H(EN) < Cy|l - || for some C,, € [1,00)) such that, for
each R > 0,

Bu(0,R) ={z € E: [|z|%) < R for all n > 0}.
Hint: Choose {z}, : m > 0} C E* so that {h,x : m > 0} is an orthonormal
basis for H, define P, : E — H by Ppya = _(x, 2% )has , and

m=0

121 = \/I1Pacl + llz — Pazll3.

EXERCISE 8.2.12. Referring to the setting in Fernique’s Theorem, observe that
all powers of || X||g are integrable, and set 0 = E[||X||%]. Show that

2
I1x12

E[eW} <K.
In particular, for any n > 1, conclude that
E[IX|F] < (72)"nlKo™,
which is remarkably close to the equality which holds when E = R.

EXERCISE 8.2.13. Given A € O(RY)*, I pointed out at the end of § 8.1.2 that the
Paley—Wiener integral [Z(hx)](@) can be interpreted as the Riemann—Stieltjes
integral of A((s,00)) with respect to 8(s). In this exercise, I will use this obser-
vation as the starting point for what is called stochastic integration.

(i) Given A € O(RY)* and ¢ > 0, set A*(d7) = 1 4)(7)A(d7) + 6:A([t,00)), and
show that for all § € O(RY)

0.7) = / A((r, ) - d6(7),

where the integral on the right is taken in the sense of Riemann—Stieltjes. In
particular, conclude that ¢t ~» (@, A!) is continuous for each 6.

(ii) Given f € C1([0,00); RY), set Ag(dr) = —f(7) dr, and show that
t
O3 = [ 2r) - do(r),
0

where again the integral on the right is Riemann—Stieltjes. Use this to see that

the process
t
{/ £(r) - dO(r) : tzo}
0

has the same distribution under W &) as

*) { (/Ot|f<f>|2df) 20},

where {B(t) : t > 0} is an R-valued Brownian motion.
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(iii) Given f € L2 ([0,00); RY) and ¢t > 0, set hi(7) = OMT f(s) ds. Show that
the W (N)_distribution of the process {Z(h}) : ¢ > 0} is the same as that the
process in (*). In particular, conclude (cf. part (ii) of Exercise 4.3.16) that there
is a continuous modification of the process {Z(h}) : ¢ > 0}. For reasons made

clear in (ii), such a continuous modification is denoted by

{/Otf(r)-dé)(r):tz()}.

Of course, unless f has bounded variation, the integrals in the preceding are
no longer interpretable as Riemann-Stieltjes integrals. In fact, they not even
defined @ by 8 but only as a stochastic process. For this reason, they are called
stochastic integrals.

EXERCISE 8.2.14. Define R, as in (8.2.8), and show that
1 -1 2
1044 [Rf]’] P = exp [@Z)HQHH} for all p € (0, 00).

EXERCISE 8.2.15. Here is another way to think about Segal’s half of Theorem
8.2.9. Using Lemma 8.2.3, choose {z}, : n > 0} C E* so that {h,: : n > 0} is
an orthonormal basis for H. Next, define F : E — RN so that F(x), = (z,z})
for each n € N, and show that F, W = 'y(l)\il and (F o 7y) W =[] Yan,1, where
an = (y, ). Conclude from this that (). W L W if 7', L[] va,,1- Finally,
use this together with Exercise 5.2.34 to see that (7). W L W if Y % a2, = oo,
which, by Lemma 8.2.3, will be the case if y ¢ H.

§8.3 From Hilbert to Abstract Wiener Space

Up to this point I have been assuming that we already have at hand a non-
degenerate, centered Gaussian measure VW on a Banach space E, and, on the
basis of this assumption, we produced the associated Cameron—Martin space H.
In this section, I will show how one can go in the opposite direction. That is,
I will start with a separable, real Hilbert space H and show how to go about
finding a separable, real Banach space E for which there exists a W € M, (E)
such that (H, E, W) is an abstract Wiener space. Although I will not adopt his
approach, the idea of carrying out such a program is Gross’s.

Warning: From now on, unless the contrary is explicitly stated, I will be as-
suming that the spaces with which I am dealing are all infinite dimensional,
separable, and real.

§8.3.1. An Isomorphism Theorem. Because, at an abstract level, all infinite
dimensional, separable Hilbert spaces are the same, one should expect that, in a
related sense, the set of all abstract Wiener spaces for which one Hilbert space
is the Cameron—Martin space is the same as the same as the set of all abstract
Wiener spaces for which any other Hilbert space is the Cameron—Martin space.
The following simple result verifies this conjecture.
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THEOREM 8.3.1. Let H and H' be a pair of Hilbert spaces, and suppose that
F is a linear isometry from H onto H'. Further, suppose that (H,E,W) is an
abstract Wiener space. Then there exists a Banach space E' 2 H' and a linear
isometry F from E onto E' such that F | H = F and (H’,E’,F*W) is an
abstract Wiener space.

PROOF: Define ||h/|| g = |[F~1H| g for b’ € H', and let E’ be the Banach space
obtained by completing H" with respect to || - ||g/. Trivially, H’ is continuously
embedded in E’ as a dense subspace, and I’ admits a unique extension F' as an

isometry from E onto E’. Moreover, if (z/)* € (E')* and F" is the adjoint map
from (E')* onto E*, then

(W Bly.) = (B (2)) = (F70 FT (2)")
= (F7'W hpr gy ) g = (W Fhigr (o) oo

and so hzx,)* = Fhpr (.- Hence,

EE-W [eﬁ@',(x’)*q — W [eﬁm,(m'm] — EW [eﬁmﬁ(w')*q

= pT oy I3 —3IF Ryl —3IR 3
= 2WMFT@)*IlH — o7 2 (') —e 2 oy Nm’

which completes the proof that (H "E, F*W) is an abstract Wiener space. [J

Theorem 8.3.1 says that there is a one-to-one correspondence between the ab-
stract Wiener spaces associated with one Hilbert space and the abstract Wiener
spaces associated with any other. In particular, it allows us to prove the theorem
of Gross which states that every Hilbert space is the Cameron—Martin space for
some abstract Wiener space.

COROLLARY 8.3.2. Given a separable, real Hilbert space H, there exists a
separable Banach space E and a W € M (E) such that (H, E,)V) is an abstract
Wiener space.

PRrOOF: Let F : H'(R) — H be an isometric isomorphism, and use Theorem
8.3.1 to construct a separable Banach space F and an isometric, isomorphism
F : ©O(R) — E so that (H,E,W) is an abstract Wiener space when W =
Ewh. O

It is important to recognize that although a non-degenerate, centered Gaussian
measure on a Banach space F determines a unique Cameron—Martin space H,
a given H will be the Cameron—-Martin space for an uncountable number of
abstract Wiener spaces. For example, in the classical case when H = H'(RV),
we could have replaced ©(R™) by a subspace which reflected the fact that almost
every Brownian path is locally Hélder continuous of any order less than a half.
We see a definitive, general formulation of this point in Corollary 8.3.10 below.
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§8.3.2. Wiener Series. The proof which I gave of Corollary 8.3.2 is too non-
constructive to reveal much about the relationship between H and the abstract
Wiener spaces for which it is the Cameron—Martin space. Thus, in this sub-
section I will develop another, entirely different, way of constructing abstract
Wiener spaces for a Hilbert space.

The approach here has its origins in one of Wiener’s own constructions of
Brownian motion and is based on the following line of reasoning. Given H,
choose an orthonormal basis {h, : n > 0}. If there were a standard Gauss
measure YV on H, then the random variables {X,, : n > 0} given by X,,(h) =
(h, hn) 5 would be independent, standard normal R-valued random variables,
and, for each h € H, > ° X,,(h)h,, would converge in H to h. Even though
W cannot live on H, this line of reasoning suggests that a way to construct an
abstract Wiener space is to start with a sequence {X,, : n > 0} of R-valued,
independent standard normal random variables on some probability space, find
a Banach space F in which Zgo X, hy, converges with probability 1, and take
W on FE to the distribution of this series.

To convince oneself that this line of reasoning has a chance of leading some-
where, one should observe that Lévy’s construction corresponds to a particu-
lar choice of the orthonormal basis {h,, : m > 0}.* To see this, determine
{Pkn : (kyn) € N} by

1 on [k2'7", (2k+1)27")
hio = Ly k1) and by, = 2"7{ -1 on [(2k +1)27, (k + 1)2'~7)

0 elsewhere

for n > 1. Clearly, the hkyn’s are orthonormal in Lz([O, oo);R). In addition, for
each n € N, the span of {hkm . k € N} equals that of {1jzo-n (k41)2-n) : k € N}.
Perhaps the easiest way to check this is to do so by dimension counting. That
is, for a given (¢,n) € N?, note that

{hoo} U{hgm = 2" <k < ((+1)2" Pand 1 <m < n}

has the same number of elements as {1jpo-—n (r1)2-n) @ €27 < k < (£+1)2"}
and that the first is contained in the span of the second. As a consequence, we
know that {hkn : (k,n) € N?} is an orthonormal basis in L2([0, oo);R), and so,
if hyn(t) = fg hjn(T)d7 and (ey,...,ey) is an orthonormal basis in RV, then

{hy i = hpne;: (k,n,i) € N> x {1,...,N}}

* The observation that Lévy’s construction (cf. §4.3.2) can be interpreted in terms of Wiener
series is due to Z. Ciesielski. To be more precise, initially Ciesielski himself was thinking
entirely in terms of orthogonal series and did not realize that he was giving a re-interpretation
of Lévy’s construction. Only later did the connection become clear.
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is an orthonormal basis, known as the Haar basis, in H'(RY). Finally, if
{Xkm,i: (k,n,i) e N2x{1,...,N}} is a family of independent, N (0, 1)-random
variables and Xy, , = Zil Xk.n,i€, then

oo N

Z Zxk,m,ihk,m,i(t) = Z Z hk,m(t)Xk,m
m=0 k=0

m=0 k=0 i=1

is precisely the polygonalization which I denoted by B,,(¢) in Lévy’s construction
(cf. §4.3.2).

The construction by Wiener, alluded to above, was essentially the same, only
he chose a different basis for H'(RY). Wiener took hyo(t) = 1 k1) (t) for

k€ N and hy,(t) = Q%I[k,kﬂ)(t) cos(mn(t — k)) for (k,n) € N x ZT, which
means that he was looking at the series

23 sin(mn(t — k))
™m

Z(t — k)1 g1y () X0 + Z 1 kg1) (1) X
k=0

(k,n)eNxZ+t

where again {Xy ,, : (k,n) € N?} is a family of independent, R -valued, N (0, I)-
random variables. The reason why Lévy’s choice is easier to handle than Wiener’s
is that, in Lévy’s case, for each n € Z*T and ¢t € [0,00), hy »(t) # 0 for precisely
one k € N. Wiener’s choice has no such property.

With these preliminaries, the following theorem should come as no surprise.

THEOREM 8.3.3. Let H be an infinite dimensional, separable, real Hilbert
space and E a Banach space into which H is continuously embedded as a dense
subspace. If for some orthonormal basis {h,, : m > 0} in H the series

o0
Z Emhay, converges in B

m=0

(8.3.4)
for ygtl—almost every € = (&,.. . &m,...) €RY

and if S : RN — F is given by

> _o&mhm  when the series converges in E
5(8) = .

0 otherwise,
then (H ,E,W) with W = S*'ygl, 1 Is an abstract Wiener space. Conversely, if
(H,E,W) is an abstract Wiener space and {h,, : m > 0} is an orthogonal
sequence in H such that, for each m € N, either h,, =0 or ||k, || g = 1, then

n p

> Z(hn)hm

m=0

(8.3.5) EW |sup < oo forallp € [1,00),

n>0

E
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and, for W-almost every x € E, > _ [Z(hm)|(x)hm converges in E to the
W-conditional expectation value of x given U({I (hm) : m > 0}) Moreover,

Z [Z(hm)](x)hy, is W-independent of x — Z [Z(hm)](z)hm,.
m=0 m=0

Finally, if {hy, : m > 0} is an orthonormal basis in H, then, for YW-almost every
z € E, > % [Z(hm)|(x)hm converges in E to x, and the convergence is also in
LP(W; E) for every p € [1,00).

PrOOF: First assume that (8.3.4) holds for some orthonormal basis, and set
Sn(€) = >om_oEmhm and W = S,4(';. Then, because Sy, (£) — S(£) in E for
7%}{ 1-almost every & € RY,

n
— . N — . C1h . ) T
W(.CL'*) = lim EYo.1 [eJT(Sn,A)} — lim | | e~z (haxhm)y — =3l ||H7
n—o0 n— oo
m=0

which proves that (H, E,)V) is an abstract Wiener space.

Next suppose that (H,E,W) is an abstract Wiener space and that {h,, :
m > 0} is an orthogonal sequence with ||k, ||z € {0,1} for each m > 0. By
Theorem 8.2.1, x € LP(W; E) for every p € [1,00). Next, for each n € N, set
Fn = U({I(hm) :0<m< n}) Clearly, F,, C Fpt1 and F = \/02  F, is the
o-algebra generated by {Z(hy,) : m > 0}. Moreover, if S, = 3" _ Z(hum)hm,
then, since {Z(hy,) : m > 0} is a Gaussian family and (z — S, (z),z*) is per-
pendicular in L?(W;R) to Z(hy,) for all z* € E* and 0 < m < n, z — S,(x) is
Wh-independent of F,,, . Thus S,, = EW[z | F,], and so, by Theorem 6.1.12, we
know both that (8.3.5) holds and that S,, — EY[z | F] W-almost surely. In
addition, the W-independence of S, (z) from = — S, (z) implies that the limit
quantities possess the same independence property.

In order to complete the proof at this point, all that I have to do is show that
r = EW[z | F] W-almost surely when {h,, : m > 0} is an orthonormal basis.

Equivalently, I must check that Bg is contained in the W-completion 7W of F.
To this end, note that for each h € H, because > _,(h, k) mhm converges in
H to h,

zn: (hyhm) yZ(ham) =T (Zn: (h, hm)Hhm> — Z(h) in L*(W;R).

m=0 m=0

Hence, Z(h) is F”_measurable for every h € H. In particular, this means that
x ~ (T, x*) is fw—measurable for every x* € E*, and so, since Bg is generated
by {(-,2*): a* € E*}, B CF . O
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It is important to acknowledge that the preceding theorem does not give an-
other proof of Wiener’s theorem that Brownian motion exists. Instead, it simply
says that, knowing it exists, there are lots of ways in which to construct it. See
Exercise 8.3.20 for a more satisfactory proof of the same conclusion in the clas-
sical case, one that does not require the a priori existence of W),

The following result shows that, in some sense, a non-degenerate, centered,
Gaussian measure ¥V on a Banach space does not fit on a smaller space.

COROLLARY 8.3.6. If W is a non-degenerate, centered Gaussian measure on
a separable Banach space E, then E is the support of W in the sense that W
assigns positive probability to every, non-empty open subset of E.

PRrOOF: Let H be the Cameron—Martin space for WW. Since H is dense in F, it
suffices to show that W(BE(g,r)) > 0 for every g € H and r > 0. Moreover,
since, by the Cameron—-Martin formula (8.2.8) (cf. Exercise 8.2.14)

W(Bg(0,7)) = (1_)«W(Bg(g, 7)) = EV[R_,, Bg(g,7)]

2
g2,

<e 2 W(BE(g,r)),

I need only show that W(Bg(0,7)) > 0 for all 7 > 0. To this end, choose an
orthonormal basis {hy,, : m >0} in H, and set S,, = >_"" _ Z(hum)hm. Then, by
Theorem 8.3.3, z ~» S, () is W-independent of x ~ x — S,,(z) and S, (z) — =
in E for W-almost every = € E. Hence, W({||z — S,.(z)||g < 5}) > 3 for some

n € N, and therefore
W(BE(O,T)) > %W(HSnHE < g)

But [|S,]|%2 < ClSull3 =320 _ Z(hm)? for some C < oo, and so

m=0
WISl < 3) = 71 (Bresr (0,55) ) > 0

forany r > 0. O

§8.3.3. Orthogonal Projections. Associated with any closed, linear sub-
space L of a Hilbert space H, there is a an orthogonal projection map Ay, :
H — L determined by the property that, for each h € H, h—II h 1 L. Equiv-
alently, Il A is the element of L which is closest to h. In this subsection I will
show that if (H, E, V) is an abstract Wiener space and L is a finite dimensional
subspace of H, then II; admits a W-almost surely unique extension Pr to FE.
In addition, I will show that Pz — z in L>(W; E) as L / H.

LEMMA 8.3.7. Let (H,E,W) be an abstract Wiener space and {h,, : m >
0} an orthonormal basis in H. Then, for each h € H, Y °_ (h, hp)aZ(hm)
converges to Z(h) W-almost surely and in LP(W;R) for every p € [1,00).
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PROOF: Define the o-algebras F,, and F as in the proof of Theorem 8.3.3. Then,
by the same argument as I used there, one can identify > " _(h, hy)gZ(hm) as
EWI[Z(h)| F,]. Thus, since Vo Bg, the required convergence statement is an
immediate consequence of Corollary 5.2.4. [

THEOREM 8.3.8.  Let (H,E,W) be an abstract Wiener space. For each
finite dimensional subspace L of H there is a W-almost surely unique map
Pr, : E — H such that, for every h € H and W-almost every © € E,
(h, PLI)H = Z(II h)(x), where 11, denotes orthogonal projection from H onto
L. In fact, if {g1,...,9dim)} is an orthonormal basis for L, then Prx =
chhm(L) [Z(g:)]()g:, and so Prx € L for W-almost every x € E. In partic-
ular, the distribution of t € F —— Prx € L under W is the same as that
of (&1,...,&aim(r)) € RIMI) — Ziﬁm(L) &9; € L under ’ygjin(L). Finally,
x ~ Prx is W-independent of x ~ x — Prx.

PRroor: It suffices to note that

0 4 0
I(Mph) =T (Z(h,gmgk) = (hgr)nZ(gr) = (Z Z(91) g h)
k=1

k=1 k=1 H

forallhe H O

We now have the preparations needed to prove a result which shows that my
definition of abstract Wiener space is the same as Gross’s. Specifically, Gross’s
own definition was based on the property proved in the following.

THEOREM 8.3.9. Let (H, E,W) be an abstract Wiener space, {h,, : n > 0}
an orthonormal basis for H, and set L, = span({hg, e hn}) Then, for all
€ > 0 there exists an n € N such that EV[||Ppz||%] < €* whenever L is a finite
dimensional subspace which is perpendicular to L,,.

Proor: Without loss in generality, I will assume that || - ||z < - ||#-

Arguing by contradiction, I will show that if the asserted property does not
hold then there would exist an orthonormal basis {f, : n > 0} for H such
that > 0" Z(fn) fn fails to converge in L?(W; E). Thus, suppose that there ex-
ists an € > 0 such that for all n € N there exists a finite dimensional L 1 L,
with EW[||Prz||%] > €. Under this assumption, define {n,, : m > 0} C N,
{l : m >0} C N, and {{fo,..., fa,,} : m > 0} C H inductively by
the following prescription. First, take np = 0 and fy = hg. Next, knowing
N and {fo,..., fn,, }, choose a finite dimensional subspace L L L, so that
EW [||PL:1:||%E] > €2, set £, = dim(L), and let {gm1,---+9m.z, } be an orthonor-
mal basis for L. For any § > 0 there exists an n > n,, + £,, such that

tm
> (e grmis e, gm.g) — 81 5] < 6.

,j=1
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In particular (cf. Exercise 8.3.16), if § € (0,1), then the elements of {II, gm.; :
1 < i </{,,} are linearly independent and the orthonormal set {g,,; : 1 <17 <
{;,} obtained from them via the Gram-Schmidt orthogonalization procedure
satisfies

Lo Lo,
Z Gm,i — Gmillo < Ko, Z ’(HLngm,i,HLngm,j) - 5i,j|

i=1 ij=1

for some K,,, < co which depends only on ¢,,,. Moreover, and because L 1 L, _,
m,i L Ly, forall 1 <i </{,,. Hence, we can find an 7,41 > n,, + £y, so that
span ({hn : Ny < n < Nyqr}) admits an orthonormal basis { fr,,+1, - -« frams |
with the property that Zf’"’ \9mi = frmtilln < 5

Clearly {f, : n > 0} is an orthonormal basis for H. On the other hand,

Nor o, 273 Lo 2
EW Z I(fn)fn Z € — EW Z(Z(gm,i)gm,i - I(fnm—i-i)fnm-l—i)
n=nm+1 E 1 E

L 1
> e = S BV Z(9mi)9mi — T(Famsi) Frmril ) 2
1

1
2

and so, since EVY [HI(gi,m)ng — I(fnm+i)fn7n+i}|2] is dominated by

1 1
EW[H (I(gm,z) - I(fnm+i))gm,i‘|il] 2+ EW [I(fnm+i)2] : Hgm,i - fnm+i||H
< 2||gm,i = frp+ill &>

we have that

N+l 272
EVAN D Z(fa)fn > % for all m > 0,
N +1 E

and this means that Y o° Z(f,)f, cannot be converging in L*(W; E). O

Besides showing that my definition of an abstract Wiener space is the same
as Gross’s, Theorem 8.3.9 allows us to prove a very convincing statement, again
due to Gross, of just how non-unique is the Banach space for which a given
Hilbert space is the Cameron—Martin space.

COROLLARY 8.3.10. If (H,E,W) is an abstract Wiener space, then there
exists a separable Banach space Ey which is continuously embedded in E as a
measurable subset and has the properties that W(Ey) = 1, bounded subsets of
Ey are relatively compact in E, and (H, Eq, W | E()) is again an abstract Wiener
space.
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PRrROOF: Again I will assume that || - ||z < || - || &-

Choose {z} : n > 0} C E* so that {h, : n > 0} is an orthonormal basis
in H when h,, = hyx, and set L, = span({ho,...,hn}). Next, using Theo-
rem 8.3.9, choose an increasing sequence {n,, : m > 0} so that ng = 0 and
EW[HPL:UH%]% < 27™ for m > 1 and finite dimensional L L L,, , and define
Q¢ for £ > 0 on F into H so that

nyg
Qoz = (z,z9)ho and Qex = Z (x,2) ) h, when £> 1.

n=ng_1+1

Finally, set S,,, = P, = > ity Qr, and define Ej to be the set of 2 € E such
that

|zl 5, = [Qozlls + Y || Quells < oo and  |[[Spa — ||z — 0.
=1

To show that || - ||g, is a norm on Ej and that Ey with norm || - || g, is a
Banach space, first note that if z € Ey then

m
lzlle = lim [[Smzle < [Qozle + lim Y Qs < |lz] g,

m—ro0 /=1

and therefore || - || g, is certainly a norm on Ey. Next, suppose that the sequence
{zr : k > 1} C Ej is a Cauchy sequence with respect to || - ||g,- By the
preceding, we know that {x : k > 1} is also Cauchy convergent with respect to
| - ||z, and so there exists an x € E such that x;, — z in E. We need to show
that € Ey and that ||z —z||g, — 0. Because {z} : k > 1} is bounded in Ey,
it is clear that ||z||g, < co. In addition, for any m >0 and k > 1,

|2 = Smzllp = lim [z — Spaellp < lim |20 — Syl s,
£— 00

L— 00
= lim Y n?|Quaelle < D n?|Quak +sup |z — x| -
£—=00 p>m n>m >k

Thus, by choosing k for a given € > 0 so that sup,s; [|[z¢ — zkl|lg, < € we
conclude that lim,, o ||z — Spx||g < € and therefore that S,z — = in E.
Hence, x € Ey. Finally, to see that z;, — x in Ej, simply note that

|z = zkllg, = 1Qo(x — k)2 + > m2(|Qum(z — 21)||e

m=1

£—00

oo
< lim <||Qo(xe —ap)lle+ > m?|Qum(ze — xk)HE) < sup 2o — 21| B,
>

m=1
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which tends to 0 as &k — oo.

To show that bounded subsets of Ey are relatively compact in E, it suffices
to show that if {z; : ¢ > 1} C Bg,(0, R), then there is an z € E to which a
subsequence converges in F. For this purpose, observe that, for each m > 0,
there is a subsequence {xy, : k > 1} along which S,,xs, converges in L, .
Hence, by a diagonalization argument, {xy, : k& > 1} can be chosen so that
{Smxe, : k> 1} converges in L, for all m > 0. Since, for 1 < j < k,

lze, — 2, |5 < |Smze, — Smre, |z + Y 1Qn(2e, — 24,)| 2

n>m

1
< ||Smae, — Sme, |5 +2R D ol

n>m

it follows that {zy, : k > 1} is Cauchy convergent in E and therefore that it
converges in F.

I must still show that Ey € Bg and that (H, Eg, W) is an abstract Wiener
space when Wy = W | Ey. To see the first of these, observe that x € E ——
|z|| g, € [0,00] is lower semi-continuous and that {x : ||Sy,z—z||p — 0} € Bg.
In addition, because, by Theorem 8.3.3, ||S,,z — x||g — 0 for W-almost every
z € E, we will know that W(Ep) = 1 once I show that W(||z| g, < o0) =1,
which follows immediately from

EY [zl 2] = EV [ Quzlle] + Y m®E [|Qume]|£]
1
< E™[IQuzllz] + 3 m*EW [[Qumael3]* < cc.
1

The next step is to check that H is continuously embedded in Fy. Certainly
he H = |Swh —hlg < [[Smh — h|lg — 0. Next suppose that h €
H \ {0} and that h L L, , and let L be the line spanned by h. Then Pz =
M52 [Z(R)](z)h, and so, because L L L, ,

1hlle _ NIhle
1Al 1Al

— > EW[I(h)?]?

Hence, we now know that h L L, = ||hllg < 27™|h||g. In particular,
1Qm+1h|le < 27"|Qme1hllg < 27™| h||g for all m > 0 and h € H, and so

oo oo m2
IRl = [Qohlle + Y m*|Quhle < (1 +2 z_:l 2m> 2]l = 25]|Al -

m=1
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To complete the proof, I must show that H is dense in Ey and that, for each
y* € Ef, Woly*) = ezl where Wy =W | E, and hy« € H is determined
by (h, hy*)H = (h,y*) for h € H. Both these facts rely on the observation that

|2 = Smallz, = > n*[|Qnallz — 0 for all x € E.

n>m

Knowing this, the density of H in Ej is obvious. Finally, if y* € E{, then, by
the preceding and Lemma 8.3.7,

(w.y) = Tim (Spuay) = Tm 3 (e,an) b, y?)
n=0
= i (ko) g [E(h)] (@) = [Z(00)] (@)
n=0

for Wy-almost every = € Ey. Hence (-,y*) under W is a centered Gaussian
with variance ||hy+[/%,. O

§8.3.4. Pinned Brownian Motion. Theorem 8.3.8 has a particularly inter-
esting application to the classical abstract Wiener space (H*(RY), O(RY), ww )) I
Namely, suppose that 0 = tg < t; < --- < t,, and let L be the span of
{htme :1<m<nandec SN_l}, where hy(7) =t A 7. In this case,

" hy —h
PLo=>" ﬁ(e(tm —0(tm-1)).
m=1

—O(tm—1) — = (O(tn) — O(tm—1)) if t € [tim—1,tm]
—0(t,) if £ € [tn,00).

tn).§ € O(RY) is given by

-----

n
htnz B htm 1

Ym = Ym-—1
m=1 tm_tm—l ( " " )

where ¥ = (y1,...,yn) and yo = 0, then, for any Borel measurable I : O(RY) x
(RN)n — [0700)7

/ F(0.(0(1)......0(t.) ) W (a0)
O(RY)

(8.3.12) . N .
= / < / F(e(tl ,,,,, tn),§7Y) W( )(d0)> Y0,C(t1,..., tn)(d}’)7
(RN)™ ©(RN)
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where C(t1,...,tn)(m,i),(m/i) = tm At 00 for 1 <m,m’ <nand 1 <4,i" <N
is the covariance of @ ~ (8(t1),...,0(t,)) under W), Equivalently, if

htm 1

mo
—tm1

é(tl,.“,t =0, + Z
then

/ F(0.(8(11) — 0(10). ... 0(1,) — 0(1,-)) ) W(do)
8.3.13) o)
( -/ ( [ r.. )w<N><de>>%,n<t1,...,tn><dy>,

(RY)™ O(RY)

where D(t1, ..., tn) (m.i),(m"ir) = (tm — tm—1)0m,m' ;i for 1 < m,m’ < n and
1 < i,i’ < N is the covariance matrix for (6(t1) — 0(to),...,0(tn) — 0(tn—1))
under W),

There are several comments which should be made about these conclusions. In
the first place, it is clear from (8.3.11) that ¢ ~~ 8, . y(t) returns to the origin
at each of the times {t,, : 1 < m < n}. In addition, the excursions 0, ;) [
[tm—1,tm], 1 <m < n, are independent of each other and of 8, . ;) | [tn,00).
Secondly, if W(N) ) denotes the W (V)_distribution of @ ~- O,,... then
(8.3.12) says that '

itn )Y

N
0~ Wi 0,00,
is a regular conditional probability distribution (cf. §9.2) of W) given the o-
algebra generated by {6(t1),...,6(t,)}. Expressed in more colloquial terms, the
process {0(,517“.7%)79(75) > 0} is Brownian motion pinned to the points
{ym: 1 <m<n} at times {t,, : 1 <m <n}.
§8.3.5. Orthogonal Invariance. Consider the standard Gauss distribution
Y01 on RY. Obviously, 71 is rotation invariant. That is, if O is an orthog-
onal transformation on RY, then Yo,1 is invariant under the transformation
To : RY — RN given by Tox = Ox. On the other hand, none of these
transformations can be ergodic, since any radial function on RV is invariant
under T for every O.

Now think about the analogous situation when RV is replaced by an infinite
dimensional Hilbert space H and (H, E,)V) is an associated abstract Wiener
space. As I am about to show, W still enjoys rotation invariance with respect
to orthogonal transformations on H. On the other hand, because ||z|| g = oo
for W-almost every & € F, there are no non-trivial radial functions now, a
fact which leaves open the possibility that some orthogonal transformation of
H give rise to ergodic transformations for WW. The purpose of this subsection is
to investigate these matters, and I begin with the following formulation of the
rotation invariance of W.



316 VIII Gaussian Measures on a Banach Space

THEOREM 8.3.14. Let (H,E, W) be an abstract Wiener space and O an or-
thogonal transformation on H. Then there is W-almost surely unique, Borel
measurable map To : E — E such that Z(h) o To = Z(OTh) W-almost surely
for each h € H. Moreover, W = (Tp). V.

ProoF: To prove uniqueness, note that if 7 and T’ both satisfy the defining
property for T, then, for each z* € E*,

(Tx,2*) = L(hy)(Tx) = T(O hye) = L(he: )(T'z) = (T, x*)

for W-almost every x € E. Hence, since E* is separable in the weak* topology,
Tx =T 'z for W-almost every z € E.
To prove existence, choose an orthonormal basis {h,, : m > 0} for H, and let
C be the set of z € E for which both > [Z(hm)]|(2)hm and Yo [Z(hum)](2)Ohuml
converge in E. By Theorem 8.3.3, we know that W(C') = 1 and that
S olZ(hw)](x)Oh,, ifzeC

Tox = m=0

v ot { 0 ifegC

has distribution W. Hence, all that remains is to check that Z(h)oTe = Z(OTh)
W-almost surely for each h € H. To this end, let * € E*, and observe that

Z(he)|(Tox) = (Tox,2*) = > (ha+, Oh) ;[Z(hm)](x)
m=0

= 3 (O hae o) y T () (@)

m=0

for W-almost every z € E. Thus, since, by Lemma 8.3.7, the last of these
series convergences WW-almost surely to Z(O ' h,«), we have that Z(hy-) o To =
Z(OThy+) W-almost surely. To handle general h € H, simply note that both
h € Hv+— Z(h)oTo € L>OW;R) and h € H — Z(O"Th) € L*(W;R) are
isometric, and remember that {h,~ : z* € E*} is dense in H. [

I next want to discuss the possibility of T being ergodic for some orthog-
onal transformations O. First notice that Ty cannot be ergodic if O has a
non-trivial, finite dimensional invariant subspace L, since if {hy,...,h,} were
an orthonormal basis for L, then Y _ Z(h,,)* would be a non-constant, To-
invariant function. Thus, the only candidates for ergodicity are O’s which have
no non-trivial, finite dimensional, invariant subspaces. In a more general and
highly adstract context, I. Segal® showed that the existence of a non-trivial, fi-
nite dimensional subspace for O is the only obstruction to T» being ergodic.
Here I will show less.

* See LLE. Segal’s “Ergodic subsgroups of the orthogonal group on a real Hibert Space,” Annals
of Math., vol. 66 # 2, 1957. For a treatment in the setting here, see my article ?
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THEOREM 8.3.15. Let (H,E,W) be an abstract Wiener space. If O is an
orthogonal transformation on H with the property that, for every g,h € H,
lim (O"g,h),, =0, then To is ergodic.

—n—o0

PRrROOF: What I have to show is that any Tp-invariant element ® € L?(W;R)
is W-almost surely constant, and for this purpose it suffices to check that

*) lim [E”[(2 0 73)@]| = 0

for all ® € L?(W;R) with mean value 0. In fact, if {h,, : m > 1} is an
orthonormal basis for H, then it suffices to check (*) when

®(2) = F([Z(h1)|(2), ..., [Z(hn)](2))

for some N € Z* and bounded, Borel measurable F : RY — R. The reason
why it is sufficient to check it for such ®’s is that, because T is W-measure
preserving, the set of ®’s for which (*) holds is closed in L?(W;R). Hence, if
we start with any ® € L?(W;R) with mean value 0, we can first approximate it
in L2(W;R) by bounded functions with mean value 0 and then condition these
bounded approximates with respect to o ({Z(h1),...,Z(hn)}) to give them the
required form.

Now suppose that ® = F(Z(hy),...,Z(hy)) for some N and bounded, mea-
surable F'. Then

BV [eo150) = [[ F@OFm) 0.0, x dn)

RN xRNV

where

C, — (BII Bi”) with B, = (((hk,O"he)H))lsk’ZSN

and the block structure corresponds to RY x RY. Finally, by our hypothesis
about O, we can find a subsequence {n,, : m > 0} such that lim,,_, B,,, =0,
from which it is clear that vo,c,, tends to yo,1 X 70,1 in variation and therefore

: w Mm _ w 2 _
AE)HOOIE [((boTO )@] =E"[®]*=0. O
Perhaps the best tests for whether an orthogonal transformation satisfies the
hypothesis in Theorem 8.3.15 come from spectral theory. To be more precise, if
H. and O, are the space and operator obtained by complexifying H and O, the
Spectral Theorem for normal operators allows one to write

27
0. = eVl gE,,
0
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where {F, : a € [0,27)} is a resolution of the identity in H. by orthogonal
projection operators. The spectrum of O, is said to be absolutely continuous
if, for each h € H., the non-decreasing function o ~~ (Eah, h) H. is absolutely
continuous, which, by polarization, means that o ~~ (Eah, h ) H. is absolutely
continuous for all h, b’ € H.. The reason for introducing this concept here is
that, by combining the Riemann-Lebesgue Lemma with Theorem 8.3.15, one can
prove that T is ergodic if the spectrum of O, is absolutely continuous.* Indeed,
given h, h' € H, let f be the Radon—Nikodym derivative of o ~~ (Eah, h’)H ,
and apply the Riemann-Lebesgue Lemma to see that ’

27
(O"h,h),, = eV f(a)do — 0 as n — oo.
0

See Exercises 8.3.23, 8.3.24, and 8.5.15 below for a more concrete examples.
Exercises for §8.3

EXERCISE 8.3.16. The purpose of this exercise is to provide the linear algebraic
facts which I used in the proof of Theorem 8.3.9. Namely, I want to show that if
aset {h1,...,h,} C H is approximately orthonormal, then the vectors h; differ
by very little from their Gram—Schmidt orthognalizaion.

(i) Suppose that A = ((“ij))1gi,j§n
diagonal entries are non-negative. Show that there is a C,, < 0o, depending only
on n, such that |Ign — Allop < Cp||Irn — AAT |lop-

Hint: Show that it suffices to treat the case when AAT < 2Ign, and set A =
Iz — AAT. Assuming that AAT < 2Ig~, work by induction on n, at each step
using the lower triangularity of A to see that

€ R"®R™ is a lower triangular matrix whose

N|=

¢
aprane| < |Anel + (AAT)Z Zaﬁj if1<l<n
j=1

n—1

1—a2,| <[Annl+ > al,.
=1

(ii) Let {h1,...,hn} C H, set B = (((hi’hj)H))1gi,jgn
B|lop < 1. Show that the h;’s are linearly independent.

, and assume that ||Ign —

(iii) Continuing part (ii), let {f1,..., fn} be the orthonormal set obtained from
the h;’s by the Gram—Schmidt orthogonalization procedure, and let A be matrix
whose (7,7)th entry is (h;, ;). Show that A is lower triangular and that its
diagonal entries are non-negative. In addition, show that AAT = B.

* This conclusion highlights the poverty of the result here in comparison to Segal’s result,
which says that T is ergodic as soon as the spectrum of O, is continuous.
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(iv) By combining (i) and (iii), show that there is a K,, < co, depending only
on n, such that

Znh — fillu < Kn Z|5w (hi,h)m .

4,j=1

Hint: Note that h; = 3.7

j—1@ij f; and therefore that

n

Ihs = filll = (Tan — A); < n|Ten — A2,

Jj=1

EXERCISE 8.3.17. Given a Hilbert space H, the problem of determining for
which Banach spaces H arises as the Cameron—Martin space is an extremely
delicate one. For example, one might hope that H will be the Cameron—Martin
space for E if H is dense in E and its closed unit ball By (0, 1) is compact in E.
However, this is not the case. For example, take H = ¢2(N;R) and let E be the

completion of H with respect to [|€]lg = \/D neo fil. Show that Bg(0,1) is

compact as a subset of E but that there is no W € M; (E) for which (H, E, W)
is an abstract Wiener space.

Hint: The first part is an easy application of the standard diagonalization ar-
2

gument combined with the obvious fact that ) . ni’_‘l < ﬁ||£|’g2(N;R). To

prove the second part note that in order for W to exist it would be necessary

%) 2
for >, +1
EXERCISE 8.3.18. Let N = 1. Using Theorem 8.3.3, take Wiener’s choice of or-

thonormal basis and check that there are independent, standard normal random
variables {X,, : m > 1} under W such that, for WD -almost almost every 6,

| — t
0(t) = tXo(0) + 2% > X,(0) M, t [0, 1],
m=1

where the convergence is uniform. From this, show that, W()-almost surely,

/6 2 g1 — Xo i >2+¢§Xo(0)Xm(0)’

m2

where the convergence of the series is absolute. Using the preceding, conclude
that, for any a € (0, 00),

v [_a/olg(t)%lt} = lﬁ <1+ 7712;;72”

m=1

N=
N

= 1
! +4amz::l m2n? 4 2«
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Finally, recall Euler’s product formula

oo 2
inh z = 1 eC
sinh z 71_:[1 ( + m27r2> Z )

and arrive first at

WV [exp <a /01 6(t)2dt>] = [cosh v2a] *

and then, after an application of Brownian rescaling, at

gV lexp <—a /TQ(IE)2 dt)] = [cosh \/%T]_%.

This is a famous calculation which can be made using many different methods.
We will return to it in §10.1.3. See, in addition, Exercise 8.4.6.

Hint: Use Euler’s product formula to see that

d sinht = 1

dt 2 4 ¢2

EXERCISE 8.3.19. Related to the preceding exercise, but easier, is finding the
Laplace transform of the variance

Vr(0) = ;/OT 0(t)* dt — (;, /OTe(t) dt)

of a Brownian path over the interval [0,7]. To do this calculation, first use
Brownian scaling to show that

A [e—aVT] — v [e—aTvl].

Next, use elementary Fourier series to show that (cf. part (iii) of Exercise 8.2.13)

. 2
= 22 </01 0(t) cos(kmt) dt) — i (fo fkk(z:jg(tD ;

k=1

where fi(t) = 22 sin(krt) for k > 1. Since the f’s are orthonormal as elements
of L?([0,00);R), this leads to
o _1
whr _avy] _ 2a 2
EV " [e 1]_H<1+k2 2> :
k=1
Now apply Euler’s formula to arrive at

2aT
sinh(v/2aT)
Finally, using Wiener’s choice of basis, show that 6 ~ V7(6) has the same dis-

tribution as 6 ~ fol 6(t) — t9(1))2dt under W) a fact for which I have no
conceptual explanation.

EW [e*@VT] —
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EXERCISE 8.3.20. The purpose of this exercise is to show that, without know-
ing ahead of time that W) lives on ©(RY), for the Hilbert space H'(RY) one
can give a proof that any Wiener series converges 75 1-almost surely in O(RY).
Thus, let {h,, : m > 0} be an orthonormal basis in H(RY) and, for n € N and
W = (Wos- -+ W, -..) € RN set S, (t,w) = Y0 _ wihy,(t). The goal is to show

that {S,(-,w): n >0} converges in O(RY) for { ;-almost every w € RY.

(i) For & € RN, set h; ¢(7) = tATE, check that (E, Sn(t))RN = (ht,g, Sn(t))Hl(RN),
and apply Theorem 1.4.2 to show that lim, (&, Sn(t))RN exists both ’Y(I)\I,r
almost surely and in L?(vy;R) for each (t,€) € [0,00) x RY. Conclude from
this that, for each ¢t € [0,00), lim,,—,oc S, (t) exists both ygl—almost surely and
in LQ(*ygtl; RM).

(ii) On the basis of part (i), show that we will be done once we know that,
for 'y(Iil—almost every x € RV, {S,(-,x) : n > 0} is equicontinuous on finite
intervals and that sup,,>ot~ 'Sy (t,x)| — 0 as t — oo. Show that both these
will follow from the existence of a C' < oo such that

’Sn(t> - Sn(s)‘

sup sup -

(*)  E%
0<s<t<T n>0 (t—s)8

< CT% forall T € (0, 00).

(iii) As an application of Theorem 4.3.2, show that (*) will follow once one
checks that

E0.1 {Sup IS, (t) — sn(s)ﬂ <B(t-s)? 0<s<t,
n>0

for some B < oo. Next, apply (6.1.14) to see that

B fsup[S.() - S,(9)'] < (;f)pE [1S4(6) = Su ().

n>0 n>0

In addition, because S, (t) — S, (s) is a centered Gaussian, argue that

EY0.1 [|Sn(t) _ Sn(3)|4] < 3E0.1 [|Sn(t) — Sn(s)|2]2.

Finally, repeat the sort of reasoning used in (i) to check that
B0 [|S,,(t) — Sn(s)]?] < N(t —s) for0<s<t.

EXERCISE 8.3.21. In this exercise we discuss some properties of pinned Brow-
nian motion. Given T' > 0, set O7(t) = 0(t) — LL60(T). As I pointed out at
the end of §8.3.2, the W (M) distribution of @ is that of a Brownian motion
conditioned to be back at 0 at time 7. Next take O7(RY) to be the space of
continuous paths 0 : [0,T] — RY satisfying 8(0) = 0 = 6(T), and let W:(FN)
denote the W (M)_distribution of 8 € O(RY) — 07 € O7(RV).
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(i) Show that the W (N)_distribution of {67 (t) : t > 0} is the same as that of
{T260,(T't): t >0}

(ii) Set HLM®RY) = {h | [0,7] : h € HYRY) & h(T) = 0}, and define
||h||H§_‘(RN) = ||1:l||L2([07T];RN). Show that the triple (H%(RN%@T(RN),W;N))
is an abstract Wiener space. In addition, show that WFEFN) is invariant under
time reversal. That is, {0(t) : t € [0,T]} and {6(T —t) : t € [0,T]} have the
same distribution under W;N).

Hint: Begin by identifying ©7(RY)* as the space of finite, RY-valued Borel
measures A on [0, 7] such that A({0}) = 0= X({T"}).

EXERCISE 8.3.22. Say that D C E* is determining if z = y whenever (x,z*) =
(y,x*) for all z* € D. Next, referring to Theorem 8.3.14, suppose that O is an
orthogonal transformation on H and that F' : E — F has the properties that
F | H= 0 and that x ~» (F(z),z*) is continuous for all z*’s from a determining
set D. Show that Tox = F'(z) for W-almost every x € E.

EXERCISE 8.3.23.  Consider (HY(RY),O(RN),W @), the classical Wiener
space. Given a € (0,00), define O, : H'(RY) — H(RY) by [O,h](t) =
of%h(at), show that O, is an orthogonal transformation, and apply Exer-
cise 8.3.22 to see that T, is the Brownian scaling map S, given by S,0(t) =
a2 0(at) discussed in part (iii) of Exercise 4.3.10. The main goal of this exercise
is to apply Theorem 8.3.15 to show that T, is ergodic for every a € (0, 00)\{1}.

(i) Given an orthogonal transformation O on H*(RY), show that (O”h, h’)H1 (RN)I
tends to 0 for all h, h’ € HY(RV) if lim,, o ((’)”h,h’) =0 forall h, h'
H(RY) with h, b’ € C°((0, 00); RY).

H(RN)

(ii) Complete the program by showing that (Ogh, h’ )Hl(RN) tends to 0 for all

a € (0,00)\ {1} and h, h' € H'(RY) with h, h’ € C2°((0, 00); RV).

(iii) There is another way to think about the operator O,. Namely, define
U:H(RY) — L2(R;RN) by Uh(z) = e h(e"), and show that U is an isometry
from HY(RY) onto L?(R; RY). Further, show that Uo O, = TjogaoU, where 7, :
L?(R;RY) — L2(R;RY) is the translation map 7, f(z) = f(x + ). Conclude
from this that

(2 1) gy = (2) [ VI8 (), UW) .

and use this, together with the Riemann-Lebesgue Lemma, to give a second

proof that if @ # 1 then (OZh, h’)Hl(RN) tends to 0 as n — oco.
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(iv) As a consequence of the above and Theorem 6.2.8, show that for each
a € (0,00)\ {1}, ¢ € [1,00), and F € LYW M) C),

n—1
1
lim — 3" F(San0) = EW ™ [F] W ™) -almost surely and in LYW @™);C).
n—soo N
m=0

Next, replace Theorem 6.2.8 by Theorem 6.2.13 to show that

t

1
im — [ 7 1F(S,0)dr =BV [F]
t—oo logt /g

W (N)_almost surely and in Lq(W(N); C). In particular, use this to show that,
for n € N,

t

1 n
lim — [ 772719(r)"dr = {

izl(Qm —1) ifniseven

t—oo logt Jy 0 if n is odd.

EXERCISE 8.3.24. Here is a second reasonably explicit example to which The-
orem 8.3.15 applies. Again consider the classical case when H = H'(RY), and
assume that N € Z7T is even. Choose a skew-symmetric A € Hom(RY;RY)
whose kernel is {0}. That is, AT = —4 and Ax =0 = x = 0.

(i) Define ©4 on H(RY) by

Oah(t) = /Ot e™h(r) dr,

and show that O 4 is an orthogonal transformation which satisfies the hypotheses
in Theorem 8.3.15.

Hint: Using elementary spectral theory, show that there exist non-zero, real
numbers ar, ... yoy and an orthonormal basis (eg,...,ey) in RY such that

Aesy_1 = ap€o, and Aes,, = —ameam—1 for 1 <m < % Thus, if L,, is the
space spanned by eg,,_1 and es,,, then L,, is invariant under A and the action
of ™ on L,, in terms of this basis is given by

<cos(am7') — sin(amT)) .

sin(a,7)  cos(am,T)

Finally, observe that O% = 0,4, and apply the Riemann-Lebesgue Lemma.
(ii) With the help of Exercise 8.3.22, show that

To 0(t) = /O " de(r),

where the integral is taken in the sense of Riemann-Stieltjes.
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§8.4 A Large Deviations Result and Strassen’s Theorem

In this section I will prove the analog of Corollary 1.3.13 for non-degenerate,
centered Gaussian measures on a Banach space. Once we have that result, I will
apply it to prove Strassen’s Theorem, which is the law of the iterated logarithm
for such measures.

§8.4.1. Large Deviations for Abstract Wiener Space. The goal of this
subsection is to derive the following result.

THOEREM 8.4.1. Let (H, E,WW) be an abstract Wiener space, and, for e > 0,
denote by W, the W-distribution of x ~ €3z Then, for each I € Bg,

R 117
inf < lim elog W, (T")

here 2 .
(8.4.2) 0

_ hl|2
< lim elogW,(T') < — inf m.
eNO her

The original version of Theorem 8.4.1 was proved by M. Schilder for the classi-
cal Wiener measure using a method which does not extend easily to the general
case. The statement which I have given is due to Donsker and S.R.S. Varadhan,
and my proof derives from an approach (which very much resembles the argu-
ment’s given in §1.3 to prove Cramér’s Theorem) was introduced introduced
into this context by Varadhan.

The lower bound is an easy application of the Cameron—Martin formula. In-
deed, all that we have to do is show that if h € H and r > 0, then

h 2
(*) lim elog We (Bg(h,r)) > | ”H.
eN0 2

To this end, note that, for any z* € E* and § > 0,

We(BE(hl’*75)) = W(BE(E_%}ZQ;*,E_%(S))
— EW [e—e—%(m,zﬂ_iuhm*||§173E(0)6_%5)]

> 6—56—1||x*|\m—2—1€||h2*H?{W(BE(O’6—%5))’

which means that

. B |2
Be(he,0) € Be(h,r) = TclogWe(Be(hye, ) =~ - — 1"

and therefore, after letting 6 \, 0 and remembering that {h,- : © € E*} is dense
in H, that (*) holds.
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The proof of the upper bound in (8.4.2) is a little more involved. The first step
is to show that it suffices to treat the case when I is relatively compact. To this
end, refer to Corollary 8.3.10, and set C'r equal to the closure in E of Bg, (0, R).
By Fernique’s Theorem applied to W on Ey, we know that EYY [ea”zlleo] <K<
oo for some o > 0. Hence

R2

We(E\Cr) =W(E\C 4 ) < Ke ™,

and so, for any I' € Bg and R > 0,

2

W.(T) < 2We(T N Cr) V (Ke™ ).

Thus, if we can prove the upper bound for relatively compact I'’s, then, because
I' N Cg is relatively compact, we will know that, for all R > 0,

. hlI2
lim elog W, (T") < — {(inf ”|H) A (OcRQ)] ,
N0 hel
from which the general result is immediate.
To prove the upper bound when I is relatively compact, I will show that, for
any y € B,

o vl
(**) lim lim elog W, (Bg(y,r)) < 2t ity el
N0 N0 —00 ifyée¢ H.

To see that (**) is enough, assume that it is true and let I' € Bg\ {0} be relatively

compact. Given 3 € (0, 1), for each y € T choose 7(y) > 0 and €(y) > 0 so that

(1-8) 2
6_ 2¢ HyHH lf 6 H
We(Be(y,ry) <4 /
e Pe ifyd¢ H

for all 0 < € < €(y). Because T is relatively compact, we can find N € Z* and

{y1,...,yn} C T such that ' C Ufi Bg(Yn, ), where r, = r(y,). Then, for
sufficiently small € > 0,

wim) < vesp (- | (15 e i) 4 ).

lim elogW,(I') < — inf ||h A I
T elog W) < - | (457 int il ) 1

and so

Now let 5\, 0.
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Finally, to prove (**), observe that

We(BE(y;T>) = W(BE(%,L)> — EW [e—e*ﬂx,x*)ee*f(nx*)’ BE(%

€

2l

%\*

b 112
Z ||z g )
)

< e (e rle s W [ Heat)] 2 o= (wer-

for all z* € E. Hence,

< - *) — 2|y
lli‘%ll\’r‘%elogw e(Be(y,r)) < ;EIE)*«%QC ) = 3llhe

)

Finally, note that the preceding supremum is the same as half the supremum

g = 1, which, by Lemma 8.2.3, is equal to % if

of (y,x*) over x* with ||hy»
ye Handtoooify ¢ H.

An interesting corollary of Theorem 8.4.1 is the following sharpening, due to
Donsker and Varadhan, of Fernique’s Theorem.

COROLLARY 8.4.3. Let W be a non-degenerate, centered, Gaussian measure on
the separable Banach space E, let H be the associated Cameron—Martin space,
and determine ¥ > 0 by X~1 = inf{||h||y : ||h||g = 1}. Then

1
. —2 > = ——.
ng{l)oR 10gW(HW||E = R) 232

QQ
In particular, EWY [eTHngE] is finite if &« < ¥~! and infinite if & > X1,

Proor: Set f(r) = inf{||h||g : ||h||g > r}. Clearly f(r) = rf(1) and f(1) =
¥ ~1. Thus, by the upper bound in (8.4.2), we know that

T R-2logW (|2l > R) — Tm R-2logWa s (Jas > 1) < ~ L0 _ E_QI
R— o0 = R— o0 R E= - 2 2

Similarly, by the lower bound in (8.4.2), for any § € (0, 1),

lim R~ 2logW(||zg > R) > lim R *logW(|z|r > R)

R—o0 R—o0

2 52
> {” Iz s }z—f(l'; F e o2y

and so we have now proved the first assertion.
2 2
lle|

Given the first assertion, it is obvious that EYY [e%] is finite when a <
¥~ and infinite when o > ¥~'. The case when a = ¥~! is more delicate.
To handle it, T first show that ¥ = sup{||h.«| g g+ = 1}. Indeed, if
x* € E* and ||z*||g- = 1, set g = ”h}:%, note that ||g||g = 1, and check that
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1> (g,2*) = (9, ha+) y = llgllallhe- |- Hence [[ho- |z < |lglly' < 5. Next,
suppose that h € H with ||h||g = 1. Then, by the Hahn—Banach Theorem, there
exists a #* € E* with ||z|| g~ = 1 and (h,2*) = 1. In particular, ||| | he= |7 >
(hyhe-), = (h,z*) = 1, and therefore Az < [[he- ||z, which, together with
the preceding, completes the verification.

The next step is to show that there exists an z* € E* with ||2*|| g+ = 1 such
that ||hy«||g = X. To this end, choose {z} : k > 1} C E* with ||z}||g+ =1 so
that ||hg: |m — X. Because Bp-(0,1) is compact in the weak™ topology and,
by Theorem 8.2.6, z* € E* — h,- € H is continuous from the weak* topology
into the strong topology, we can assume that {z} : £ > 1} is weak™ convergent to
some x* € Bg-(0,1) and that ||h,«|| g = X, which is possible only if ||a*|
Finally, knowing that this x* exists, note that (-,z*) is a centered Gaussian
under W with variance ¥2. Hence, since |z||g > |(z, z*)],

=12,

2
EW[eW] >/e§zz Yog2(d€) = 0o, O
R

§8.4.2. Strassen’s Law of the Iterated Logarithm. Just asin §1.5 we were
able to prove a law of the iterated logarithm on the basis of the large deviation
estimates in § 1.3, so here the estimates in the preceding subsection will allow
us to prove a law of the iterated for centered Gaussian random variables on a
Banach space. Specifically, I will prove the following theorem, whose statement
is modeled on V. Strassen’s famous law of the iterated for Brownian motion (cf.
§8.6.3 below).

Recall from §1.5 the notation A, = ,/2nlog,(nV 3) and S, = i:, where

S =" X,
THEOREM 8.4.4. Suppose that VW is a non-degenerate, centered, Gaussian
measure on the Banach space E, and let H be its Cameron—Martin space.
If {X, : n > 1} is a sequence of independent, E-valued, VW-distributed ran-
dom variables on some probability space (2, F,[P), then, P-almost surely, the
sequence {S, : n > 1} is relatively compact in E and the closed unit ball
By (0,1) in H coincides with its set of limit points. Equivalently, P-almost surely,
limy, 00 |Sn — B (0,1)||z = 0 and, for each h € By(0,1), lim 1S, — Rz =

—n—oC0
0.

Because, by Theorem 8.2.6, By (0,1) is compact in FE, the equivalence of the
two formulations is obvious, and so I will concentrate on the second formulation.
I begin by showing that lim,, . ||S,, — By (0,1)|z = 0 P-almost surely, and
the fact which underlies my proof is the estimate that, for each open subset G
of E and a < inf{||h||g : h ¢ G}, there is an M € (0, 00) with the property that

272
(*) P(%%G)gexp {—OCQ;X } for all n € ZT and A > M+/n.
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To check (*), first note that the distribution of S,, under P is the same as that
of # ~» nzz under W and therefore that P (S—/C ¢ G) = Wﬁ(GC). Hence, (*)
is really just an application of the upper bound in (8.4.2). Given (*), I proceed

in very much the same way as I did at the analogous place in §1.5. Namely, for
any (3 € (1,2),

hm 1S, — Br(0,1)||z < lim max  ||S, — Bx(0,1)||z
m—> ooﬁm 1<n<ﬁ7n

S0 — Bu (0, Ajgm-11) ||

< lim max

~ m—oo gm-1<n<gm An
Sh
< lim max — By (0,1)
m—oo 1<n<gm A[ﬁnL 1] E

At this point in § 1.5 (cf. the proof of Lemma 1.5.3), I applied Lévy’s reflection
principle to get rid of the “max”. However, Lévy’s argument works only for
R-valued random variables, and so here I will replace his estimate by one based
on the idea in Exercise 1.4.25.

LEMMA 8.4.5. Let {Y,, : m > 1} be mutually independent, E-valued random
variables, and set S, = > _, Y, for n > 1. Then, for any closed F C E and
d >0,

P(|Sn — Flls > 9) |
1— Ina'X1<m<n (Hsn - SmHE Z 5)

]P’< max ||Sym — Flle >25)
1<m<n

PROOF: Set
A ={||Sm — Fllg > 2 and ||Sx — Fl|lg < 20 for 1 < k < m}.

Following the hint for Exercise 1.4.25, observe that

P( max IS —F||E>26> lénilé P(||S,, — S|l e < 0)

1<m
< S B(An N {180 — Sullp <31 < 32 B(An N {18, — Fll 2 31),
m=1 m=1

which, because the A,,’s are disjoint, is dominated by P(||S, — F|g >4). O
Applying the preceding to the situation at hand, we see that

P < max > 25)
1<n<pm™ B

([ - B, 2 o)

1 — maxi<n<pgm (HSnHE Z 6A[Bm71]) .

S

- BH (07 1)
A[Bm—1]
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After combining this with the estimate in (*), it is an easy matter to show that,
for each § > 0 there is a 8 € (1,2) such that

o0
E P < max > 26) < 00,
Bm—1<n<pm
m=1 E

from which it should be clear why lim,, o || S, — B (0, 1)|| g = 0 P-almost surely.

The proof that, P-almost surely, lim ., [Sn — hllz = 0 for all h € By (0,1)
differs in no substantive way from the proof of the analogous assertion in the
second part of Theorem 1.5.9. Namely, because B (0, 1) is separable, it suffices
to work with one h € By (0, 1) at a time. Furthermore, just as I did there, I can

reduce the problem to showing that, for each k > 2, ¢ > 0, and h with ||h||g < 1,

i P(|’Skm_km4 — hHE < e) = 00.

m=1

S B0

A[Bmfl]

But, if ||h||g < o < 1, then (8.4.2) says that
P([|Skn pr1 = Bl < €) =W amsns (Bi(h,€)) = e e ®" =5
A2
km _jpm—1

for all large enough m’s.
Exercises for §8.4

EXERCISE 8.4.6. Show that the X in Corollary 8.4.3 is % in the case of the

classical abstract Wiener space (Hl(]RN ), O(RN), W (v )) and therefore that
: -2 N
Jim R logWW ™ (|10]lo@y) > R) = —2.

Next, show that

lim R™2logWy ™) ( sup |0(7)| > R) S

R—o0 T€[0,t]

and that

2
Jim R 1log V) ( sup 0(7)| > R‘G(t) = o) ———
—00

T€[0,t] t
Finally, show that

7.1.2

t
: -1 (N) 20 S p)— _
ngnooR log W (/0 |0(T)|” dr > R) o2
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and that

7T2

t
el () 20 > —0)=_"
Jim R log W (/O 10(7)| dT_R’H(t) 0) o

Hint: In each case after the first, Brownian scaling can be used to reduce the
problem to the case when ¢ = 1, and the challenge is to find the optimal constant
C for which ||h||g < C||h||g, h € H for the appropriate abstract Wiener space
(E,H,W). In the second case E = Co([0,1] : RY) = {6 [0,1]: 8 € ORY)}
and H = {n [ [0,1] : n € H'(R")}, in the third (cf. part (ii) of Exercise 8.3.21)
E =06:(RY) and H = H{(R") , in the fourth E = L*([0,1;RY) and H = {n |
[0,1] : » € HY(RY)}, and in the fifth £ = L*([0,1;RY) and H = H{(RY).
The optimization problems when E = O(RY) or Cy([0,1];RY) are rather easy
consequences of [n(t)| < ¢z [7]/t1: (). When E = ©1(RY), one should start with
the observation that if n € H}(RY), then 2||n|, < Il 21 o,y < lImlle @y
In the final two cases, one can either use elementary variational calculus or one
can use make use of, respectively the orthonormal bases {2% sin (n + %)m— tn >

0} and {22 sinnrr: n > 1} in L2([0,1]; R).

EXERCISE 8.4.7. Suppose that f € C(E;R), and show, as a consequence of
Theorem 8.4.4, that

lim f(S’n) =min{f(h): |h|]|g <1} and n@ f(gn) =max{f(h): [|h||g < 1}'

n—oo

WN-almost surely.

§8.5 Euclidean Free Fields

In this section I will give a very cursory introduction to a family of abstract
Wiener spaces which played an important role in the attempt to give a mathe-
matically rigorous construction of quantum fields. From the physical standpoint,
the fields treated here are “trivial” in the sense that they model “free” (i.e.,
non-interacting) fields. Nonetheless, they are interesting from a mathematical
standpoint, and, if nothing else, show how profoundly properties of a process
are effected by the dimension of its parameter set.

I begin with the case when the parameter set is one-dimensional and the
resulting process can be seen as a minor variant of Brownian motion. As we
will see, the intractability of the higher dimensional analogs increases with the
number of dimensions.

§8.5.1. The Ornstein—Uhlenbeck Process. Given x € RY and 0 € O(RY),
consider the integral equation

1t
(8.5.1) U(t,x,0) =x+0(t) — 2/ U(r,x,0)dr, t>0.
0
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A completely elementary argument (e.g., via Gronwall’s inequality) shows that,
for each x and 6, there is at most one solution. Furthermore, integration by
parts allows one to check that if

t
U(t,o,o)ze—é/ ¢% do(r),
0

where the integral is taken in the sense of Riemann-Stieltjes, then
U(t,x,0) = e 2x+ U(t,0,6)

is one, and therefore the one and only, solution.

The stochastic process {U(t,x) : ¢t > 0} under W) was introduced by
L. Ornstein and G. Uhlenbeck® and is known as the Ornstein—Uhlenbeck
process starting from x. From our immediate point of view, its importance is
that it leads to a completely tractable example of a free field.

Intuitively, U(¢,0,0) is a Brownian motion which is subjected to a linear
restoring force. Thus, locally it should behave very much like a Brownian motion.
However, over long time intervals, it should feel the effect of the restoring force,
which is always pushing it back toward the origin. To see how these intuitive
ideas are reflected in the distribution of {U(¢,0,0) : ¢ > 0}, I begin by using
Exercise 8.2.13 to identify (e, U(t,0)),y as e~ 2Z(hl) for each e € SN~ where
ht () = 2(e™" — 1)e. Hence, the span of { (&, U(t, 0))gn : t>0& &R} is
a Gaussian family in L2(W (M); R), and

Y™ [U(5,0) 2 UL, 0)] = (e= 7 —e )L

The key to understanding the process {U(¢,0) : ¢ > 0} is the observation
that it has the same distribution as the process {e_%B(et - 1) 1t > 0}, where
{B(t) : t > 0} is a Brownian motion, a fact which follows immediately from the
observation that they are Gaussian families with the same covariance structure.
In particular, by combining this with the Law of the Iterated Logarithm proved
in Exercise 4.3.15, we see that, for each e € SV 1,

(8.5.2) = U)o (@ UGX)ey

t—00 2logt oo 2logt

W (NM)_almost surely, which confirms the suspicion that the restoring force damp-
ens the Brownian excursions out toward infinity.

*In their article “On the theory of Brownian motion,” Phys. Reviews 36 (3), L. Ornstein &
G. Uhlenbeck introduced this process in an attempt to reconcile some of the more disturbing
properties of Wiener paths with physical reality.
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A second indication that U(-,x) tends to spend more time than Brownian
paths do near the origin is that its distribution at time ¢ will be 76,%&(176_”1,
and so, as distinguished from Brownian motion itself, its distribution as time
t tends to a limit, namely 7o 31. This observation suggests that it might be
interesting to look at an ancient Ornstein—Uhlenbeck process, one that already
has been running for an infinite amount of time. To be more precise, since the
distribution of an ancient Ornstein-Uhlenbeck at time 0 would be 7o 1, what
we should look at is the process which we get by making the x in U(-,x,8)
a standard normal random variable. Thus, I will say that a stochastic process
{Ua4(t) : t > 0} is an ancient Ornstein—Uhlenbeck process if its distribution
is that of {U(t,x,0) : t >0} under yo1 x W),

If {U4(t) : t > 0} is an ancient Ornstein-Uhlenbeck process, then it is clear
that {(5 , U A(t))RN t>0&ECRY } spans a Gaussian family with covariance

[t—s|

EF [UA(S) ® UA(t)] =e 2 L

As a consequence, we see that if {B(t) : ¢ > 0} is a Brownian motion, then
{e_%B(et) t > O} is an ancient Ornstein—Uhlenbeck process. In addition, as
we suspected, the ancient Ornstein—Uhlenbeck process is a stationary process
in the sense that, for each T' > 0, the distribution of {Us(t + T) : t > 0} is the
same as that of {U 4(t) : ¢ > 0}, which can checked either by using the preceding
represtation in terms of Brownian motion or by observing its covariance is a
function of ¢ — s.

In fact, even more is true: it is time reversible in the sense that, for each T' > 0,
{Ua4(t) : t €]0,T]} has the same distribution as {U4(T —t) : ¢t € [0,T]}. This
observation suggests that we can give the ancient Ornstein-Uhlenbeck its past
by running it backwards. That is, define Ug : [0,00) x RN x O(RY)2 — RY by

Un(t.x.0..60.) { U(t, x,04) ift>0
) X7 ) - = .
r * U(-t,x,0_) ift<0,
and consider the process {Ug(t,x,0,,0_) : t € R} under yo 1 x W) x W),
This process also spans a Gaussian family, and it is still true that

_ It—sl]

(8.5.3) Erox W W [Ur(s) @ Ug(t)] = u(s,t)L, where u(s,t)=¢ "2 ,

only now for all s, ¢t € R. One advantage of having added the past is that the
statement of reversibility takes a more appealing form. Namely, {Ug(t) : t € R}
is reversible in the sense that its distribution is the same whether one runs
it forward or backward in time. That is, {Ugr(—t) : t € R} has the same
distribution as {Ug(t) : t € R}. For this reason, I will say that {Ug(¢) : t > 0}
is a reversible Ornstein—Uhlenbeck process if its distribution is the same
as that of {Up(t,x,0,,0_): ¢t >0} under yo1 x W) x W),
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An alternative way to realize of a reversible Ornstein—Uhlenbeck process is
to start with an RV-valued Brownian motion {B(t) : ¢ > 0} and consider the
process {e"2B(e') : t € R}. Clearly {(E,e_%B(et))RN D (6,8 e Rx RV} s
a Gaussian family with covariance given by (8.5.3). It is amusing to observe
that, when one uses this realization, the reversibility of the Orstein—Uhlenbeck
process is equivalent to the time inversion invariance (cf. Exercise 4.3.11) of the
original Brownian motion.

§8.5.2. Ornstein—Uhlenbeck as an Abstract Wiener Space. So far, my
treatment of the Ornstein—Uhlenbeck process has been based on its relationship
to Brownian motion. Here we will look at it as an abstract Wiener space.

Begin with the one-sided process {U(t,0) : ¢ > 0}. Seeing as this process
has the same distribution as {e_%B(et - 1) : t > 0}, it is reasonably clear
that the Hilbert space associated with this process should be the space HY (RV)
of functions hY(t) = e~2h(e! — 1), h € HY(RV). Thus, define the map FU :
H'(RY) — HY(RY) accordingly, and introduce the Hilbert norm || - ||gv @)
on HY(RY) which makes FV into an isometry. Equivalently,

d 1 2
||hU|%{U(RN)—/[O )[ds<(1+s)2hU(log(l+s))ﬂ ds

U (12 U 1, U U2
= 112 g0 00pm) + (075 07) 1o oy + 2 IR 12 (0 00))-

Note that

. d
U U 1 NP 19 U/gy(2
(h ,h )L2([o, )RN) = 3 /[07 )—t|h ()7 dt = 5 thm |h” (¢)]* = 0.

To check the final equality, observe that it is equivalent to limy_,oo t2 |h(t)|=0
for h € H(RY). Hence, since sup;o ¢~ 2 |h(t)| < [|h|g@v) and lim,_, o t =7 [h(t)[|]
= 0 if h has compact support, the same result is true for all h € HY(RY). In
particular,

||hU||HU(RN) = \/H]‘:]‘UH%Q([O’OO);RN) + %HhUHQL%[O’oO);RN)-

If we were to follow the prescription in Theorem 8.3.1, we would next complete
HY (RV) with respect to the norm sup,~, e~ 2 |hV (¢)|. However, we already know
from (8.5.2) that {U(£,0) : ¢ > 0} lives on OV(RY), the space of 8 € O(RN)
such that lim;_, (logt)~16(¢)| = 0 with Banach norm

|61} = sup(log(e + )" 10()]

and so we will adopt OV (RY) as the Banach space for HV(RY). Clearly, the
dual space OV (RY)* of OV (RY) can be identified with the space of RY-valued
Borel measures A on [0, 00) which give 0 mass to {0} and satisfy ||A[|sv@y) =

f[O,oo) log(e +t) |A|(dt) < oo.
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THEOREM 8.5.4. Let UéN) € M; (6Y(RY)) be the distribution of {U(t,0) :
t > 0} under W), Then (HU(RN),@U(]RN),USN)) is an abstract Wiener
space.

PROOF: Since C$°((0,00); RY) is contained in HY (RV) and is dense in OV (RV),
we know that HY(RY) is dense in OV(RY). In addition, because nY(t) =
em2n(e’ — 1) where n € H'(RY) and [0V [avy) = [0l @), InV]a <
7Y |20 vy follows from |n(t)| < t2 7] 1: wv)- Hence, HY (RY) is continuously
embedded in OV (RY).

To complete the proof, remember our earlier calculation of the covariance of
{U(t;0) : t >0}, and use it to check that

(N) |s—t] s+t

EY% " [(8,A)%] = // uo(s,t) A(ds) - A(dt) where ug(s,t) =e~ 2z —e 2.

[0’00)2

Hence, what I need to show is that if A € OU(RN)* — h{ € HY(RY) is the

map determined by (h”, ) = (hY, hg)HU(RN)’ then
(8.5.5) 1Y A—_ / / wo(s, 1) A(ds) - A(dt).
[0,00)2

In order to do this, we must first know how hg{ is constructed from A. But if
(8.5.5) is going to hold, then, by polarization,

(.Y (7)) = (0¥, 6,€) = / / (5, 1) 8 (ds) (e, A(dt)) o
[

0,00)?

_ (e, / uo(r,t))\(dt)>
[0,00)

Thus, one should guess that h{(7) = f[o 00) uo(7,t) A(dt) and must check that,
with this choice, h{ € HY(RY), (8.5.5) holds, and, for all hV € HY(RV),
<hU7)‘> = (hthg)HU(RN)-

The key to proving all these is the equality

RN

* WY (1)0,ug(T,t) dr + L Y(m)uo(r,t)dr = hY(¢t),
O W [ =1

[0,00)

which is an elementary application of integration by parts. Applying (*) with
N =1to hY = ug(-,s), we see that

/ O-uo(s, 7)0ruo(t, 7)dr = up(s,t),
[0,00)
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from which it follows easily both that h{ € HY(RY) and that (8.5.5) holds.
In addition, if hY € HY(RY), then (hV A) = (hU,hg)HU(RN) follows from (*)
after one integrates both sides of the preceding with respect to A(dt). O

I turn next to the reversible case. By the considerations in §8.4.1, we know
that the distribution L[I(QN) of {Ug(t) : t > 0} under o1 x W) x W) is a
Borel measure on the space Banach space OV (R; RY) of continuous 8 : R — RY
such that limy;_,(logt)~!@(¢)| = 0 with norm

-1
616t v, = sup(log(e + 1) " 6(8)] < oc.
S

Furthermore, it should be clear that one can identify OV (R; RV )* with the space
of R¥-valued Borel measures A on R satisfying

IAlae gy = /R log(e + [¢]) [A/(df) < oc.

THEOREM 8.5.6. Take H(R;RY) to be the separable Hilbert space of abso-
lutely continuous h : R — RV satisfying

g ey = o/ 1Bz gy + 31022 gy < o0

Then (H'(R;RY),0Y(R; RN),U](%N)) is an abstract Wiener space.

PROOF: Set u(s,t) = e_Lgtl, and let A € AY(R;RY). By the same reasoning
as I used in the preceding proof,

(h,A) = (h,hy)

H! (R;RN)

and
I o = | [ uls.6)Ads) - Ala)
RxR
when hx(7) = [, u(r,t) A(dt). Hence, since {(£,0(t))pn : t >0 & £ € RV}

spans a Gaussian family in L2 (L{I(%N);R) and u(s,t)I = EUx [0(s) @ 6(t)], the
proof is complete. [

§8.5.3. Higher Dimensional Free Fields. Thinking a la Feynman, Theorem
8.5.6 is saying that L{](%N) wants to be the measure on H!(R;R) given by

1
(v/27)dim (H! (B:EV))

exp |5 [ (IBOP + 1)) de] A (),
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where App1(p;rv) is the Lebesgue measure on H!(R;RV).

I am now going to look at the analogous situation when N = 1 but the
parameter set R is replaced by R" for some v > 2. That is, I want to look at
the measure which Feynman would have written as

1 1 2 1 2
oy 0 | g [ (VWP + 3100 x| Ay (),
where H!(R”;R) is the separable Hilbert space obtained by completing the
Schwartz test function space ./(R”; R) with respect to the Hilbert norm

Wl ey = S IVAIZ 2 oy + E1012 oy

When v = 1 this is exactly the Hilbert space H!(R;R) described in Theorem
8.5.6 for N = 1. When v > 2, generic elements of H!(R";R) are better than
generic elements of L?(R”;R) but are not enough better to be continuous. In
fact, they are not even well-defined pointwise, and matters get worse as v gets
larger. Thus, although Feynman’s representation is already questionable when
v = 1, its interpretation when v > 2 is even more fraught with difficulties. As
we will see, these difficulties are reflected mathematically by the fact that in
order to construct an abstract Wiener space for H'(R";R) when v > 2, we will
have to resort to Banach spaces whose elements are generalized functions (i.e.,
distributions in the sense of L. Schwartz).*

The approach which I will adopt is based on the following subterfuge. The
space H'(RY;R) is one of a continuously graded family of spaces known as
Sobolev spaces. Sobolev space are graded according to the number of deriva-
tives “better or worse” than L?(R”;R) their elements are. To be more precise,
for each s € R, define the Bessel operator B® on .(R";C) so that

Bop(€) = (L + [€[?) T (6).

When s = —2m, it is clear that B® = (%fA)m, and so, in general, it is reasonable
to think of B* as an operator which, depending on whether s < 0 or s > 0,
involves taking or restoring derivatives of order |s|. In particular, |||l g1 (rvr) =
B~ ol 2re;r) for ¢ € S (RY;R). More generally, define the Sobolev space
H?*(R”;R) to be the separable Hilbert space obtained by completing . (R”; R)

with respect to

» 1 o
[y = 1B hlamem) = s [ (3 +1€1) Th(©F2 de.
(2m)" Jrw

* The need to deal with generalized functions is the primary source of the difficulties which
mathematicians have when they attempt to construct non-trivial quantum fields. Without
going into any details, suffice it to say that in order to construct interacting (i.e., non-Gaussian)
fields, one has to take non-linear functions of a Gaussian field. However, if the Gaussian field
is distribution valued, it is not at all clear how to apply a non-linear function to it.
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Obviously, H°(R¥;R) is just L?(R¥;R). When s > 0, H*(R";R) is a sub-
space of L2(R”;R), and the quality of its elements will improve as s gets larger.
However, when s < 0, some elements of H*(R”;R) will be strictly worse than
elements of L2(R”;R), and their quality will deteriorate as s becomes more neg-
ative. Nonetheless, for every s € R, H*(R";R) C /(R"; R), where ./ (R"; R),
whose elements are called real-valued tempered distributions, is the dual
space of Z(R”;R). In fact, with a little effort, one can check that an alternative
description of H*(R”;R) is as the subspace of u € ./(R";R) with the prop-
erty that B~*u € L?(R”;R). Equivalently, H*(R";R) is the isometric image in
Z(R”;R) of L?(R¥;R) under the map B*, and, more generally, H%2(R";R) is
the isometric image of H*(R”;R) under B2, Thus, by Theorem 8.3.1, once
we understand the abstract Wiener spaces for any one of the spaces H*(R”;R),
understanding the abstract Wiener spaces for any of the others comes down to
understanding the action of the Bessel operators, a task which, depending on
what one wants to know, can be highly non-trivial.

LEMMA 8.5.7. The space HUTH(R”;R) is continuously embedded as a dense
subspace of the separable Banach space Cy(R”; R) whose elements are continuous
functions which tend to 0 at infinity and whose norm is the uniform norm.

Moreover, given a totally finite, signed Borel measure A\ on R”, the function

1—v
o _ Ix—yl . T2

ha(x) = K, e 2 MNdy), with K, = NED)

R¥ 2

is an element of HVTH(]R”; R),

2 _ _lx—y
Al gt ) = Ko // e~ E7 M\ (ax)A(dy),
RY xR¥

and

vil oo
(h, A) = (h, h)\)Huzl o) for each h € H = (R”;R).

PRrROOF: To prove the initial assertion, use the Fourier inversion formula to write
h(x) = (2m) ™" | e VTIOh(g) dg
Rl/

for h € .Z(R¥;R), and derive from this the estimate

_vtl

1
-z 1 2 2
Il < 20 ([ (5+168)7F de) 1ol o

Hence, since H VTH(]R”;]R) is the completion of .#(R”;R) with respect to the
v+1

, it is clear the H =z (R”;R) continuously embedded in

norm || « || vi1
H 7 (R;R)
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Co(R¥;R). In addition, since .(R¥;R) is dense in Co(R¥;R), H*% (R¥;R) is

also.
To carry out the next step, let A be given, and observe that the Fourier

PES IR
transform of B*T!\is (3 + |€]*) % A(€) and therefore that

—\/jxy RV )
Bqul)\( ) 1 / 1(.8) )‘(E)d
(

2 r+i1
Cm)" Jee (14 jgg)
1 / VI —x.E)er i) Ay
= —_—mm y .
2 v v y+1
2m)” Jr (L+1gP)
Now use (3.3.19) (with N = v and t = ) to see that
1 F(y x,€)rv x|

; o 46 = Ko
G e (44 jep) ™

and thereby arrive at hy = B*T!\. In particular, this shows that

1 A2
(R'/ R) (271')” RV (% + ‘£|2)% dg < oo

(L3N (s

Now let h € .(R";R), and use the preceding to justify
(h,\) = (B~*F h, B B"*')\) = (h, ha) v

(R” R)

Since both sides are continuous with respect to convergence in o (R”; R), we

v+4+1
have now proved that (h,\) = (h,hA)HVTﬂ(Ru;R for all h € H= (R";R). In
particular,
Al s =N =Ky [[ e 5 Adxn@y). O
H 7z (R¥R)
RY xR¥

THEOREM 8.5.8. Let ©“ (]R” R) be the space ofcontmuous 0 : R¥ — R sat-
isfying lim|x| oo (log(e+x[)) |9( )| =0, and turn Cn ( ¥;R) into a separable

Banach space with norm ||9|| 0%t (o) = SUPxerY (log(e + |x|))_1|9(x)|. Then
H% (R”; R) is continuously embedded as a dense subspace of © = (R” R), and
thereisa W_v41 e M, (@ (R”, R)) such that

H ™2 (R¥;R)
(H”T“(RV;R),@”T“(RV;R),W e )

is an abstract Wiener space. Moreover, for each a € ( ) WH vt1 V‘R)—almost

every 6 is Holder continuous of order « and, for each o > 5, W vt e -almost

no 6 is anywhere Hélder continuous of order a.
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PRrROOF: The initial part of the first assertion follows from the first part of
Lemma 8.5.7 plus the essentially trivial fact that Cp(R";R) is continuously em-
bedded as a dense subspace of @UTH(R”;R). Further, by the second part of
that same lemma combined with Theorem 8.3.3, we will have proved the sec-

ond part of the first assertion here once we show that, when {h,, : m > 0} is
an orthonormal basis in H = (]R" R), the Wiener series > °_ wy,hyy, converges
in ©°2 (R”;R) for Yo' 1-almost every w = (wo,...,wm,...) € RY. Thus, set

Sp(w) =30 _ o wmhm for n > 1. More or less mimicking the steps outlined in
Exercise 8.3.20, I will begin by showing that, for each o € (O ) and R € [1,00),

S, -5
*) sup E0. sup  sup [5n(y) n()] < 00,
zERY n>0x,yeQ(z,R) ly — x|~
x#y

where Q(z,R) = z + [-R, R)”. Indeed, by the argument given in that exer-
cise combined with the higher dimensional analog of Kolmogorov’s continuity
criterion in Exercise 4.3.18, (*) will follow once we show that

N
B0 [|S0(y) = Su(x)*] < Cly —x|, x,y €R”,

for some C' < co. To this end, set A\ = 0y — 0, and apply Lemma 8.5.7 to check

n

70 (1S (y) = Su()*] = D (A ) 282 o

m=0

_ ly—x|
= ”h’\Hiz%(Rv-R) =2K,(1—e72).

Knowing (*), it becomes an easy matter to see that there exists a measur-
able S : R” x RY — R such that x ~ S(x,w) is continuous of each w and
Sp(+,w) — S(-,w) uniformly on compacts for W(I}T’l—almost every w € RY. In

fact, because of (*), it suffices to check that lim, o Sn(x) exists 7f;-almost
surely for each x € R”, and this follows immediately from Theorem 1.4.2 plus

S Var (whm (x) Z:O R A S gy = T

Furthermore, again from (*), we know that, 'yg{l—almost every w, X ~ S(x,w)
is a-Holder continuous so long as a € (0,1).
I must still check that, 70 1—almost surely, the convergence of S, (-,w) to

S(-,w) is taking place in 0 ( R¥;R), and, in view of the fact that we already
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know that, ygf ;-almost surely, it is taking place uniformly on compacts, this
reduces to showing that

| lim (log(e + \x|)71 sup [ S, (x)] — 0 g ;-almost surely.
n>0

x| —00

For this purpose, observe that (*) says

N
sup [E70.1 [SUP ||Sn”u7Q(Z71)] < 00,
zERY ’H,ZO

where || - ||y, denotes the uniform norm over a set C' C R”. At this point, I
would like to apply Fernique’s Theorem (Theorem 8.2.1) to the Banach space
0>°(N; C,(Q(z,1); R)) and thereby conclude that there exists an o > 0 such that

N
(%) B = sup Eo1 {exp <a Sli% ||Sn||i,Q(z71)):| < 0.

zeRY n

However, (*° (N; C’b(Q(z,l);R)) is not separable. Nonetheless, there are two
ways to get around this technicality. The first is to observe that the only place
separability was used in the proof of Fernique’s Theorem was at the beginning,
where I used it to guarantee that Bg is generated by the maps x ~ (z,z*) as
x* runs over E* and therefore that the distribution of X is determined by the
distribution of {(X,z*) : z* € E*}. But, even though ¢*° (N; Cy(Q(z, 1);R))
is not separable, one can easily check that it neverless possesses this prop-
erty. The second way to deal with the problem is to apply his theorem to
£ ({0, o, N} Ch(Q(z,1); R)), which is separable, and to note that the result-
ing estimate can be made uniform in N € N. Either way, one arrives at (**).
Now set ¥(t) = e*** — 1 for t > 0. Then 1p~1(s) = \/a—Llog(1 + s), and

Slipo ||Sn||u,Q(O,M) = max {Sli% ||Sn||u,Q(m,1) rm e Q(()? M) N ZV}

<yt oo (Sup ||Sn||u,Q(m71))

meQ(0,M)NZ¥ nz0

Thus, because 1! is concave, Jensen’s inequality applies and yields
N
B0 fsup i o | <67 ((20)°B),

and therefore

N
B0 [sup, 20 1l 00,0
< Z >0 ,Q4(0, )
log(e + e(m—1%)

1
m>(log R)4

E’Y(I\)!,l sup sup Sni()()
x|>Rn>0 log(e + [x])

Z Vlog(1 4 2ver(m+D)? B)

<
- Valog(e + elm=1")

— 0 as R — oo.

1
m>(log R) T
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To complete the proof, I must show that, for any o > %, W v -almost
H™Z (R¥R)

no 6 is anywhere Holder continuous of order «, and for this purpose I will proceed
as in the proof of Theorem 4.3.4. Because the {§(x+y) : x € R”} has the same

W v -distribution for all y, it suffices for me to show that, W_ .41 -
H™Z" (R";R) H~Z (R”:R)
almost surely, there is no x € (0, 1) at which € is Hélder continuous of order
a > % Now suppose that a € (%, 1), and observe that, for any L € Z* and
e € S¥~ 1 the set H(a) of § which are a-Hélder continuous at some x € Q(0,1)

is contained in

UnN (V{0 lo(mate) — p(metitiey < a0}

Hence, again using translation invariance, we see that we need only show that,
there is an L € ZT such that, for each M € Z™T,

WW e ({00 Jo() — 050 < ML 1< e< L))

H™Z (R¥;R) n n
_1
tends to 0 as n — oo. To this end, set U(t,0) = K, *6(te), and observe that

the WH v (RV‘R)—distribution of {U(t) : t > 0} is that of an R-valued ancient

Ornstein—Uhlenbeck process. Thus, what I have to estimate is
P(le"# B(e?) —e 7 B(e'T)| < 2, 1<0< L),

where (B(t), F;,P) is an R-valued Brownian motion. But clearly this probability
is dominated by the sum of

P(|B(ef) - B(e™)| < MeZn g < g < L)

2n«

and ,
P(IL<L<L (1-e7)|B(e7)] 2 M ).
2,2(1—a)
The second of these is easily dominated by 2Le_Mf, which, since a < 1,

means that it causes no problems. As for the first, one can use the independence

of Brownian increments and Brownian scaling to dominate it by the Lth power of

]P’(}B(l)fB(e_%) ‘ < M(2n*)~'). Hence, I can take any L such that (a—3)L >
O

V.

As a consequence of the preceding and Theorem 8.3.1, we have the following
corollary.
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COROLLARY 8.5.9. Given s € R, set
O (R;R) = {B* " 0: 0 0% (R";R)},

v41

HQHGS(R";R) =B 0||@v;r1 (®vR)’
and
s—xdl
Whs(rvir) = (B*" = )*WH “ (R¥;R)

Then ©°(R”;R) is a separable Banach space in which H*(R";R) is continuously
embedded as a dense subspace, and (HS(RV;R)7OS(RV;R),WHS(RV;R)) is an
abstract Wiener space.

Exercises for §8.5
EXERCISE 8.5.10. In this exercise we will show how to use the Ornstein—Uhlen-

beck process to prove Poincaré’s inequality

(8.5.11) Vary, , () = lle = (2. 7%.012210,m) < 19172001
for the standard Gaussian distribution on R. I will outline the proof of (8.5.11)

for ¢ € 7 (R;R), but the estimate immediately extends to any ¢ € L?(y0.1;R)
whose (distributional) first derivative is again in L?(vy,1;R).

(i) For ¢ € Z(R;R), set
ug(t, ) = BV [p(U(t,2))],

where {U(t,x) : t > 0} is the one sided, R-valued Ornstein-Uhlenbeck process
starting at x. Show that u,(t,r) = e~ 3u(t,z) and that

limug(t, ) = ¢ and  lm ug(t, ) = (p,201) in L2001 R).

Show that another expression for u, is

up(t, ) = (2m(1 — e 1)) ? /Rw(y) exp (—M) dy.

Using this second expression, show that u,(t,-) € (R;R) and that t €
[0,00) — uy(t, -) € L (R;R) is continuous. In addition, show that 4, (¢, z) =

3 (uh(t,2) =zl (t,2)).
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(ii) For ¢1, pa € C%(R;R) whose second derivative is tempered, show that
(9017 90/2, - $<P2)L2(7071;R) - (4)0/1’ @IQ)L2(’YO,1;R)’

and use this together with (i) to show that, for any ¢ € /(R;R),

d _
(up(t, - ),70,1) = (¥,70,1) and @H%(t’ ')H2L2(~YO,I;R) = —e Mug (t, ')||%2(70,1;R)'

Conclude that ||u,(t, ~)||L2(W071;R) < ||80||L2(7011;]R) and

d _
@”%(t, Mz roam) = =€ 1 172(50.17)-

Finally, integrate the preceding inequality to arrive at (8.5.11).

EXERCISE 8.5.12. In this exercise I will outline how the ideas in Exercise 8.5.10
can be used to give another derivation of the logarithmic Sobolev inequality
(2.4.38). Again, I restrict my attention to ¢ € .#(R;R), since the general case
can be easily obtained from this by taking limits.

(i) Begin by showing that (2.4.38) for ¢ € .(R;R) once one knows that

" (plogp), , < % <(i)2 >

for uniformly positive ¢ € R & . (R;R).

(ii) Given a uniformly postitive ¢ € R & .(R;R), use the results in Exercise
8.5.10 to show that

i et Jug(t, )2
%<u<p(t7 ‘)IOguﬂo(t’ ')>"/0,1 - _7 <£Lp<p((ia'))>ryo 1 .

(iii) Coninuing (ii), apply Schwarz’s inequality to check that

(t, x)?
U 2)7 < w2 (tT),
Uy (t, x) -

and combine this with (ii) to get

Y
|

e, Yogun(t, ), 2 <(W>% v

Finally, integrate this to arrive at (*).
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EXERCISE 8.5.13. Although it should be clear that the arguments given in Ex-
ercises 8.5.10 and 8.5.12 work equally well in RY and yield (8.5.11) and (2.4.38)
with 70 1 replaced by vo 1 and (¢')? replaced by |V|?, it is significant that each
of these inequalities for R implies its RY analog. Indeed, show that Fubini’s
Theorem is all that one needs to pass to the higher dimensional results. The
reason why this remark is significant is that it allows one to prove infinite di-
mensional versions of both Poincaré’s inequality and the logarithmic Sobolev
inequality, and both these play a crucial role in infinite dimensional analysis. In
fact, Nelson’s interest in hypercontractive estimates sprung from his brilliant in-
sight that hypercontractive estimates would allow him to construct a non-trivial
(i.e., non-Gaussian), translation invariant quantum field for R?.

EXERCISE 8.5.14. It is interesting to see what happens if one changes the sign
of the second term on the right hand side of (8.5.1), thereby converting the
centripetal force into a centrifugal one.

(i) Show that, for each 8 € ©(RY), the unique solution to
t
V(t,0)=0(t) + ;/ V(r,0)dr, t>0,
0

is
t
V(t,0) =e? / e 2 do(r),
0

where the integral is taken in the sense of Riemann—Stieltjes.

(ii) Show that { (&, V (¢, '))RN : (t,€) €]0,00) x RV} under W) is a Gaussian

family with covariance
s+t [t—s]
v(s,t) =e 2 —e 2

(iii) Let {B(t) : t > 0} be an RV-valued Brownian motion, and show that the
distribution of

{e%B(l — eft) Dt > 0}
is the W (V)_distribution of {V(t) : t > 0}. Next, let ©V(RY) be the space of

continuous 8 : [0,00) — RY with the properties that

_ . —t
6(0) = 0 = Jim ¢~'[6(1)],

and set [|0]lov@mv) = sup;se f[0(t)]. Show that (OV(RY):[ - [ev@y)) is a
separable Banach space and that there exists a unique V&) € M; (@V(RN ))

such that the distribution of {8(t) : t > 0} under V) is the same as the
distribution of {V(¢) : t > 0} under W),



§ 8.6 Brownian Motion on a Banach Space 345

(iv) Let HY (RY) be the space of absolutely continuous h : [0, 00) — RN with
the properties that h(0) = 0 and h — $h € L?([0,00); RV). Show that HY (RY)
with norm .

gy vy = [[h — %hHL?([O,oo);RN)

is a separable Hilbert space which is continuously embedded in OV (RY) as a
dense subspace. Finally, show that (HY(RY),0V(RY), V™) is an abstract
Wiener space.

(v) There is a subtlety here which is worth mentioning. Namely, show that
HY(RY) is isometrically embedded in HY (RY). On the other hand, as dis-
tinguished from elements of HY (RY), it is not true that |5 — %UH%?(R;RN) =

190172 vy + f%||n||2L2(R;RN), the point being that whereas the elements h of
HY (RV) with h € C.((0,00); RY) are dense in HY(RY), they are not dense in
HY (RY).

EXERCISE 8.5.15. Given x € R and a slowly increasing ¢ € C(R”;R), define
< € C(R”;R) so that 7x¢(y) = ¢(x +y) for y € R”. Next, extend 7 to
S (RY;R) so that (o, xu) = (T_xp, u) for ¢ € #(R”;R), and check that this is
a legitimate extension in the sense that it is consistent with the original definition

when applied to w’s which are slowly increasing, continuous functions. Finally,
given s € R, define Ox : H*(R”; R) — H?*(R";R) by Oxh = 7xh.

(i) Show that B® o 74 = 75 0 B® for all s € R and x € R”.

(ii) Given s € R, define Ox = 7% [ H*(R"; R), and show that Ox is an orthogonal
transformation.

(iii) Referring to Theorem 8.3.14 and Corollary 8.5.9, show that the measure
preserving transformation Ty, which Ox determines on (@S(]R”;]R), WHs(Ru;R))
is the restriction of 7« to ©°(R";R).

(iv) If x # 0, show that To, is erogodic on (©°(R”;R), W= (rv:r))-

§8.6 Brownian Motion on a Banach Space

In this concluding section I will discuss Brownian motion on a Banach space.
More precisely, given a non-degenerate, centered, Gaussian measure W on a
separable Banach space E, we will see that there exists an F-valued stochastic
process {B(t) : t > 0} with the properties that B(0) = 0, t ~ B(t) is continuous,
and, for all 0 < s < ¢, B(t) — B(s) is independent of o({B(7) : 7 € [0,5]}) and
has distribution (cf. the notation in §8.4) W;_.

§8.6.1. Abstract Wiener Formulation. Let W on E be as above, use H

to denote its Cameron-Martin space, and take H*(H) to be the Hilbert space
of absolutely continuous h : [0,00) — H such that h(0) = 0 and ||h|| g1 gy =

||il||L2([0,oo);H) < oo. Finally, let ©(E) be the space of continuous 0 : [0, c0) —
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FE satisfying lim;_, o w = 0, and turn O(E) into a Banach space with norm
10lo(z) = supyso(1 +t)7'[|0(t)||z. By exactly the same line of reasoning as
I used when E = RY, one can show that ©(F) is a separable Banach space in
which H!(FE) is continuously embedded as a dense subspace. My goal is to prove

the following statement.

THEOREM 8.6.1. With H'(H) and ©(E) as above, there is a unique W¥) ¢
M, (6(E)) such that (H'(H),O(E), W®)) is an abstract Wiener space.

Choose an orthonormal basis {hl : m > 0} in H'(R), and, for n > 0, t > 0,
and x = (20,...,Tm,...) € EN, set S,(t,x) = Y _ hl (t)zm. I will show
that, W-almost surely, {S,(-,x) : n > 0} converges in O(E), and, for the
most part, the proof follows the same basic line of reasoning as that suggested in
Exercise 8.3.20 when E = RY. However, there is a problem here which we did not
encounter there. Namely, unless F is finite dimensional, bounded subsets will
not necessarily be relatively compact in E. Hence, local uniform equicontinuity
plus local boundedness is not sufficient to guarantee that a collection of F-valued
paths is relatively compact in C' ([O, 00); E'), and that is the reason why we have
to work a little harder here.

LEMMA 8.6.2. For WN-almost every x € EN, {S,(-,x) : n > 0} is relatively
compact in O(E).

PRroOF: Choose Ey C E, as in Corollary 8.3.10, so that bounded subsets of Fy
are relatively compact in E and (H , Eo, W | EO) is again an abstract Wiener
space. Without loss in generality, I will assume that || - ||z < || - ||g,, and, by
Fernique’s Theorem, we know that C' = EW[||z]§, ] < oo.

Since Sy (¢,x) — Sn(s,x) = >0 o (hi —hi, h?ln)Hl(R)
Wl-distribution of S, (t)— Su(s) is Wk, where €2 = Y0 (ht =L, hL,) 31

s. Hence, EW" 1190 (t) = Sn ()%, ] < C(t—s)?. In addition, {||Sy(t)—Sn(s)| &, :
n > 1} is a submartingale, and so, by Doob’s Inequality plus Kolmogorov’s
Continuity Criterion, there exists a K < co such that, for each 7" > 0,

T, where hl = - A7, the

<t—

n t - Mn
(*) EW" sup sup I5n(t) = 5
n>00<s<t<T (t—s)

SS)HEO < KTY.
8

From (*) and S,,(0) = 0, we know that, W -almost surely, {S,,(-,x) : n > 0} is

uniformly || - || g,-bounded and uniformly || - || g,-equicontinuous on each interval
[0,T]. Since this means that, for every T' > 0, {S,(t,x) : n > 0 & t € [0,T]}
is relatively compact in E and {S,(-,x) [ [0,7] : n > 0} is uniformly || - || &-

equicontinuous W -almost surely, the Ascoli-Arzela Theorem guarantees that,
WhH-almost surely, {S,(-,x): n > 0} is relatively compact in C'([0, c0); E) with
the topology of uniform convergence on compacts. Thus, in order to complete
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the proof, all that we have to show is that, WN-almost surely,

Sn(t,
lim sup supw =0.
T—00 >0 ¢>T t
But,
Sn(t, Sn(t, L2 Sn(t,
B R L YU F O Sy
t>2k t Iop 26<t<20tt t ~r 0<t<20+1 s

and therefore, by (*),

N

EW

S, (t 21K
I RS T  y
n>0¢>2k t 2

Now that we have the requisite compactness of {S,, : n > 0}, convergence
comes to checking a criterion of the sort given in the following simple lemma.

LEMMA 8.6.3. Suppose that {0, : n > 0} is a relatively compact sequence in
O(F). If lim,,— o0 (0n(t), x*) exists for each t in a dense subset of [0,00) and z*
in a weak* dense subset of E*, then {6,, : n > 0} converges in ©(FE).

Proor: For a relatively compact sequence to convergent, it is necessary and
sufficient that every convergent subsequence have the same limit. Thus, suppose
that 6 and 0’ are limit points of {6,, : n > 0}. Then, by hypothesis, (8(t),z*) =
(0'(t),x*) for t in a dense subset of [0,00) and z* in a weak™ dense subset of E*.
But this means that the same equality holds for all (¢,2*) € [0,00) x E* and
therefore that 6 =¢'. O

PROOF OF THEOREM 8.6.1: In view of Lemmas 8.6.2 and 8.6.3 and the sep-
arability of E* in the weak* topology, we will know that {S,(:,x) : n > 0}
converges in O(E) for Wh-almost every x € EN once we show that, for each
(t,z*) € [0,00) x E*, {{(Sn(t,x),2*) : n > 0} converges in R for WN-almost
every x € EN. But if 2* € E*, then (S, (t,x),2*) = > 0 (@m,z*)hL, (t), the ran-
dom variables x ~~ (x,,,z*)h} (t) are independent, centered Gaussians under
WH with variance ||he« [|3hs, ()%, and 350 by, (8)* = [|he|| 3 gy = t. Thus, by
Theorem 1.4.2, we have the required convergence.
Next, define B : [0,00) x EN — E so that

limy, 00 Sp(t,x) if {Sn(-,x): n > 0} converges in O(F)
0 otherwise.

B(t,x) = {

Given \ € O(E)*, determine hy € H'(H) by (h, h/\)Hl(H) = (h,\) for all h €

H'(H). I want to show that, under WY, x ~» (B(-,x), \) is a centered Gaussian
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with variance ||hA||?{1(H)- To this end, define z¥, € E* so that* (x,z}) =
(hl,z,\) for z € E. Then,

n
— , — * N_ 4 g
(B(-,x),\) = nll}n;o@n( ,X),A) = nh_)rglo Zo:@cm,xm) WH-almost surely.
Hence, (B(-,x), \) is certainly a centered Gaussian under WY, and, because we
are dealing with Gaussian random variables, almost sure convergence implies L?-

convergence. To compute its variance, choose an orthonormal basis {hy : k > 0}
for H, and note that, for each m > 0,

o0

=D (hmhi, ).

k=0

BV (@, 275,)%] = has,

m

Thus, since {hl hy : (m, k) € N?} is an orthonormal basis in H'(H),

o0

N oo
EW'[(B(-),\)?] = (P, N = (B b, ) HI(H) = 1Pl o
m,k=0 m,k=0

Finally, to complete the proof, all that remains is to take W) to be the
WH distribution of x ~ B(-,x). O
§ 8.6.2. Brownian Formulation. Let (H, E, W) be an abstract Wiener space.
Given a probability space (€2, F,P), a non-decreasing family of sub o-algebras
{F: : t > 0}, and a measurable map B : [0,00) X Q — F, say that the triple
(B(t), F,P) is a W-Brownian motion if

(1) Bis {F;: t > 0}-progressively measurable,

(2) B(0,w) =0 and B(-,w) € C([0,00); E) for P-almost every w,

(3) B(1 ) has distribution W, and, for all 0 < s < ¢, B(t)—B(s) is independent
of F, and has the same distribution as (£ — s)2 B(1).

LEMMA 8.6.4. Suppose that {B(t) : t > 0} satisfies conditions (1) and (2).
Then (B(t), F,P) is a W-Brownian motion if and only if ((B(t),z*), F;,P) is
an R-valued Brownian motion for each x* € E* with ||hy+| g = 1. In addition,
if (B(t), F;,P) is a W-Brownian motion, then the span &(B) of {(B(t),z*) :
(t,x*) € [0,00) x E*} is a Gaussian family in L?(P;R) and

(8.6.5) EP[(B(t1), #1)(B(t2),23)] = (t1 A t) (hay, has)

Conversely, if &(B) is a Gaussian family in L?(P;R) and (8.6.5) holds, then
(B(t), F:,P) is a W-Brownian motion when F; = o({B(1) : 7 € [0,1]}).

*Given h! € HY(R) and = € E, I use hlz to denote the element 6 of ©(E) determined by
o(t) = hl(t)x.
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ProoF: If (B(t), F;,P) is a W-Brownian motion and z* € E* with [|he« |z =1,
then (B(t),x*) — (B(s),x*) = (B(t) — B(s),z*) is independent of F, and is a
centered Gaussian with variance (t — s). Thus, ((B(t),z*), F¢,P) is an R-valued
Brownian motion.

Next assume that ((B(t),z*), F;,P) is an R-valued Brownian motion for every
x* with [|hg«||g = 1. Then (B(t) — B(s),z*) is independent of F; for every
x* € E*, and so, since Bg is generated by {(-,z*) : 2* € E*}, B(t) — B(s) is
independent of F;. In addition, (B(t) — B(s),z*) is a centered Gaussian with
variance (t — s)||hs+||%, and therefore B(1) has distribution W and B(t) — B(s)
has the same distribution as (£ — s)2 B(1). Thus, (B(t), Fi,P) is a W-Brownian
motion.

Again assume that (B(t),}"t,}P’) is a W-Brownian motion. To prove that
&(B) is a Gaussian family for which (8.6.5) holds, it suffices to show that, for
all 0 <ty <ty and z7, x5 € E*, (B(t1),27) + (B(t2), x3) is a centered Gaussian
with covariance t1]|he,» + hasl|F + (t2 — t1)|lhe; |3 Indeed, we would then
know not only that &(B) is a Gaussian family but also that the variance of
(B(t1), ) £ (B(t2), x3) i t1||hay« £ hes |3 4 (b2 — t1) || Py |7, from which (8.6.5)
is immediate. But

*
2

(B(t1), =7) + (Bl(t2), x5) = (B(t1), 21 + 3) + (B(t2) — B(t1), x3),

and the terms on the right are independent, centered Gaussians, the first with
variance t1 || hyr + has |7 and the second with variance (ty — t1)|[hay |3

Finally, take F; = o({B(7) : 7 € [0,t]}), and assume that &(B) is a Gaussian
family satisfying (8.6.5). Given z* with [|hz«||g = 1 and 0 < s < t, we know
that (B(t) — B(s),z*) = (B(t),2*) — (B(s),z*) is orthogonal in L?(P;R) to
(B(7),y*) for every 7 € [0,s] and y* € E*. Hence, since Fs is generated by
{(B(7),y*) : (1,y*) €0, s] x E*}, we know that (B(t)— B(s),x*) is independent
of Fs. In addition, (B(t) — B(s),x*) is a centered Gaussian with variance ¢ — s,
and so we have proved that ((B(t),z*), F;,P) is an R-valued Brownian motion.
Now apply the first part of the lemma to conclude that (B(t),]—'t,}P’) is a W-
Brownian motion. [J

THEOREM 8.6.6. When Q = O(E), F = Bg, and F, = o({6() : 7 € [0,4]}),
(H(t),ft,W(E)) is a W-Brownian motion. Conversely, if (B(t),]:t,]P’) is any
W-Brownian motion, then B(-,w) € O(E) P-almost surely and W) is the
P-distribution of w ~» B( -, w).

PROOF: To prove the first assertion, let ¢1,ty € [0,00) and =7, 25 € E* be given,
and define \; € O(E)* so that (0, \;) = (0(t;),z}) for i € {1,2}. Then (cf. the

notation in the proof of Theorem 8.6.1) hy, = h{, hgx, and so

EW(E) [<9(t1),$1<><9(t2),x;>] = (hAl h/\2)H1(H) = (tl A t2)(hxivhz§)H'
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Starting from this, it is an easy matter to check that the span of {(0(t),z*) :
(t,x*) € [0,00) x E*} is a Gaussian family in L2(W); R) which satisfies (8.6.5).

To prove the converse, begin by observing that, because &(B) is a Gaussian
family satisfying (8.6.5), the distribution of w € Q — B(-,w) € C([0,00); E)
under P is the same as that of § € O(E) — 0(-) € C([0,00); E) under W),

Hence B 0
P<hm LOTE :O> o (hm 16(t)l :O) .

t— 00 t—00 t

and so B(-,w) € O(E) P-almost surely and the distribution of w ~» B(-,w) on
O(E)is WH. O

§8.6.3. Strassen’s Theorem Revisited. What I called Strassen’s Theorem
in §8.4.2 is not the form in which Strassen himself presented it. Instead, his
formulation was in terms of rescaled R-valued Brownian motion, not partial sums
of independent random variables. The true statement of Strassen Theorem is
the following in the present setting.

THEOREM 8.6.7 (Strassen). Given 6 € O(E), define 0,,(t) = %ﬁt) forn >1
and t € [0,00), where A, = \/2nlog(nV 3). Then, for W) _almost every

0, the sequence {0, : n > 0} is relatively compact in O(E) and Byimy(0,1)
s its set of limit points. Equivalently, for W) -almost every 6, lim,,_, o0 ||§n —
BHI(H)(O, 1)||@(E) = 0 and, for each h € BHI(H)(O, 1), lim ||9n7h|\@(E) =0.

——n—0o0

Not surprisingly, the proof differ only slightly from that of Theorem 8.4.4. In
proving the W()-almost sure convergence of {6, : n > 1} to Brimy(0,1)
there are two new ingredients here. The first is the use of the Brownian scaling
invariance (cf. Exercise 8.6.8), which says that the W) is invariant under the
scaling maps S, : O(E) — O(E) given by Sa0 = a~20(a-) for o > 0 and is
easily proved as a consequence of the fact these maps are isometric from H!(H)
onto itself. The second new ingredient is the observation that, for any R > 0,
r € (0,1], and 6 € O(E), [0(r-) ~ Ban 10, R) los) < 10— Burs (1 (0. B)o)-
To see this, let h € By (0, R) be given, and check that h(r-) is again in
By (0, R) and that [|0(r - )—h(r - )|les) < [|0—h| o). Taking these into account,
one can now justify

WE) ( max_ |8 = By (0,1) | o ) > 5)

Bm.flgngﬁm

F0(ns="m . -
= W(E) max M - BHl(H) (O, 1) > 1)
pm-1<n<pgm Ay o(E)
A m—1 6
< WE) max  ||0(8~™n-) — B (0, ki ]> >__ %
gm-1<p<gm ( ) H(H) 67z o(E) ﬁTA[Bm—l]
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Ajgm—1 0
_ [Bm—1] >
0= B <O’ B > T BEAgmoy)

R VYIe2) (HB%A[;"‘I]Q — WHG(E) = 5)

. -
= W;%)Afl (10 = Brr1 a1 (0, Dl ez = 9)
[

< W(E)

o(E)

Bm,fl]

for all # € (1,2) and m > 1. Armed with this information, one can simply repeat
the argument given at the analogous place in the proof of Theorem 8.4.4.

The proof that, W) -almost surely, §,, appoaches every h € C infinitely often
also requires only minor modification. To begin, one remarks that if A C ©(E)
is relatively compact, then

10C) ||

lim sup sup ———— =0
T_>°°06At§é[T*17T] 1+1¢

Thus, since, by the preceding, for W¥)-almost every 6, By (0,1)U{0,, : n >
1} is relatively compact in ©(F), it suffices to prove that

N 3 A ) R O R G

= 0 W) _almost surely
n—oo te[k—1,k] 1+t

for each h € Bp1(g)(0,1) and k& > 2. Because, for a fixed k > 2, the random
variables (ék2m - ékZm(k_l)) k=1 k], m > 1, are WF)-independent random
variables, we can use the Borel-Cantelli Lemma as in §8.4.2 and thereby reduce
the problem to showing that, if Gm () = Opm (t + k1) — Opm (k~1), then

> WE (2 — hllo) < 6) = oo
m=1

for each 6 > 0, k > 2, and h € By1(5)(0,1). Finally, since W(E)kmf\,jzlm is the

WE) distribution of @ ~ j2m, the rest of the argument is the same as the one
given in §8.4.2.

Exercises for § 8.6

EXERCISE 8.6.8. Let (H'(H),©(E), W) be as in Theorem 8.6.1.

(i) Given @ > 0, define S, : O(E) — O(FE) so that S,0(t) = a_%H(at),t €
[0, 00), and show that (Sq ), WE) = W(E) Again, this property is called Brow-
nian scaling invariance.
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(ii) Define I : ©(E) — C([0,00); E) so the I6(0) = 0 and I6(t) = tf(t~*) for
t > 0. Show that I is an isometry from ©(F) onto itself and that I | H'(H) is
an isometry on H onto itself. In addition, prove the Brownian time inversion
invariance property: I,WFE) = W),

EXERCISE 8.6.9. Let HY(H) be the Hilbert space of absolutely continuous AV :
R — H with the property that

Y L Y o T

and take OU(E) to be the Banach space of continous Y : R — E satisfying

U U
limyg| 00 % = 0 with norm ||9U||@U(E) = SUP;cR %. If F: OF) —

C(R; E) is given by [F(0)](t) = e~ 26(e"), show that F takes O(E) continuously
into ©Y(E) and that (HY(H), @U(E),L{(E)) is an abstract Wiener space when
UEE) = FEWE) . Of course, one should recognize the measure U](%E) as the
distribtution of an E-valued, reversible, Ornstein—Uhlenbeck process.

EXERCISE 8.6.10. A particularly interesting case of the construction in Exercise
8.6.9 is when H = H(RY) and E = O(RY). Working in that setting, define
B: R x [0,00) x OV(O(E)) — RY by B((s,t),0) = [6(s)](t), and show that,
for each s € R, (B(s,t), ]:(S’t),ug(RN)) is an RV-valued Brownian motion when
For = o({B(s,7) : 7 € [0,t]}). Next, for each t € [0,00), show that the
Z/{}(;)(E)—distribution of § ~ B(-,t) is that of v/t times a reverisble, RN-valued
Ornstein—Uhlenbeck process.

EXERCISE 8.6.11. Continuing in the same setting as in the preceding, set 02 =
EWV [||9||%(E)] , and combine the result in Exercise 8.2.12 with Brownian scaling
invariance to show that

R2
() Ole >R| <K -
W (Tsel[lg?t] 0))| e > S Kexp |5 |

where K is the constant in Fernique’s Theorem. Next, use this together with
Theorem 8.4.4 and the reasoning in Exercise 4.3.16 to show that

= _0®)lle 16()||

lim =L =lim

T 2tlog ) ¢ T2t logee) ¢

where L = sup{||h]|lz : h € Bu(0,1)}.

EXERCISE 8.6.12. It should be recognized that Theorem 8.4.4 is an immediate
corollary of Theorem 8.6.7. To see this, check that {#(n) : n > 1} has the same
distribution under W) as {S,, : n > 1} has under W" and that By (0,1) =
{h(1) : h € Byi(m}, and use these to show that Theorem 8.4.4 follows from
Theorem 8.6.7.

W) _almost surely,
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EXERCISE 8.6.13. For § € O(E) and n € ZT, define §,, € O(E) so that

o n t
0,(t) = /bg@)(n\/3)6<n>’ t €10, 00),

and show that, W()-almost surely, {f,, : n > 1} is relatively compact in O(E)
and that By (g)(0,1) is the set of its limit points.

Hint: Referring to (ii) in Exercise 8.6.8, show that it suffices to prove these
properties for the sequence {(I6), : n > 1}. Next check that

| (16),, — Ih||@(E) =0, — hH@(E) for h € H'(H),

and use the Theorem 8.6.7 and fact the I is an isometry of H'(H) onto itself.



