Chapter 111

Infinite Divisible Laws

The results in this chapter are an attempt to answer the following question.
Given an RV -valued random variable Y with the property that, for each n € Z7,
Y = Z:;:l X, where X1,...,X,, are independent and identically distributed,
what can one say about the distribution of Y?

After recalling the relationship between addition of independent random vari-
ables and convolution of their distributions, one can phrase the same question
more analytically as that of describing those probability measures g which, for
each n > 1, can be written as the n-fold convolution power p%"* of some prob-
ability measure IGe We will say that such a p is infinitely divisible and will
use Z(RY) to denote the class of infinitely divisible measures on RY.

Since the Fourier transform takes convolution into ordinary multiplication, the
Fourier formulation of this problem is that of describing &t when p is a probability
measure with the property that, for each n € Z™* there is an nth root of fi which
is again the Fourier transform of a probability measure.

Not surprisingly, this latter formulation is, in many ways, the most amenable
to analysis, and it is the way in which we will solve it in this chapter. On
the other hand, this formulation has the disadvantage that, although it yields a
quite satisfactory description of fi, it leaves the problem of extracting information
about p from properties of fi. For this reason, the following chapter is devoted
to developing a probabilistic understanding of the answer obtained in this one.

Throughout, M; (RY) will denote the space of Borel probability measures on
RN and Z(RY) will be the space of ;1 € M (RY) which are infinitely divisible.

In view of the comments made above, it is reasonable to begin by writing
down a family of probability measures which are obviously infinitely divisible,
and then start taking limits of these. The measures which first come to mind
are the Gaussian measures (cf. (2.3.6)) Ym,c. Indeed, if m € RY and C is a
symmetric, non-negative definite transformation on RY, then it is clear from
(2.3.7) that ym,c = 7' ¢. Unfortunately, this is not a good choice because it is
too rigid: limits of Gaussians are again Gaussian. To be more precise, say that
the sequence {j, : n > 1} C M;(R") converges weakly to p € M;(RY) and
write p1, = p when (@, i,) — (¢, p) for all ¢ € CL(RY;C), and apply Lemma
2.3.3 to check that p,==p if and only if jz, (&) — (&) for every &€ € RY. Now
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114 1T Infinitely Divisible Laws

suppose that vm,.c, = 1, and, using this Fourier criterion, conclude that
i = Ym,c Where m = lim,,_,.c m,, and C = lim,,_.o. C,,. In other words, one
cannot use weak convergence to escape the class of Gaussian measures.

A more fruitful choice is to start with the Poisson measures. Recall that if
v is a probability measure on RY and a € [0,00), then the Poisson measure
with jump distribution v and jumping rate « (see § 3.2 for an explanation of this
terminology) is the measure

0 n
_ o

Tay =€ & g Fu*“.
m=0

To see that 7, is infinitely divisible, note that

Tan(€) = exp <a / (eV~1EYm 1) v(dy)) ,

and therefore that m,, = ﬂ*g’fy.

To see why the Poisson measures provide a
more hopeful choice of starting point, let m € RY and a non-negative definite,
symmetric C be given, and choose (ey,...,exn) to be an orthonormal basis of

eigenvectors for C. Next, set m; = (m, e;)pv and o; = /(e;, Ce;)pv, and take

1 (Y 1

Then the Fourier transform of manp ., is

exp (30T € 1) 13" nfcon 608 _
p n(e #Y 1)+Zn<cos 1) :

1
i=1 i=1 n=

which tends to Ym.c (&) as n — 0o, and S0 Tanp ., = Ym,c as n — oo. Thus,
one can use weak convergence to break out to the class of Poisson measures.

As we will show below, the preceding is a special case of a result (cf. Theorem
3.2.7) which says that every infinitely divisible measure is the limit of Poisson
measures. However, before proving that result, it will be convenient to alter our
description of Poisson measures. For one thing, it should be clear that, without
loss in generality, we may always assume that the jump distribution v assigns
no mass to 0. If »({0}) = 1, then 7, = do = 7o,/ no matter how « and v/
are chosen. If 3 = v({0}) € (0,1), then 7, = 7o, where o = a(l — 3)
and v = (1 — B)~!'v. In addition, although the segregation of the rate and
jumping distribution provides probabilistic insight, there is no essential reason
for doing so. Thus, nothing is lost if one replaces 7y, by mas, where M is the
finite measure o, in which case

FTH(E) = exp (/(eﬁ(&y)w - 1)M(dy)) :
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With these considerations in mind, let 9%(RY) be the space of non-negative,
finite Borel measures M on RY with M ({0}) = 0, and set P(RN) = {np; : M €
Mo (RY)}, the space of Poisson measures on RY.

3.1 Convergence of Measures on RY

In order to carry out our program, we will need two important facts about the
convergence of probability measures on RY. The first of these is a minor modifi-
cation of the classical Helly-Bray Theorem, and the second is an improvement,
due to Lévy, of Lemma 2.3.3.

3.1.1. Lévy’s Continuity Theorem. Given a subset of S is My (RY), we
will say the S is sequentially relatively compact if for every sequence {pu,, :
n > 1} C S there a subsequence {s,, : m > 1} and a p € M;(RY) such that
My, = e

THEOREM 3.1.1. A subset S of M (RY) is sequentially relatively compact if
and only if

(3.1.2) lim sup p(B(0, R)C) = 0.

R—o00 HES

PROOF: We begin by pointing out that there is a countable set {py : k € ZT} C
C.(RV;R) which is linear independent and whose span is dense in C.(RY;R)
with respect to uniform convergence. To see this, choose n € C.(RV;[0,1]) so

that n = 1 on B(0,1) and 0 off B(0,2), and set ng(y) = n(R~'y) for R >
0. Next, for each ¢ € Z™", apply the Stone-Weierstrass Theorem to choose a
countable dense subset {1, : j € ZT} of C(B(0,2();R), and set ¢; ¢ = neth; e
Clearly {p,¢: (j,£) € (Z*)?} is dense in C.(RY;R). Finally, using lexicographic
ordering of (Z1)?, extract a linearly independent subset {¢y, : k € ZT} by taking
Ok = ©j.0, Where (j1,¢1) = (1,1) and (jr+1,lk+1) is the first (j,¢) such that
;¢ is linearly independent of {¢1,..., ¢i}.

Now suppose that (3.1.2) holds for S. Given a sequence {p, : n > 1} C S,
we can use a diagonalization procedure to find a subsequence {u,,, : m > 1}
such that ay = lim,, oo (@k, iin,, ) exists for each k € ZT. Next, define the linear
functional A on the span of {¢) : k € ZT} so that A(¢r) = ax. Notice that if

¢ =S| arpr, then

K

Z Qg <90k7 ,unm>

k=1

|A(p)| = lim

m—0oQ0

= lim (¢, pin,, )] < [l

and similarly that A(p) = limy,— oo (@, ftn,,) > 0 if @ > 0. Hence, A admits a
unique extension as a non-negativity preserving linear functional on C.(RY;R)
which satisfies |A(p)] < ||¢]|, for all ¢ € C.(RY;R).

For each ¢ € Z™T, apply the Riesz Representation Theorem to produce a non-
negative, Borel measure u, supported on B(0,¢) so that (¢, ue) = A(p) for
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@ € C.(RY;R) which vanish off of B(0,¢). Since (@, pry1) = A(p) = (o, 1)
whenever ¢ vanishes off of B(0,/), it is clear that

pre+1(T) = pro41 (TN B(0,€)) = pe(T)  for all T € B .

Hence, if

p(0) = lim (D) = p(TN{0}) + 3 e (T (BO,0)\ B, 0= 1))),

(=1

then p is a non-negative, Borel measure on RN whose restriction to B(0,/) is
pe for each £ € ZT. In particular, u(RY) < 1 and (@, p) = limyy, o0 (@, fin,,) for
every o € C.(RV;R). Thus, by Lemma 2.1.7, all that remains is to check that
w(RY) = 1. But

p(RY) = (ne, ) = lim (ne, pin,,) > Tim i, (B(0,2))
=1- h7m Hmp, (B(O,Z)U),

and, by (3.1.2), the final term tends to 0 as £ — co.

To prove the converse assertion, suppose that S is sequentially relatively com-
pact. If (3.1.2) failed, then we could find an 6 € (0,1) and, for each n € Z*,
a pn, € S such that p,(B(0,n)) < 6. By sequential relative compactness, this
would mean that there is a subsequence {/,,, : m > 1} C S and a p € M; (RY)
such that p,,, = p and p,,, (B(O,nm)) < 0. On the other hand, for any
R >0,

u(B(0,R)) < (np,p) < Tim_pip,, (B(0, 7)) <0,

and so we would arrive at the contradiction 1 = limp_. ,u(B (0, R)) <64. O

Our next goal is to find out how to find a test in terms of the Fourier transform
to determine when (3.1.2) holds.

LEMMA 3.1.3. Define

s(r) = inf <1 - 5129> for r € (0, 00).

0>r

Then s is a strictly positive, non-decreasing, continuous function which tends to
0 as 7\, 0. Moreover, if p € My(RY), then, for all (r, R) € (0, 00)?,

(3.1.4) |1 — ﬂ(re)} <rR+pu({y: |(e,y)rv| > R}) forallec SV
and

u(B(0O,NZR)C) <N esSuNp_lﬂ({y: (e, y)rv| > R})

N
s(rR)

(3.1.5)

max {|1 — (&) I¢ <7}
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In particular, for any S C My (RY), (3.1.2) holds if and only if

(3.1.6) Ié}{lﬂ ;S;ég’l — (£)| =0.

PrOOF: Given (3.1.4) and (3.1.5), the final assertion is obvious. To prove

(3.1.4), simply observe that |1 — V=¥ | < 1A (r|(e,y)py]).
Turning to (3.1.5), note that

[1—a(g)| > /RN (1 - COS(&Y)RN) p(dy).

Thus, for each e € SV~1,

1 A sin(r(e,y)RN)
sl [ (-2 )
> S(TR)M({Y (e, y)rv| 2 R}>’

and therefore

(3.1.7) sup |1 — (&) = s(rR)u({y : |(e,y)rv| > R}).
¢eB(0,r)

Since the first inequality in (3.1.5) is obvious, there is nothing more to be
done. U

We are now ready to prove Lévy’s crucial improvement to Lemma 2.3.3.

THEOREM 3.1.8 (Lévy’s Continuity Theorem). Let {u, : n > 1} C
M; (RY), and assume that f(£€) = lim,, . fi, (&) exists for each & € RY. Then
there is a u € M (RY) such that f = i if and only if there is a § > 0 for which
limy, 00 sup|§|55‘ﬂn(£) - f(ﬁ)‘ =0, in which case p, = pu.

PRrOOF: The only assertion not already covered by Lemmas 2.1.7 and 2.3.3 is
the “if” part of the equivalence. But, if fi,, — f uniformly in a neighborhood of
0, then it is easy to check that sup,,~; |1 — fi,,(€)| must tend to zero as || — 0.
Hence, by the last part of Lemma 3.1.1, we know that there exists a y and a
subsequence {t,,, : m > 1} such that pu,,, = p. Since i must equal f, we are
done. [

Exercises for §3.1

EXERCISE 3.1.9. One might think that to address the sort of problem posed
at the beginning of this chapter, it would be helpful to know which functions
f : RN — C are the Fourier transforms of a probability measure. Such a
characterization is the content of Bochner’s Theorem, whose proof we will
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outline in this exercise. Unfortunately, his characterization looks more useful
than it is in practice. For instance, we will not use it to solve our problem, and
it is difficult to see how its use would simplify matters.

In order to state Bochner’s Theorem, say that a function f : RY — C is
non-negative definite if, for each n > 1 and &;,...,&, € RV, the matrix
(( fl& — Ej)))l <ij<n is Hermitian and non-negative definite. Equivalently,

> & —€)6GG =0 forall Gr,.... ¢ €C.

i,j=1

Then Bochner’s Theorem is the statement that f = i for some p € My (RY) if
and only if f(0) =1 and f is a continuous, non-negative definite function.

(i) Tt is ironic that the necessity assertion is the more useful even though it is
nearly trivial. Indeed, if f = fi, then it is obvious that f(0) = 1 and that f is
continuous. To see that it is also non-negative definite, write

n 2
E:BVCTQMX&NQ

i=1

Z eV TI& 8w (i =
=1

)

and integrate in x with respect to p.

(ii) The first step in proving the sufficiency is to use the non-negative definiteness
assumption to show that f(—x) = f(x) and |f(x)| < f(0) for all x € R¥.
In particular, this proves that || f|l. < 1. Second, using an obvious Riemann
approximation procedure and the continuity of f, check that for any rapidly
decreasing, continuous 1& RN — C,

J[ 16 miimasan = o

RN xRN
In particular, when f € L' (RN; C), set
m(x) = (2m) "N [TV f(g) dE,
RN

and use Parseval’s Identity and Fubini’s Theorem, together with elementary
manipulations, to arrive at

en) [ v ax= [[ &~ mi©)itm dein o

RN xRN

for all p € .7 (RY;R). Conclude that m is nonnegative, and use this to complete
the proof in the case when f € L! (]RN; (C).
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(iii) It remains only to pass from the case when f € L! (]RN ; (C) to the general

case. For each t € (0,00), set fi(x) = et f(x) for t > 0. Clearly, f;(0) =1
and f; € Cp,(RY;C) N LY(RY; C). In addition, show that

S A6 €)G = /. S 16— €)6005 () | oldx) > 0.

1,j=1 R 1,j=1

where (;(x) = GeV~1&X)en  Hence, f, is also nonnegative definite; and so, by
part (ii), we know thatf; = ji; for some pu; € M;(RY). Finally, apply Lévy’s
Continuity Theorem to see that p;==u, where u € My (RY) satisfies f = fi.

(iv) Suppose that f is a non-negative definite function with f(0) = 1. As we
have just seen, if f is continuous, then f = ji for some u € M;(RY). Using this
representation, show that

(") Ifla<1 and [f(n) = F(OF <2[1 - Re(f(n—¢€))], & bheR".

Next, show that (*) follows directly from non-negative definiteness, whether
or not f is continuous. Thus, a non-negative definite function is uniformly
continuous everwhere if it is continuous at the origin.

Hint: Both parts of (*) follow from the fact that

1 fe) I
A= f(&) 1 f(&—m)
fm) f(&—m) 1

is non-negative definite. To get the second part, consider the quadratic form
(V,AV)C3 with v = (vy,1,—1).%

(v) To understand the how essential role of continuity in Bochner’s criterion,
show that f = 1;¢) is non-negative definite. Even though this f cannot be the
Fourier transform of any p € My (RY), it is nonetheless the “Fourier transform”
of a non-negativity preserving linear functional, one for which there is no Riesz
representation. To be more precise, consider the linear functional A on the space
of functions ¢ € C,(RY; C) for which

1

p(x)dx exists,
% [B(0,R)| J5(0.r)

Ap = hm

and show that f(&) = A(eg)), where eg(x) = eV=1EX)m

* This was made to me by Linan Chen.
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EXERCISE 3.1.10. It is important to recognize that the extent to which L’evy’s
Continuity Theorem and, as a by product, Bochner’s Theorem, are strictly finite
dimensional results. For example, let H be an infinite dimensional, separable,
real Hilbert space, and define f(h) = el Obviously, f is a continuous and
f(0) = 1. Show that it is also non-negative in the sense that ((f(h;—f;))) I <ih<n
is a non-negative definite, Hermitian matrix for each n € Z* and hy,..., h, € H.
Now suppose that there were a Borel probability measure p on H such that

ii(h) = /H VT ey = f(h), he H.

Show that for any orthonormal basis {e; : 4 € Z*} in H, the functions X;(h) =
(ei,h)m, i € ZT would be, under p, a sequence of independent, N(0, 1)-random
variables, and conclude from this that

/ e~ lIPlE wu(dh) = H E~ [eiX?] =0.
H

1€ZF

Hence, no such p can exist.

Hint: The non-negative definiteness of f can be seen as a consequence of the
analogous result for R".

§ 3.2 The Lévy—Khinchine Formula

In this section we will solve the problem posed in the introduction to this chapter.

§3.2.1. Z(RY) is the Closure of P(RY). Let P(RV) be the closure of P(R")
under weak convergence. That is, u € P(RV) if and only if there exists a
sequence {M,, : n > 1} C IMy(RY) such that 7y, =>p. Our goal here is to
prove that

(3.2.1) Z(RY) = P(RV).

Before turning to the proof of (3.2.1), we need the following simple lemma
about non-vanishing, C-valued functions. In its statement, and elsewhere,

(3.2.2) 1og¢:—2¥ for ¢ € C with |1 —¢| <1

m=1

is the principle branch of logarithm function on the open unit disk around 1 in
the complex plane.

LEMMA 3.2.3.  Let R € (0,00) be given. If f € C(B(0,R);C \ {0}) with
f(0) = 1, then there is a unique { = {; € C(B(0;R);C) such that £(0) = 0
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and f = e*. Moreover, if € € B(0O;R), r € (0,00), and |1 — %‘ < 1 for all
n € B(&¢,r) N B(0,R), then, for each n € B(&,r) N B(0, R),
B [
Ly(n) — £(§) = log 7
and therefore
) RIS
s - 5@l <2|1- BB a1 0 <

Finally, if f is a second element of C(B(0;R);C\ {0}) with f(0) = 1 and if

‘ — H81 < § forall ¢ € B(0, R), then

05(&) — £5(8)| < 2|1 - ffgg' for &€ € B(0, R).

In particular, if {f, : n > 1} C C(B(0, R); C\{0}) with f,(0) =1 for alln > 1,
and if f, — f € C(B(0; R); C\ {0}) uniformly on B(0, R), then f(0) =1 and
Uy, — Ly uniformly on B(0; R).

Proor: To prove the existence and uniqueness of £, begin by observing that
there exists an M € Zt and 0 =7y < r; < --- < rpy = R such that

f(€)
f (T”Ef&)

Thus, we can define a function ¢ on B(0, R) so that ¢;(0) = 0 and

1-— < for 1 <m < M and & € B(0,7,,,) \ B(0,71,—1).

1
2

0= () e

€]
if 1 <m < M and & € B(0,r,,) \ B(0,7,—1).

Furthermore, working by induction of 1 < m < M, one sees that this £¢ is

continuous and satisfies f = e’/. Finally, for any ¢ € C (B(O, R); (C) satisfying
£(0) = 0 and f = e, (v/=12m)"1(¢ — ;) is a continuous, Z-valued function
which vanishes at 0, and therefore ¢ = /.

Next suppose that & € B(0, R) and that

’1— f(n)‘ <1 forallme B(§r)NB(0,R).

f(€)
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Set

(m) = £5(6) +10g LY for € B(€,r) N B(O, R),

f(€)
and check that n ~ (v/—12m) 7! (¢(n) —€;(n)) is a continuous, Z-valued function
which vanishes at . Hence, £¢(n) — {(§) = log % forn € B(0,R) N B(&,r),
and therefore on B(0, R) N B(0, ). Since |log (2 —log (1| < 2|¢o— G| if [1—(|V
-G < %, this completes the proof of the asserted properties of /.

Turning to the comparison of ¢y and €f~ when ’1 — % < % for all £ €

B(0,R), set (&) = £4(&) + log ;Eg, check that £(0) = 0 and f = ef, and
conclude that 7 — (; = log § From this, the asserted estimate for [|{F — €|, is
immediate. O

LEMMA 3.2.4. Define r ~ s(r) as in Lemma 3.1.3, and let u € M;(RY) and
0 < r < R be given. If |1 — (&) < § for all £ € B(0,r) and there is an
v € M (RY) such that u = v*" for some

462

3.2.5 n ,
42 =5l

then |fu(€)| > 2™ for all ¢ € B(0, R).

PROOF: First apply Lemma 3.2.3 to see that, because [i(§) = 0(&)", neither [
nor © vanishes on B(0, r) and therefore that there are unique ¢, le C’(B(O, r); (C)
such that £(0) = 0 = £(0), i = ¢/, and & = e’ on B(0, r). Further, since /i = ™,
uniqueness requires that ¢ = %6. Next, observe that ¢ = log /i and |1 — | < %
on B(0,r), and therefore that [¢| < 2 there. In particular, this means that
1 -7 < % on B(0,r). Using this in (3.1.7), we have, for any p > 0 and
e € SV~ that

1 R e?
s(rp) ge%“ a 1/({)} = ns(rp)

(3.2.6) v({y: l(e,y)zv| > p}) <

which, by (3.1.4), leads to

62 —_

1= < pR+ o

Finally take p = 45, and use (3.2.5) and fi(§) = 2(€)™ to check that this gives
the desired conclusion. [J

We now have everything that we need to prove the equality (3.2.1).
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THEOREM 3.2.7. For each u € Z(RY) there is a unique ¢, € C(RY;C) satis-
fying £,(0) = 0 and fi = e‘». Moreover, for each n € Z7, enln is the Fourier

transform of the unique p1 € Mi(RY) such that u = p*". In addition, if
M,, € My(RY) is defined by

(3.2.8) M, (T) = nps (TN (RY\ {0})) for T € B,

then my;, ==pu. Finally, Z(RY) is closed in the sense that p € Z(RY) if there
exists a sequence {yuy : k > 1} C Z(RY) such that u, = p. In particular, fra

is uniquely determined and (3.2.1) holds.

PROOF: Let p € Z(RY) be given. Since there is an r > 0 such that [1—a(€)] < 1
for all £ € B(0,7) and, for all n € Z*, u = u*” for some p1 € My(RY),

Lemma 3.2.4 guarantees that j never vanishes. Hence by Lemma 3.2.3, both
the existence and uniqueness of £, follow. Moreover, if y = ,ul , then, from

<
RN

a(g) =px L 1 (€)™, we know first that i1 ft1 never vanishes and that ¢,, = n¢, where ¢

is the umque element of C(RY;C) satlsfymg £(0) =0 and g1 fiz = = ¢’. Now define
M, as in the statement, and observe that

7t (€) = exp(n(x (€) ~ 1))

— exp(n(eizﬂ(s) _ 1)) N ee}t(ﬁ) — ﬂ(é)

as n — oo. Hence, 7y, =>u. In particular, this proves that Z(RY) C P(RN),
and therefore, since we already know that P(RY) C Z(RY), the final statement
will follow once we check that Z(RY) is closed.

To prove that Z(RY) is closed, suppose that {uy : k> 1} C Z(RY) and that
pr = p. The first step in checking that p € Z(RY) is to show that j never
vanishes. To this end, use the fact that i — £ uniformly on compacts to

see that there must exist an r > 0 such that |1 — (&) < 5 for all k € ZT

and & € B(0,7). Hence, because each of the puy’s is infinitely divisible, one can
use Lemma 3.2.4 to see that, for each R € (0,00), inf{|/ix(&)|: k € ZT and £ €
B(0,R)} > 0, and clearly this is more than enough to show that /i never vanishes.
Thus we can choose a unique ¢ € C(RY;C) so that £(0) = 0 and g = e’.
Moreover, if ¢, = £,,, then, by Lemma 3.2.3, ¢;, — ¢ uniformly on compacts.
Now let n € Z* be given, and choose {pr, : k > 1} C M;(RY) so that
e = pz",. Then, we know that jiy , = ewts and so, as k — 00, fign, —> e’
uniformly on compacts. Hence, by Lévy’s Continuity Theorem, ent = I 1 for
some fu1 € M; (RY). Since this means that yu = ,u , we have shown that

peI(®RY). O
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§ 3.2.2. The Formula. Theorem 3.2.7 provides interesting information, but it
fails to provide a concrete characterization of the infinitely divisible laws. In this
subsection we will give a complete characterization of fi for 4 € Z(RY), which,
in view of the first part of Theorem 3.2.7, is equivalent to characterizing of the
functions in {¢, : p € Z(RV)}.

In the following lemma, and elsewhere, .7 (R"; C) and .#(R"; R) denote the
Schwartz test function spaces of smooth, respectively, C-valued and R-valued
functions which, together with all of their derivatives, are rapidly decreasing.
Recall that the Fourier transform maps . (RY; C) onto itself.

LEMMA 3.2.9. For eachr € (0,00) there exists a C(r) < oo such that |¢,,(§ )| <
C(r)(1 + |€|?) for all ¢ € RN whenever p € I(RY) satisfies |1 — ji(€)| < 5 for

¢ € B(0,r). Moreover, if u € Z(RY), then

3210) A= lim n((p) —o0) = Gy [ GEHE d

—00

for each p € .7 (RY;C).

PROOF: Suppose that p € Z(RV) satisfies |1 — (€)] < % for € € B(0,7).
Applying the second inequality in (3.2.6) and (3.1.4) with v = p1, we know
that, for any (p, R) € (0,00)?,

62

sup [1— 736 < pR+ ——.
EI<R ns(rp)

Hence, if R > r, then, by taking p = ﬁ, we obtain sup¢<p |1 — @(€)| < %
and therefore sup¢|<p |10,(€)] < 2 if n satisfies (3.2.5). Finally, observe that
that there is an € > 0 such that s(t) > et? for t € (0,1], and therefore that

0,(8) < 2 (1 + M) for |&| < R, which completes the proof of the first

er?
assertion.
Now suppose that u € Z(RY) and that ¢ € #(RY;C). Then, by (2.3.4),

) n(lgs) = o(0)) = [ n(e# T~ 1)p(e) de

- /01 (/RN entu(8) 0,(&)p(€) dg) dt —s 0. (€)a(¢) de,

where (keeping in mind that |ew | = |/l%(£)| <1, £,(&) has a most quadratic
growth, and $(€) is rapidly decreasing) the passage to the second line is justified
by Fubini’s Theorem and the limit is an application of Lebesgue’s Dominated
Convergence Theorem. [
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Lemma 3.2.9, especially (3.2.10), provides us with two critical pieces of in-
formation which will enable us to characterize ¢,. The first of these is the
minimum principle for the linear functional A,. Namely, it is clear from the
definition of A, that when A=A,

(3.2.11) A1=0 and Ap>0ifpc.Z(RY;R) and ¢(0) = m]iRI}] o(x).
pS

Secondly, it tells us that if pr(x) = ¢ (%) for R > 0, then
(3.2.12) Jim App =0 forall g€ S (RY;C).
To see this, note that pr(&) = RN G(RE), and therefore that
m) Ao = [ B (RTE)0A) dE — .
since £,,(0) = 0 and supp>4 [£,(§)]4(§)] is rapidly decreasing. It turns out that
these two properties allow us to say a great deal about A,,.

For a € [0,00), let 9, (RY) be the space of non-negative, Borel measures on
RN satisfying

M({0})=0 and /RN 1 _|E,||:/|a M(dy) < oc.

The class 92 (RY), whose elements are called Lévy measures, will play a par-
ticularly important role in what follows.

It should be clear that if M € 9, (RY), then for every Borel measurable
: RV — C

(3.2.13) sup 2O

<oo = p€ L' (M;C).
yerM\ {0} LA [y]®

Using (3.2.13), one can easily check that if ¢ € CZ(RY;C) and n € ./ (RV;R)
equals 1 in a neighborhood of 0, then

y ~ ¢(y) = 0(0) = n(y) (¥, Ve(0))

is M-integrable for every M € My(RY).
Finally, given n € Z* and ¢ € C"(RY; C), define V"(x) to be the multilinear
map on (RY)" into C by

[Vngo(x)] (517 e 7571) = atlanatnSO <X + Z tm&m)

m=1

ti=-=t, =0

Obviously, V¢ and V2¢ can be identified as the gradient of ¢ and Hessian of .
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LEMMA 3.2.14. Let D be the space of functions ¢ € C(RN;R) such that
©—p(00)1 € S (RV;R) for some p(00) € R. If A: D — R is a linear functional
on D which satisfies (3.2.11) and (3.2.12), then there is a unique M € My (RY)
such that Ap = [on @(y) M(dy) for ¢ € #(RY;R) which satisfy p(0) = 0,
V(0) =0, and V?¢(0) = 0. Next, given n € C°(RY; [0, 1]) satisfyingn =1 in
a neighborhood of 0, set ng(y) = (€,y)rvn(y) for & € RV, and define m" € RY
and C € Hom(RY;RY) by

(3.2.15) (¢,m") = Ane and (¢, CE/)RN = A(nene') — /RN (nene ) (y) M (dy).

Then C is symmetric, non-negative definite, and independent of the choice of 7.
Finally, for any ¢ € D,

Ap = %Trace(CV%p(O)) + (m”, V@(O))RN

(3.2.16) + /RN (@(Y) —(0) —n(y)(y, W’(O))RN) M{(dy)-

PRrROOF: Choose 1) € C*(RY;[0,1]) so that ¢ has compact support in B(0,2)\

B(0,1) and ¢(y) = 1 when < |y| < 1, and set ¢, (y) = ¥ (2™y) for m € Z.
Then, if y € RY \ {0} and 27"~ < [y[ < 27, ¢(y) = 1 and ¢Pu(y) = 0
unless —m —2 <n < —m + 1. Hence, if U(y) = >, s ¥m(y) fory € RV \ {0},
then WU is a smooth function with values in [1,4]; and therefore, for each m € Z,

the function x,, given by x,,(0) = 0 and x,,(y) = wﬁ;’;) for y € RV \ {0} is a

smooth, [0, 1]-valued function which vanishes off of B(0,2-"+1)\ B(0,2-m-2),
In addition, Y, .7 Xm(y) = 1, and, for each y € R¥ \ {0}, xn(y) = 0 unless
2—n—2 S |y| S 2—n+1

Next, define Ay = A(xmp) for ¢ € C>(B(0,2=m+1) \ B(0,27" *R),

where e o N
Xm(Y)e(y) if27m2 <|y| <27
Xm(p( ) =

0 otherwise.

Clearly A, is linear. In addition, if ¢ > 0, then x,,¢ > 0 = xme(0), and so, by
(3.2.11), Ay > 0. Similarly, for any ¢ € C° (B(O,2—m+1) \ B(O,Z_m_2);R),
[@lluxm £ Xm@ > 0 = (ll¢lluxm £ Xme)(0), and therefore [Anp| < K@l
where K,, = Axm,. Hence, A,, admits a unique extension as a continuous
linear functional on C(B(0,2-"+1)\ B(0,27™~2); R) which is non-negativity
preserving and has norm K,,; and so, by the Riesz Representation Theorem,
we now know that there is a unique non-negative Borel measure M,, on RY
such that M, is supported on B(0,2-™+1)\ B(0,2-™"2), K,,, = M,,(RY), and
A(Xm®) = [an ¢(y) Myn(dy) for all p € (RY;R).

Now define the non-negative, Borel measure M on RY by M = Y mez Mm.
Clearly, M({0}) = 0. In addition, if ¢ € C°(R" \ {0};R), then there is an
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n € ZT such that x,,¢ = 0 unless |m| < n. Thus,

Ap= > Alxme)= > /RN o(y) Mo (dy)

= /RN (mzznxm(y)w(y)> M(dy) = /RN e(y) M(dy)
and therefore
(3.2.17) Asoz/ o(y) M(dy)
]RN

for p € C(RY \ {0};R).
Before taking the next step, observe that, as an application of (3.2.11), if
P1, P2 € Dv then

(*) p1 < 2 and ¢1(0) = 2(0) = Ap1 < Aps.

Indeed, by linearity, this reduce to checking that if ¢ € D is non-negative and
¢(0) = 0, then Ap > 0. But, for such a ¢, (¢ — ¢(c0)1) is an element of
< (RY; R) which achieves its minimum value at 0, and therefore Ap = p(00) A1+

A(p = p(00)1) 2 0.
With these preparations, we can show that, for any ¢ € D,

() 02 0=p0) = [ oly)Mldy) < Ap.

To check this, apply (*) to ¢, => 1" _  xm¢ and ¢, and use (3.2.17) together
with the Monotone Converence Theorem to conclude that

n—oo

[ ety = tim [ u(v) Mlay) = lim A, < A

Now let 7 be as in the statement, and set nr(y) = n(R~'y) for R > 0. By
(**) with ¢(y) = |y|*n(y) we know that

[ IyPuty) d(ay) < Ap < oc.
R
At the same time, by (3.2.17) and (*),

/RN (1 —n(y))nr(y) M(dy) < A1 —n)
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for all R > 0, and therefore, by Fatou’s Lemma,
(= 0) Midy) <A@ - ) < .
R

Hence, we have proved that M € 9y (RY).

We are now in a position to show that (3.2.17) continuous to hold for any
¢ € (RN;R) which vanishes along with its first and second order derivatives
at 0. To this end, first suppose that ¢ vanishes in a neighborhood of 0. Then,
for each R > 0, (3.2.17) applies to nryp, and so

/RN nr(y)e(y) M(dy) = A(nre) = Ap + A((1 —ngr)p).

By (*) applied to £(1 — ng)y¢ and (1 —ng){|¢||u,
A1 =nr)e)| < llelluA(l = nr) = —[l¢lluAnr — 0 as R — oo,

where, we used first (3.2.11) and then (3.2.12). Thus,

Ap = lim /RN nr(y)e(y) M(dy) = /RN p(y) M(dy),

because, since M is finite on the support of ¢ and therefore ¢ is M-integrable,
Lebesgue’s Dominated Convergence Theorem applies. We still have to replace
the assumption that ¢ vanishes in a neighborhood of 0 by the original assump-
tion. For this purpose, first note that, by (3.2.13), ¢ is certainly M-integrable,
and therefore

/RN o(y) M(dy) = }zi{lo A((1=nRr)p) = Ap — }zi{lo A(nrep).

By our assumptions about ¢ at 0, we can find a C' < oo such that |nrp(y)| <
CR|y|*n(y) for all sufficiently small R > 0. Hence, by (*), |A(nrp)| < C'R for
small R > 0, and therefore A(nry) — 0 as R\, 0.

To complete the proof from here, let ¢ € .%(RY;R) be given, and set

$(x) = p(x) = ¢(0) = 1(x) (¥, Veo(0)) g — 51(%)* (x, V20(0)x) 5 -

Then (3.2.17) holds for ¢ and, after one re-arranges terms, says that (3.2.16)
holds. Thus, all the remains is to prove the properties of C. That C is symmetric
requires no comment. In addition, from (*), it is clearly non-negative definite.
Finally, to see that it is independent of the 1 chosen, let n” be a second choice,
note that né — n¢ vanishes in a neighborhood of 0, and apply (3.2.17). O



§ 3.2 The Lévy—Khinchine Formula 129

Let 1 € Z(RY), and define A, accordingly, as in (3.2.10). By applying Lemma
3.2.14 to A,, we see that there is a unique M, € My (RY), symmetric, non-

negative definite C,, € Hom(RV;RY), and m) € RV such that (3.2.16) holds

with A = A,. In order to use this to compute /,,, we need to show that, for any
p € S(RY;C),

(27)VTrace(C, V2 (0)) = / (€, C,i8) 1 5(€) dE
(2m)" (0], V(0)) g =~V [ (o €)  5(6) .

and

(2m)N /RN (w(y) —¢(0) —n(y)(y, Vgo(o))RN) M,,(dy)
= [ ([ (e <1 VT e e) ) ) o6 e

The first two of these are completely familiar computations based on Parseval’s
identity and the relationship between the Fourier transform and derivatives. To
prove the third, we must learn more about the inner integral on the right hand
side. Specifically, it will be useful to know that

(3.2.18) hm\ /‘FW —1—V=1n(y) (& y)v ‘M(dy):O

|§|—o0

for any M € M(RY). To see this, choose R € (0,00) so that n = 1 on B(0, R).
Then, for r € (0, R],

[ e — 1= V=i €y | M)

_lep

S | Iy M) + O+ DM (B(o, D)
B(0,r)

for some C' < 0o depending only on 7. Hence, the limit in (3.2.18) is dominated
by %fB(O ") ly|? M(dy) for every r € (0, R], and this quantity tends to 0 as
r \, 0. Once one has (3.2.18), one knows that

[ e — 14 VETnts) 6.y 16O M ldy) d < o,
RN xRN

and therefore, by Fubini’s Theorem, that

/RN (/RN (efﬁ(&y)w 1+ V=In(y) (¢, y)RN) Mu(dY)> p(€) d€
_ /RN </RN (e—ﬁ@y)m 14 Jfln(y)(é,y)Rw)cﬁ(s) dg) M, (dy).
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Finally, by elementary Fourier analysis

m) [ (VT 1 VT (€ v ) 16 de

= ¢(y) — #(0) = n(¥) (¥, V(0)) g

for each y € RV.

We are now ready to prove the result toward which we have been working. In
the following, £(RY) is the set of Lévy systems (m,C, M), where, m € RV, C
is a symmetric, non-negative definite transformation on RV, and M € M, (RY)
is a Lévy measure. Given a Lévy system (m,C, M) and a bounded, Borel
measurable 7 : RV — R satisfying

(3.2.19) sup |yl P1—ny)| | V| sup |ylln(y)l] < oo,
yEB(0,1)\{0} y#B(0,1)
define

g?m,C,M) (5) :\/jl(mn’g)RN - %(57 CE)RN

+ /RN (eﬁ(g’Y)RN -1- len(ﬁ(&)’)w) M(dy).

THEOREM 3.2.21 (Lévy—Khinchine). For each u € Z(RY), there is a unique
¢, € C(RY;C) such that (,(0) = 0 and ji = e’*, and, for each n € ZF, e’ is
the Fourier transform of the unique p1 € My (RY) satisfying u = u". Next, let

(3.2.20)

be an:RY — R be a bounded, measurable function which satisfies (3.2.19).

Then, for each pi € Z(RY), there is a unique (m, C,,, M) € L(RY) such that

0, = K?mn c,..m,) and, for each (m,C, M) € L(RY), there is a unique u € Z(RY)
o C sy

such that {,, = E?m’C’M). In fact, if ng € C°(RY;[0,1]) satisfies go = 1 in a

neighborhood of 0 and p € Z(RY), then

[, et M) = tim g

for all p € .7 (RY;C) which satisfy lli|r{1 ly|2|e(y)| = 0,
NARN

n—oo

C, = lim n/N m0(y)’y ®y pi(dy) —/N n0(y)’y ® y My(dy),
R R

and, for any Borel measurable n satisfying (3.2.19),
), =+ [ (0(y) = ml) Mo ()

n—oQo

where m}° = lim n/RN M0(¥)y w2 (dy).
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PrOOF: We have already proved the initial assertion. To prove the second
assertion, we begin by showing that € m,C, M) is continuous for all measurable
n satisfying (3.2.19) and (m,C, M) € E(RN). Since, for each r € (0,00), it is
obvious that E ) € C’(RN; C) where M"(T") = M(F N B(0,r)C), it suffices
to check that

m,C,M"

lim
™0 JB(0,r)

e/ TENN 1= VIn(y) (6,¥) g | M(dy) = 0

uniformly for £ in compacts. But the integrand in the above is dominated by a
constant times |€|?|y|?, and so there is no problem.

Now let 19 be given. For each u € Z(RY), we know from Lemma 3.2.14 that
the quantities m}*, C,, and M,, described in the final part of the statement
exist, that (mj°, C,, M,,) is a Lévy system, and that

nlgr;@ n((gp,uy — gp(O)) (m”O V(0 ))]RN + %Trace(CMV2gp(0))
+ [ (660 = (0 = m(3) (5. T(0)) ) M)

for all p € . (RY;C). Thus, when we combine this with (3.2.10) and the calcu-
lations preceding the statement of the present theorem, we conclude that

7o ~
/ E(m 0.C,,M, )(5) p(&) d§ = IACIXACINS
for every ¢ € .Z(RY;C); and from this, together with the continuity of both
é?lon 0 ¢, ary 20d £y, it s clear that E(O G = 0,

Conversely, given (m,C, M) € L(RY), we must check that limcan s the
Fourier transform of a u € Z(RY). But we have already shown this when
M € My(R ), and so, if M" is as above, then we know that, for each r > 0,

elimenm) = = 4" for some " € Z(RV). Furthermore, by the argument given
to prove the continuity of K(mc My W know that E(&C My T é(mC M)

uniforl}lly on compacts. Hence, by Lévy’s Continuity Theorem, pu"=p and
= elmenn asr N\ 0. Thus, because Z(R") is closed, p € Z(RY).

Finally, suppose that 7 is any other bounded, measurable function which sat-
isfies (3.2.19). Then it is clear that

Comcan (&) = i can () +V-1 . (n(y) =m0 (¥)) (&, 5)gn M(dy),

and so the relationship between mj} and mjl° is obvious. U

The formula for ¢,, given in Theorem 3.2.21 is known as the Lévy—Khinchine
formula.



132 1T Infinitely Divisible Laws

Exercises for § 3.2

EXERCISE 3.2.22. Given M € My(RY) and (3.2.18), show that

(£,.Cu)pn = —~2 lim t720,(t€) for all p € Z(RY) and € € RV,
Similarly, when M,, € 9 (RY), show that
m, =m) — / n(y)y Mu(dy)
RN
is independent of the choice of n satisfying (3.2.19) and, for each £ € RV,

(6my,) = V=T lim ¢ (6,(t6) + 5 (£, C,) 5 ) and
(&) = —3(€,Cpb)pn + V-1(g, my, )y + /RN (eﬁ(&y)RN - 1) M, (dy).

Finally, if u € Z(RY) is symmetric, show that M, is also symmetric and that

£.(8) = _%(S’Cuﬁ) +/ <cos(£,y)RN - 1) M, (dy).

RN
EXERCISE 3.2.23. Given p € Z(R), show that p((—o0,0)) = 0 if and only if
Cy, =0, M, € M(R), M,((—00,0)) = 0, and (cf. the preceding exercise)
my, > 0. The following are steps which you might follow.

(i) To prove the “if” assertion, set M"(dy) = 1} o0)(y) My(dy) for r > 0, and
show that d,,, *WMr((—OO,O]) =0 for all r > 0 and 6,,, x Tarr==p as v\, 0.
Conclude from these that p((—oc0,0)) = 0.

(ii) Now assume that p((—00,0)) = 0. To see that C,, = 0, show that if o > 0,
then g o2 x v((—00,0)) > 0 for any v € M;(R).

(iif) Continuing (ii), show that p((—00,0)) > p1 ((—00,0])", and conclude first
that p1 ((—o00,0)) =0 for all n € ZT and then that

My, ((=00,0)) = 0 and mj, > / n(y)y My(dy).

RN

Finally, deduce from these that M, € 9t (R) and that m, > 0.

(iv) Suppose that X € N(0, 1), and show that the distribution of | X| cannot be
infinitely divisible.
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EXERCISE 3.2.24. Let p € M;(RY), and suppose that for each m € Z* there
isann >m and a p1 € M;(RY) such that g = 4. Show p € Z(RV).

Hint: Check that the arguments used to prove Lemmas 3.2.4 and the final part
of Theorem 3.2.7 work equally well for subsequences.

EXERCISE 3.2.25. In this exercise, we will be reconsidering the topic in Exercise
2.2.25. Given a € (0, 00), define T}, : M;(R"Y) — M;(R") by the prescription

— // 1r (X;y) p(dx)p(dy),

RN xRNV

and let F,,(RY) be the set of non-trivial fixed points of T,,. That is, F,(RY) =
{we Mi(RV)\ {60} : = Tap}. We can now say much more about F,(RV)
than we could earlier.

(i) As an application of the preceding exercise, show that Fy, (]RN )CT (RN ), and
conclude that p € F,(RY) if and only if 4 € Z(RY) and ¢,,(§) = 2¢ (2 €) for
all £ € RY. Next, using this and Exercise 3.2.22, show that 1f p € Fo(RY), then

ifoo>2

0
{ ~1(&,CL6)py ifa=2

Thus, we have already recovered the result in Exercise 2.2.25 and extended it to
M, (RY).

(ii) Define T, M for M € My(RY) to be the Borel measure determined by

0u(€) =27, (25¢) = 203D~ Ry (25 g) —

/@(Y)TQM(dY)ZQ/ p(277y) M(dy)
RN

RN

for Borel measurable ¢ : RY — [0,00). Show first that T, maps Z(RY) into
itself and that 7, maps My (RY) into itself. Second, show that if p € Z(RVY),
then Mr, , = TQMM, Cr,,.= 21_30,“ and

1

mf. | =2'"%m] + /RN (n(y) — n(2=y))y ToM,(dy).
Conclude that if y € F,(RY), then M, = TQMW C,= 21_%0;“ and
) (-2 hm) = [ (o) - n(zEy)y Ma(dy).

R

Further, show that for u € F,,(RY), the equality in (*) holds for all 7 satisfying
(3.2.19) if it does for any one of them.



134 1T Infinitely Divisible Laws
(iii) Based on the results in (i) and (ii), show that if o € (0,2), then
C,=0, M,=T,M, and

(e} R]V 1 1
pefoll) = {(1—2a)mZ=AN(n(y)—n(2lQY)yMu(dy)

(iv) Set
1—
Ba = / %dy for a € (0,2),
R

(2m)™

r(5-1)
Given « € (0,2), show that, for each t > 0,

t o
exp| — cos(&,y)py — 1) |y| N dy | = e €l
p <ﬂale /RN( &y — 1)yl y>

is the Fourier transform of an element of an element u of F,,(RY). The measures
uy, t € (0,00), are called the symmetric a-stable laws. See part (v) of
Exercise 3.2.28 below for a computation of the numbers 3,,.

denote the surface area of the unit sphere S¥ 1 in RV.

and let wy_1 =

(v) Show that, for any ¢ > 0, e"*1¢I” is the Fourier transform of a € My (RV)\
{d0} if and only if a € (0,2].

EXERCISE 3.2.26. We continue in the setting of Exercise 3.2.25.

(i) Show that, for any M € 95 (RV) \ {0} and a € (0,2) satisfying M = T, M,
M € Ms(RY) all 3 € (a,2] but that M ¢ 9, (RY).

(ii) If o € (1,2) \ {1}, show that u € F,(RY) if and only if there exists an
M e (mﬁe(a,2] Mg (RN)) \ M, (RY) satistying M = T, M such that £,,(£) equals

VL

_1 1
1-2'7% Jrraqy<a

(&Y) g M(dy)+/ (6ﬁ(§’Y)R” —1—1(p ] (Iyl)) M (dy).

RN
Hint: Take 7(y) = 1j0,11(|y])-
(iii) Show that p € F;(R) if and only if

0,(§) = (myé)RN +/ <€\/?1(£”')RN -1- 1[0,1}(|YD> M(dy)

RN

for some m € RN and M € (ﬂﬁe(m] S)JTB(]RN)> \ My (RY) satisfying M = T, M

and
/ y M(dy) = 0.
i<lyl<i
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(iv) If a € (0,1), show that u € F,(RY) if and only if there exists an M €
(nﬁe(a,2] mﬁ(RN)) \ M, (RY) such that

€)= [ (/7 — 1) May),

Hint: Show that if a € (0,1) and M = T, M, then

(1—215)/ yM(dy)—/ 1 y M(dy).
GICRY {275 <lyl<1}

v) Given a € (0,2), let M*(RY) be the set of finite, non-negative, Borel mea-
1 finite, no g

sures v on RY which are supported on B(0, 1)\ B(0,2~ =), and, for v € M*(RN),
define the Borel measure M*" by

MOr(T) = 2" m/ 1r(2%y) v(dy).

meZ

Show that v € M%(RY) —— M®" is a one to one map onto the set of M €
9 (RY) such that M = T, M. Thus, for each a € (0,2], F,(RY) contains lots
of elements!

EXERCISE 3.2.27. Here are a few further properties of elements of F,(RY).

(i) Show that there is p € F, (RY) such that p({y : (e,y)rv < 0}) = 0 for some
e € SV~ if and only if a € (0,1).
Hint: Reduce to the case when N = 1, and look at Exercise 3.2.23.

(ii) If 4 € F1(RY), show that p({y : (e,y)rv < 0}) = oo for every e € SV ~1.

(iii) If o € (1,2), show that for each € > 0 there is a u € F,(R) such that
((~o0, ) = 0.

EXERCISE 3.2.28. Given o € (0,1) and ¢t € (0, 00), show that there is a measure
vy € F(R) whose Fourier transform is given by

eV—1ley _
P a) / oyt dy ’

and that v{*((—o0,0)) = 0. A measure of this sort is called a one-sided a-
stable law.

In the remainder of this exercise, we will develop another, more explicit, ex-
pression for I;ta, and clearly it suffices to deal with the case when ¢t = 1.
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(i) Set
B e\/?1<9_1d
fa(Q) = (Om)w Y

for « € (0,1) and ¢ € C with IJm(¢) > 0. Clearly f, is analytic in the open
upper half C, = {¢ € C: Tm(¢) > 0} of the complex plane and continuous on
C,. Next, argue that f,(1) = —cpeV 10 for some ¢, > 0 and 0, € (—g, g),
and conclude that f,(£) = —cqeV ™ 102£2 for £ € (0,00).

(ii) Note that the only analytic extensions of £ € (0,00) — £* € C to C,. are

of the form
(eEC, — |C|a€\/jlo¢(arg(g‘)+27rn)

for some n € Z, and conclude that
fa(Q) = —cae‘/jw“(o‘, where (¢ = |C\ae‘/jlaarg(o, for ¢ € C,.
(iii) Show that
T 6% F 1 — X
fa(V7T) =~ (v =,

«o

and conclude that
F 1 - T —_—
h@:—l—ﬂkwﬁf@ for all ¢ € C,.

«

In particular, this means that

aT

la(§) =—eVTITEY, CeR
(iv) Show that
/ ey (dy) = exp(—tn*) fort € (0,00) and 5 € [0,00).
[0,00)

(v) Recall the numbers 3, in part (iv) in Exercise 3.2.25, and show that

4. — { St sin(3la— 1) ifa € (0,2)\ {1}

3.2.29
( ) T fa=1.

Hint: When o € (0,1), simply observe that 8, = —2%Re(fa(1)). To handle

a € (1,2), use
Ba 1 — cos(&y)
Tegr= [ Sy
2 (0,00) yl-‘ra

to obtain

afq sin -
3= [, S = am(aa)
(0,00) Y

Finally, when o = 1, note that 31 = lim,~\ 1 fa.
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EXERCISE 3.2.30. Because their Fourier transforms are rapidly decreasing, we
know that each of the measures vi* admits a smooth density with respect to
Lebesgue measure Ag on R. In this exercise, we examine these densities.

(i) For o € (0, 1), set

(3.2.31) he = P ot e (0,00),
Az

and show that

e MR (r)dr = e N e [0,00),
0
and that . .
hi(T) =t =h{(t"=T).

(ii) Only when o = % is an explicit expression for h{ readily available. To find

this expression, first note that, by the uniqueness of the Laplace transform (cf.

1
Exercise 1.2.12) and (i), h{ is uniquely determined by
ST -\
e hi(r)dr=e", X>0.
0

Next, show that

1
56—2ab

oo
1 a2 | ;2 s
a7
0 b

oo 1 —2ab
_3 _(a2 ;2 T2e

and T 2¢ (7+br)d7—:7
0 a

for all (a,b) € (0,00)%, and conclude from the second of these that

1 0,00 (7)6_%
(r) = QT T

[l NI

(3.2.32) h <
4rrr2

Hint: To prove the first identity, try the change of variables z = a7~ 2 — brz,
and get the second by differentiating the first with respect to a.

EXERCISE 3.2.33. In this exercise we will discuss the densities of the symmetric
stable laws p$ for a € (0,2) (cf. part (iv) of Exercise 3.2.25). Once again, we
know that each uf* admits a smooth density with respect to Lebesgue measure
Agv on RV, Further, it is clear that this density is symmetric and that

dp’ —1 dpt
-
D g~

(t=x) fort € (0,00).
(i) Referring to Exercise 3.2.30, show that

02:1(6)h% (1) dr = eI,
(0,00)
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and therefore that

dpt 1 /°° N 2o
3.2.34 = 2 i h2 dr.
( ) Do (%) TaE: T Ze () dr

1
ii) Because we have an explicit expression for h, we can use (3.2.34) to get an
1 g

d,u RN (YL ¢V
(3.2.35) ™ Lx) =T (x) = (%) T

RN (7r(t2 + |x|2)) 2
The function II¥ is the density for what probabilists call the Cauchy distribu-
tion. For general N’s, (¢,x) € (0,00) x RV — HE‘/RN (x) is the Poisson kernel
for the right half space in R¥*!. That is, if f € C,(RV;R), then

(1) = us(t.x) = [ fx=y) T () dy

is the unique, bounded harmonic extension of f to the right half space.

(t,x) € (0,00) x RY.

(iii) Given « € (0, 2), show that
1712 = / | e seoftyaxdy = [ 1F@)FR it (a)
RN xRN

for f € L*(RY;C). This can be used to prove that || - ||, determines a Hilbert
norm on C.(RY;C).

EXERCISE 3.2.36. Another famous source of infinitely divisible laws is provided
by the Gamma distributions. Namely, consider the family {u; : ¢ € (0,00)} C
M; (R) given by

mtflefw

-1 Y ° g
e (dx) (0,00) (x) ) dx
(i) Show by direct computation that
B(s,t ott—1 —x
frs * pe(dz) = F(s()l“(z‘)l(o’oo)(x)x e da,

where

B(s.1) = /( ey

is Euler’s Beta function, and conclude that ps4¢ = ps x p¢. In particular, one

gets, as a dividend, the famous identity B(s,t) = Flf(sgi(tg)

(ii) As a consequence of (i), we know that the y;’s are infinitely divisible. Show
that their Lévy—Khinchine representation is

[ (€) = exp lt /( - (eﬁ ey _ 1) eV dﬂ .




