
Chapter III
Infinite Divisible Laws

The results in this chapter are an attempt to answer the following question.
Given an RN -valued random variable Y with the property that, for each n ∈ Z+,
Y =

∑n
m=1 Xm where X1, . . . ,Xn are independent and identically distributed,

what can one say about the distribution of Y?
After recalling the relationship between addition of independent random vari-

ables and convolution of their distributions, one can phrase the same question
more analytically as that of describing those probability measures µ which, for
each n ≥ 1, can be written as the n-fold convolution power µ?n1

n

of some prob-
ability measure µ 1

n
. We will say that such a µ is infinitely divisible and will

use I(RN ) to denote the class of infinitely divisible measures on RN .
Since the Fourier transform takes convolution into ordinary multiplication, the

Fourier formulation of this problem is that of describing µ̂ when µ is a probability
measure with the property that, for each n ∈ Z+ there is an nth root of µ̂ which
is again the Fourier transform of a probability measure.

Not surprisingly, this latter formulation is, in many ways, the most amenable
to analysis, and it is the way in which we will solve it in this chapter. On
the other hand, this formulation has the disadvantage that, although it yields a
quite satisfactory description of µ̂, it leaves the problem of extracting information
about µ from properties of µ̂. For this reason, the following chapter is devoted
to developing a probabilistic understanding of the answer obtained in this one.

Throughout, M1(RN ) will denote the space of Borel probability measures on
RN and I(RN ) will be the space of µ ∈ M1(RN ) which are infinitely divisible.

In view of the comments made above, it is reasonable to begin by writing
down a family of probability measures which are obviously infinitely divisible,
and then start taking limits of these. The measures which first come to mind
are the Gaussian measures (cf. (2.3.6)) γm,C. Indeed, if m ∈ RN and C is a
symmetric, non-negative definite transformation on RN , then it is clear from
(2.3.7) that γm,C = γ?nm

n ,
C
n

. Unfortunately, this is not a good choice because it is
too rigid: limits of Gaussians are again Gaussian. To be more precise, say that
the sequence {µn : n ≥ 1} ⊆ M1(RN ) converges weakly to µ ∈ M1(RN ) and
write µn =⇒ µ when 〈ϕ, µn〉 −→ 〈ϕ, µ〉 for all ϕ ∈ Cb(RN ; C), and apply Lemma
2.3.3 to check that µn=⇒µ if and only if µ̂n(ξ) −→ µ̂(ξ) for every ξ ∈ RN . Now
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114 III Infinitely Divisible Laws

suppose that γmn,Cn =⇒ µ, and, using this Fourier criterion, conclude that
µ = γm,C where m = limn→∞mn and C = limn→∞Cn. In other words, one
cannot use weak convergence to escape the class of Gaussian measures.

A more fruitful choice is to start with the Poisson measures. Recall that if
ν is a probability measure on RN and α ∈ [0,∞), then the Poisson measure
with jump distribution ν and jumping rate α (see § 3.2 for an explanation of this
terminology) is the measure

πα,ν = e−α
∞∑
m=0

αn

n!
ν?n.

To see that πα,ν is infinitely divisible, note that

π̂α,ν(ξ) = exp
(
α

∫ (
e
√
−1 (ξ,y)RN − 1

)
ν(dy)

)
,

and therefore that πα,ν = π?nα
n ,ν

. To see why the Poisson measures provide a
more hopeful choice of starting point, let m ∈ RN and a non-negative definite,
symmetric C be given, and choose (e1, . . . , eN ) to be an orthonormal basis of
eigenvectors for C. Next, set mi = (m, ei)RN and σi =

√
(ei,Cei)RN , and take

νn =
1

2N

(
N∑
i=1

δmiei
n

+
1
2

N∑
i=1

(
δσiei√

n
+ δ−σiei√

n

))
.

Then the Fourier transform of π2Nn,νn is

exp

(
N∑
i=1

n
(
e
√
−1mi(ξ,ei)RN − 1

)
+

N∑
i=1

n
(
cos

σi(ξ, ei)RN

n
1
2

− 1
))

,

which tends to γ̂m,C(ξ) as n→∞, and so π2Nn,νn =⇒ γm,C as n→∞. Thus,
one can use weak convergence to break out to the class of Poisson measures.

As we will show below, the preceding is a special case of a result (cf. Theorem
3.2.7) which says that every infinitely divisible measure is the limit of Poisson
measures. However, before proving that result, it will be convenient to alter our
description of Poisson measures. For one thing, it should be clear that, without
loss in generality, we may always assume that the jump distribution ν assigns
no mass to 0. If ν({0}) = 1, then πα,ν = δ0 = π0,ν′ no matter how α and ν′

are chosen. If β = ν({0}) ∈ (0, 1), then πα,ν = πα′,ν′ where α′ = α(1 − β)
and ν′ = (1 − β)−1ν. In addition, although the segregation of the rate and
jumping distribution provides probabilistic insight, there is no essential reason
for doing so. Thus, nothing is lost if one replaces πα,ν by πM , where M is the
finite measure αµ, in which case

π̂M (ξ) = exp
(∫ (

e
√
−1(ξ,y)RN − 1

)
M(dy)

)
.
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With these considerations in mind, let M0(RN ) be the space of non-negative,
finite Borel measures M on RN with M({0}) = 0, and set P(RN ) = {πM : M ∈
M0(RN )}, the space of Poisson measures on RN .

3.1 Convergence of Measures on RN

In order to carry out our program, we will need two important facts about the
convergence of probability measures on RN . The first of these is a minor modifi-
cation of the classical Helly–Bray Theorem, and the second is an improvement,
due to Lévy, of Lemma 2.3.3.
3.1.1. Lévy’s Continuity Theorem. Given a subset of S is M1(RN ), we
will say the S is sequentially relatively compact if for every sequence {µn :
n ≥ 1} ⊆ S there a subsequence {µnm : m ≥ 1} and a µ ∈ M1(RN ) such that
µnm =⇒ µ.

Theorem 3.1.1. A subset S of M1(RN ) is sequentially relatively compact if
and only if

(3.1.2) lim
R→∞

sup
µ∈S

µ
(
B(0, R){

)
= 0.

Proof: We begin by pointing out that there is a countable set {ϕk : k ∈ Z+} ⊆
Cc(RN ; R) which is linear independent and whose span is dense in Cc(RN ; R)
with respect to uniform convergence. To see this, choose η ∈ Cc

(
RN ; [0, 1]

)
so

that η = 1 on B(0, 1) and 0 off B(0, 2), and set ηR(y) = η(R−1y) for R >
0. Next, for each ` ∈ Z+, apply the Stone–Weierstrass Theorem to choose a
countable dense subset {ψj,` : j ∈ Z+} of C

(
B(0, 2`); R

)
, and set ϕj,` = η`ψj,`.

Clearly {ϕj,` : (j, `) ∈ (Z+)2} is dense in Cc(RN ; R). Finally, using lexicographic
ordering of (Z+)2, extract a linearly independent subset {ϕk : k ∈ Z+} by taking
ϕk = ϕjk,`k where (j1, `1) = (1, 1) and (jk+1, `k+1) is the first (j, `) such that
ϕj,` is linearly independent of {ϕ1, . . . , ϕk}.

Now suppose that (3.1.2) holds for S. Given a sequence {µn : n ≥ 1} ⊆ S,
we can use a diagonalization procedure to find a subsequence {µnm : m ≥ 1}
such that ak = limm→∞〈ϕk, µnm〉 exists for each k ∈ Z+. Next, define the linear
functional Λ on the span of {ϕk : k ∈ Z+} so that Λ(ϕk) = ak. Notice that if
ϕ =

∑K
k=1 αkϕk, then

∣∣Λ(ϕ)
∣∣ = lim

m→∞

∣∣∣∣∣
K∑
k=1

αk〈ϕk, µnm〉

∣∣∣∣∣ = lim
m→∞

∣∣〈ϕ, µnm〉
∣∣ ≤ ‖ϕ‖u

and similarly that Λ(ϕ) = limm→∞〈ϕ, µnm〉 ≥ 0 if ϕ ≥ 0. Hence, Λ admits a
unique extension as a non-negativity preserving linear functional on Cc(RN ; R)
which satisfies |Λ(ϕ)| ≤ ‖ϕ‖u for all ϕ ∈ Cc(RN ; R).

For each ` ∈ Z+, apply the Riesz Representation Theorem to produce a non-
negative, Borel measure µ` supported on B(0, `) so that 〈ϕ, µ`〉 = Λ(ϕ) for
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ϕ ∈ Cc(RN ; R) which vanish off of B(0, `). Since 〈ϕ, µ`+1〉 = Λ(ϕ) = 〈ϕ, µ`〉
whenever ϕ vanishes off of B(0, `), it is clear that

µ`+1(Γ) ≥ µ`+1

(
Γ ∩B(0, `)

)
= µ`(Γ) for all Γ ∈ BRN .

Hence, if

µ(Γ) ≡ lim
`→∞

µ`(Γ) = µ
(
Γ ∩ {0}

)
+

∞∑
`=1

µ`

(
Γ ∩

(
B(0, `) \B(0, `− 1)

))
,

then µ is a non-negative, Borel measure on RN whose restriction to B(0, `) is
µ` for each ` ∈ Z+. In particular, µ(RN ) ≤ 1 and 〈ϕ, µ〉 = limm→∞〈ϕ, µnm〉 for
every ϕ ∈ Cc(RN ; R). Thus, by Lemma 2.1.7, all that remains is to check that
µ(RN ) = 1. But

µ(RN ) ≥ 〈η`, µ〉 = lim
m→∞

〈η`, µnm〉 ≥ lim
m→∞

µnm

(
B(0, `)

)
= 1− lim

m→∞
µmm

(
B(0, `){

)
,

and, by (3.1.2), the final term tends to 0 as `→∞.
To prove the converse assertion, suppose that S is sequentially relatively com-

pact. If (3.1.2) failed, then we could find an θ ∈ (0, 1) and, for each n ∈ Z+,
a µn ∈ S such that µn

(
B(0, n)

)
≤ θ. By sequential relative compactness, this

would mean that there is a subsequence {µnm : m ≥ 1} ⊆ S and a µ ∈ M1(RN )
such that µnm =⇒ µ and µnm

(
B(0, nm)

)
≤ θ. On the other hand, for any

R > 0,
µ
(
B(0, R)

)
≤ 〈ηR, µ〉 ≤ lim

m→∞
µnm

(
B(0, nm)

)
≤ θ,

and so we would arrive at the contradiction 1 = limR→∞ µ
(
B(0, R)

)
≤ θ. �

Our next goal is to find out how to find a test in terms of the Fourier transform
to determine when (3.1.2) holds.

Lemma 3.1.3. Define

s(r) = inf
θ≥r

(
1− sin θ

θ

)
for r ∈ (0,∞).

Then s is a strictly positive, non-decreasing, continuous function which tends to
0 as r ↘ 0. Moreover, if µ ∈ M1(RN ), then, for all (r,R) ∈ (0,∞)2,

(3.1.4)
∣∣1− µ̂(re)

∣∣ ≤ rR+ µ
(
{y : |(e,y)RN | ≥ R}

)
for all e ∈ SN−1,

and

(3.1.5)

µ
(
B(0, N

1
2R){

)
≤ N sup

e∈SN−1
µ
(
{y : |(e,y)RN | ≥ R}

)
≤ N

s(rR)
max

{∣∣1− µ̂(ξ)
∣∣ : |ξ| ≤ r

}
.
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In particular, for any S ⊆ M1(RN ), (3.1.2) holds if and only if

(3.1.6) lim
|ξ|↘0

sup
µ∈S

∣∣1− µ̂(ξ)
∣∣ = 0.

Proof: Given (3.1.4) and (3.1.5), the final assertion is obvious. To prove
(3.1.4), simply observe that

∣∣1− e
√
−1(re,y)RN

∣∣ ≤ 1 ∧
(
r|(e,y)RN |

)
.

Turning to (3.1.5), note that

∣∣1− µ̂(ξ)
∣∣ ≥ ∫

RN

(
1− cos(ξ,y)RN

)
µ(dy).

Thus, for each e ∈ SN−1,

1
r

∫ r

0

∣∣1− µ̂(te)
∣∣ dt ≥ ∫

RN\{0}

(
1−

sin
(
r(e,y)RN

)
r(e,y)RN

)
µ(dy)

≥ s(rR)µ
(
{y : |(e,y)RN | ≥ R}

)
,

and therefore

(3.1.7) sup
ξ∈B(0,r)

∣∣1− µ̂(ξ)
∣∣ ≥ s(rR)µ

(
{y : |(e,y)RN | ≥ R}

)
.

Since the first inequality in (3.1.5) is obvious, there is nothing more to be
done. �

We are now ready to prove Lévy’s crucial improvement to Lemma 2.3.3.

Theorem 3.1.8 (Lévy’s Continuity Theorem). Let {µn : n ≥ 1} ⊆
M1(RN ), and assume that f(ξ) = limn→∞ µ̂n(ξ) exists for each ξ ∈ RN . Then
there is a µ ∈ M1(RN ) such that f = µ̂ if and only if there is a δ > 0 for which
limn→∞ sup|ξ|≤δ

∣∣µ̂n(ξ)− f(ξ)
∣∣ = 0, in which case µn =⇒ µ.

Proof: The only assertion not already covered by Lemmas 2.1.7 and 2.3.3 is
the “if” part of the equivalence. But, if µ̂n −→ f uniformly in a neighborhood of
0, then it is easy to check that supn≥1 |1− µ̂n(ξ)| must tend to zero as |ξ| → 0.
Hence, by the last part of Lemma 3.1.1, we know that there exists a µ and a
subsequence {µnm

: m ≥ 1} such that µnm
=⇒ µ. Since µ̂ must equal f , we are

done. �

Exercises for § 3.1

Exercise 3.1.9. One might think that to address the sort of problem posed
at the beginning of this chapter, it would be helpful to know which functions
f : RN −→ C are the Fourier transforms of a probability measure. Such a
characterization is the content of Bochner’s Theorem, whose proof we will
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outline in this exercise. Unfortunately, his characterization looks more useful
than it is in practice. For instance, we will not use it to solve our problem, and
it is difficult to see how its use would simplify matters.

In order to state Bochner’s Theorem, say that a function f : RN −→ C is
non-negative definite if, for each n ≥ 1 and ξ1, . . . , ξn ∈ RN , the matrix((
f(ξi − ξj)

))
1≤i,j≤n is Hermitian and non-negative definite. Equivalently,

n∑
i,j=1

f(ξi − ξj)ζiζ̄j ≥ 0 for all ζ1, . . . , ζn ∈ C.

Then Bochner’s Theorem is the statement that f = µ̂ for some µ ∈ M1(RN ) if
and only if f(0) = 1 and f is a continuous, non-negative definite function.

(i) It is ironic that the necessity assertion is the more useful even though it is
nearly trivial. Indeed, if f = µ̂, then it is obvious that f(0) = 1 and that f is
continuous. To see that it is also non-negative definite, write

n∑
i,j=1

e
√
−1(ξj−ξi,x)RN ζiζ̄i =

∣∣∣∣∣
n∑
i=1

e
√
−1(ξi,x)RN ζi

∣∣∣∣∣
2

,

and integrate in x with respect to µ.

(ii) The first step in proving the sufficiency is to use the non-negative definiteness
assumption to show that f(−x) = f(x) and

∣∣f(x)
∣∣ ≤ f(0) for all x ∈ RN .

In particular, this proves that ‖f‖u ≤ 1. Second, using an obvious Riemann
approximation procedure and the continuity of f , check that for any rapidly
decreasing, continuous ψ̂ : RN −→ C,∫∫

RN×RN

f(x− η)ψ̂(x)ψ̂(η) dx dη ≥ 0.

In particular, when f ∈ L1
(
RN ; C

)
, set

m(x) = (2π)−N
∫

RN

e−
√
−1 (x,ξ)RN f(ξ) dξ,

and use Parseval’s Identity and Fubini’s Theorem, together with elementary
manipulations, to arrive at

(2π)N
∫

RN

m(x)ψ(x)2 dx =
∫∫

RN×RN

f(ξ − η)ψ̂(ξ)ψ̂(η) dξ dη ≥ 0

for all ψ ∈ S (RN ; R). Conclude that m is nonnegative, and use this to complete
the proof in the case when f ∈ L1

(
RN ; C

)
.
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(iii) It remains only to pass from the case when f ∈ L1
(
RN ; C

)
to the general

case. For each t ∈ (0,∞), set ft(x) = e−t
|x|2
2 f(x) for t > 0. Clearly, ft(0) = 1

and ft ∈ Cb(RN ; C) ∩ L1(RN ; C). In addition, show that

n∑
i,j=1

ft
(
ξi − ξj

)
ζiζ̄j =

∫
RN

 n∑
i,j=1

f
(
ξi − ξj

)
ζi(x)ζ̄j(x)

 γ0,tI(dx) ≥ 0,

where ζi(x) ≡ ζie
√
−1 (ξi,x)RN . Hence, ft is also nonnegative definite; and so, by

part (ii), we know thatft = µ̂t for some µt ∈ M1(RN ). Finally, apply Lévy’s
Continuity Theorem to see that µt=⇒µ, where µ ∈ M1(RN ) satisfies f = µ̂.

(iv) Suppose that f is a non-negative definite function with f(0) = 1. As we
have just seen, if f is continuous, then f = µ̂ for some µ ∈ M1(RN ). Using this
representation, show that

(*) ‖f‖u ≤ 1 and |f(η)− f(ξ)|2 ≤ 2
[
1−Re

(
f(η − ξ)

)]
, ξ, bh ∈ RN .

Next, show that (*) follows directly from non-negative definiteness, whether
or not f is continuous. Thus, a non-negative definite function is uniformly
continuous everwhere if it is continuous at the origin.
Hint: Both parts of (*) follow from the fact that

A =

 1 f(ξ) f(η)
f(ξ) 1 f(ξ − η)
f(η) f(ξ − η) 1


is non-negative definite. To get the second part, consider the quadratic form(
v, Av

)
C3 with v = (v1, 1,−1).∗

(v) To understand the how essential role of continuity in Bochner’s criterion,
show that f = 1{0} is non-negative definite. Even though this f cannot be the
Fourier transform of any µ ∈ M1(RN ), it is nonetheless the “Fourier transform”
of a non-negativity preserving linear functional, one for which there is no Riesz
representation. To be more precise, consider the linear functional Λ on the space
of functions ϕ ∈ Cb(RN ; C) for which

Λϕ ≡ lim
R→∞

1
|B(0, R)|

∫
B(0,R)

ϕ(x) dx exists,

and show that f(ξ) = Λ
(
eξ)
)
, where eξ(x) = e

√
−1(ξ,x)RN .

∗ This was made to me by Linan Chen.



120 III Infinitely Divisible Laws

Exercise 3.1.10. It is important to recognize that the extent to which L’evy’s
Continuity Theorem and, as a by product, Bochner’s Theorem, are strictly finite
dimensional results. For example, let H be an infinite dimensional, separable,
real Hilbert space, and define f(h) = e

1
2‖h‖

2
H . Obviously, f is a continuous and

f(0) = 1. Show that it is also non-negative in the sense that
((
f(hi−fj)

))
1≤i,h≤n

is a non-negative definite, Hermitian matrix for each n ∈ Z+ and h1, . . . , hn ∈ H.
Now suppose that there were a Borel probability measure µ on H such that

µ̂(h) ≡
∫
H

e
√
−1(h,x)H µ(dx) = f(h), h ∈ H.

Show that for any orthonormal basis {ei : i ∈ Z+} in H, the functions Xi(h) =
(ei, h)H , i ∈ Z+ would be, under µ, a sequence of independent, N (0, 1)-random
variables, and conclude from this that∫

H

e−‖h‖
2
H µ(dh) =

∏
i∈Z+

Eµ
[
e−X

2
i
]

= 0.

Hence, no such µ can exist.

Hint: The non-negative definiteness of f can be seen as a consequence of the
analogous result for Rn.

§ 3.2 The Lévy–Khinchine Formula

In this section we will solve the problem posed in the introduction to this chapter.

§ 3.2.1. I(RN ) is the Closure of P(RN ). Let P(RN ) be the closure of P(RN )
under weak convergence. That is, µ ∈ P(RN ) if and only if there exists a
sequence {Mn : n ≥ 1} ⊆ M0(RN ) such that πMn=⇒µ. Our goal here is to
prove that

(3.2.1) I(RN ) = P(RN ).

Before turning to the proof of (3.2.1), we need the following simple lemma
about non-vanishing, C-valued functions. In its statement, and elsewhere,

(3.2.2) log ζ = −
∞∑
m=1

(1− ζ)m

m
for ζ ∈ C with |1− ζ| < 1

is the principle branch of logarithm function on the open unit disk around 1 in
the complex plane.

Lemma 3.2.3. Let R ∈ (0,∞) be given. If f ∈ C
(
B(0, R); C \ {0}

)
with

f(0) = 1, then there is a unique ` = `f ∈ C
(
B(0;R); C

)
such that `(0) = 0
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and f = e`. Moreover, if ξ ∈ B(0;R), r ∈ (0,∞), and
∣∣∣1− f(η)

f(ξ)

∣∣∣ < 1 for all

η ∈ B(ξ, r) ∩B(0, R), then, for each η ∈ B(ξ, r) ∩B(0, R),

`f (η)− `f (ξ) = log
f(η)
f(ξ)

and therefore

|`f (η)− `f (ξ)| ≤ 2
∣∣∣∣1− f(η)

f(ξ)

∣∣∣∣ if

∣∣∣∣1− f(η)
f(ξ)

∣∣∣∣ ≤ 1
2
.

Finally, if f̃ is a second element of C
(
B(0;R); C \ {0}

)
with f̃(0) = 1 and if∣∣∣1− f̃(ξ)

f(ξ)

∣∣∣ ≤ 1
2 for all ξ ∈ B(0, R), then

∣∣`f̃ (ξ)− `f (ξ)
∣∣ ≤ 2

∣∣∣∣∣1− f̃(ξ)
f(ξ)

∣∣∣∣∣ for ξ ∈ B(0, R).

In particular, if {fn : n ≥ 1} ⊆ C
(
B(0, R); C\{0}

)
with fn(0) = 1 for all n ≥ 1,

and if fn −→ f ∈ C
(
B(0;R); C \ {0}

)
uniformly on B(0, R), then f(0) = 1 and

`fn −→ `f uniformly on B(0;R).

Proof: To prove the existence and uniqueness of `f , begin by observing that
there exists an M ∈ Z+ and 0 = r0 < r1 < · · · < rM = R such that∣∣∣∣∣∣1− f(ξ)

f
(
rm−1ξ
|ξ|

)
∣∣∣∣∣∣ ≤ 1

2
for 1 ≤ m ≤M and ξ ∈ B(0, rm) \B(0, rm−1).

Thus, we can define a function `f on B(0, R) so that `f (0) = 0 and

`f (ξ) = `f

(
rm−1ξ

|ξ|

)
+ log

f(ξ)

f
(
rm−1ξ
|ξ|

)
if 1 ≤ m ≤M and ξ ∈ B(0, rm) \B(0, rm−1).

Furthermore, working by induction of 1 ≤ m ≤ M , one sees that this `f is
continuous and satisfies f = e`f . Finally, for any ` ∈ C

(
B(0, R); C

)
satisfying

`(0) = 0 and f = e`, (
√
−12π)−1(` − `f ) is a continuous, Z-valued function

which vanishes at 0, and therefore ` = `f .
Next suppose that ξ ∈ B(0, R) and that∣∣∣∣1− f(η)

f(ξ)

∣∣∣∣ < 1 for all η ∈ B(ξ, r) ∩B(0, R).



122 III Infinitely Divisible Laws

Set

`(η) = `f (ξ) + log
f(η)
f(ξ)

for η ∈ B(ξ, r) ∩B(0, R),

and check that η  (
√
−12π)−1

(
`(η)−`f (η)

)
is a continuous, Z-valued function

which vanishes at ξ. Hence, `f (η) − `(ξ) = log f(η)
f(ξ) for η ∈ B(0, R) ∩ B(ξ, r),

and therefore on B(0, R) ∩B(0, r). Since | log ζ2− log ζ1| ≤ 2|ζ2−ζ1| if |1−ζ1|∨
|1− ζ1| ≤ 1

2 , this completes the proof of the asserted properties of `f .

Turning to the comparison of `f and `f̃ when
∣∣∣1− f̃(ξ)

f(ξ)

∣∣∣ ≤ 1
2 for all ξ ∈

B(0, R), set `(ξ) = `f (ξ) + log f̃(ξ)
f(ξ) , check that `(0) = 0 and f̃ = e`, and

conclude that `f̃ − `f = log f̃
f . From this, the asserted estimate for ‖`f̃ − `f‖u is

immediate. �

Lemma 3.2.4. Define r  s(r) as in Lemma 3.1.3, and let µ ∈ M1(RN ) and

0 < r < R be given. If |1 − µ̂(ξ)| ≤ 1
2 for all ξ ∈ B(0, r) and there is an

ν ∈ M1(RN ) such that µ = ν?n for some

(3.2.5) n ≥ 4e2

s
(
r

4R

) ,
then |µ̂(ξ)| ≥ 2−n for all ξ ∈ B(0, R).

Proof: First apply Lemma 3.2.3 to see that, because µ̂(ξ) = ν̂(ξ)n, neither µ̂
nor ν̂ vanishes on B(0, r) and therefore that there are unique `, ˜̀∈ C

(
B(0, r); C

)
such that `(0) = 0 = ˜̀(0), µ̂ = e`, and ν̂ = e

˜̀ on B(0, r). Further, since µ̂ = en
˜̀,

uniqueness requires that ˜̀ = 1
n`. Next, observe that ` = log µ̂ and |1 − µ̂| ≤ 1

2

on B(0, r), and therefore that |`| ≤ 2 there. In particular, this means that
|1 − ν̂| ≤ e2

n on B(0, r). Using this in (3.1.7), we have, for any ρ > 0 and
e ∈ SN−1, that

(3.2.6) ν
(
{y : |(e,y)RN | ≥ ρ}

)
≤ 1
s(rρ)

max
ξ∈B(0,r)

∣∣1− ν̂(ξ)
∣∣ ≤ e2

ns(rρ)
,

which, by (3.1.4), leads to

∣∣1− ν̂(ξ)
∣∣ ≤ ρR+

e2

ns(rρ)
for ξ ∈ B(0, R).

Finally take ρ = 1
4R , and use (3.2.5) and µ̂(ξ) = ν̂(ξ)n to check that this gives

the desired conclusion. �
We now have everything that we need to prove the equality (3.2.1).
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Theorem 3.2.7. For each µ ∈ I(RN ) there is a unique `µ ∈ C(RN ; C) satis-

fying `µ(0) = 0 and µ̂ = e`µ . Moreover, for each n ∈ Z+, e
1
n `µ is the Fourier

transform of the unique µ 1
n
∈ M1(RN ) such that µ = µ?n1

n

. In addition, if

Mn ∈ M0(RN ) is defined by

(3.2.8) Mn(Γ) ≡ nµ 1
n

(
Γ ∩ (RN \ {0})

)
for Γ ∈ BRN ,

then πMn=⇒µ. Finally, I(RN ) is closed in the sense that µ ∈ I(RN ) if there
exists a sequence {µk : k ≥ 1} ⊆ I(RN ) such that µk =⇒ µ. In particular, µ 1

n

is uniquely determined and (3.2.1) holds.

Proof: Let µ ∈ I(RN ) be given. Since there is an r > 0 such that |1−µ̂(ξ)| ≤ 1
2

for all ξ ∈ B(0, r) and, for all n ∈ Z+, µ = µ?n1
n

for some µ 1
n
∈ M1(RN ),

Lemma 3.2.4 guarantees that µ̂ never vanishes. Hence, by Lemma 3.2.3, both
the existence and uniqueness of `µ follow. Moreover, if µ = µ?n1

n

, then, from
µ̂(ξ) = µ̂ 1

n
(ξ)n, we know first that µ̂ 1

n
never vanishes and that `µ = n`, where `

is the unique element of C(RN ; C) satisfying `(0) = 0 and µ̂ 1
n

= e`. Now define
Mn as in the statement, and observe that

π̂Mn
(ξ) = exp

(
n
(
µ̂ 1

n
(ξ)− 1

))
= exp

(
n
(
e

1
n `µ(ξ) − 1

))
−→ e`µ(ξ) = µ̂(ξ)

as n → ∞. Hence, πMn
=⇒µ. In particular, this proves that I(RN ) ⊆ P(RN ),

and therefore, since we already know that P(RN ) ⊆ I(RN ), the final statement
will follow once we check that I(RN ) is closed.

To prove that I(RN ) is closed, suppose that {µk : k ≥ 1} ⊆ I(RN ) and that
µk =⇒ µ. The first step in checking that µ ∈ I(RN ) is to show that µ̂ never
vanishes. To this end, use the fact that µ̂k −→ µ̂ uniformly on compacts to
see that there must exist an r > 0 such that |1 − µ̂k(ξ)| ≤ 1

2 for all k ∈ Z+

and ξ ∈ B(0, r). Hence, because each of the µk’s is infinitely divisible, one can
use Lemma 3.2.4 to see that, for each R ∈ (0,∞), inf{|µ̂k(ξ)| : k ∈ Z+ and ξ ∈
B(0, R)} > 0, and clearly this is more than enough to show that µ̂ never vanishes.
Thus we can choose a unique ` ∈ C(RN ; C) so that `(0) = 0 and µ̂ = e`.
Moreover, if `k = `µk

, then, by Lemma 3.2.3, `k −→ ` uniformly on compacts.
Now let n ∈ Z+ be given, and choose {µk,n : k ≥ 1} ⊆ M1(RN ) so that
µk = µ?nk,n. Then, we know that µ̂k,n = e

1
n `k , and so, as k → ∞, µ̂k,n −→ e

1
n `

uniformly on compacts. Hence, by Lévy’s Continuity Theorem, e
1
n ` = µ̂ 1

n
for

some µ 1
n
∈ M1(RN ). Since this means that µ = µ?n1

n

, we have shown that

µ ∈ I(RN ). �



124 III Infinitely Divisible Laws

§ 3.2.2. The Formula. Theorem 3.2.7 provides interesting information, but it
fails to provide a concrete characterization of the infinitely divisible laws. In this
subsection we will give a complete characterization of µ̂ for µ ∈ I(RN ), which,
in view of the first part of Theorem 3.2.7, is equivalent to characterizing of the
functions in {`µ : µ ∈ I(RN )}.

In the following lemma, and elsewhere, S (RN ; C) and S (RN ; R) denote the
Schwartz test function spaces of smooth, respectively, C-valued and R-valued
functions which, together with all of their derivatives, are rapidly decreasing.
Recall that the Fourier transform maps S (RN ; C) onto itself.

Lemma 3.2.9. For each r ∈ (0,∞) there exists a C(r) <∞ such that |`µ(ξ)| ≤
C(r)(1 + |ξ|2) for all ξ ∈ RN whenever µ ∈ I(RN ) satisfies |1 − µ̂(ξ)| ≤ 1

2 for

ξ ∈ B(0, r). Moreover, if µ ∈ I(RN ), then

(3.2.10) Aµϕ ≡ lim
n→∞

n
(
〈ϕ, µ 1

n
〉 − ϕ(0)

)
=

1
(2π)N

∫
RN

`µ(ξ)ϕ̂(ξ) dξ

for each ϕ ∈ S (RN ; C).

Proof: Suppose that µ ∈ I(RN ) satisfies |1 − µ̂(ξ)| ≤ 1
2 for ξ ∈ B(0, r).

Applying the second inequality in (3.2.6) and (3.1.4) with ν = µ 1
n
, we know

that, for any (ρ,R) ∈ (0,∞)2,

sup
|ξ|≤R

|1− µ̂ 1
n
(ξ)| ≤ ρR+

e2

ns(rρ)
.

Hence, if R ≥ r, then, by taking ρ = 1
4R , we obtain sup|ξ|≤R |1 − µ̂ 1

n
(ξ)| ≤ 1

2

and therefore sup|ξ|≤R | 1n`µ(ξ)| ≤ 2 if n satisfies (3.2.5). Finally, observe that
that there is an ε > 0 such that s(t) ≥ εt2 for t ∈ (0, 1], and therefore that
`µ(ξ) ≤ 2

(
1 + 16e2R2

εr2

)
for |ξ| ≤ R, which completes the proof of the first

assertion.
Now suppose that µ ∈ I(RN ) and that ϕ ∈ S (RN ; C). Then, by (2.3.4),

(2π)Nn
(
〈ϕ, µ 1

n
〉 − ϕ(0)

)
=
∫

RN

n
(
e

1
n `µ(ξ) − 1

)
ϕ̂(ξ) dξ

=
∫ 1

0

(∫
RN

e
t
n `µ(ξ) `µ(ξ)ϕ̂(ξ) dξ

)
dt −→

∫
RN

`µ(ξ)ϕ̂(ξ) dξ,

where (keeping in mind that |e 1
n `µ | = |µ̂ 1

n
(ξ)| ≤ 1, `µ(ξ) has a most quadratic

growth, and ϕ̂(ξ) is rapidly decreasing) the passage to the second line is justified
by Fubini’s Theorem and the limit is an application of Lebesgue’s Dominated
Convergence Theorem. �
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Lemma 3.2.9, especially (3.2.10), provides us with two critical pieces of in-
formation which will enable us to characterize `µ. The first of these is the
minimum principle for the linear functional Aµ. Namely, it is clear from the
definition of Aµ that when A = Aµ

(3.2.11) A1 = 0 and Aϕ ≥ 0 if ϕ ∈ S (RN ; R) and ϕ(0) = min
x∈RN

ϕ(x).

Secondly, it tells us that if ϕR(x) = ϕ
(

x
R

)
for R > 0, then

(3.2.12) lim
R→∞

AϕR = 0 for all ϕ ∈ S (RN ; C).

To see this, note that ϕ̂R(ξ) = RN ϕ̂(Rξ), and therefore that

(2π)NAµϕR =
∫

RN

`µ
(
R−1ξ

)
ϕ̂(ξ) dξ −→ 0,

since `µ(0) = 0 and supR≥1 |`µ(ξ)||ϕ̂(ξ)| is rapidly decreasing. It turns out that
these two properties allow us to say a great deal about Aµ.

For α ∈ [0,∞), let Mα(RN ) be the space of non-negative, Borel measures on
RN satisfying

M({0}) = 0 and
∫

RN

|y|α

1 + |y|α
M(dy) <∞.

The class M2(RN ), whose elements are called Lévy measures, will play a par-
ticularly important role in what follows.

It should be clear that if M ∈ Mα(RN ), then for every Borel measurable
ϕ : RN −→ C

(3.2.13) sup
y∈RN\{0}

|ϕ(y)|
1 ∧ |y|α

<∞ =⇒ ϕ ∈ L1(M ; C).

Using (3.2.13), one can easily check that if ϕ ∈ C2
b(RN ; C) and η ∈ S (RN ; R)

equals 1 in a neighborhood of 0, then

y ϕ(y)− ϕ(0)− η(y)
(
y,∇ϕ(0)

)
RN

is M -integrable for every M ∈ M2(RN ).
Finally, given n ∈ Z+ and ϕ ∈ Cn(RN ; C), define ∇nϕ(x) to be the multilinear

map on (RN )n into C by

[
∇nϕ(x)

]
(ξ1, . . . , ξn) =

∂n

∂t1 · · · ∂tn
ϕ

(
x +

n∑
m=1

tmξm

)∣∣∣∣
t1=···=tn=0

.

Obviously, ∇ϕ and ∇2ϕ can be identified as the gradient of ϕ and Hessian of ϕ.



126 III Infinitely Divisible Laws

Lemma 3.2.14. Let D be the space of functions ϕ ∈ C∞(RN ; R) such that
ϕ−ϕ(∞)1 ∈ S (RN ; R) for some ϕ(∞) ∈ R. If A : D −→ R is a linear functional
on D which satisfies (3.2.11) and (3.2.12), then there is a unique M ∈ M2(RN )
such that Aϕ =

∫
RN ϕ(y)M(dy) for ϕ ∈ S (RN ; R) which satisfy ϕ(0) = 0,

∇ϕ(0) = 0, and ∇2ϕ(0) = 0. Next, given η ∈ C∞c
(
RN ; [0, 1]

)
satisfying η = 1 in

a neighborhood of 0, set ηξ(y) = (ξ,y)RN η(y) for ξ ∈ RN , and define mη ∈ RN
and C ∈ Hom(RN ; RN ) by

(3.2.15)
(
ξ,mη) = Aηξ and

(
ξ,Cξ′

)
RN = A

(
ηξηξ′

)
−
∫

RN

(ηξηξ′)(y)M(dy).

Then C is symmetric, non-negative definite, and independent of the choice of η.
Finally, for any ϕ ∈ D,

(3.2.16)
Aϕ = 1

2Trace
(
C∇2ϕ(0)

)
+
(
mη,∇ϕ(0)

)
RN

+
∫

RN

(
ϕ(y)− ϕ(0)− η(y)

(
y,∇ϕ(0)

)
RN

)
M(dy).

Proof: Choose ψ ∈ C∞
(
RN ; [0, 1]

)
so that ψ has compact support in B(0, 2) \

B
(
0, 1

4

)
and ψ(y) = 1 when 1

2 ≤ |y| ≤ 1, and set ψm(y) = ψ(2my) for m ∈ Z.
Then, if y ∈ RN \ {0} and 2−m−1 ≤ |y| ≤ 2−m, ψm(y) = 1 and ψn(y) = 0
unless −m− 2 ≤ n ≤ −m+ 1. Hence, if Ψ(y) =

∑
m∈Z ψm(y) for y ∈ RN \ {0},

then Ψ is a smooth function with values in [1, 4]; and therefore, for each m ∈ Z,
the function χm given by χm(0) = 0 and χm(y) = ψm(y)

Ψ(y) for y ∈ RN \ {0} is a

smooth, [0, 1]-valued function which vanishes off of B(0, 2−m+1) \B(0, 2−m−2).
In addition,

∑
m∈Z χm(y) = 1, and, for each y ∈ RN \ {0}, χn(y) = 0 unless

2−n−2 ≤ |y| ≤ 2−n+1

Next, define Λmϕ = A(χmϕ) for ϕ ∈ C∞
(
B(0, 2−m+1) \ B(0, 2−m−2; R

)
,

where

χmϕ(y) =
{
χm(y)ϕ(y) if 2−m−2 ≤ |y| ≤ 2−m+1

0 otherwise.

Clearly Λm is linear. In addition, if ϕ ≥ 0, then χmϕ ≥ 0 = χmϕ(0), and so, by
(3.2.11), Λmϕ ≥ 0. Similarly, for any ϕ ∈ C∞

(
B(0, 2−m+1) \ B(0, 2−m−2); R

)
,

‖ϕ‖uχm ± χmϕ ≥ 0 =
(
‖ϕ‖uχm ± χmϕ

)
(0), and therefore |Λmϕ| ≤ Km‖ϕ‖u,

where Km = Aχm. Hence, Λm admits a unique extension as a continuous
linear functional on C

(
B(0, 2−m+1) \ B(0, 2−m−2); R

)
which is non-negativity

preserving and has norm Km; and so, by the Riesz Representation Theorem,
we now know that there is a unique non-negative Borel measure Mm on RN
such that Mm is supported on B(0, 2−m+1)\B(0, 2−m−2), Km = Mm(RN ), and
A(χmϕ) =

∫
RN ϕ(y)Mm(dy) for all ϕ ∈ S (RN ; R).

Now define the non-negative, Borel measure M on RN by M =
∑
m∈Z Mm.

Clearly, M({0}) = 0. In addition, if ϕ ∈ C∞c
(
RN \ {0}; R

)
, then there is an



§ 3.2 The Lévy–Khinchine Formula 127

n ∈ Z+ such that χmϕ ≡ 0 unless |m| ≤ n. Thus,

Aϕ =
n∑

m=−n
A(χmϕ) =

n∑
m=−n

∫
RN

ϕ(y)Mm(dy)

=
∫

RN

(
n∑

m=−n
χm(y)ϕ(y)

)
M(dy) =

∫
RN

ϕ(y)M(dy)

and therefore

(3.2.17) Aϕ =
∫

RN

ϕ(y)M(dy)

for ϕ ∈ C∞c
(
RN \ {0}; R

)
.

Before taking the next step, observe that, as an application of (3.2.11), if
ϕ1, ϕ2 ∈ D, then

(*) ϕ1 ≤ ϕ2 and ϕ1(0) = ϕ2(0) =⇒ Aϕ1 ≤ Aϕ2.

Indeed, by linearity, this reduce to checking that if ϕ ∈ D is non-negative and
ϕ(0) = 0, then Aϕ ≥ 0. But, for such a ϕ,

(
ϕ − ϕ(∞)1

)
is an element of

S (RN ; R) which achieves its minimum value at 0, and therefore Aϕ = ϕ(∞)A1+
A
(
ϕ− ϕ(∞)1

)
≥ 0.

With these preparations, we can show that, for any ϕ ∈ D,

(**) ϕ ≥ 0 = ϕ(0) =⇒
∫

RN

ϕ(y)M(dy) ≤ Aϕ.

To check this, apply (*) to ϕn =
∑n
m=−n χmϕ and ϕ, and use (3.2.17) together

with the Monotone Converence Theorem to conclude that∫
RN

ϕ(y)M(dy) = lim
n→∞

∫
RN

ϕn(y)M(dy) = lim
n→∞

Aϕn ≤ Aϕ.

Now let η be as in the statement, and set ηR(y) = η(R−1y) for R > 0. By
(**) with ϕ(y) = |y|2η(y) we know that∫

RN

|y|2η(y)M(dy) ≤ Aϕ <∞.

At the same time, by (3.2.17) and (*),∫
RN

(
1− η(y)

)
ηR(y)M(dy) ≤ A(1− η)
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for all R > 0, and therefore, by Fatou’s Lemma,∫
RN

(
1− η(y)

)
M(dy) ≤ A(1− η) <∞.

Hence, we have proved that M ∈ M2(RN ).
We are now in a position to show that (3.2.17) continuous to hold for any

ϕ ∈ S (RN ; R) which vanishes along with its first and second order derivatives
at 0. To this end, first suppose that ϕ vanishes in a neighborhood of 0. Then,
for each R > 0, (3.2.17) applies to ηRϕ, and so∫

RN

ηR(y)ϕ(y)M(dy) = A(ηRϕ) = Aϕ+A
(
(1− ηR)ϕ

)
.

By (*) applied to ±(1− ηR)ϕ and (1− ηR)‖ϕ‖u,∣∣A((1− ηR)ϕ
)∣∣ ≤ ‖ϕ‖uA(1− ηR) = −‖ϕ‖uAηR −→ 0 as R→∞,

where, we used first (3.2.11) and then (3.2.12). Thus,

Aϕ = lim
R→∞

∫
RN

ηR(y)ϕ(y)M(dy) =
∫

RN

ϕ(y)M(dy),

because, since M is finite on the support of ϕ and therefore ϕ is M -integrable,
Lebesgue’s Dominated Convergence Theorem applies. We still have to replace
the assumption that ϕ vanishes in a neighborhood of 0 by the original assump-
tion. For this purpose, first note that, by (3.2.13), ϕ is certainly M -integrable,
and therefore∫

RN

ϕ(y)M(dy) = lim
R↘0

A
(
(1− ηR)ϕ

)
= Aϕ− lim

R↘0
A(ηRϕ).

By our assumptions about ϕ at 0, we can find a C < ∞ such that |ηRϕ(y)| ≤
CR|y|2η(y) for all sufficiently small R > 0. Hence, by (*), |A(ηRϕ)| ≤ C ′R for
small R > 0, and therefore A(ηRϕ) −→ 0 as R↘ 0.

To complete the proof from here, let ϕ ∈ S (RN ; R) be given, and set

ϕ̃(x) = ϕ(x)− ϕ(0)− η(x)
(
y,∇ϕ(0)

)
RN − 1

2η(x)2
(
x,∇2ϕ(0)x

)
RN .

Then (3.2.17) holds for ϕ̃ and, after one re-arranges terms, says that (3.2.16)
holds. Thus, all the remains is to prove the properties of C. That C is symmetric
requires no comment. In addition, from (*), it is clearly non-negative definite.
Finally, to see that it is independent of the η chosen, let η′ be a second choice,
note that η′ξ − ηξ vanishes in a neighborhood of 0, and apply (3.2.17). �
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Let µ ∈ I(RN ), and define Aµ accordingly, as in (3.2.10). By applying Lemma
3.2.14 to Aµ, we see that there is a unique Mµ ∈ M2(RN ), symmetric, non-
negative definite Cµ ∈ Hom(RN ; RN ), and mη

µ ∈ RN such that (3.2.16) holds
with A = Aµ. In order to use this to compute `µ, we need to show that, for any
ϕ ∈ S (RN ; C),

(2π)NTrace(Cµ∇2ϕ(0)
)

= −
∫

RN

(
ξ,Cµξ

)
RN ϕ̂(ξ) dξ,

(2π)N
(
mη
µ,∇ϕ(0)

)
RN = −

√
−1
∫

RN

(
mη
µ, ξ
)

RN ϕ̂(ξ) dξ,

and

(2π)N
∫

RN

(
ϕ(y)− ϕ(0)− η(y)

(
y,∇ϕ(0)

)
RN

)
Mµ(dy)

=
∫

RN

(∫
RN

(
e−

√
−1(ξ,y)RN − 1 +

√
−1η(y)

(
ξ,y)RN

)
Mµ(dy)

)
ϕ̂(ξ) dξ.

The first two of these are completely familiar computations based on Parseval’s
identity and the relationship between the Fourier transform and derivatives. To
prove the third, we must learn more about the inner integral on the right hand
side. Specifically, it will be useful to know that

(3.2.18) lim
|ξ|→∞

|ξ|−2

∫
RN

∣∣∣e√−1(ξ,y)RN − 1−
√
−1η(y)

(
ξ,y)RN

∣∣∣M(dy) = 0

for any M ∈ M2(RN ). To see this, choose R ∈ (0,∞) so that η = 1 on B(0, R).
Then, for r ∈ (0, R],∫

RN

∣∣∣e√−1(ξ,y)RN − 1−
√
−1η(y)

(
ξ,y)RN

∣∣∣M(dy)

≤ |ξ|2

2

∫
B(0,r)

|y|2M(dy) + C(1 + |ξ|)M
(
B(0, r){

)
for some C <∞ depending only on η. Hence, the limit in (3.2.18) is dominated
by 1

2

∫
B(0,r)

|y|2M(dy) for every r ∈ (0, R], and this quantity tends to 0 as
r ↘ 0. Once one has (3.2.18), one knows that∫∫

RN×RN

∣∣∣e−√−1(ξ,y)RN − 1 +
√
−1η(y)

(
ξ,y)RN

∣∣∣|ϕ̂(ξ)|Mµ(dy) dξ <∞,

and therefore, by Fubini’s Theorem, that∫
RN

(∫
RN

(
e−

√
−1(ξ,y)RN − 1 +

√
−1η(y)

(
ξ,y)RN

)
Mµ(dy)

)
ϕ̂(ξ) dξ

=
∫

RN

(∫
RN

(
e−

√
−1(ξ,y)RN − 1 +

√
−1η(y)

(
ξ,y)RN

)
ϕ̂(ξ) dξ

)
Mµ(dy).
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Finally, by elementary Fourier analysis

(2π)N
∫

RN

(
e−

√
−1(ξ,y)RN − 1 +

√
−1η(y)

(
ξ,y)RN

)
ϕ̂(ξ) dξ

= ϕ(y)− ϕ(0)− η(y)
(
y,∇ϕ(0)

)
RN

for each y ∈ RN .
We are now ready to prove the result toward which we have been working. In

the following, L(RN ) is the set of Lévy systems (m,C,M), where, m ∈ RN , C
is a symmetric, non-negative definite transformation on RN , and M ∈ M2(RN )
is a Lévy measure. Given a Lévy system (m,C,M) and a bounded, Borel
measurable η : RN −→ R satisfying

(3.2.19)

(
sup

y∈B(0,1)\{0}
|y|−2|1− η(y)|

)
∨

(
sup

y/∈B(0,1)

|y||η(y)|

)
<∞,

define

(3.2.20)
`η(m,C,M)(ξ) =

√
−1
(
mη, ξ

)
RN − 1

2

(
ξ,Cξ

)
RN

+
∫

RN

(
e
√
−1 (ξ,y)RN − 1−

√
−1η(y)

(
ξ,y

)
RN

)
M(dy).

Theorem 3.2.21 (Lévy–Khinchine). For each µ ∈ I(RN ), there is a unique

`µ ∈ C(RN ; C) such that `µ(0) = 0 and µ̂ = e`µ , and, for each n ∈ Z+, e
1
n `µ is

the Fourier transform of the unique µ 1
n
∈ M1(RN ) satisfying µ = µ?n1

n

. Next, let

be a η : RN −→ R be a bounded, measurable function which satisfies (3.2.19).
Then, for each µ ∈ I(RN ), there is a unique (mη

µ,Cµ,Mµ) ∈ L(RN ) such that

`µ = `η
(mη

µ,Cµ,Mµ)
, and, for each (m,C,M) ∈ L(RN ), there is a unique µ ∈ I(RN )

such that `µ = `η(m,C,M). In fact, if η0 ∈ C∞c
(
RN ; [0, 1]

)
satisfies η0 = 1 in a

neighborhood of 0 and µ ∈ I(RN ), then∫
RN

ϕ(y)Mµ(dy) = lim
n→∞

n〈ϕ, µ 1
n
〉

for all ϕ ∈ S (RN ; C) which satisfy lim
|y|↘0

|y|−2|ϕ(y)| = 0,

Cµ = lim
n→∞

n

∫
RN

η0(y)2y ⊗ y µ 1
n
(dy)−

∫
RN

η0(y)2y ⊗ yMµ(dy),

and, for any Borel measurable η satisfying (3.2.19),

mη
µ = mη0

µ +
∫

RN

(
η(y)− η0(y)

)
Mµ(dy)

where mη0
µ = lim

n→∞
n

∫
RN

η0(y)y µ 1
n
(dy).



§ 3.2 The Lévy–Khinchine Formula 131

Proof: We have already proved the initial assertion. To prove the second
assertion, we begin by showing that `η(m,C,M) is continuous for all measurable
η satisfying (3.2.19) and (m,C,M) ∈ L(RN ). Since, for each r ∈ (0,∞), it is
obvious that `η(m,C,Mr) ∈ C(RN ; C) where Mr(Γ) = M

(
Γ ∩B(0, r){

)
, it suffices

to check that

lim
r↘0

∫
B(0,r)

∣∣∣e√−1(ξ,y)RN − 1−
√
−1η(y)

(
ξ,y

)
RN

∣∣∣M(dy) = 0

uniformly for ξ in compacts. But the integrand in the above is dominated by a
constant times |ξ|2|y|2, and so there is no problem.

Now let η0 be given. For each µ ∈ I(RN ), we know from Lemma 3.2.14 that
the quantities mη0

µ , Cµ, and Mµ described in the final part of the statement
exist, that (mη0

µ ,Cµ,Mµ) is a Lévy system, and that

lim
n→∞

n
(
〈ϕ, µ 1

n
〉 − ϕ(0)

)
=
(
mη0
µ ,∇ϕ(0)

)
RN + 1

2Trace
(
Cµ∇2ϕ(0)

)
+
∫

RN

(
ϕ(y)− ϕ(0)− η0(y)

(
y,∇ϕ(0)

)
RN

)
Mµ(dy)

for all ϕ ∈ S (RN ; C). Thus, when we combine this with (3.2.10) and the calcu-
lations preceding the statement of the present theorem, we conclude that∫

RN

`η0
(m

η0
µ ,Cµ,Mµ)

(ξ) ϕ̂(ξ) dξ =
∫

RN

`µ(ξ) ϕ̂(ξ) dξ

for every ϕ ∈ S (RN ; C); and from this, together with the continuity of both
`η0
(m

η0
µ ,Cµ,M)

and `µ, it is clear that `η0
(m

η0
µ ,Cµ,M)

= `µ.

Conversely, given (m,C,M) ∈ L(RN ), we must check that e`
η0
(m,C,M) is the

Fourier transform of a µ ∈ I(RN ). But we have already shown this when
M ∈ M0(RN ), and so, if Mr is as above, then we know that, for each r > 0,
e
`

η0
(m,C,Mr) = µ̂r for some µr ∈ I(RN ). Furthermore, by the argument given

to prove the continuity of `η0(m,C,M), we know that `η0(m,C,Mr) −→ `η0(m,C,M)

uniformly on compacts. Hence, by Lévy’s Continuity Theorem, µr=⇒µ and
µ̂ = e

`
η0
(m,C,M) as r ↘ 0. Thus, because I(RN ) is closed, µ ∈ I(RN ).

Finally, suppose that η is any other bounded, measurable function which sat-
isfies (3.2.19). Then it is clear that

`η(m,C,M)(ξ) = `η0(m,C,M)(ξ) +
√
−1
∫

RN

(
η(y)− η0(y)

)(
ξ,y

)
RN M(dy),

and so the relationship between mη
µ and mη0

µ is obvious. �
The formula for `µ given in Theorem 3.2.21 is known as the Lévy–Khinchine

formula.
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Exercises for § 3.2

Exercise 3.2.22. Given M ∈ M2(RN ) and (3.2.18), show that(
ξ,Cµξ

)
RN ≡ −2 lim

t→∞
t−2`µ(tξ) for all µ ∈ I(RN ) and ξ ∈ RN .

Similarly, when Mµ ∈ M1(RN ), show that

mµ ≡ mη
µ −

∫
RN

η(y)yMµ(dy)

is independent of the choice of η satisfying (3.2.19) and, for each ξ ∈ RN ,

(
ξ,mµ

)
= −

√
−1 lim

t→∞
t−1
(
`µ(tξ) + t2

2

(
ξ,Cµξ

)
RN

)
and

`µ(ξ) = − 1
2

(
ξ,Cµξ

)
RN +

√
−1
(
ξ,mµ

)
RN +

∫
RN

(
e
√
−1(ξ,y)RN − 1

)
Mµ(dy).

Finally, if µ ∈ I(RN ) is symmetric, show that Mµ is also symmetric and that

`µ(ξ) = −1
2
(
ξ,Cµξ

)
+
∫

RN

(
cos
(
ξ,y

)
RN − 1

)
Mµ(dy).

Exercise 3.2.23. Given µ ∈ I(R), show that µ
(
(−∞, 0)

)
= 0 if and only if

Cµ = 0, Mµ ∈ M1(R), Mµ

(
(−∞, 0)

)
= 0, and (cf. the preceding exercise)

mµ ≥ 0. The following are steps which you might follow.

(i) To prove the “if” assertion, set Mr(dy) = 1[r,∞)(y)Mµ(dy) for r > 0, and
show that δmµ

? πMr

(
(−∞, 0]

)
= 0 for all r > 0 and δmµ ? πMr=⇒µ as r ↘ 0.

Conclude from these that µ
(
(−∞, 0)

)
= 0.

(ii) Now assume that µ
(
(−∞, 0)

)
= 0. To see that Cµ = 0, show that if σ > 0,

then γ0,σ2 ? ν
(
(−∞, 0)

)
> 0 for any ν ∈ M1(R).

(iii) Continuing (ii), show that µ
(
(−∞, 0)

)
≥ µ 1

n

(
(−∞, 0]

)n, and conclude first
that µ 1

n

(
(−∞, 0)

)
= 0 for all n ∈ Z+ and then that

Mµ

(
(−∞, 0)

)
= 0 and mη

µ ≥
∫

RN

η(y)yMµ(dy).

Finally, deduce from these that Mµ ∈ M1(R) and that mµ ≥ 0.

(iv) Suppose that X ∈ N (0, 1), and show that the distribution of |X| cannot be
infinitely divisible.
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Exercise 3.2.24. Let µ ∈ M1(RN ), and suppose that for each m ∈ Z+ there
is an n > m and a µ 1

n
∈ M1(RN ) such that µ = µ?n1

n

. Show µ ∈ I(RN ).

Hint: Check that the arguments used to prove Lemmas 3.2.4 and the final part
of Theorem 3.2.7 work equally well for subsequences.

Exercise 3.2.25. In this exercise, we will be reconsidering the topic in Exercise
2.2.25. Given α ∈ (0,∞), define Tα : M1(RN ) −→ M1(RN ) by the prescription

Tαµ(Γ) =
∫∫

RN×RN

1Γ

(
x + y

2
1
α

)
µ(dx)µ(dy),

and let Fα(RN ) be the set of non-trivial fixed points of Tα. That is, Fα(RN ) ={
µ ∈ M1(RN ) \ {δ0} : µ = Tαµ

}
. We can now say much more about Fα(RN )

than we could earlier.

(i) As an application of the preceding exercise, show that Fα(RN ) ⊆ I(RN ), and
conclude that µ ∈ Fα(RN ) if and only if µ ∈ I(RN ) and `µ(ξ) = 2`µ

(
2−

1
α ξ
)

for
all ξ ∈ RN . Next, using this and Exercise 3.2.22, show that if µ ∈ Fα(RN ), then

`µ(ξ) = 2−n`µ(2
n
α ξ) = 2n( 2

α−1)2−
2n
α `µ(2

n
α ξ) −→

{
0 if α > 2
− 1

2 (ξ,Cµξ)RN if α = 2.

Thus, we have already recovered the result in Exercise 2.2.25 and extended it to
M1(RN ).

(ii) Define T̂αM for M ∈ M2(RN ) to be the Borel measure determined by∫
RN

ϕ(y) T̂αM(dy) = 2
∫

RN

ϕ(2−
1
α y)M(dy)

for Borel measurable ϕ : RN −→ [0,∞). Show first that Tα maps I(RN ) into
itself and that T̂α maps M2(RN ) into itself. Second, show that if µ ∈ I(RN ),
then MTαµ = T̂αMµ, CTαµ = 21− 2

α Cµ, and

mη
Tαµ

= 21− 1
α mη

µ +
∫

RN

(
η(y)− η(2

1
α y)

)
y T̂αMµ(dy).

Conclude that if µ ∈ Fα(RN ), then Mµ = T̂αMµ, Cµ = 21− 2
α Cµ, and

(*) (1− 21− 1
α )mη

µ =
∫

RN

(
η(y)− η(2

1
α y)

)
yMµ(dy).

Further, show that for µ ∈ Fα(RN ), the equality in (*) holds for all η satisfying
(3.2.19) if it does for any one of them.
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(iii) Based on the results in (i) and (ii), show that if α ∈ (0, 2), then

µ ∈ Fα(RN ) ⇐⇒

{Cµ = 0, Mµ = T̂αMµ, and

(1− 2
1
α )mη

µ =
∫

RN

(
η(y)− η(21− 1

α y)yMµ(dy).

(iv) Set

βα =
∫

R

1− cos y
y1+α

dy for α ∈ (0, 2),

and let ωN−1 = (2π)N

Γ( N
2 −1)

denote the surface area of the unit sphere SN−1 in RN .
Given α ∈ (0, 2), show that, for each t > 0,

exp
(

t

βαωN−1

∫
RN

(
cos(ξ,y)RN − 1

)
|y|−N−α dy

)
= e−t|ξ|

α

is the Fourier transform of an element of an element µαt of Fα(RN ). The measures
µαt , t ∈ (0,∞), are called the symmetric α-stable laws. See part (v) of
Exercise 3.2.28 below for a computation of the numbers βα.

(v) Show that, for any t > 0, e−t|ξ|
α

is the Fourier transform of a µ ∈ M1(RN ) \
{δ0} if and only if α ∈ (0, 2].

Exercise 3.2.26. We continue in the setting of Exercise 3.2.25.

(i) Show that, for any M ∈ M2(RN ) \ {0} and α ∈ (0, 2) satisfying M = T̂αM ,
M ∈ Mβ(RN ) all β ∈ (α, 2] but that M /∈ Mα(RN ).

(ii) If α ∈ (1, 2) \ {1}, show that µ ∈ Fα(RN ) if and only if there exists an
M ∈

(⋂
β∈(α,2] Mβ(RN )

)
\Mα(RN ) satisfying M = T̂αM such that `µ(ξ) equals

√
−1

1− 21− 1
α

∫
2−

1
α<|y|≤1

(
ξ,y

)
RN M(dy)+

∫
RN

(
e
√
−1(ξ,y)RN −1−1[0,1]

(
|y|
))
M(dy).

Hint: Take η(y) = 1[0,1](|y|).

(iii) Show that µ ∈ F1(R) if and only if

`µ(ξ) =
(
m, ξ

)
RN +

∫
RN

(
e
√
−1(ξ,y)RN − 1− 1[0,1]

(
|y|
))
M(dy)

for some m ∈ RN and M ∈
(⋂

β∈(1,2] Mβ(RN )
)
\M1(RN ) satisfying M = T̂αM

and ∫
1
2<|y|≤1

yM(dy) = 0.
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(iv) If α ∈ (0, 1), show that µ ∈ Fα(RN ) if and only if there exists an M ∈(⋂
β∈(α,2] Mβ(RN )

)
\Mα(RN ) such that

`µ(ξ) =
∫

RN

(
e
√
−1(ξ,y)RN − 1

)
M(dy).

Hint: Show that if α ∈ (0, 1) and M = T̂αM , then

(
1− 21− 1

α

) ∫
B(0,1)

yM(dy) =
∫
{2−

1
α<|y|≤1}

yM(dy).

(v) Given α ∈ (0, 2), let Mα(RN ) be the set of finite, non-negative, Borel mea-
sures ν on RN which are supported on B(0, 1)\B(0, 2−

1
α ), and, for ν ∈ Mα(RN ),

define the Borel measure Mα,ν by

Mα,ν(Γ) =
∑
m∈Z

2−m
∫

RN

1Γ(2
m
α y) ν(dy).

Show that ν ∈ Mα(RN ) 7−→ Mα,ν is a one to one map onto the set of M ∈
M1(RN ) such that M = T̂αM . Thus, for each α ∈ (0, 2], Fα(RN ) contains lots
of elements!

Exercise 3.2.27. Here are a few further properties of elements of Fα(RN ).

(i) Show that there is µ ∈ Fα(RN ) such that µ
(
{y : (e,y)RN < 0}

)
= 0 for some

e ∈ SN−1 if and only if α ∈ (0, 1).

Hint: Reduce to the case when N = 1, and look at Exercise 3.2.23.

(ii) If µ ∈ F1(RN ), show that µ
(
{y : (e,y)RN < 0}

)
= ∞ for every e ∈ SN−1.

(iii) If α ∈ (1, 2), show that for each ε > 0 there is a µ ∈ Fα(R) such that
µ
(
(−∞,−ε]

)
= 0.

Exercise 3.2.28. Given α ∈ (0, 1) and t ∈ (0,∞), show that there is a measure
ναt ∈ Fα(R) whose Fourier transform is given by

exp

(
αt

Γ(1− α)

∫
(0,∞)

e
√
−1 ξy − 1
y1+α

dy

)
,

and that ναt
(
(−∞, 0)

)
= 0. A measure of this sort is called a one-sided α-

stable law.
In the remainder of this exercise, we will develop another, more explicit, ex-

pression for ν̂αt , and clearly it suffices to deal with the case when t = 1.
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(i) Set

fα(ζ) =
∫

(0,∞)

e
√
−1ζy − 1
y1+α

dy

for α ∈ (0, 1) and ζ ∈ C with Im(ζ) ≥ 0. Clearly fα is analytic in the open
upper half C+ ≡ {ζ ∈ C : Im(ζ) > 0} of the complex plane and continuous on
C+. Next, argue that fα(1) = −cαe

√
−1θα for some cα > 0 and θα ∈

(
−π

2 ,
π
2

)
,

and conclude that fα(ξ) = −cαe
√
−1θαξα for ξ ∈ (0,∞).

(ii) Note that the only analytic extensions of ξ ∈ (0,∞) 7−→ ξα ∈ C to C+ are
of the form

ζ ∈ C+ −→ |ζ|αe
√
−1α(arg(ζ)+2πn)

for some n ∈ Z, and conclude that

fα(ζ) = −cαe
√
−1θαζα, where ζα ≡ |ζ|αe

√
−1αarg(ζ), for ζ ∈ C+.

(iii) Show that

fα
(√
−1
)

= −e−
√
−1 απ

2
(√
−1
)αΓ(1− α)

α
,

and conclude that

fα(ζ) = −Γ(1− α)
α

e−
√
−1 απ

2 ζα for all ζ ∈ C+.

In particular, this means that

`να
1
(ξ) = −e−

√
−1 απ

2 ξα, ξ ∈ R.

(iv) Show that∫
[0,∞)

e−ηy ναt (dy) = exp
(
−tηα

)
for t ∈ (0,∞) and η ∈ [0,∞).

(v) Recall the numbers βα in part (iv) in Exercise 3.2.25, and show that

(3.2.29) βα =

{
2Γ(2−α)
α|α−1| sin

(
π
2 |α− 1|

)
if α ∈ (0, 2) \ {1}

π if α = 1.

Hint: When α ∈ (0, 1), simply observe that βα = −2Re
(
fα(1)

)
. To handle

α ∈ (1, 2), use
βα
2
ξα =

∫
(0,∞)

1− cos(ξy)
y1+α

dy

to obtain
αβα
2

=
∫

(0,∞)

sin y
yα

dy = −Im
(
fα−1(1)

)
.

Finally, when α = 1, note that β1 = limα↘1 βα.
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Exercise 3.2.30. Because their Fourier transforms are rapidly decreasing, we
know that each of the measures ναt admits a smooth density with respect to
Lebesgue measure λR on R. In this exercise, we examine these densities.

(i) For α ∈ (0, 1), set

(3.2.31) hαt =
dναt
dλR

for t ∈ (0,∞),

and show that ∫ ∞

0

e−λτhαt (τ) dτ = e−tλ
α

, λ ∈ [0,∞),

and that
hαt (τ) ≡ t−

1
αhα1 (t−

1
α τ).

(ii) Only when α = 1
2 is an explicit expression for hα1 readily available. To find

this expression, first note that, by the uniqueness of the Laplace transform (cf.

Exercise 1.2.12) and (i), h
1
2
1 is uniquely determined by∫ ∞

0

e−λ
2τh

1
2
1 (τ) dτ = e−λ, λ > 0.

Next, show that∫ ∞

0

τ−
1
2 e−( a2

τ +b2τ) dτ =
π

1
2 e−2ab

b
and

∫ ∞

0

τ−
3
2 e−( a2

τ +b2τ) dτ =
π

1
2 e−2ab

a

for all (a, b) ∈ (0,∞)2, and conclude from the second of these that

(3.2.32) h
1
2
1 (τ) =

1(0,∞)(τ)e−
1
4τ

√
4πτ

3
2

.

Hint: To prove the first identity, try the change of variables x = aτ−
1
2 − bτ

1
2 ,

and get the second by differentiating the first with respect to a.

Exercise 3.2.33. In this exercise we will discuss the densities of the symmetric
stable laws µαt for α ∈ (0, 2) (cf. part (iv) of Exercise 3.2.25). Once again, we
know that each µαt admits a smooth density with respect to Lebesgue measure
λRN on RN . Further, it is clear that this density is symmetric and that

dµαt
dλRN

(x) = t−
1
α
dµα1
dλRN

(t−
1
α x) for t ∈ (0,∞).

(i) Referring to Exercise 3.2.30, show that∫
(0,∞)

γ̂0,2τI(ξ)h
α
2 (τ) dτ = e−|ξ|

α

,
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and therefore that

(3.2.34)
dµα1
dλRN

(x) =
1

(4π)
N
2

∫ ∞

0

τ−
N
2 e−

|x|2
4τ h

α
2 (τ) dτ.

(ii) Because we have an explicit expression for h
1
2
1 , we can use (3.2.34) to get an

explicit expression for dµ1
1

dλRN
. In fact, show that

(3.2.35)
dµ1

t

dλRN

(x) = ΠRN

t (x) ≡
Γ
(
N+1

2

)
tN(

π(t2 + |x|2)
)N+1

2

, (t,x) ∈ (0,∞)× RN .

The function ΠR
1 is the density for what probabilists call the Cauchy distribu-

tion. For general N ’s, (t,x) ∈ (0,∞)× RN 7−→ ΠRN

t (x) is the Poisson kernel
for the right half space in RN+1. That is, if f ∈ Cb(RN ; R), then

(t,x) uf (t,x) =
∫

RN

f(x− y) ΠRN

t (y) dy

is the unique, bounded harmonic extension of f to the right half space.

(iii) Given α ∈ (0, 2), show that

‖f‖2α ≡
∫∫

RN×RN

e−|y−x|αf(x)f(y) dxdy =
∫

RN

|f̂(ξ)|2 µα1 (dξ)

for f ∈ L1(RN ; C). This can be used to prove that ‖ · ‖α determines a Hilbert
norm on Cc(RN ; C).

Exercise 3.2.36. Another famous source of infinitely divisible laws is provided
by the Gamma distributions. Namely, consider the family {µt : t ∈ (0,∞)} ⊆
M1(R) given by

µt(dx) = 1(0,∞)(x)
xt−1e−x

Γ(t)
dx.

(i) Show by direct computation that

µs ? µt(dx) =
B(s, t)

Γ(s)Γ(t)
1(0,∞)(x)xs+t−1e−x dx,

where
B(s, t) ≡

∫
(0,1)

ξs−1(1− ξ)t−1 dξ

is Euler’s Beta function, and conclude that µs+t = µs ? µt. In particular, one
gets, as a dividend, the famous identity B(s, t) = Γ(s)Γ(t)

Γ(s+t) .

(ii) As a consequence of (i), we know that the µt’s are infinitely divisible. Show
that their Lévy–Khinchine representation is

µ̂t(ξ) = exp

[
t

∫
(0,∞)

(
e
√
−1 ξy − 1

)
e−y

dy

y

]
.


