Chapter IV

Non-Gaussian Lévy Processes

Although analysis was the engine which drove the proofs in Chapter III, proba-
bility theory can do a lot to explain the meaning of the results there. Specifically,
in this and the next chapters we will give an intuitively appealing way of think-
ing about a random variable X whose distribution is infinitely divisible. That
is,

B[ 0] — exp(VET(6m) + (€,CE)

n /RN {ex/jl(iyy)RN —1—V-11py (|y|)} M(dy))

for some m € RY, some symmetric, non-negative definite C € Hom(RY;RY),
and Lévy measure M € 9Mo(RY). In the present chapter we will deal with the
case when there is no Gaussian component. That is, we will be assuming that
C = 0. Because it is destinctly different, we will treat the Gaussian component
separately in the next chapter. However, we begin with some general comments
which apply to the considerations in both this and the next chapter.

The key idea, which seems to have been Lévy’s, is to develop a dynamical
picture of X. To understand the origin of this idea, denote by u € Z(RY) the
distribution of X, and, for n € Z*, choose a sequence {X; 1 : k € Z*} of
independent randoms variables with distribution g1. Then, we can realize X

as Z1 (1), where Z1(0) =0, Z1 (=) =Y, Xk7;f0r m € Z*t, and Z.(t) =
Z. (mT_l) when mT_l <t < . That is, X can be thought of the place at which

n

a random evolution starting from O arrives at time 1. Of course, the evolution
t ~ Z1(t) looks a little contrived and depends on which n one chooses. On
the othrér, there is an inherent consistency between these evolutions. Namely, if
n1, ne € Z1 and Z—f € Z7, then the joint distribution of {Zﬁ(%) :m € N}
is the same as the joint distribution of {Z L (2+) : m € N}. Thus, there is
reason to hope that it is possible to let n —>2<>o and thereby arrive at a family
{Z(t): t € [0,00)} of random variables such that {Z() : m € N} has the same
joint distribution as {Z 1 () : m € N} for all n € Z*. Further, one should

n
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140 1V Non-Gaussian Lévy Processes

suspect that the better one understands the mechanism by which ¢ ~ Z(t)
evolves, the better one will understand X.

Assuming that the family {Z(¢) : ¢ € [0,00)} exists, notice that we already
know what the joint distribution of {Z(t;) : k¥ € N} must be for any choice of
0=ty < - <ty <---. Indeed, if we define y; € M;(RY) for ¢t € [0,00) so
that (cf. Theorem 3.2.7) iy = e'’s, then it should be clear that Z(0) = 0 and
{Z(tx) — Z(tx—1) : k € ZT} is a sequence of independent random variables, the
kth one of which has distribution g, —¢,_,. This is obvious when nt; € N for
some n € ZT and follows in general when one replaces each t; by* n~![nt;] and
lets n — oo. For this reason, {Z(t) : t € [0,00)} used to be called a process
with independent, homogeneous increments, the term “process” being
the common one for continuous families of random variables and the adjective
“homogeneous” referring to the fact that the distribution of the increment Z(¢) —
Z(s) for 0 < s < t depends only on the length ¢ —s of the time interval over which
it is taken. In more recent times, a process with independent, homogeneous
increments is said to a Lévy process, and so we will adopt this terminology.

Unfortunately, before we can carry out this program, we need to deal with a
few technical, book keeping matters.

§4.1 Stochastic Processes, Some Generalities

Given an index A with some nice structure and a family {X(«) : o € A} of
random variables on a probability space (€2, F,P) taking values in some measur-
able space (F,B), it is often helpful to think about {X(«) : o € A} in terms
of the map w € Q — X(-,w) € EA. For instance, if A is linearly ordered,
then w ~~ X (-,w) can be thought of as random evolution. More generally, when
probabilists want to indicate that they are thinking about {X(a) : a € A} as
the map w ~» X (-,w), they call {X(«) : « € A} a stochastic process on A
with state space (E,B).

The distribution of a stochastic process is the probability measure X,P
onf (E4,BA) obtained by pushing P forward under the map w ~ X(-,w).
Hence two stochastic processes {X («) : o € A} and {Y(«) : « € A} on (E,B)
have the same distribution if and only if

P(X(ou) €T, 0< k< K) =P(Y(ax) €I}, 0 < k < K)

forall K € Z*, {ag,...,ax} C A, and Iy,...,[x € B.

As long as A is countable, there are no problems because E- is a reasonably
tame object and B# contains lots of sets. However, when A is uncountable, E4
is a hideously large space and B* will be too meager to contain many of the

* We use [t] to denote the integer part of ¢ € R. That is, [t] is the largest integer dominated
by t.

T Recall that B4 is the o-algebra over EA which generated by all the maps ¥ € EA —
Y(a) € E as o runs over A.
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subsets in which one is interested. The point is that for B € B4, there must
(cf. Exercise 4.1.8) be a countable subset {ay : k& € N} of A such that one
can determine whether or not ¢ € B by knowing {¢(ax) : k € N}. Thus, for
instance, C'([0,00); R) ¢ B]%),oo).

Probabilists expended a great deal of effort to overcome the problem raised in
the preceding paragraph. For instance, using a remarkable piece of measure the-
oretic reasoning, J.L. Doob* proved that in the important case when A4 = [0, c0)
and E =R, one can always make a modification, what he called the “separable
modification,” so that sets like C' ([0, oo);R) become measurable. However, in
recent times, probabilists have tried to simplify their lives by constructing their
processes in such a way that these unpleasant measurability questions never
arise. That is, if they suspect that the process should have some property which
is not measurable with respect to B4, they shun constructions based on general
principles, like Kolmogorov’s Extension Theorem (cf. part (iii) of Exercise 5.1.8
below), and instead adopt a construction procedure which produces the process
with the desired properties already present.

The rest of this chapter contains important examples of this approach, and
the rest of this section contains a few technical preparations.

§4.1.1. The Space D(RY). Unless its Lévy measure is zero, a Lévy process
for 4 € Z(RY) cannot be constructed so that it has continuous paths. That is,
t ~» Z,(t,w) will not be continuous. On the other hand, it can be constructed
so that its paths are reasonably nice. Specifically, its paths can be made to be
right continuous everywhere and have no oscillatory discontinuities. For this
reason, we introduce the space D(RY) of paths 1 : [0,00) — RY such that
P(t) = P(t+) = lim (1) for each t € [0,00) and ¢ (t—) = lim, ~ P(T)
exists in RY for each t € (0,00). Equivalently, for each t € (0,00) and € > 0,
there is a 0 € (0,¢) such that sup{|¥(t) — ¥(7)| : 7 € (t,t + )} < € and
sup{[th(t—) — ()| : T € (= 6,1)} <e

The following lemma presents a few basic properties possessed by elements of
D(RY). In its statement, for n € N and 7 € (0,00), [7];f = min{m2™" : m €
Zt and m > 2"7} and [7],, = [7]} — 27" = max{m2™" : m € N and m < 2"7}.
In addition, for 0 < a < b,

| las) = Sup [ (1)]

€la,b]

is the uniform norm of 4 | [a, b], and
K
vt () = sup{ Y- [000) ~ plta)] K € 2
k=1

anda:to<t1<~-~<tK:b}

* See Chapter II of Doob’s Stochastic Processes, published by J. Wiley
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is the total variation of ¥ | [a, b].

LEMMA 4.1.1. If € D(RY), then, for each t > 0 and r > 0, 19|l < o0
and the set

J(t,rp) ={7 € (0,t]: [9(7) —¥(7—)[ = r}
is finite subset of (0,t]. In addition, there exists an n(t,r,1) € N such that for
every n > n(t,r,v) and m € Z* N (0,2"]

[%(m27"t) =4 ((m — 1)27"0)| = v = m27" = [§] ] for some 7 € J(t,7,9).

Finally,
[l = lim max{|ab(m2 )] : m € N [0,2"]}
and
varg () = lim S [p(m2 ) — b ((m - 1)27")].
meZtN[0,27]

PROOF: Begin by noting that it suffices to treat the case when ¢t = 1, since one
can always reduce to this case by replacing @ by 7 ~ ¥ (t7).

If ||4p||j0,1) were infinite, then we could find a sequence {7, : n > 1} C [0, 1] such
that |4 (7,,)| — oo, and clearly, without loss in generality, we could choose this
sequence so that 7, — 7 € [0, 1] and either {7,, : n > 1} is strictly decreasing or
strictly increasing. But, in the first case this would contradict right continuity,
and in the second it would contradict the existence of left limits. Thus, |[%|{0,1)
must be finite.

Essentially the same reasoning shows that J(1,r,1) is finite. If it were not,
then we could find a sequence {7, : n > 0} of distinct points in (0, 1] such
that |¢(7,) — ¥ (7,—)| > r, and again we could choose them so that either they
were strictly increasing or strictly decreasing. If they were strictly increasing,
then 7, / 7 for some 7 € (0,1] and, for each n € Z¥, there would exist a
T, € (Tp—1,Tp) such that [¢(7,) — +p(7,)| > %, which would contradict the
existence of a left limit at 7. Similarly, right continuity would be contradicted
if the 7,, were decreasing.

Although it has the same flavor, the proof of the existence of n(1,7,%) is a
little trickier. Let 0 < 7 < ---7x < 1 be the elements of J(1,7,4). If n(1,r, )
failed to exist, then we could choose a subsequence {(mj,n;) : j > 1} from
Z* x N so that {n; : j > 1} is strictly increasing, t; = m;27" € (0, 1] satisfies
‘¢(t]~) —p(t; — 2_”1)‘ > r for all j € Z*, but ¢; # [Tk]j;j for any j € Z7T
or 1 <k < K. If t; =t infinitely often for some ¢, then we would have the
contradiction that ¢ ¢ J(1,r,4) and yet |[¢(t) — ¥(t—)| > r. Hence, we will
assume that the ¢;’s are distinct. Further, without loss in generality, we assume
that {t; : j > 1} is a subset of one of the intervals (0,7y), (7x—1,7%) for some
2 <k < K, or (7, 1]. Finally, we may and will assume that either ¢; /¢ € (0, 1]
or that t; \, ¢t € [0,1). But, since | (t;) —(t; —27™)| > r, t; / t contradicts
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the existence of 4 (t—). Similarly, if ¢; \, ¢ and ¢; — 27" > ¢ for infinitely
many j’s, then we get a contradiction with right continuity at ¢. Thus, the only
remaining case is when ¢; \, t and ¢t; — 27" <t < ¢; for all but a finite number
of j’s, in which case we get the contradiction that ¢ ¢ J(1,r, ) and yet

(1) = 9(t=)| = lim |[9(t;) —p(t; —27")| = 7.

Jj—oo

To prove the assertion about ||4/o,1), simply observe that, by monotonicity,
the limit exists and that, for any ¢ € [0,1],

[(t)] = lim [3([t]7)| < lim  max |9p(m27")] < [|9b]j0,1)-

n— 00 n—o0 0<m<2n

The assertion about varyg 17(1) is proved in essentially the same, although now
the monotonicity comes from the triangle inequality and the first step in the
preceding must be replaced by [1(t) — 1 (t—)| = lim, . [P ([t],}) —2([t];)]. O

We next give D(RY) the topological structure corresponding to uniform con-
vergence on compacts. Equivalently, the topological structure for which

1% — ¥ |lj0,m)
L+l — ' [o,n)

p(p, ) =D 27"
n=1

is a metric. Because it is not separable (cf. Exercise 4.1.7), this topological
structure is less than ideal. Nonetheless, the metric p is complete. To see
that it is, first observe that [¢(7—)| < |[¥|jo,y for all 0 < 7 < ¢. Thus, if
supys . p(%e, ) — 0 as k — oo, then there exist paths 1 : [0,00) — RY and
b : (0,00) — RY such that

sup [¢hi(1) — (1) — 0 and  sup |¢p(r—) —P(r)| — 0

7€[0,t] T7€(0,t]

for each t > 0. Therefore, if t > o, \, 7, then

lim [4(7) —4(0)| < 2[|9 — |

n—oo

0.4+ n@o 191 (7) — Yr(on)| < 2[lv — Pl

for all k € Z*, and so ) is right continuous. Essentially the same argument
shows that ¥ (7—) = ¢ (7) for 7 > 0, which means, of course, that ¢ € D(RN)
and that sup,¢ g 4 [¥x(7—) — ¥ (7—)| — 0 for each ¢ > 0.

One might think that we would take the measurable structure on D(RY) to be
the one given by the Borel field Bp vy determined by uniform convergence on
compacts. However, this is not the choice we will make. Instead, the measurable
structure we choose for D(RY) is the one that D(RY) inherits as a subset of
(RN)[0:2) " That is, the we take for D(RY) the measurable structure given by
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the o-algebra Fpgv) = o({9(t) : ¢ € [0,00)}), the o-algebra generated by the
maps ¥ € DRY) +—— (t) € RY as t runs over [0,00). The reason for our
insisting on this choice is that we want two D(RY)-valued stochastic processes
{X(t): t >0} and {Y(t) : t > 0} to induce the same measure on D(RY) if they
have the same distribution. Seeing as (cf. Exercise 4.1.8) Fpmvy & Bp v, this
would not be true were we to choose the Borel structure.

Because Fpmvy # Bpmv), a continuous function on D(RY) need not be
Fpwvy-measurable. Nonetheless many of them will be. For example, the last
part of Lemma 4.1.1 proves that both ¥ ~ |[1[/p4 and ¥ ~ vary 4 (ep) will
be Fpvy-measurable for all ¢ € [0,00). In the next subsection, we will exam-
ine other important functions on D(RY) and show that they too are F D(RN)~
measurable.

§4.1.2. Jump functions. Let 9. (RY) be the space of non-negative, Borel
measures M on RY with the properties that M ({0}) = 0 and M (B(0,r)C) < oo
for all 7 > 0. A jump function is a map t € [0,00) — j(t, - ) € Moo (RY) with
the property that, for each A € Bpy with 0 ¢ A, j(0,A) =0, t ~ j(t,A) is a
non-decreasing element of D(RY) such that j(t,A) — j(t—, A) € {0,1} for each
t>0.

LEMMA 4.1.2. A map t ~ j(t, -) is a non-zero jump function if and only
if there exists a set ) # J C (0,00) which is finite or countable and a map
7€ Jr—y, € RV\ {0} such that {r € JN(0,t] : |y,| > r} is finite for each
(t,r) € (0,00)% and

(4.1.3) it ) = Liro)dy, .

TeJ
In particular, if t ~ j(t, -) is a jump function and t > 0, then, either j(t, - ) =
jt—, ) orj(t, -)—j(t—, ) =0y for somey € RV \ {0}.
PRrROOF: It should be obvious that if {t; : j > 1} and {y; : j > 1} satisfy the
stated conditions, then the ¢ ~~ j(¢, -) given by (4.1.3) is a jump function. To
go the other direction, suppose that t ~» j(t, -) is a jump function, and, for each
r>0,set fr(t) =j(¢t, RN\ B(0,7)). Because t ~ f,(t) is a non-decreasing, right-
continuous function satisfying f,.(0) = 0 and f,.(¢) — f-(t—) € {0,1} for each ¢t >
0, it has at most a countable number of discontinuities and at most f,(t) of them
can occur in the interval (0,t¢]. Furthermore, if f, has a discontinuity at 7, then
j(r,B(0,r)) — j(r—,B(0,7)) = 0, and so the measure v; = j(1, -) — j(7—, -)
is a {0,1}-valued probability measure on RN with assigns mass 0 to B(0,r).
Hence (cf. Exercise 4.1.12) v, = dy for some y, € RN \ B(0,7). From these
considerations, it follows easily that if J(r) = {7 € (0,00) : f.(7) # fr(7—)}
and if, for each 7 € J(r), y, € R¥\{0} is chosen so that j(7, - )—j(7—, - ) = dy,,,
then J(r) N (0,¢] is finite for all ¢ > 0 and

j(t’ ) fB(O,T)E: Z 1[7-’00)(t)5 -

TeJ(r)
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Thus, if J = (J,~qJ(r), then J is at most countable, {(7,y-) : 7 € J} has the
required finiteness property, and (4.1.3) holds. O

The reason for our introducing jump functions is that every element ¥ €
D(RY) determines a jump function t ~ j(t, -,4b) by the prescription

JT) = > Ir(p(r) — (7)),
(4.1.4) e (L))

where J(t,9) = {7 € (0,t] : ¥(71) # P(7—-)},

for ' € RN\ {0}. To check that j(t, -, 1) is well-defined and is a jump function,
take J(¥) = U~ J(t, %) and y, = (1) — 9(7—) when 7 € J(2)), note that,
by Lemma 4.1.1, J(%)) is at most countable and that {(7,y,) : 7 € J(¢)} has
the finiteness required in Lemma 4.1.2, and observe that (4.1.3) holds when
ity -) =j(t, -, %) and J = J(¢b).

Because it will be important for us to know that the the distribution of a
D(RY)-valued stochastic process determines the distribution of the jump func-
tions for by its paths, we will make frequent reference to the following lemma.

LEMMA 4.1.5. Ifyp:RNY — R is a Bpv-measurable function which vanishes in
a neighborhood of 0, then ¢ is j(t, -, )-integrable for all (t, 1) € [0,00)x D(RY),
and
(t,) € [0,00) x DE) — [ o(y) j(t,dy, ) € R
R

is a B 0) X Fp(rv)-measurable function which, for each 1, is right-continuous
and piecewise constant as a function of t. Finally, for all Borel measurable
¢ : RY — [0,00), (t,9) € [0,00) x D(RY) — [on ©(¥)i(t, dy, ) € [0,00], is
B(0,00) X Fp(wv)-measurable.

PRrROOF: The final assertion is an immediate consequence of the earlier one plus
the Monotone Convergence Theorem.

Let » > 0 be given. If ¢ is a Borel measurable function which vanishes
on B(0,r), then it is immediate from the first part of Lemma 4.1.1 that ¢ is
j(t, -, 1b)-integrable for all (¢,1) € [0,00) x D(RY) and, for each ¥ € D(RY)
t ~ fon 0(y)j(t,dy, ) is right-continuous and piecewise constant. Thus, it
suffices to show that, for each t € (0,00), ¥ ~ [on @(y) j(t,dy, ) is Fpmv-
measurable. Moreover, it suffices to do this when ¢ = 1 and ¢ is continuous,
since the set of ¢’s for which it is true is closed under pointwise convergence.
But, by the second part of Lemma 4.1.1, we know that

on

e(w(m2™) —p(m-127)) = > e(w(i) -w()

m=1 Te€J(1,1,)
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for n > n(1,r,4), and therefore

/RN o(y) j(1,dy, ) = hj&igp(d)(nﬂ ") _1/,((m_1)2—n)> 0

We now describe some properties of a path ¥ € D(RY) which are determined
by its relationship to its jump function. First, it should be obvious that ¥ €
CRY) = C([0,00);RY) if and only if j(t, -,9) = 0 for all ¢ > 0. At the
opposite extreme, we will say that a 1) is absolutely pure jump if and only
if j(t, -,v) € M(RY) and ¥(t) = [yi(t,dy,v) for all t > 0. Among the
absolutely pure jump paths are those which are the piecewise constant )’s:
those absolutely pure jump )’s for which j(t, -, 1) € M(RY), t > 0. Because
of Lemma 4.1.5, each of these properties is Fpv)-measurable. In particular,
if {Z(t) : t > 0} is a D(RY)-valued stochatic process whose paths P-almost
surely have any one of these properties, then the paths of every D(RY)-valued
stochastic process with the same distribution as {Z(t) : ¢ > 0} will almost surely
possess that property.

Finally, we need to address the question of when a jump function is the jump
function for some ¥ € D(RY).

THEOREM 4.1.6. Let t ~ j(t, -) be a non-zero jump function, and set j* (¢, dy)
= 1p(y)j(t,dy) for T € Bpv. If A € Bpv with 0 ¢ A and if P2 (1) =
fA y j(t,dy), then ¥* is a piecewise constant element of D(RY), j(t, -, ¢p?) =
jA(tv ’ )7 andj(tv '71/’_'(/)A) = jRN\A(t7 ) = j(t7 ’ )_jA<ta ’ ) for any ¢ € D<RN)
whose jump function is t ~» j(t, -). Finally, suppose that {¢,, : m > 0} C
D(RN) and satisfy the conditions that RN \ {0} = (J*_, A, and, for each
meN,0¢ A, and j(t, -,P,) = j2m(t, ), t > 0. If 1, — 1 uniformly on
compacts, then j(t, -, 1) = j(t, -), t > 0.

ProOOF: Throughout the proof, we use the notation introduced in Lemma 4.1.2.
Assuming that 0 ¢ A, we know that

jA(ta ) = Z 1[7700)(1:)1A(y7')5y7—7
TeJ

where, for each ¢ > 0, there are only finitely many non-vanishing terms. At the
same time,

¢A (t) = Z 1[7’,00) (t)]‘A(yT)YT

TeJ

and

](t7 : 7¢ - 'lpA) = Z 1[7’,00) (t)lRN\A(yr)dyT

TeJ
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if j(t, -,%) = j(t,-). Thus, all that remains is to prove the final assertion.
To this end, suppose that j(t, -,v) # j(t—, -,%). Since [[¢p — PYunllog —
0, there exists an m such that 4,,(t) # ¥,,(t—) and therefore that j(¢, -) —
j(t—, -) = 0y for some y € A,,. Since this means that ¥, (t) — ¥, (t—) =y
for all n > m, it follows that ¥ (t) — ¢ (t—) = y and therefore that j(¢, -, ) —
Jjt—, -, ) =6y = j(t, -)—j(t—, -). Conversely, suppose that j(t, -) # j(t—, -)
and choose m so that j(t, -) — j(t—, -) = dy for some y € A,,. Then 1, (t) —
P, (t—) = y for all n > m. Thus, since this means that ¥(t) — ¥ (t—) =y,
g, - ) —j(t—, -, ) =0y = j(t, ) — j(t—, - ). After combining these, we see
that j(t, -,%¢) —j(t—, -,¢) = j(t, -) — j(t—, ) for all £ > 0, from which it is an
easy step to j(t, -) =j(t, -,%) forallt > 0. O

Exercises for §4.1

EXERCISE 4.1.7. Let e € SV1, set (1) = 1,00y (7)e for t € [0,1], and show
that [[4; — 9s|ljo,1) = 1 for all s # ¢ from [0, 1]. Conclude from this that D(RY)
is not separable in the topology of uniform convergence on compacts.

EXERCISE 4.1.8. Show that a function ¢ : D(RV) — R is Fp g~ )-measurable
if and only if there exists an (RY)N-measurable function ® : (R¥)Y — R and a
sequence {t; : k € N} C [0,00) such that

o) = ((t), ..., ¥(tx),...), ¥ € DERY).

Next, define ¥; as in Exercise 4.1.7, and use that exercise together with the
preceding to show that the open set {¢p € D(RY) : 3t € [0,1] [[¢p —ab[[j0,1] < 1}
is not Fpgv)-measurable. Conclude that Bp v ; Fp~y. Similarly, conclude
that neither D(RY) nor C(RY) is a measurable subset of (RV)[%°). Finally,
show that C(RY) € Fp(®v)-

EXERCISE 4.1.9. Show that
(4.1.10)  vargg(®) > / Ivlittdy. ). (59) € [0,00) x DERY).
R

Hint: This is most easily seen from the representation of j(¢, -,) in terms of
point masses at the discontinuities of @. One can use this representation to see
that, for each r > 0,

vario,¢] (¢) > Z |¢(T) - ¢(T_)| :/ |Y|j(t>dy’¢)7 (tv"j)) € [0? OO)

reJ(trap) lylzr

EXERCISE 4.1.11. If 9 is an absolutely pure jump path, show that varjy 4 () =
J ly]7(t,dy, ) and therefore that 1 has locally bounded variation. Conversely,
if 1 € C(RY) has locally bounded variation, show that ) is an absolutely pure
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jump path if and only if vary () = [ |y|j(t, dy, ). Finally, if » € D(RY)
and j(t, -,9) € M (RY) for all t > 0, set Pc(t) = ¥(t) — [y j(t,dy,v) and
show that 1. € C(RY) and

var(o,) () = varp,(¢e) + / ly| it dy, ).

EXERCISE 4.1.12. If v € M;(RY), show that v(T') € {0,1} for all T' € Bgv if
and only if v = dy for some y € RV,

Hint: Begin by showing that it suffices to handle the case when N = 1. Next,
assuming that N = 1, show that v is compactly supported, let m be its mean
value, and show that v = §,,.

§4.2 Discontinuous Lévy Processes

In this section we will construct the Lévy processes corresponding to those
p € Z(RY) with no Gaussian component. That is,
(4.2.1)

) = exp (VT(6.m,)
[ [ 1 VT (9D €3] May) ).

Because they are the building blocks out of which all such processes are made,
we treat separately the case when p is a Poisson measure 7y, for some M €
Mo(RY) and will call the corresponding Lévy process the Poisson process
associated with M.

§4.2.1. The Simple Poisson Process. We begin with the case when N =1

and M = 6y, for which 7, is the simple Poisson measure e~! Zm 0 7711,5

whose Fourier transform is exp (e\ﬁg — 1).
To construct the Poisson process associated with M, we start with a sequence

{Tm : m > 1} of independent, unit exponential random variables on a proba-
bility space (2, F,P). That is,

P({w: mi(w) > t1,...,T(w) > tn}) —exp( Zt+>

for all n € Z* and (t1,...,t,) € (RV)". Without loss in generality, we may and
will assume that 7,,(w) > 0 for all m € Z* and w € Q. In addition, by the
Strong Law of Large Numbers, we may and will assume that > -_ m(w) =00
for all w € Q. Next, set To(w) = 0 and T}, (w) = > | T (w), and deﬁne

(4.2.2) N(t,w) =max{n e N: T,( <t}—21[T ().00) (1) for t € [0,00).
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Clearly t ~» N(t,w) is a non-decreasing, right-continuous, piecewise constant
path, N-valued path which starts at 0 and, whenever it jumps, jumps by +1. In
particular, N(-,w) € D(RY), N(t,w) — N(t—,w) € {0,1} for all ¢t € (0, 0), and
so j(t, -, N(-,w)) = N(t,w)d.

Clearly, P(N(t) = n) =P(T,, <t < Tpy1). Thus, P(N(t) =0) =P(ry > t) =
e”t and, whenn > 1,

]P(T <t< Tn+1 / / m=1"" dry - - “dTpy1 = 6_t|B|7

where A = {(71,...,7Tpt1) € (0,00)"* S0 7, <t < 30T Tm} and B =
{(r1,....7) € (0,00)" : 3" | 7, < t}. By making the change of variables
Sm = Z;nzl 7; and remarking that the associated Jacobian is 1, one sees that

|B| = |C| where C' = {(s1,...,8,) € R" : 0 < 51 < --- < s, < t}. Since
|C| = L3, we have shown that the P-distribution of N(¢) is the Poisson measure
s, - In particular, 7, is the P-distribution of N(1).

We now want to use the same sort of calculation to show that {N(t) : ¢ €
[0,00)} is a simple Poisson process, that is, a Lévy for ms,. See Exercise
4.2.18 for another, perhaps preferable, approach.

LeEMMA 4.2.3.  For any (s,t) € [0,00), the P-distribution of the increment
N(s+t)—N(s) is ms,. In addition, for any K € Z* and 0 =ty < t; < -+ < l,
the increments {N(tx) — N(tx—1): 1 < k < K} are independent.

PrROOF: What we have to show is that for all K € ZT, 0 =ng < --- < ng, and
0=ty <ty < - <tg,

]P)(N(tk) —N(tk_l) =nE—Ngp_1, 1 <k < K)

K e*(tk*tk—l)(t )nk*"k—l

E— Tk—1
(ng —ng—1)!

)

k=1

which is equivalently to checking that

?

ﬁ —(tk—tr— 1)(tk _ tkil)nk_nkfl
el ng — nkfl)!

and, since the case when nx = 0 is trivial, we will assume that nx > 1. To this
end, note that

P(N(tg) =ng, 0 <k < K) =P(Thy, <tp < Tnpsys 1 <k <K)

mK Tm __—tg
m=1 dT1'~-dTnK+1—6 |B|,
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where

ne+1
A= {(71,...,TnK+1)€(0 oo)nKtL ZTmStk< Z T, 1</<:<K}

m=1 m=1

and

m=1

Nk
B:{(Tl,...,TnK)E(O,oo)”K:tk1< ZTmStk: 1§k:§K}.

To compute |B|, set S = {1 < k < K : ng_1 < ni}, and make the change of
variables s,, = >~ 7; to see that |B| = |C|, where

J=1
C={(s1,-- 8n) ER™ : 1 < $pp 141 <o+ < 8p, <ty for k€ S}
Finally, for k € S, set

Cy = {(Snk71+1, cey Sy ) ERMETRL ) < S 1 < < Spy < tk},

and check that

—t nk—nk71
_tK|O| _ 6—1‘,1( H |Ok| _e—tK H k— 1 '
keS keS (e = ng—)!
K —(t—tp— 1)(tk_tk l)nk Ng—1
H . O
P ng — ng—1)!

The simple Poisson process {N(t) : ¢ > 0} is aptly named. It starts at 0,
waits a unit exponential holding time before jumping to 1, sits at 1 for another,
independent, unit exponential holding time before jumping to 2, etc. Thus, since
ms, is the distribution of this process at time 1, we now have an appealing picture
of the way in which simple Poisson random variables arise.

Given « € [0,00), we will say that a D(R)-valued process whose distribution
is the same as {N(at) : t > 0} is a simple Poisoon process run at rate a.

§4.2.2. Compound Poisson Processes. We next want to build a Poisson
process associated with a general M € 9Mo(RY). If M = 0, there is nothing to
do, since the corresponding process will simply sit at 0 for all time. If M # 0, we
write it as av, where o = M (RY) and v = % After augmenting our probability
space if necessary, we introduce a sequence {X,, : n > 1} of independent, v-
distributed, random variables which are independent of the unit exponential
random variables {7, : m > 1} out of which we built the simple Poisson process
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{N(t) : t > 0} in the preceding subsection. Further, since M ({0}) = 0, we may
and will assume that none of the X,,’s is ever 0. Finally, we set

(4.2.4) Zu(tw)= Y. Xuw),
1<n<N(at,w)
with the understanding that a sum over the empty set is 0.

Clearly, the process {Zps(t) : t > 0} is nearly as easily understood as is the
simple Poisson process. Like the simple Poisson process, its paths are right-
continuous, start at 0, and are piecewise constant. Further, its holding times
and jumps are all independent of one another. The difference is that its holding
times are now a-exponential random variable (i.e., exponential with mean value
i) and its jumps are random variables with distribution v. In particular,

(4.2.5) j(t, o ZM( : ,w)) = Z 5Xn(w) = Z 1[Tn(w),oo) (t)5xn(w)-

1<n<N(at,w) n=1

We now want to check that {Z/(t) : t > 0} is a Lévy corresponding for myy,
and, as such, deserves to be called a Poisson process associated with M: the one
with rate M (RY) and jump distribution %. That is, we must show that,
for each 0 = t9 < t; < ---tg, the random variables Zy;(tx) — Zps(tg—1), 1 <
k < K, are independent and that the kth one has distribution m, —¢, _ )as-
Equivalently, we need to check that, for any &;,...,€x € RY,

exp <\EZ(&€7 Zs(te) — ZM(fk—l))RNﬂ = [ #oni(&e),

where 1, =t —tr_1. But, because of our independence assumptions, the above
expectation is equal to

Z P(N(Oztk)—N(Oétk_l) =Nk — Nk—1, 1§]€§K)

ng>-2>n1>0

E]P

K
X EP exp | v -1 Z Z (€k7 Xm)RN
k=1ng_1+1<m<nyg
K

_ Z H €_m—k7'kk_ o / (e\/?l(ﬁkJ)RN _ 1) v(dy) e
: (le — nk_l)! RN

= [ 7w (&w)-
k=1
Any stochastic process {Z(t) : ¢ > 0} with right-continuous, piecewise con-
stant paths and the same distribution as the process {Zp/(t) : t > 0} just
constructed is called a Poisson process associated with M.
Here is a beautiful and important procedure for transforming one Poisson
process into another.



152 1V Non-Gaussian Lévy Processes

LEMMA 4.2.6. Suppose that F : RN — RN’ js a Borel measurable function
which takes the origin in RN into the origin in RN, and, for M € Mo (RY),
define MT € 9y(RN") by

MF(T) = M(F—l I\ {o})) for T' € By

If {Z(t) : t > 0} is a Poisson process associated with my; and
(4.2.7) ZF (t,w) = / F(y)j(t,dy,Z(-,w)) for (t,w) € [0,00) X Q,
RN

then {Z¥'(t) : t > 0} is a Poisson associated with my;». Moreover, if, for each i
in an index set Z, F; : RN — R¥i is a Borel measurable satisfying F;(0) = 0
and, for each 'y € RN, there is at most one i € T for which F;(y) # 0, then the
processes {{Z%i(t): t >0} : i € T} are independent.

PROOF: In proving the first part, we will, without loss in generality, assume
that (cf. (4.2.4)) Z = Zj;. But then, by (4.2.5),

z8(tw)= > F(X,(w),

1<n<N(at,w)

from which the first assertion is immediate.

To prove the second assertion, we begin by observing that it suffices to treat
the case when Z = {1,2}. To see this, suppose that we know the result in this
case, and let n > 2 and a set {i1,...,i,} of distinct elements from Z be given. By
taking Fy = (F,,...,F;,_,) and Fy = F; and applying the assumed result, we
would have that {Z% (t) : ¢t > 0} is independent of {(Z (¢),.. ., ZFin— (t)) :
t > O}. Hence, proceeding by induction, we would be able to show that the
processes {{Z%m (t): t >0} : 1 <m < n} are independent.

Now assume that Z = {1,2}. What we have to check is that, for any K € Z*,
0=ty <ty <- <ty and {(£,€3): 1 <k < K} CRM x RN

EP

exp(ﬁ [ (6h 27 (1) — 27 (i),
k=1
+ (5]%, ZF2(tk) _ 7z (tkl))]RN2]>‘|
=EF lexp <\/_712(£li7 z" (tk) —-zh (tk—l))RN1>]

k=1

x EF leXp (\EZ(&% Z"2 (1) — 2" (tk_1>)RN2>] :
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For this purpose, take ' : RNV — RN +N2 to be given by F(y) = (Fl(y), F (y))7
and set & = (£4,&7). Then the first expression in the preceding equals

]EIP’

exp(ﬁZ(ﬁk, ZF(tk> - ZF(tk—l)RN1+N2>]
k=1

— ﬁ E” [exp<ﬁ(§k7 Z" (ty, — tk—l))RNﬁNz))}’

since {Z(t) : t > 0} has independent, homogeneous increments. Hence, it
suffices for us to observe that, for any t > 0 and & = (¢, £2),

E” [exp((ész(t))RNﬁwﬂ = exp (t/R (em(E’F(y”RM*W — 1) M(dv))

N

= exp (t/ (eﬁ(EI,F1(Y))RN1 _ 1) M(dy))
RN

X oxp (t / i (VT R 0N, 1) M(dy)>
=EF [exp(({l,ZFl(t))RNl)}EP[exp((é,ZF2(t))RN2>]. O

As an essentially immediate consequence of Lemma 4.2.6 and Theorem 4.1.6,
we have the following important conclusion.

THEOREM 4.2.8. If{Z(t) : t > 0} is a Poisson process associated with myy,
then, for each A € Bgn\ 103, {j (t,A, Z(- )) Dt > O} is a simple Poisson process
run at rate M(A). Moreover, if

75 (1) = /ij(t,dy,Z),

thenj(t,F, ZA) = j(t,PﬂA, Z) for all (t,T") € [0,00) X Bpn. Finally, if {A; : i €
T} is a family of mutually disjoint Borel subsets of RV \ {0}, then the processes
{{j (t, A, Z) :t>0}:0€ I} are mutually independent.

The result in Theorem 4.2.8 says that the jumps of Poisson process can be
decomposed into a family of mutually independent, simple Poisson process run
at rates determined by the measure under of the jump sizes. The next result can
be thought of as a re-assembly procedure which complements this decomposition
result.

THEOREM 4.2.9. If {{Zy(t): t > 0} : 1 <k < K} are independent Poisson
processes associated with {My : 1 <k < K} C My(RY), then

K K
{Z(t) = Z Zip(t): t> O} is a Poisson process associated with M = Z M.
k=1 k=1
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Next, suppose that the My ’s are mutually singular in the sense that, for each
k, there exists a A € Bgn\fo) such that the Ay’s are mutually disjoint and
M;, (Akﬂ) = 0= My(Ay) for £ # k. Then, for P-almost every w € (),

K

it 20 w) =Y Gt -, Ze(,w)), tE[0,00).

k=1

Equivalently, for P-almost every w € Q and all t > 0, there is at most one k such
that Zy(t,w) # Zg(t—,w).

Proor: Clearly, {Z(t) : t > 0} starts at O and has independent increments. In
addition, for any s, t € [0,00) and & € RV,

K
EP [eﬁ@,Z(sm—zw))RN] - [ &° [eﬁ@,zk(sm—zk(s))w]
k=1

- ﬁ exp <t /RN (eﬁ(ﬁ’”ﬂw — 1) Mk(dY))

— exp (t /]R i <eﬁ(£’3’)RN - 1) M(dy)) .

Now assume that the M} ’s are as in the final part of the statement, and choose
Ay’s accordingly. Without loss in generality, we will assume that RY \ {0} =
Uﬁil Ay. Also, because the assertion depends only on the joint distribution of
the processes involved, we may and will assume that

Zk(t):/A yj(t,dy,Z) forl1<k<K,
k

since then Z(t) = Z,le Z;(t), and, by Theorem 4.2.8, the Zj’s are independent
and the kth one is a Poisson process associated with M. But with this choice,
another application of Theorem 4.2.8 shows that j(t,F, Zk) = j(t,F N Ag, Z),

and therefore
K

§(t.T,2) =) j(tT,2y), te0,00). O
k=1

Because the paths of a Poisson process are piecewise constant, they certainly
have finite variation on each compact time interval. The first part of next lemma,
allows us to estimate that variation.

LEMMA 4.2.10. If {Z(t) : t > 0} is a Poisson process associated with M &
mo(RN), then

Flvarpg = )
B v (2)] = [ IvIM(d)
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In addition, if [o |y| M (dy) < oo and Z(t) = Z(t) — [pn y M(dy), then

_ Nt = Nt
P(12Zl0 > R) < B [1Z00F] = 35 [ | P M(ay).

PROOF: Again, we will assume that Z = Zj;, in which case

var(o,¢] (Z) = Z 1Xm-

1<m<N(at)

Hence (cf. the notation used in §4.1.1)
E” [varyo(2)] = B [N (@t)]E°[1X,[] =at [ Iylvdy) =t [ Iv|M(ay).
R R
Turning to the second part, begin by observing that

P(||Z)|o,) > R) = lim IP’< max

1<m<2n

Z(m2-"1)| > R)

< N lim sup IP’( max |(e,Z(m2_"t))RN| > R).

N—00 g cgN -1 1<m<2n

Next, given e € S¥~! and n > 1, write

(e, Z(m2 ™) gy = Y (e Z(€27"t) = Z((£ — 1)27")) v
1<6<m

and apply Kolmogorov’s Inequality to conclude that

(e, Z(m2 1)) | > R> < REP[(e.2(1))% ]

P| max
1<m<2n

Thus, we will be done once we check that E[|Zy/(¢)[?] = ¢ [on ly|* M(dy).
To this end, first note that EF[|Z(t)|]] = E¥[|Z(t)|?] — o?t*|m|?, where m =
Jev Y v(dy). At the same time, if X,, = X,, — m, then EF[|Z(t)|?] equals

2

2
EF > Xy| | =EF > Xp| | 4+ mPPEF[N(at)?]
1<m<N(at) 1<m<N(at)

= otE"[|X1°] + |m[*(o®? + at) = atE" [|X4[?] + o*¢*|m]|>.

Thus, since aEF [|X1]?] = [en [y|> M (dy), the desired equality follows. [
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§4.2.3. Poisson Jump Processes. Rather than attempting to construct
more general Lévy processes directly, we will first construct their jump processes
and then construct them out of their jumps. With this idea in mind, we say that
(t,w) ~ j(t, - ,w) is a Poisson jump process associated with M € 9, (RY)
if, for each w € Q, t ~ j(t, -,w) is a jump function, and for each n € Z* and
collection {Ay,..., A} C By satisfying 0 ¢ (J; Ay, {{j(t,A;): t>0}:1<
1 < n} are independent, simple Poisson processes, the ith of which is run at rate
M(A;) for each 1 < i < n. By starting with simple functions and passing to
limits, one can easily check that

(t,w) € [0,00) x O — /(p(y), i(t, dy, w) € [0, 0]

is measurable for every Borel measurable function ¢ : RY — [0, co]. Therefore,
if F:RY — RV’ is a Borel measurable function, and, for T' > 0,

ar) = {w: [ 1P dy.e) <oo}.
then both Q(T)
(t,w) €0, T] x QT) ~ /F(y)j(t,y,w) e RV

are measurable. Note that if |F'(y)| vanishes for y’s in a neighborhood of 0, then
UT)=Q for all T > 0.
Our goal in this subsection is to prove the following existence result.

THEOREM 4.2.11.  For each M € 9 (RY) there exist an associated Poisson
jump process.

PROOF: Set Ag = RV\B(0,1) and A, = B(0,2-%+t1)\ B(0,2%) for k € Z*, and
define My (dy) = 14, (y) M(dy). Next, choose independent Poisson processes
{{Zk(t) ct >0} k€ N} so that the kth one is associated with Mj, and
set ji(t, -,w) = j(t, Ly (- ,w)). Without loss in generality, we may and will
assume that jy(t, AxC,w) = 0 for all (t,w) € [0,00) x Q and k € N. In addition,
by Theorem 4.2.9, if Z(™(t) = S°7"  Zy(t), then we know that, for P-almost
every w € (Q,

](m)(tv : ,CU) = j(tv : 7Z(Tn)(‘ ,CU)) = Z]k(t7 : ,CU), t > 0.
Hence, we may and will assume that

00
t“""j(t, ',(.U) = Z]k(tv '7w)
k=1
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is a jump function for all w € Q. Finally, suppose that {A; : 1 <i <n} C Brw
are disjoint and that 0 ¢ |J;_, A;. Choose m € N so that A,, N B(0,2=) = 0,
and note that, P-almost surely, j(,A;,w) = j0™ (¢, A;,w) for all ¢ > 0 and
1 < i < n. Hence, the required property is a consequence of the last part of
Theorem 4.2.8. [

In preparation for the next section, we prove the following.
LEMMA 4.2.12. Let F:RY — RN’ be a Borel measurable function such that
F(0) =0 and 0 ¢ F~1(RN'\ B(0,r)) for any r > 0. For any M € M., (RY),
MF € M (RY'). Moreover, if {j(t,-) : t > 0} is a Poisson jump process
associated with M, then {j¥'(t,-) : t > 0} is a Poisson jump process associated
with MF . Finally, if 0 ¢ F~1(RN"\ {0}) and

ZF (t,w) = / y 55 (t,dy,w) = / F(y) j(t, dy,w),

then M¥ ¢ WO(RN/), {ZF(t) : t > 0} is a Poisson process associated with M¥
andj(t, -,ZF(-,w)) =i, - w).

PROOF: To prove the first assertion, suppose that {A;,...,A,} are disjoint,
Borel subsets of RV such that 0 ¢ Ui, Ai. Then {F7Y(Aq),...,F7Y(A,)}
satisfy the same conditions as subsets of RY, and therefore, since j%' (¢, A;,w) =
j(t,F‘l(Ai),w), {{jF(t, A)):t>0}:1<i< n} has the required properties.

Turning to the second assertion, first note that M* € Mty (RY /) is a immediate
consequence of 0 ¢ F~1(RN"\ {0}) and that the equality j(t, -,Z"(-,w)) =
j¥(t, -, w) is a trivial application the final part of Theorem 4.1.6. To prove that
{Z¥(t) : t > 0} is a Poisson process associated with M¥ | use Theorem 4.2.8
to see that {j¥(¢,-) : t > 0} has the same distribution as the jump process
for a Poisson process {Z(t) : t > 0} associated with M¥. Hence, since Z(t) =
[y i(t.dy,Z), {Z" (t) : t > 0} has the same distribution as {Z(¢) : ¢t > 0}. O
§4.2.4. Lévy Processes with Bounded Variation. Although the contents
of the previous section provide the machinery to construct a Lévy process for
any g with Fourier transform given by (4.2.1), for reasons made clear in the next

lemma, we will treat the special case when M € 9t (RY) here and deal with
M € My(RY) \ My (RY) in the following subsection.

LEMMA 4.2.13.  Let {j(t,-) : t > 0} be a Poisson jump process associated
with M € M (RY), and set V(t) = [ |y|j(t,dy). Then V(t) < oo almost surely
or V(t) = oo almost surely for all t > 0 depending on whether M is or is not
in My (RY). (See Exercise 5.1.20 to see that the same conclusion holds for any
M € Moo (RY).)

PROOF: Since, le|>1

is entirely about the finiteness of Vj(t,w) = fm ly|j(t,dy,w). To study this

ly|j(t,dy,w) < oo for all (t,w) € [0,00) x €, the question
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question, set Ay = B(0,2=%+1)\ B(0,2%), F(y) = |y|la,(y), and Vi(t,w) =
fAk ly|j(t,dy,w) for k > 1. Clearly, the processes {{Vj(t): t >0} : k€ Z*}
are independent. In addition, ¢ ~» Vj(t) is non-decreasing and, by the second
part of Lemma 4.2.12, {Vj () : t > 0} is a Poisson process associated with M.
Thus, by Lemma 4.2.10,

(*) ap =EF [Vk(t)] = t/

| 20(dy) and by = Var(Vi(0) =t [ Iy/* M(dy).
Ak

From the first of these, it follows that

E? [ /B(|y|.7'<t, dy>] = Y V)] = /

[yl M(dy),
1 B(0,1)

which finishes the case when M € 90 (RY). When M € My(RY) \ 01 (RY), set
Vi(t) = Vi(t) — tax. Then, for each t > 0, {Vi(¢t) : k € ZT} is a sequence of
independent random with mean value 0. Furthermore, by the second part of (*),

B(0,1)

S Var(V(t) =3 by = t/|y|2M(dy) < .

Hence, by Theorem 1.4.2, 727, Vi (t) converges P-almost surely. But, because
M ¢ M (RY), S22, ap = oo, and so, for each t > 0, Y72, Vi(¢) must diverge
P-almost surely. U

Before stating the main result of the subsection, we introduce the notion of a
generalized Poisson measure. Namely, if M € 9t (RY) \ My (RY) and 7y is
the element of Z(R") whose Fourier transform is given by

exp ( / (eﬁ@,y)w _ 1) M(dy)> 7

or, equivalently, by (4.2.1) with m = fmy M (dy), then we call 7y the
generalized Poisson measure for M. Similarly, if {Z(¢) : ¢ > 0} is a Lévy process

for a generalized Poisson measure s, we will say that it is a generalized
Poisson process associated with M.

THEOREM 4.2.14. Suppose that M € 9 (RY) and that {j(t,-) : t > 0} is
a Poisson jump process associated with M. Set N = {w : 3t > 0 j(t, -,w) ¢
M, (RV)}, and define (t,w) ~ Zys(t,w) so that

i(t,dy, if w ¢ N
ity = {0 LT
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Then P(N) =0 and {Zp(t) : t > 0} is a (possibly generalized) Poisson process
associated with M. In particular, t ~ Zy;(t,w) is absolutely pure jump for all
w e Qand {j(t,-,Z) : t > 0} is a Poisson jump process associated with M.
Finally, if 1 € Z(RN) has Fourier transform given by (4.2.1), then

{t (m—/ yM(dy)>+ZM(t):t>O}
B(0,1)

is a Lévy process for (.

ProoF: That P(N) = 0 follows from Lemma 4.2.13. To prove that {Zp(t) :
t > 0} is a Lévy process for myy, set

Z0(t,w) = / y j(t, dy,w)
ly|>r

for r > 0. By Lemma 4.2.12, {Z(")(¢) : t > 0} is a Poisson process associated
with M) (dy) = 1(r00)(y) M(dy). In addition, if w ¢ N, then Z0)(- W) —
Z)(-,w) uniformly on compacts, from which it is easy to check that {Zps(t) :
t > 0} is a Poisson process associated with M and that the process in the last
assertion is a Lévy process for any p whose Fourier transform is given by (4.2.1).
Finally, by Theorem 4.1.6, j(t, ~,ZM(-,w)) = j(t, -,w) when w ¢ N, from
which it is clear that {j(¢,-,Z) : t > 0} is a Poisson jump process associated
with M. O

§4.2.5. General, Non-Gaussian Lévy Processes. In this subsection we
will complete the construction of non-Gaussian Lévy processes.

THEOREM 4.2.15. For eachm € RN and M € My (RY) there is a Lévy process
for the p € Z(RY) whose Fourier transform is given by (4.2.1). Moreover, if
{Z(t) : t > 0} is such a process, then {j(t,-,Z) : t > 0} is a Poisson jump
process associated with M. Finally, if, for r € (0, 1],

Z(’”)(t):/||> yj(t,dy,Z)—t/ y M(dy),

r<|y|<1

then

ly[> M(dy).

]P’( sup ‘Z(T)—Tm—Z(T)(Tﬂ > 6) < N;/

T€[0,4] € JB(o,r)

ProOOF: Without loss in generality, we will assume that m = 0.
By Theorem 4.2.11, we know that there is a Poisson jump process {j(t, -) :
t > 0} associated with M. Take

J(tdy,w) = j(t.dy,w) — g (y) M (dy).
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and define

Zm@w%i/ yilt.dy,w), (tw)e[0,00) x O,
ly|>r

for r € (0,1]. By Lemma 4.2.12, we know that {Z(")(t) : t > 0} is a Lévy process
for p("), where

1) (€) = exp (/ | [eﬁ“’y)RN —1— V=11 (Y)(Evy)RN] M(Chf)) -

Furthermore, by the second part of Lemma 4.2.10, we know that, for 0 < r <
r <1,

€

, Nt
*) Pmﬂ”—zwmﬂzaggj y[2 M(dy).
r<l|y|<r’!

Hence, if 1 > r,, N\, 0 is chosen so that

L Py <2
B(0,ry,)
then

P (Sup ||Z(rn) _ Z(TM)”[O,t] > %) < Z IED(HZ(TTH—I) _ Z(rn)H[Qﬂ > (m+ 1)—2)

n>m n>m

<Nt > (nt1)t27m,
and therefore, by the first part of the Borel-Cantelli Lemma,

P (am Y > m |20 — Z0m) |0y < WLH) ~1.

We now know that there is a P-null set A/ such that, for any w ¢ N, there
exists a Z(-,w) € D(RY) to which {Z(")(- ,w) : n > 0} converges uniformly
on compacts. Thus, if we take Z(t,w) = 0 for (t,w) € [0,00) x N/, then is an easy
matter to check that {Z(¢) : ¢t > 0} is a Lévy process for the € Z(RY) whose
Fourier transform is given by (4.2.1) with m = 0. In addition, since, by Theorem
4.1.6, we know that t ~» j(¢, -,w) is the jump function for ¢ ~» Z(t,w) when
w ¢ N, it is clear that {j(¢, -,Z) : t > 0} is a Poisson jump process associated
with M Finally, to prove the final estimate, observe that, for w ¢ A/, the path
t ~» Z(")(t,w) used in our construction coincides with the path described in the
statement. Thus, the desired estimate is an easy consequence of the one in (*)
above. [
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COROLLARY 4.2.16. Let u € Z(RV) with Fourier transform given by (4.2.1),
and suppose that {Z(t) : t > 0} is a Lévy process for p. Then, depending
on whether or not M € My (RY), either P-almost all or P-almost none of the
paths t ~ Z(t) has locally bounded variation. Moreover, if M € 9, (RY), then,
P-almost surely, t ~ Z(t) — tm is an absolutely pure jump path.

PROOF: From Theorem 4.2.14, we already know that t ~» Z(t) — tm is almost
surely an absolutely pure jump path if M € 9 (RY), and so t ~ Z(t) is almost
surely of locally bounded variation. Conversely, if ¢t ~ Z(¢) has locally bounded
variation with positive probability, then, by (4.1.10), j(t, .7z) € My (RY) with
positive probability. But then, since {j(t, -,Z) : t > 0} is a Poisson jump
process associated with M., it follows from Lemma 4.2.13 that M € 901, (RY). O

COROLLARY 4.2.17.  Let pn and {Z(t) : t > 0} be as in Corollary 4.2.16. Given
A € Bpy with 0 ¢ A, set

Z5(t) = /A y j(t,dy, Z), M (dy) = 1a(y)M(dy), and m® — / y M2 (dy).

B(0,1)

Then {Z*(t) : t > 0} is a Poisson process associated with M, {Z(t) — Z(t) :
t > 0} is a Lévy process for the element of TZ(RY) whose Fourier transform is

exp (VET(€m - ),

b [ [T 1 T ) (63)] M),
RV\A

and {Z(t) —Z~(t) : t > 0} is independent of {j(t, -, Z*) : t > 0}, and therefore
of {ZA(t) : t > 0}.

ProoF: That {ZA(t) : t > 0} is a Poisson process associated with M is an

immediate consequence of Lemma 4.2.12. Next, define Z()(t) as in Theorem
4.2.15, and set j(t,dy) = j(t,dy,Z) —t1p11(|ly|) M (dy). Then, for all r € (0, 1],

Z0) (1) — 22 (1) = /

Lo (¥)y J(t, dy) — ¢ / 1a(y)y M(dy).
B(0,r)C

r<|yl<1

In particular, this means that {Z (") (t)—Z*(¢) : t > 0} has independent, homoge-
neous increments and (cf. Theorem 4.1.6) is independent of {ji(¢, -, Z%) : ¢ > 0}.
In particular, since, as r \, 0,
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Z(")(t) — Z(t) — tm in probability, it follows that {Z(t) — Z2(¢) : t > 0} is
independent of {j(t, -,Z*) : t > 0}. In addition,

¢V TIEm-m®) o P [V Z0-Z2 O ] = liny EF [V~ LE27 ()22 (0+m ™)

= }1{% exp / [eﬁ(g’y)f&” —-1- \/jll[o,l] (|Y|) (£7Y)RN:| M (dy)

(AUB(0,r))C

= exp (/ {eﬁ(g”’)ﬂ%’v -1- \/—711[0,1}(|Y\)(€,Y)RN} M(dY)> .
RV\A

Hence, it follows that {Z(t) — Z*(t) : t > 0} is a Lévy process for the specified
element of Z(RY). [

Exercises for §4.2

EXERCISE 4.2.18. Here is another proof that the process {N(¢) : ¢ > 0} in
§4.2.1 has independent, homogeneous increments. Refer to the notation used
there.

(i) Given n € ZT and measurable functions f : [0,00)"*! +—— [0,00) and g :
[0,00)" — R, show that

]EP[f(Tl)"'>TTL+1)7 Tn+1 > g(Tla"'7Tn):|
:EP[e—g(n,...,ran(Th.‘_’TanH +g(71,...,7n)+)]-
(ii) Let K € ZT,0=ng <m; < - <ng,and 0 =ty < t;] < -+ < tg = s
be given, and set A = {N(ty) = ng, 1 < k < K}. Show that A = BN

{Tax+1 > s — Tny}, where B € o({71,..., Ty }), and apply (i) to see that
P(A) = EF[et~Tni), B].
(iii) Let n € Z* and ¢ > 0 be given, and set ¢(£) = P(T,,—1 > £). Again using
(i), show that
P(AN{N(s+t) — N(s) <n})
= E]P [77/}(75 + s — TnK—i-l); BN {TnK—i-l >S5 — TnK}]
_ E]P [6_(S_T”K)¢(t _ TTLK+1)7 B] — EIP [1/}@ _ TnKJrl)]]EP [e—(s—TﬂK)7 B]
=P(N(t) < n)P(A).
EXERCISE 4.2.19. Assume that p € Z(R) has its Fourier transform given by
(4.2.1), and let {Z(t) : t > 0} be a Lévy process for . Using Exercise 3.2.23,

show that ¢ ~» Z(t) is non-decreasing if and only if M € 9 (R), M ((—00,0)) =
0, and m > f[—l’l} y M (dy).
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EXERCISE 4.2.20. Let {N(t) : t > 0} be a simple Poisson process, and show
N(t)

that lim; .., —— = 1 P-almost surely.

N(n) =1

n

Hint: First use the Strong Law of Large Numbers to show that lim,,
P-almost surely. Second, use

N(t) — N(n)
(i B ) st

and therefore that

lim

t—o0

'N(t) _ N
t 1]

‘ =0 [P-almost surely.

EXERCISE 4.2.21. Let {j(¢,-) : t > 0} be a Poisson jump process associated
with some M € M., (RY), and suppose that F : RY — R is a Borel measurable,
M-integrable function which vanishes at O.

(i) Let NV be the set of w € Q for which there is a ¢ > 0 such that F' is not
integrable j(¢, -, w)-integrable, and show that P(N') = 0.

(ii) Show that M* € 991;(R) and that, in fact,

/|yMF(dy) :/|F(y)|M(dy) < 0.

Next, define
i(t,dy,w) ifwgN
ZF oy - | e itdy
(tw) {0 ifweN.

Show that {Z(t) : t > 0} is a (possibly generalized) Poisson process associated
with MF.

(iii) Show that

ZF
lim ®) = /F(y) M(dy) P-almost surely.

t—o0 t

Hint: Begin by using Lemma 4.2.10 to show that it suffices to handle F’s which
vanish in a neighborhood of 0. When F' vanishes in a neighborhood of 0, use
Lemma 4.2.12 to see that {Z¥(t) : ¢t > 0} is a Poisson process associated with
MY . Finally, use the representation of a Poisson process in terms of a simple
Poisson process and independent random variables, and apply the Strong Law
of Large Numbers together with the result in Exercise 4.2.20.
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EXERCISE 4.2.22. Let {Z(t) : t > 0} be a Lévy process for the € Z(RY) with
Fourier transform given by (4.2.1), and set Z(t) = Z(t) — tm. Show that for all
R e [1,00) and t € (0,00), P(||Z]|jo,y > R) is dominated by ¢ times

2 2
v artay) + 5 | Y1)+ A (B0, VD)

aw
R? [0

Hint: Write Z(t) = Z(t) + Z2(t) + Z3(t), where

1<|y|<VR ly|>VR

Then,
P(|Zlo.g = R) <P(|Z1llo,5) = &) + P(|Z2lj0,0 = £) + P(|Z3l 0,5 # 0)-

Apply the estimates in Lemma 4.2.10 to control the first two terms on the right,
and use

P(j(L. RN\ B(0,VR),Z) £0) =1 - o~ tM(E\B(0,VR)

to control the third.

EXERCISE 4.2.23. Let v be a locally finite, Borel measure on RY. A Poisson
point process with intensity measure v is a random, locally finite, purely atomic
measure-valued random variable w ~» P(-,w) with the properties that, for any
bounded I' € Bg~v, P(I') is a Poisson random variable with mean value v(I") and,
for any family {I},...,I},} of mutually disjoint, bounded, Borel subsets of RY,
{P(I1),..., P(T},)} are independent. The purpose of this exercise is to show how
one can construct such a Poisson point process.

(i) Define F : RN — RN so that F(0) = 0 and F(y) = oy fory # 0. Clearly,

Fis 1 to 1 and onto, and both F and F~! are Borel measurable. Assuming that
v({0}) = 0, show that M = F,v € Mo (RY) and that v = F~1, M.

(ii) Continue to assume that v({0}) = 0, let {j(¢, -) : ¢ > 0} be a Poisson jump
process associated with the M in (i), and set P(-,w) = F~1,j(1, -,w). Show
w ~» P(-,w) is a Poisson point process with intensity v.

(vi) In order to handle v’s which charge 0, suppose v({0}) > 0. Choose a point
x € RV for which v({x}) = 0, define v/(T') = v(x + I'), note that v/({0}) = 0,
and construct a Poisson point process w ~» P’(-,w) with intensity measure /.
Finally, define P(I',w) = P'(I' — x,w), and check that w ~» P(-,w) is a Poisson
point process with intensity measure v.
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EXERCISE 4.2.24. Let M € My(RY) be given, and assume that exists a de-
creasing sequence {r,, : n > 0} C (0, 1] with 7, \, 0 such that

m = lim y M(dy)
T <lyl<1

exists. Let u € Z(RY) have Fourier transform given by (4.2.1) with this m and
M. If {Z(t) : t > 0} is a Lévy process for p, set

Zn(t,w)=/> yi(t.dy,Z(-,w)),

and show that

nler;oP(||Z —Zn|l0, = 6) =0

for all t > 0 and e > 0. Thus, after passing to a subsequence {n,, : m > 0} if
necessary, one sees that, P-almost surely,

Z(t,w)= lim [ yj(t,dy,Z(-,w)),

m—00

where the convergence is uniform on finite time intervals. An interesting conclu-
sion from this is that P-almost all the paths t ~» Z(t,w) are “conditionally pure
jump.”

§4.3 Coupling Lévy Processes

There is another way of thinking about the construction of the Poisson jump pro-
cesses, one which is based on the transformation property described in Lemma
4.2.12. The advantage of this approach is that it provides a method of cou-
pling Lévy processes corresponding to different Lévy measures. Indeed, it is this
coupling procedure which underlies K. It6’s construction of Markov processes
modeled on Lévy processes.*

§4.3.1. Fungibility of Measures. Let My(dy) = |y| ¥ ~!dy. Our goal in
this subsection is to show that every M € M. (RY) can be realized as (cf.
the notation in Lemma 4.2.6) M{" for some Borel measurable F : RV — RN
satisfying F'(0) = 0.

LEMMA 4.3.1. Let F; and F5 be a pair of complete, separable metric spaces
and let Q be the complete, separable metric space F1 x Fy. Given p € M;(Q),
use sy to denote the marginal distribution of u on Eo: ps(T') = p(Ey x T') for
I' € Bg,. Then there is a measurable map xo € Fy — (o, -) € My (E) such
that p(dzy X dxa) = p(ze, dry) pa(des).

*See K. It6’s On stochastic differential equations, Memoirs of the A.M.S. #4 (1951) or my
Markov Processes from K. Ité’s Perspective, Annals of Math. Studies #155 (2003).
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PROOF: The result here is really just a simple application of Theorem 6.1.10.
Referring to that theorem, take P = pu, ¥ = {E; xT' : T € Bg,}, and let
w € Q — P € M;(Q) be the map guaranteed by the result there. Next,
choose and fix a point 2§ € E;. Then, because w ~ P is Y-measurable, we
know that Pal’m) = P(Ew?,m)' In addition, because ¥ is countably generated,
the final part of Theorem 6.1.10 guarantees that there exists a ps-null set B €
Bg, such that ]P)(Zx(l),mg)(El x {x2}) = 1 for all z, ¢ B. Hence, if we define
x9 ~ p(ze, -) by p(ze,T') = [P’%E(I,’IQ)(F x F3), then, for any Borel measurable

¢ E1 x Ey — [0,00), (p, 1) equals

/(/ cp(w’)IPE(dw’)) P(dw) = /E (/E go(xl,xg)u(x2,da:1)> po(das). O

In the older literature, the result in Lemma 4.3.1 would be called a fibering
of . The name derives from the idea that p on Fq x E5 can be decomposed into
its “vertical component” po and its “restrictions” p(xe, -) to “horizontal fibers”
E1 X {LCQ}

LeEMMA 4.3.2.  Let A1) be denote Lebesgue measure on [0,1). For each
N € Z* and p € M (RY), there is a Borel measurable map f : [0,1) — RN
such that p = fi\jo1)-

Proor: We work by induction on N € Z*. When N = 1, we take
f(u) =inf{t e R: p((—o0,t]) >u}, wuel0,1).

Next, assume the result is true for N, take £y = R and Ey = RV in Lemma
4.3.1, and, given p € M1(RY), define po € M;(RY) and y € RV +— u(y, -) €
M, (R) accordingly. By the induction hypothesis, po = fa(-)«Ap,1) for some
f2:]0,1) — RN, Thus, if g : [0,1)2 — R x R is given by

g(uy,ug) = (inf{t €R: p(fa(uz), (—00,t]) >us}, f2(U2>)

for (u1,uz) € [0,1)% then g is Borel measurable on [0,1)* and p = g.Af, ).
Finally, by Lemma 1.1.6, we know that there is a Borel measurable map u €
[0,1) — U(u) = (Uy(u),Uz(w)) € [0,1)? such that U, A 1) = )\[20’1), and so we
can take f(u) =goU. O

THEOREM 4.3.3. For each M € M, (RY) there exists a Borel measurable map
F:RY — RN such that F(0) = 0 and

M(D) = M = My(F~(D\ {0}), T € By
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PrROOF: We begin with the case when N = 1. Given M € M (R), define
p(r,£1) for r > 0 by

p(r,1) = sup{p € [0,00) : M([p, oo)) > 7”_1}
p(r,—1) = sup{p € (—o0,0] : M((—o0,—p)) > ’I“_l},

where we here take the supremum over the empty set to be 0. Applying Exercise
4.3.5, one sees that M = M{ when F(0) = 0 and F(y) = p(|yl, \%I) for y €

R\ {0}
Now assume that N > 2, and let M € M (RY). If M = 0, simply take
F =0. If M # 0, choose a non-decreasing function h : (0,00) — (0, 00) so that

[ 1) p(ay) = 1

and define p € M ((0,00) x S¥71) so that

o = [ n(iy)o()M(ay).

Using po to denote the marginal distribution of ; on S¥~!, apply Lemma 4.3.2

to find a Borel measurable f : [0,1) — RY so that ps = £.Xjg,1). Since pa lives
on SV~1 we may and will assume that f(u) € S¥~! for all u € [0,1). Next, use
Lemma 4.3.1 to find a measurable map n € S¥~! — p(n, -) € M;((0,00)) so
that pu(dr x dn) = u(n, dr) uz(dn), and define p : (0,00) x SN~ — [0, 0) by

plrm) :sup{pe [0, 00) - /[ )h(lmﬂ(n,dr) > “”jjl}.

Then, again by Exercise 4.3.5, for any continuous ¢ : RN — [0,00) which
vanishes in a neighborhood of 0,

.
/ @h( ) p(n, dr) ZWNl/ o(r(rym)n)r—2dr, nesSV 1,
(0,00) (7) (0,00)

and so

/RN o(y) M(dy) = wN-1 /SNl (/(0700) o (p(r,m)m)r2 dr) i (dn)

— ons / ( / o(plr mE(H))r2 dr> Ao.sy ().
[0,1) (0,00)

Finally, define g : SN~ — [0,wn—1) by g(n) = Asv—1 ({0’ € S¥1: nf <mi}),
note that wy_1A,1) = g«As~v-1, and conclude that M = ME when

F(0)=0 and F(y):p(|y|,|§—|)fog(|§—|) fory ¢ RV \ {0}. O

§4.3.2. The Ité Map. We can now prove the following theorem, which is the
simplest example of It6’s procedure.



168 1V Non-Gaussian Lévy Processes

THEOREM 4.3.4. Let {jo(t, -) : t > 0} be a Poisson jump process associated
with Mgy. Then for each M € SJTOO(RN), there is a Borel measurable map F' :
RY — RN with F(0) = 0 and a Poisson jump process {j(t,-) : t > 0}
associated with M such that j(t, -) = j'(t, - ), t > 0, P-almost surely.

PROOF: Choose F as in Theorem 4.3.3 so that M = M{. For R > 0, set

Fr(Y) = 1[r,00)(y)F(y). By Lemma 4.2.12, we know that (=@, ) t >0} is
a Poisson jump process associated with M 7. In particular, for each r > 0,

E[5¢ (t, RV \ B(0,r))] = IgiinOEP 757 (£, RV \ B(0,7))] = M(RY\ B(0, 7)) < cc.

Hence, there exists a P-null set A/ such that ¢t ~ j&'(¢, - ,w) is a jump function
for all w ¢ N. Thus, if j(t, -,w) = j&'(t, -,w) if w ¢ N and j(t, -,w) = 0
for w € N, then {j(t,-) : t > 0} is a jump process associated with M and
j(t, ) =4&, ), t >0, for P-almost every w € Q. O

Exercises for §4.3

EXERCISE 4.3.5. Let v be an infinite non-negative, non-atomic, Borel measure
on [0,00) with the property that v([rs,00)) < v([r1,00)) < oo for all 0 <
r1 < ro < oo. Given any other non-negative, Borel measure on [0, 00) with the
properties that 4({0}) = 0 and pu([r, 00)) < oo for all 7 > 0, define

p(r) = sup{p € (0,00) : ,u([p, OO)) 2 V([Ta OO))}? r 20,

where the supremum over the empty set is taken to be 0. Show that u([t, oo)) =
v({r: p(r) > t}) for all t > 0, and therefore that (¢, ;1) = (@ o p,v) for all Borel
measurable ¢ : [0,00) — [0, 00) which vanish at 0.
Hint: Deterimine g : (0,00) — (0,00) so that v([g(r),o0)) = r, and check
that {r: p(r) >t} = [g(u([t,0))),00) for all t > 0.



