
Chapter II
The Central Limit Theorem

In the preceding chapter we dealt with averages of random variables and showed
that, in great generality, those averages converge almost surely or in probability
to a constant. At last when all the random variables have the same distribution
and have moments of all orders, one way of rationalizing this phenomenon is
to recognize that the mean-value is conserved whereas all higher moments are
driven to 0 unless that are infinite. Of course, the reason why it is easy to
conserve the first moment is that mean of the sum is the sum of the means.
Thus, if one is going to attempt to find a simple normalization procedure which
conserves a quantity involving more than the mean-value, one should seek a
quantity which shares this additivity property.

With this in mind, one is led ask what happens if one normalizes in a way
which conserves the variance. For this purpose, suppose that {Xn : n ∈ Z+} is a
sequence of mutually independent, identically distributed random variables with
mean-value 0 and variance 1, and set Sn =

∑n
1 Xk. Then S̆n ≡ n−

1
2Sn again

has mean-value 0 and variance 1. Because of Theorem 1.5.9, we know that, with
probability 1, limn→∞ S̆n = ∞ = − limn→∞ S̆n. Hence, from the point of view
of either almost sure convergence or even convergence in probability, there is no
hope that S̆n will converge.

Nonetheless, the random variables {S̆n : n ≥ 1} possess remarkable sta-
bility when viewed from a distributional perspective. Indeed, if the Xn’s are
Gaussian, then so are the S̆n’s, and therefore S̆n ∈ N (0, 1) for all n ≥ 1.
More generally, even if the Xn’s are not Gaussian, controlling their mean-value
and variance forces all their moments to stabalize. To be precise, trivially,
L1 ≡ limn→∞ EP[S̆n] = 0 and L2 ≡ limn→∞ EP[S̆2

n] = 1. Next, assume that
L` ≡ limn→∞ EP[S̆`n] exists for 1 ≤ ` ≤ m, where m ≥ 2. We will show that that
Lm+1 ≡ limn→∞ EP[S̆m+1

n ] exists and is equal to mLm−1. To this end, first note
that, since EP[Xn] = 0,

EP[Sm+1
n

]
= nEP[Xn

(
Xn + Sn−1

)m] = n

m∑
j=0

(
m

j

)
EP[Xj+1

n

]
EP[Sm−jn−1

]
= nmEP[Sm−1

n−1

]
+ n

m∑
j=2

(
m

j

)
EP[Xj+1

n

]
EP[Sm−jn−1

]
.
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60 II The Central Limit Theorem

Thus, after dividing through by n
m+1

2 , one gets the desired conclusion. Starting
from L0 = 0 and L1 = 1, one can use induction to check that L2m−10 and
L2m =

∏m
`=1(2`− 1) = (2m)!

2mm! for all m ∈ Z+. That is

lim
n→∞

EP[S̆2m−1
n

]
= 0 and lim

n→∞
EP[S̆2m

n

]
=

m∏
`=1

(2`− 1) =
(2m)!
2mm!

,

for all m ∈ Z+. In other words, at least when Xn’s has moments of all orders,
limn→∞ EP[S̆mn ] exists and is independent of the particular choice of random
variables. In partacular, since for the Gaussian case, EP[S̆mn ] = EP[Xm

1 ], we
conclude that all moments of the S̆n’s converge to the corresponding moments
of a standard normal random variable.

In this chapter, we will see that the preceding stabaliztion result is just one
manifestation of a general principle known as the Central Limit phenomenon.

§2.1 The Theorem of Lindeberg
Before beginning, we introduce the notation 〈ϕ, µ〉 to denote the integral of a
function ϕ against a measure µ.

Let {Xn : n ≥ 1} be a sequence of independent, square integrable random
variables with mean-value 0, and set S̆n = n−

1
2
∑n
m=1Xm. At least when the

Xn’s are identically distributed and have moments of all orders and variance 1,
we just saw that (recall that γm,σ2 is the distribution of an N (m,σ2)-random
variable)

(2.1.1) lim
n→∞

EP[ϕ(S̆n)
]

= 〈ϕ, γ0,1〉

for any polynomial ϕ : R −→ C. In this section, we will prove a result
which shows that, under much more general conditions, (2.1.1) holds for all
ϕ ∈ C3

(
R; C) with bounded second and third order derivatives.

In the following statement,

(2.1.2) σm =
√

var(Xm) > 0, Σn =
√

var(Sn) =
√∑
m=1

σ2
m, and S̆n ≡

Sn
Σn

.

Notice that when the Xk’s are identically distributed and have variance 1, the
S̆n in (2.1.2) is consistent with the notation used above. Finally, we set

(2.1.3) rn = max
1≤m≤n

σm
Σn

and gn(ε) =
1

Σ2
n

n∑
m=1

EP
[
X2
m,
∣∣Xm

∣∣ ≥ εΣn
]

for ε > 0. Clearly, in the identically distributed case, rn = n−
1
2σ2

1 and

gn(ε) = σ−2
1 EP

[
X2

1 , |X1| ≥ n
1
2σ1ε

]
−→ 0 as n→∞ for each ε > 0.
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Theorem 2.1.4 (Lindeberg). Refer to the preceding, and let ϕ be an element
of C3(R; R) with bounded second and third order derivatives. Then, for each
ε > 0,

(2.1.5)
∣∣∣∣EP
[
ϕ
(
S̆n
)]
− 〈ϕ, γ0,1〉

∣∣∣∣ ≤ ( ε6 +
rn
2

)∥∥ϕ′′′∥∥
u

+ gn(ε)
∥∥ϕ′′∥∥

u
.

In particular, because

(2.1.6) r2n ≤ ε2 + gn(ε), ε > 0,

(2.1.1) holds if gn(ε) −→ 0 as n→∞ for each ε > 0.

Proof: Choose N (0, 1)-random variables Y1, . . . , Yn which are both mutually
independent and independent of the Xm’s. (After changing the probability
spaces, if necessary, this can be done as an application of either Theorem 1.1.7
or Exercise 1.1.12.) Next, set

Y̆k =
σkYk
Σn

and T̆n =
n∑
1

Y̆k,

and observe that T̆n is again an N (0, 1)-random variable and therefore that

∆ ≡
∣∣∣EP[ϕ(S̆n)

]
− 〈ϕ, γ0,1〉

∣∣∣ = ∣∣∣EP[ϕ(S̆n)
]
− EP[ϕ(T̆n)

]∣∣∣ .
Further, set X̆k = Xk

Σn
, and define

Um =
∑

1≤k≤m−1

X̆k +
∑

m+1≤k≤n

Y̆k for 1 ≤ m ≤ n,

where a sum over the empty set is taken to be 0. It is then clear that

∆ ≤
n∑
1

∆m where ∆m ≡
∣∣∣EP[ϕ(Um + X̆m

)]
− EP[ϕ(Um + Y̆m

)]∣∣∣.
Moreover, if

Rm(ξ) ≡ ϕ
(
Um + ξ

)
− ϕ(Um)− ξϕ′(Um)− ξ2

2 ϕ
′′(Um), ξ ∈ R,

then (because both X̆m and Y̆m are independent of Um and have the same first
two moments)

∆m =
∣∣∣EP
[
Rm
(
X̆m)

]
− EP

[
Rm
(
Y̆m)

]∣∣∣ ≤ ∣∣∣EP
[
Rm
(
X̆m)

]∣∣∣+ ∣∣∣EP
[
Rm
(
Y̆m)

]∣∣∣.
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In order to complete the derivation of (2.1.5), note that, by Taylor’s Theorem,

∣∣Rm(ξ)
∣∣ ≤ (∥∥ϕ′′′∥∥

u

|ξ|3
6

)
∧
(∥∥ϕ′′∥∥

u
|ξ|2
)
;

and therefore, for each ε > 0,

n∑
1

EP
[∣∣Rm(X̆m)

∣∣]
≤‖ϕ

′′′‖u
6

n∑
1

EP
[
|X̆m|3, |Xm| ≤ εΣn

]
+ ‖ϕ′′‖u

n∑
1

EP
[
X̆2
m, |Xm| ≥ εΣn

]
≤ ε‖ϕ′′′‖u

6

n∑
1

σ2
m

Σ2
n

+ ‖ϕ′′‖ugn(ε) =
ε‖ϕ′′′‖u

6
+ ‖ϕ′′‖ugn(ε);

while

n∑
1

EP
[∣∣Rm(Y̆n)

∣∣] ≤ ‖ϕ′′′‖u
6

EP
[∣∣Y1

∣∣3] n∑
1

σ3
m

Σ3
n

≤ 3
3
4 rn‖ϕ′′′‖u

6
.

Hence, (2.1.5) is now proved.
Given (2.1.5), all that remains is to prove (2.1.6). However, for any 1 ≤ m ≤ n

and ε > 0,

σ2
m = EP

[
X2
m, |Xm| < εΣn

]
+ EP

[
X2
m, |Xm| ≥ εΣn

]
≤ Σ2

n

(
ε2 + gn(ε)

)
. �

The condition that gn(ε) −→ 0 for each ε > 0 is often called Lindeberg’s
condition, because it was Lindeberg who introduced it and proved that it is
a sufficient condition for (2.1.1) for ϕ ∈ Cb(RN ; C). Later, Feller proved that
(2.1.1) plus rn → 0 imply that Lindeberg’s condition holds. Together, these two
results are known as the Lindeberg–Feller Theorem. See Exercise 2.3.20 for
a proof of Feller’s part.

§2.1.1. The Central Limit Theorem. If one is not concerned about rates
of convergence, then the differentiability requirement can be dropped from the
last part of Theorem 2.1.4. In order to understand the reason for this, it is
helpful to couch the statement of Theorem 2.1.4 entirely in terms of measures.
Thus, let µn denote the distribution of S̆n. Then, under the hypotheses there,
Theorem 2.1.4 allows one to say that 〈ϕ, µn〉 −→ 〈ϕ, γ0,1〉 for all ϕ ∈ C3(RN ; C)
with bounded second and third order derivatives. Because we are dealing with
statements about integration and integration is a very forgiving operation, this
sort of result self improves. To be more precise, we prove the following lemma.
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Lemma 2.1.7. Suppose that {µn : n ≥ 1} is a sequence of (non-negative)
locally finite∗ Borel measures on RN and that µ is a locally finite Borel mea-
sure on RN with the property that 〈ϕ, µn〉 −→ 〈ϕ, µ〉 for all ϕ ∈ C∞c (RN ; R).
Then, for any ψ ∈ C

(
RN ; [0,∞)

)
, 〈ψ, µ〉 ≤ limn→∞〈ψ, µn〉. Moreover, if ψ ∈

C
(
RN ; [0,∞)

)
is µn-integrable for each n ∈ Z+ and if 〈ψ, µn〉 −→ 〈ψ, µ〉 ∈ [0,∞),

then for any sequence {ϕn : n ≥ 1} ⊆ C(RN ; C) which converges uniformly on
compacts to a ϕ ∈ C(RN ; C) and satisfies |ϕn| ≤ Cψ for some C < ∞ and all
n ≥ 1, 〈ϕn, µn〉 −→ 〈ϕ, µ〉.

Proof: Choose ρ ∈ C∞c
(
B(0, 1); [0,∞)

)
with total integral 1, and set ρε(x) =

ε−Nρ(εx) for ε > 0. Also, choose η ∈ C∞c
(
B(0, 2); [0, 1]

)
so that η = 1 on

B(0, 1), and set ηR(x) = η(R−1x) for R > 0.
We begin by noting that 〈ϕ, µn〉 −→ 〈ϕ, µ〉 for all ϕ ∈ C∞c (RN ; C). Next,

suppose that ϕ ∈ Cc(RN ; C), and, for ε > 0, set ϕε = ρε ? ϕ, the convolution∫
RN

ρε(x− y)ϕ(y) dy

of ρε with ϕ. Then, for each ε > 0, ϕε ∈ C∞c (RN ; C) and therefore 〈ϕε, µn〉 −→
〈ϕε, µ〉. In addition, there is an R > 0 such that supp(ϕε) ⊆ B(0, R) for all
ε ∈ (0, 1]. Hence,

lim
n→∞

∣∣〈ϕ, µn〉 − 〈ϕ, µ〉∣∣ ≤ 2〈ηR, µ〉‖ϕε − ϕ‖u.

Since limε↘0 ‖ϕε − ϕ‖u = 0, we have now shown that 〈ϕ, µn〉 −→ 〈ϕ, µ〉 for all
ϕ ∈ Cc(RN ; C).

Now suppose that ψ ∈ C
(
RN ; [0,∞)

)
, and set ψR = ηRψ, where ηR is as

above. Then for each R > 0, 〈ψR, µ〉 = limn→∞〈ψR, µn〉 ≤ limn→∞〈ψ, µn〉.
Hence, by Fatou’s Lemma, 〈ψ, µ〉 ≤ limR→∞〈ψR, µ〉 ≤ limn→∞〈ψ, µn〉.

Finally, suppose that ψ ∈ C
(
RN ; [0,∞)

)
is µn-integrable for each n ∈ Z+ and

that 〈ψ, µn〉 −→ 〈ψ, µ〉 ∈ [0,∞). Given {ϕn : n ≥ 1} ⊆ C(RN ; C) satisfying
|ϕn| ≤ Cψ and converging uniformly on compacts to ϕ, one has∣∣〈ϕn, µn〉 − 〈ϕ, µ〉∣∣ ≤ ∣∣〈ϕn − ϕ, µn〉+

∣∣〈ϕ, µn〉 − 〈ϕ, µ〉∣∣.
Moreover, for each R > 0,

lim
n→∞

∣∣〈(ϕn − ϕ), µn〉
∣∣

≤ lim
n→∞

sup
x∈B(0,2R)

|ϕn(x)− ϕ(x)|〈ηR, µn〉+ lim
n→∞

∣∣〈(1− ηR)(ϕn − ϕ), µn〉
∣∣

≤ 2C lim
n→∞

〈(1− ηR)ψ, µn〉 = 2C〈(1− ηR)ψ, µ〉,

∗ A Borel measure on a topological space is locally finite if it gives finite measure to compacts.
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and similarly

lim
n→∞

∣∣〈ϕ, µn〉 − 〈ϕ, µ〉∣∣
≤ lim
n→∞

∣∣〈ηRϕ, µn〉 − 〈ηRϕ, µ〉∣∣+ C lim
n→∞

〈(1− ηR)ψ), µn〉+ 〈(ψ − ψR), µ〉

= 2C〈(1− ηR)ψ, µ〉.

Finally, because ψ is µ-integrable, 〈(1−ηR)ψ, µ〉 −→ 0 as R→∞ by Lebesgue’s
Dominated Convergence Theorem, and so we are done. �

By combining Theorem 2.1.4 with the preceding, we have the following version
of the famous Central Limit Theorem.

Theorem 2.1.8 (Central Limit Theorem). With the setting the same as it
was in Theorem 2.1.4, assume that gn(ε) −→ 0 as n→∞ for each ε > 0. Then

lim
n→∞

EP[ϕn(S̆n)] = 〈ϕ, γ0,1〉

whenever {ϕn : n ≥ 1} ⊆ C(R; C) satisfies

sup
n≥1

sup
y∈R

∣∣ϕn(y)∣∣
1 + |y|2

<∞

and tends to ϕ uniformly on compacts. Moreover, for every pair −∞ ≤ a < b ≤
∞,

(2.1.9) lim
n→∞

P
(
a ≤ S̆n ≤ b

)
=

1√
2π

∫ b

a

exp
[
−y

2

2

]
dy.

(See Exercise 2.1.10 below for more information in the identically distributed
case.)

Proof: Take µn to be the distribution of S̆n. By Theorem 2.1.4, we know
that 〈ϕ, µn〉 −→ 〈ϕ, γ0,1〉 for all ϕ ∈ C∞c (RN ; R). In addition, we know that
〈ψ, µn〉 = 2 = 〈ψ, γ0,1〉 when ψ(y) = 1 + y2. Hence, the first assertion is an
application of Lemma 2.1.7.

Turning to the second assertion, let a < b be given. To prove (2.1.9), choose{
ϕk
}∞

1
⊆ Cb(R; R) and {ψk}∞1 ⊆ Cb(R; R) so that 0 ≤ ϕk ↗ 1(a,b) and 1 ≥

ψk ↘ 1[a,b] as k →∞. Then,

lim
n→∞

P
(
a < S̆n < b

)
≥ lim
n→∞

EP
[
ϕk
(
S̆n
)]

=
∫

R
ϕk(y) γ0,1(dy) −→ γ0,1

(
(a, b)

)
as k →∞; and, similarly,

lim
n→∞

P
(
a ≤ S̆n ≤ b

)
≤ lim
n→∞

EP
[
ψk
(
S̆n
)]

=
∫

R
ψk(y) γ0,1(dy) −→ γ0,1

(
[a, b]

)
.

Finally, note that γ0,1

(
(a, b)

)
= γ0,1

(
[a, b]

)
. �
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Exercises for § 2.1

Exercise 2.1.10. Let
{
Xn

}∞
1

be a sequence of independent, identically dis-
tributed random variables, define

{
S̆n : n ∈ Z+

}
accordingly, and assume that

lim
n→∞

EP
[
S̆2
n ∧R2

]
≤ 1 for every R ∈ [0,∞).

In particular, this will certainly be the case whenever (2.1.1) holds for every
ϕ ∈ Cc(R; R). The purpose of this exercise is to show that the Xn’s are square
P-integrable, have mean-value 0, and variance no more than 1; and the method
which we will use is based on the same line of reasoning as was given in Exercise
1.5.13.

(i) Assuming that X1 ∈ L2(P; R), show that EP[X1

]
= 0 and EP[X2

1

]
≤ 1. In

particular, use this together with the result in part (i) of Exercise 1.5.12 to see
that it suffices to handle the case when the Xn’s are symmetric.

(ii) In this, and the succeeding parts of this exercise, we will be assuming that
the Xn’s are symmetric. Following the same route as we took in (ii) of Exercise
1.5.12, we set

X̌t
n = Xn1[0,t]

(
|Xn|

)
−Xn1(t,∞)

(
|Xn|

)
, n ∈ Z+,

and recall that (
X̌t

1, . . . , X̌
t
n, . . .

)
and

(
X1, . . . , Xn, . . .

)
have the same distribution for each t ∈ (0,∞). Use this together with our basic
assumption to see that

lim
R→∞

sup
n∈Z+

t∈(0,∞)

P
(
An(t, R)

)
= 0,

where

An(t, R) ≡

{∣∣∣∣ n∑
1

Xk

∣∣∣∣ ∨ ∣∣∣∣ n∑
1

X̌t
k

∣∣∣∣ ≥ n
1
2R

}
.

(iii) Continuing in the setting of part (ii), set

S̆tn =
1
n

1
2

n∑
1

Xk1[0,t]

(
|Xk|

)
.
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After noting that the Xn1[0,t]

(
|Xn|

)
’s are symmetric, check (cf. the proof of

Theorem 1.3.1) that
EP
[∣∣S̆tn∣∣4] ≤ 3t4.

In particular, conclude that, for each t ∈ (0,∞), there is an R(t) ∈ (0,∞) such
that

EP
[∣∣S̆tn∣∣2, An(t, R(t)

)]
≤ 3

1
2 t2P

(
An
(
t, R(t)

)) 1
2 ≤ 1

for all n ∈ Z+.

(iv) Given t ∈ (0,∞), choose R(t) ∈ (0,∞) as in the preceding. Taking into
account the identity

S̆tn =
∑n

1 Xk +
∑n

1 X̌
t
k

2n
1
2

,

show that

EP
[
X2

1 , |X1| ≤ t
]

= EP
[∣∣S̆tn∣∣2] ≤ EP

[∣∣S̆tn∣∣2, An(t, R(t)
)
{
]

+ 1

≤ EP
[
S̆2
n ∧R(t)2

]
+ 1

for all n ∈ Z+ and t ∈ (0,∞). In particular, use this and our basic hypothesis
to conclude first that

EP
[
X2

1 , |X1| ≤ t
]
≤ 2

for all t ∈ (0,∞) and then that X1 is square P-integrable.

(v) After combining the preceding with the Central Limit Theorem, we see that,
in the case of independent, identically distributed random variables, X1 is square
P-integrable with EP[X1] = 0 and EP[X2

1

]
≤ σ2 if and only if

lim
n→∞

EP
[
S̆2
n ∧R2

]
≤ σ2 for all R ∈ (0,∞).

Exercise 2.1.11. An interesting way in which to interpret The Central Limit
Theorem is as the solution to a certain fixed point problem. Namely, let P denote
the set of probability measures µ on

(
R;BR

)
with the properties that∫

R
x2 µ(dx) = 1 and

∫
R
xµ(dx) = 0.

Next, define Tµ for µ ∈ P to be the probability measure on
(
R,BR

)
given by

Tµ(Γ) =
∫∫
R2

1Γ

(
x+ y√

2

)
µ(dx)µ(dy) for Γ ∈ BR.
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After checking that T maps P into itself, use The Central Limit Theorem to
show that, for every µ ∈ P,

lim
n→∞

∫
R
ϕdTnµ =

∫
R
ϕdγ0,1, ϕ ∈ Cb(R; C).

Conclude, in particular, that γ0,1 is the one and only element µ of P with the
property that Tµ = µ and that this fixed point is attracting. (See Exercise 2.2.24
below for more information.)

Exercise 2.1.12. Here is another indication of the remarkable stability of nor-
mal random variables. Namely, we outline below a derivation∗ of the Lévy–
Cramér Theorem which says that if X and Y are independent random vari-
ables whose sum is normal (with some mean and variance), then both X and Y
are normal.

(i) Assume that X + Y ∈ N (a, σ2), and, by subtracting a from X, reduce to
the case in which X + Y ∈ N (0, σ2). Next, show that there is nothing more to
do when σ = 0 and that one can always reduce to the case σ = 1 when σ > 0.
Thus, from now on, assume that X + Y ∈ N (0, 1).

(ii) Choose r ∈ (0,∞) so that P
(
|X| ∨ |Y | ≥ r

)
≤ 1

2 , and conclude (cf. (2.2.11))
that

P
(
|X| ≥ r +R

)
∨ P
(
|Y | ≥ r +R

)
≤ 4 exp

[
−R

2

2

]
, R ∈ (0,∞).

In particular, show that the moment generating functions z ∈ C 7−→ M(z) =
EP [ezX] ∈ C and z ∈ C 7−→ N(z) = EP [ezY ] ∈ C exist and are entire functions.

Further, note that M(z)N(z) = exp
[
z2

2

]
, and conclude that M and N never

vanish. Finally, from the fact that X +Y has mean 0, show that one can reduce
to the case in which both X and Y have mean 0. Thus, from now on, we assume
that M ′(0) = 0 = N ′(0).

(iii) Because M never vanishes and M(0) = 1, elementary complex analysis (cf.
Lemma 3.2.3) guarantees that there is a unique entire function g : C −→ C such
that g(0) = 0 and M(z) = eg(z) for all z ∈ C. Further, from M ′(0) = 0, note
that g′(0) = 0. Thus,

g(z) =
∞∑
n=2

cnz
n where n!cn =

dn

dxn
log
(
EP [exX]) ∣∣∣∣

x=0

∈ R.

Finally, note that N(z) = exp
[
z2

2 − g(z)
]
.

∗ This derivation is based on a note by Z. Sasvári, who himself barrowed some of the ideas

from A. Rényi. I know of no derivation which does not rely on complex analysis and would be

very interested in learning one.
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(iv) As an application of Hölder’s inequality, observe that x ∈ R 7−→ g(x) ∈ R
and x ∈ R 7−→ x2

2 − g(x) ∈ R are both convex. Thus, since g′(0) = 0, both these
functions are nonincreasing on (−∞, 0] and nondecreasing on [0,∞). Use this
observation to first check that

g(x) ≥ 0 ≤ x2

2
− g(x) for all x ∈ R.

Next, use the preceding in conjunction with the trivial remarks

exp
[
Re
(
g(z)

)]
=
∣∣EP [ezX]∣∣ ≤ eg(x)

and
exp
[
Re
(
z2

2 − g(z)
)]

=
∣∣EP [ezY ]∣∣ ≤ exp

[
x2

2 − g(x)
]
,

to arrive at

−y2 ≤ 2Re
(
g(z)

)
≤ x2 for z = x+

√
−1 y ∈ C.

In particular, this means that

∣∣∣Re
(
g(z)

)∣∣∣ ≤ |z|2

2
, z ∈ C.

(v) To complete the program, observe that, for each n ∈ Z+ and r > 0, on the
one hand

cnr
n =

1
2π

∫ 2π

0

g
(
re
√
−1 θ

)
e−
√
−1nθ dθ, r > 0,

while, on the other hand (since g(z) = g
(
z̄)),

0 =
∫ 2π

0

g
(
re
√
−1 θ

)
e−
√
−1nθ dθ.

Hence,

cnr
n =

1
π

∫ 2π

0

Re
(
g
(
re
√
−1 θ

))
e−
√
−1nθ dθ, n ∈ Z+ and r > 0.

Finally, in combination with the estimate obtained in (ii) and c0 = c1 = 0, this
leads to the conclusion that cn = 0 for n 6= 2 and therefore that g(z) = c2z

2

with 0 ≤ c2 ≤ 1
2 .



Exercises for § 2.1 69

Exercise 2.1.13. An important result which is closely related to The Central
Limit Theorem is the following observation, which occupies a central position in
the development of classical statistical mechanics.∗

For each n ∈ Z+, let λn denote the normalized surface measure on the n− 1
dimensional sphere

Sn−1
(√
n
)

=
{
x ∈ Rn : |x| = n

1
2
}
,

and denote by λ(1)
n the distribution of the coordinate x1 under λn. Check that,

when n ≥ 2, µn(dt) = fn(t) dt, where

fn(t) =
ωn−2

n
1
2 ωn−1

(
1− t2

n

)n−3
2

1(−1,1)

(
n−

1
2 t
)
,

and ωk−1 denotes the surface area of the (k− 1)-dimensional unit sphere in Rk.
Using polar coordinates to compute the right-hand side of

(2π)
k
2 =

∫
Rk

e−
|x|2
2 dx,

first check that

ωk−1 =
2π

k
2

Γ
(
k
2

) ,
where Γ(t) is Euler’s Γ-function (cf. (1.3.20), and then apply Stirling’s formula
(cf. (1.3.21)) to see that

ωn−2

n
1
2 ωn−1

−→ 1√
2π

as n→∞.

Now, using g to denote the density for the standard Gauss distribution (i.e., the
Gauss kernel in (1.3.5)), apply these computations to show that

sup
n≥3

sup
t∈R

fn(t)
g(t)

<∞ and that
fn(t)
g(t)

−→ 1 uniformly on compacts.

In particular, conclude that, for any ϕ ∈ L1(γ0,1; R):

(2.1.14)
∫

R
ϕdλ(1)

n −→
∫

R
ϕdγ0,1.

∗ Although E. Borel seems to have thought he was the first to discover this result and rhap-

sodizes about it a bit in “Sur les principes de la cinétique des gaz,” Ann. l’École Norm. sup.,

3e t. 23, and probably was the first one to see its significance for statistical mechanics, it ap-

pears already in the 1866 article “Über die Entwicklungen einer Funktion von beliebig vielen

Variabeln nach Laplaceshen Funktionen höherer Ordnung,” J. Reine u. Angewandte Math. by

F. Mehler. Actually, the preceding is only a small part of what Mehler discovered.
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A less computational approach to the same question is the following. Let
X1, . . . , Xn, . . . be a sequence of independent N (0, 1) random variables, and set
Rn =

√
X2

1 + · · ·+X2
n. First note that P

(
Rn = 0

)
= 0 and then that the

distribution of

θn ≡
n

1
2
(
X1, . . . , Xn

)
Rn

is λn. Next, use the Strong Law of Large Numbers to see that R2
n

n −→ 1 (a.s., P)
and conclude that, for any N ∈ Z+,

lim
n→∞

EP
[
ϕ
(
θ(N)
n

)]
= EP

[
ϕ
(
X1, . . . , XN

)]
, ϕ ∈ Cc

(
RN ; R

)
,

where, for n ≥ N , θ
(N)
n ∈ RN denotes the projection of θn ∈ Rn onto its first

N coordinates. Conclude that if λ(N)
n on

(
RN ,BRN

)
denotes the distribution of

x = (x1, . . . , xn) ∈ Rn 7−→ x(N) ≡
(
x1, . . . , xN

)
∈ RN under λn, then

lim
n→∞

∫
RN

ϕdλ(N)
n =

∫
RN

ϕdγN0,1 for all ϕ ∈ Cb

(
RN ; C

)
.

In particular, by considering the case when N = 2, show that, for any ϕ ∈
Cb(R; R),

(2.1.15) lim
n→∞

∫
Sn−1(

√
n)

(
1
n

n∑
k=1

ϕ
(
xk
)
−
∫

R
ϕdγ0,1

)2

λn(dx) = 0.

Notice that the noncomputational argument has the advantage that it immedi-
ately generalizes the earlier result to cover λ(N)

n for all N ∈ Z+, not just N = 1
(cf. Exercise 2.3.24). On the other hand, the conclusion is weaker in the sense
that convergence of the densities has been replaced by convergence of integrals
with bounded continuous integrands and that no estimate on the rate of conver-
gence is provided. More work is required to restore the stronger statements.

When couched in terms of statistical mechanics, this result can be interpreted
as a derivation of the Maxwell distribution of velocities for an ideal gas of free
particles of mass 2 and having average energy 1.

Exercise 2.1.16. The most frequently encountered applications of Stirling’s
formula (cf. (1.3.21)) are to cases when t ∈ Z+. That is, one is usually interested
in the formula

(2.1.17) n! ∼
√

2πn
(n
e

)n
.
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Here is a derivation of (2.1.17) as an application of the Central Limit Theorem.
Namely, take {Xn}∞1 to be a sequence of independent, random variables with
P
(
Xn > x

)
= exp

(
−(x+ 1)+

)
, x ∈ R for all n ∈ Z+. For n ≥ 1, note that

P
(
S̆n+1 ∈

[
0, 1

4

])
=

1
n!

∫ 1+4−1√n+n

1+n

xne−x dx

=
nn+ 1

2 e−n

n!

∫ n−
1
2 + 1

4

√
1+n−1

n−
1
2

(
1 + n−

1
2 y
)n
e−
√
n y dy.

By the Central Limit Theorem,

P
(
S̆n ∈

[
0, 1

4

])
−→ 1√

2π

∫ 1
4

0

e−
x2
2 dx.

At the same time, an elementary computation shows that

∫ n−
1
2 + 1

4

√
1+n−1

n−
1
2

(
1 + n−

1
2 y
)n
e−
√
n y dy −→

∫ 1
4

0

e−
x2
2 dx,

and clearly (2.1.17) follows from these. In fact, if one applies the Berry–Esseen
estimate proved in the next section, one finds that

√
2πn

(
n
e

)n
n!

= 1 +O
(
n−

1
2
)
.

However, this last observation is not very interesting since we saw in Exercise
1.3.19 that the true correction term is of order t−1.∗

§ 2.2 The Berry–Esseen Theorem via Stein’s Method
As we will see in the next section, the principles underlying the passage from

Theorem 2.1.4 to Theorem 2.1.8 are very general. In fact, as we will see in
Chapter V, some of these principles can be formulated in such a way that they
extend to a very abstract setting. However, before we start delving into such
extensions, we will devote this and the following sections to a closer examination
of the situation at hand. Specifically, we are going to see how to make the final
part of Theorem 2.1.8 quantitative.

From (2.1.5), we get a rate of convergence in terms of the second and third
derivatives of ϕ. In fact, if we assume that

(2.2.1) τk ≡
(
EP[|Xk|3

]) 1
3 <∞, 1 ≤ k ≤ n,

∗ For more information, see, for example, Wm. Feller’s discussion of Stirling’s formula in his

Introduction to Probability Theory and Its Applications, Vol. I, J. Wiley Series in Probability

and Math. Stat. (1968).
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then (cf. the proof of Theorem 2.1.4) by using the estimates∣∣Rm(ξ)
∣∣ ≤ ‖ϕ′′′‖u|ξ|3

6
and σk ≤ τk,

one sees that (2.1.5) can be replaced by

(2.2.2)
∣∣∣∣EP
[
ϕ
(
S̆n
)]
−
∫

R
ϕdγ

∣∣∣∣ ≤ 2‖ϕ′′′‖u
3

∑n
1 τ

3
k

Σ3
n

when the Xk’s have third moments.
Although both (2.1.5) and (2.2.2) are interesting, neither one of them can

be used to get very much information about the rate at which the distribution
functions

(2.2.3) x ∈ R 7−→ Fn(x) ≡ P
(
S̆n ≤ x

)
∈ [0, 1]

are tending to the error function

(2.2.4) G(x) ≡ γ0,1

(
(−∞, x]

)
=

1√
2π

∫ x

−∞
e−

t2
2 dt.

To see how (2.1.5) and (2.2.2) must be modified in order to gain such information,
first observe that

(2.2.5)

∫
R
ϕ′(x)

(
Fn(x)−G(x)

)
dx

= EP[ϕ(S̆n)
]
−
∫

R
ϕ(y) γ(dy), ϕ ∈ C1

b(R; R
)
.

(To see (2.2.5), reduce to the case in which ϕ ∈ C1
c (R; R) and ϕ(0) = 0; and

for this case apply either Fubini’s Theorem or integration by parts over the
intervals (−∞, 0] and [0,∞) separately.) Hence, in order to get information
about the distance between Fn and G, we will have to learn how to replace
the right-hand sides of (2.1.5) and (2.2.2) with expressions which depend only
on the first derivative of ϕ. For example, if the dependence is on ‖ϕ′‖u, then
we get information about the L1(R; R) distance between Fn and G; whereas if
the dependence is on ‖ϕ′‖L1(R), then the information will be about the uniform
distance between Fn and G.

The basic idea which we will use to get our estimates in terms of ϕ′ was
introduced by C. Stein and is an example of a procedure known as Stein’s
method.∗ In the case at hand, Stein’s method rests on the simple observa-
tion that if ψ ∈ C(R; R) has no more than linear growth at infinity, then the
only obstruction to finding a boundedly differentiable solution f to the equa-
tion f ′(x) − xf(x) = ψ(x) is that 〈ψ, γ0,1〉 = 0. More precisely, we will use the
following.

∗ Stein provided an introduction, by way of examples, to his own method in Approximate

Computation of Expectations, IMS Lec. Notes & Monograph Series 7 (1986).
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Lemma 2.2.6. Let ϕ ∈ C1(R; R), assume that ‖ϕ′‖u <∞, set ϕ̃ = ϕ−〈ϕ, γ0,1〉,
and define

(2.2.7) x ∈ R 7−→ f(x) ≡ e
x2
2

∫ x

−∞
ϕ̃(t)e−

t2
2 dt.

Then f ∈ C2
b(R; R),

(2.2.8) ‖f‖u ≤ 2‖ϕ′‖u, ‖f ′‖u ≤ 3
√

π
2 ‖ϕ

′‖u, ‖f ′′‖u ≤ 6‖ϕ′‖u,

and

(2.2.9) f ′(x)− xf(x) = ϕ̃(x), x ∈ R.

Proof: The facts that f ∈ C1(R; R) and that (2.2.9) holds are elementary
applications of the Fundamental Theorem of Calculus. Moreover, knowing that
f ∈ C1(R; R) and using (2.2.9), we see that f ∈ C2(R; R) and, in fact, that

(2.2.10) f ′′(x)− xf ′(x) = f(x) + ϕ′(x), x ∈ R.

To prove the estimates in (2.2.8), first note that, because ϕ̃ and therefore f
are unchanged when ϕ is replaced by ϕ − ϕ(0), we may and will assume that
ϕ(0) = 0 and therefore that |ϕ(t)| ≤ ‖ϕ′‖u|t|. In particular, this means that∣∣∣∣∫

R
ϕdγ0,1

∣∣∣∣ ≤ ‖ϕ′‖u ∫
R
|t| γ0,1(dt) = ‖ϕ′‖u

√
2
π .

Next, observe that, because
∫

R ϕ̃(t)e−
t2
2 dt = 0, an alternative expression for f

is
f(x) = −e x2

2

∫ ∞

x

ϕ̃(t)e−
t2
2 dt, x ∈ R.

Thus, by using the original expression for f(x) when x ∈ (−∞, 0) and the
alternative one when x ∈ [0,∞), we see first that

|f(x)| ≤ e
x2
2

∫ ∞

|x|

∣∣ϕ̃(−t sgn(x)
)∣∣e− t2

2 dt, x ∈ R,

and then that

|f(x)| ≤ ‖ϕ′‖ue
x2
2

∫ ∞

|x|

(
t+
√

2
π

)
e−

t2
2 dt.

But, since

d

dx

(
e

x2
2

∫ ∞

x

e−
t2
2 dt

)
≤ e

x2
2

∫ ∞

x

t e−
t2
2 dt− 1 = 0 for x ∈ [0,∞),
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we have that

(2.2.11) e
x2
2

∫ ∞

|x|
te−

t2
2 dt = 1 and e

x2
2

∫ ∞

|x|
e−

t2
2 dt ≤

√
π
2 , x ∈ R;

which means that we have now proved the first estimate in (2.2.8). To prove the
other two estimates there, derive from (*) that

d

dx

(
e−

x2
2 f ′(x)

)
= e−

x2
2
(
f(x) + ϕ′(x)

)
and therefore that

f ′(x) = e
x2
2

∫ x

−∞

(
f(t) + ϕ′(t)

)
e−

t2
2 dt

= −e x2
2

∫ ∞

x

(
f(t) + ϕ′(t)

)
e−

t2
2 dt, x ∈ R.

Thus, reasoning as we did above and using the first estimate in (2.2.8) and
the identities in (2.2.11), (2.2.9), and (2.2.9), we arrive at the second and third
estimates in (2.2.8). �

We now have the ingredients needed to apply Stein’s method to the following
example of a Berry–Esseen sort of estimate.

Theorem 2.2.12 (L1-Berry–Esseen Estimate). Continuing in the setting
of Theorem 2.1.4, one has that for all ε > 0 (cf. (2.1.3), (2.2.3), and (2.2.4))

(2.2.13)
∥∥Fn −G

∥∥
L1(R;R)

≤ 6(rn + ε) + 3
√

2π gn(2ε).

Moreover, if (cf. (2.2.1)) τm <∞ for each 1 ≤ m ≤ n, then

(2.2.14)
∥∥Fn −G

∥∥
L1(R;R)

≤
(

6rn +
3
∑n
m=1 τ

3
m

Σ3
n

)
∧
(

9
∑n
m=1 τ

3
m

Σ3
n

)
.

In particular, if σ2
m = 1 and τm ≤ τ <∞ for each 1 ≤ m ≤ n, then

∥∥Fn −G
∥∥
L1(R;R)

≤ 6 + 2τ3

√
n

≤ 8τ3

√
n
.

Proof: Let ϕ ∈ C1(R; R) with bounded first derivative be given, and define f
accordingly, as in (2.2.7). Everything turns on the equality in (2.2.9). Indeed,
because of that equality, we know that the right-hand side of (2.2.5) is equal to

EP[f ′(S̆n)]− EP[S̆nf(S̆n)
]

=
n∑

m=1

(
σ̆2
mEP[f ′(S̆n)]− EP[X̆mf(S̆n)

])
,
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where we have set σ̆m = σm

Σn
and X̆m = Xm

Σn
. Next, define

T̆n,m(t) = S̆n + (t− 1)X̆m for t ∈ [0, 1],

note that T̆n,m(0) is independent of X̆m, and conclude that

EP
[
X̆mf(S̆n)

]
=
∫ 1

0

EP
[
X̆2
mf

′(T̆n,m(t)
)]
dt

= σ̆2
mEP

[
f ′
(
T̆n,m(0)

)]
+
∫ 1

0

EP
[
X̆2
m

(
f ′(T̆n,m(t)

)
− f ′

(
T̆n,m(0)

)]
dt

for each 1 ≤ m ≤ n. Hence, we now see that

(2.2.15) EP[ϕ(S̆n)
]
−
∫

R
ϕdγ =

n∑
m=1

σ̆2
mAm −

n∑
m=1

∫ 1

0

Bm(t) dt

where
Am ≡ EP

[
f ′
(
S̆n)− f ′

(
T̆n,m(0)

)]
and

Bm(t) ≡ EP
[
X̆2
m

(
f ′(T̆n,m(t)

)
− f ′

(
T̆n,m(0)

))]
.

Obviously, by Taylor’s Theorem and Hölder’s inequality, for each 1 ≤ m ≤ n,

(*) |Am| ≤ σ̆m‖f ′′‖u ≤
(
rn ∧

τm
Σn

)
‖f ′′‖u

while, for each t ∈ [0, 1] and ε > 0,

∣∣Bm(t)
∣∣ ≤ 2εtσ̆2

m‖f ′′‖u + 2
‖f ′‖u
Σ2
n

EP
[
X2
m, |Xm| ≥ 2εΣn

]
.

Thus, after summing over 1 ≤ m ≤ n, integrating with respect to t ∈ [0, 1], and
using (2.2.5), (2.2.15), and (*), we arrive at∣∣∣∣∫

R
ϕ′(x)

(
Fn(x)−G(x)

)
dx

∣∣∣∣ ≤ (rn + ε
)
‖f ′′‖u + 2gn(2ε)‖f ′‖u,

which, in conjunction with the estimates in (2.2.8), leads immediately to the one
in (2.2.13). In order to get (2.2.14), simply note that

∣∣Bm(t)
∣∣ ≤ t

∫ 1

0

EP
[
|X̆m|3

∣∣f ′′(T̆n,m(st)
)∣∣] ds ≤ t‖f ′′‖u

τ3
m

Σ3
n

,
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and again use (2.2.15), (2.2.8), and (*). �

§ 2.2.1. The Classical Berry–Esseen Theorem. The result in Theorem
2.2.12 is already significant. However, it is not the classical Berry–Esseen The-
orem, which is the analogous statement about ‖Fn −G‖u.

In order to prove the classical result via Stein’s method, we must learn how
how to replace the ‖ϕ′′′‖u in Lindeberg’s Theorem by ‖ϕ′‖L1(R;R). It turns out
that this replacement is far more challenging than replacing ‖ϕ′′′‖u by ‖ϕ′‖u,
which was the replacement needed to prove Theorem 2.2.12. The argument
which we will use is a clever inductive procedure which was introduced into this
context by E. Bolthausen.∗ But, before we can apply Bolthausen’s argument,
we will need the following variation on Lemma 2.2.6.

Lemma 2.2.16. Let ϕ ∈ C1(R; R), and define f accordingly, as in (2.2.7).
Then ‖f‖u ≤

√
π
8 ‖ϕ

′‖L1(R;R) and ‖f ′‖u ≤ ‖ϕ′‖L1(R;R).

Proof: We will assume, throughout, that ‖ϕ′‖1 = 1. Next, observe that, by
the Fundamental Theorem of Calculus,

ϕ̃(x) = −
∫

R
ϕ̃y(x)ϕ′(y) dy, where ϕy = 1(−∞,y],

and so (cf. (2.2.4))

f(x) = −
∫

R
ψy(x)ϕ′(y) dy, where ψy(x) =

√
2πe

x2
2
(
G(x∧y)−G(x)G(y)

)
≥ 0.

At the same time, these, together with (2.2.9), give

f ′(x) = −
∫

R

(
xψy(x) + ϕ̃y(x)

)
ϕ′(y) dy.

Hence, the desired estimates come down to checking that

e
x2
2
(
G(x ∧ y)−G(x)G(y)

)
≤ 1

4
,

and ∣∣∣√2πxe
x2
2

(
G(x ∧ y)−G(x)G(y)

)
+ 1(−∞,y](x)−G(y)

∣∣∣ ≤ 1

for all (x, y) ∈ R× R. But

G(x ∧ y)−G(x)G(y) ≤ G(x)−G(x)2 =
1
4

(
1− 4

(
G(x)− 1

2

)2)
∗ The Berry–Esseen Theorem appears as a warm-up exercise in Bolthausen’s “An estimate of

the remainder term in a combinatorial central limit theorem,” Z. Wahr. Gebiete 66.
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and

(
G(x)− 1

2

)2 =
1
2π

(∫ |x|

0

e−
ξ2

2 dξ

)2

≥ 1
8π

∫∫
ξ2+η2≤x2

e−
ξ2+η2

2 dξdη =
1
4

(
1− e−

x2
2

)
,

which proves the first inequality. To get the second one, it suffices to do consider
each of the four cases 0 ≤ x ≤ y, x ≥ 0 & y < x, y < x < 0, and x < 0 & y ≥ x
separately and note that, from the first part of (2.2.11),

x ≥ 0 =⇒
√

2πxe
x2
2
(
1−G(x)

)
≤ 1 and x < 0 =⇒

√
2π|x|e x2

2 G(x) ≤ 1. �

Theorem 2.2.17 (Classical Berry–Esseen Estimate). Let everything be as
in Theorem 2.1.4, and assume that (cf. (2.2.1)) τm < ∞ for each 1 ≤ m ≤ n.
Then (cf. (2.2.3) and (2.2.4))

(2.2.18) ‖Fn −G‖u ≤ 10
∑n

1 τ
3
m

Σ3
n

.

In particular, if σm = 1 for all 1 ≤ m ≤ n, then (2.2.14) can be replaced by

(2.2.19) ‖Fn −G‖u ≤ 10
∑n

1 τ
3
m

n
3
2

≤ 10
max

1≤m≤n
τ3
m

√
n

.

Proof: For each n ∈ Z+, let βn denote the smallest number β with the property
that

‖Fn −G‖u ≤ β

∑n
1 τ

3
m

Σ3
n

for all choices of random variables satisfying the hypotheses under which (2.2.18)
is to be proved. Our goal is to give an inductive proof that βn ≤ 10 for all n ∈ Z+;
and, because Σ1 ≤ τ1 and therefore β1 ≤ 1, we need only be concerned with
n ≥ 2.

Given n ≥ 2 and X1, . . . , Xn, define X̆m, σ̆m, and T̆n,m(t) for 1 ≤ m ≤ n and
t ∈ [0, 1] as in the proof of Theorem 2.2.12. Next, for each 1 ≤ m ≤ n, set

Σn,m =
√

Σ2
n − σ2

m, τ̆m =
τm
Σn

, ρn =
n∑
1

τ̆3
m, and ρn,m =

∑
1≤`≤n
` 6=m

(
τ`

Σn,m

)3

.
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Finally, set

Sn,m =
∑

1≤`≤n
` 6=m

X` and S̆n,m =
Sn,m
Σn,m

,

and let x ∈ R 7−→ Fn,m(x) ≡ P
(
S̆n,m ≤ x

)
∈ [0, 1] denote the distribution

function for S̆n,m. Notice that, by definition, ‖Fn,m −G‖u ≤ βn−1ρn,m for each
1 ≤ m ≤ n. Furthermore, because (cf. (2.1.3))

Σ2
n,m

Σ2
n

= 1− σ̆2
m ≥ 1− r2n and ρn,m ≤

(
Σn

Σn,m

)3

ρn,

we see first that

ρn,m ≤ ρn

(1− r2n)
3
2
, 1 ≤ m ≤ n,

and therefore that

(2.2.20) max
1≤m≤n

‖Fn,m −G‖u ≤
ρnβn−1

(1− r2n)
3
2
.

Now let ϕ ∈ C2
b(R; R) with ‖ϕ′′‖L1(R) < ∞ be given, define f accordingly as

in (2.2.7), and let

{Am : 1 ≤ m ≤ n} and {Bm(t) : 1 ≤ m ≤ n & t ∈ [0, 1]}

be the associated quantities appearing in (2.2.15). By (2.2.9), we have that

|Am| ≤
∣∣∣EP
[
X̆mf(S̆n)

]∣∣∣+ ∣∣∣EP
[
T̆n,m(0)

(
f(S̆n)− f

(
T̆n,m(0)

))]∣∣∣
+
∣∣∣EP
[
ϕ(S̆n)− ϕ

(
T̆n,m(0)

)]∣∣∣
≤ EP

[∣∣X̆m

∣∣]‖f‖u + EP
[∣∣X̆m T̆n,m(0)

∣∣]‖f ′‖u
+
∫ 1

0

∣∣∣EP
[
X̆mϕ

′(T̆n,m(ξ)
)]∣∣∣ dξ

≤ σ̆m

(
‖f‖u +

Σn,m
Σn

‖f ′‖u
)

+ max
ξ∈[0,1]

∣∣∣EP
[
X̆mϕ

′(T̆n,m(ξ)
)]∣∣∣

≤ σ̆m

(
‖f‖u + ‖f ′‖u

)
+ max
ξ∈[0,1]

∣∣∣EP
[
X̆mϕ

′(T̆n,m(ξ)
)]∣∣∣.
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Similarly, from (2.2.9)), one sees that |Bm(t)| is dominated by:

t
∣∣∣EP
[
X̆3
mf
(
T̆n,m(t)

)]∣∣∣+ ∣∣∣EP
[
X̆2
mT̆n,m(0)

(
f
(
T̆n,m(t)

)
− f

(
T̆n,m(0)

))]∣∣∣
+
∣∣∣EP
[
X̆2
m

(
ϕ
(
T̆n,m(t)

)
− ϕ

(
T̆n,m(0)

))]∣∣∣
≤ tEP

[∣∣X̆m

∣∣3]‖f‖u + tEP
[∣∣X̆m

∣∣3]EP
[∣∣T̆n,m(0)

∣∣]‖f ′‖u
+ t

∫ 1

0

∣∣∣EP
[
X̆3
mϕ

′(T̆n,m(tξ)
)]∣∣∣ dξ

≤ tτ̆3
m

(
‖f‖u + ‖f ′‖u

)
+ t max

ξ∈[0,1]

∣∣∣EP
[
X̆3
mϕ

′(T̆n,m(ξ)
)]∣∣∣

In order to handle the second term in the last line of each of these calculations,
we introduce the function

(ξ, ω, y) ∈ [0, 1]× Ω× R 7−→ ψ(ξ, ω, y) ≡ ϕ′
(
ξX̆m(ω) +

Σn,m
Σn

y

)
.

Next, because X̆m is independent of T̆n,m(0),∣∣∣∣EP
[
X̆k
mϕ

′(T̆n,m(ξ)
)]
−
∫

Ω

X̆m(ω)k
(∫

R
ψ(ξ, ω, y) γ0,1(dy)

)
P(dω)

∣∣∣∣
≤
∫

Ω

∣∣X̆m(ω)
∣∣k ∣∣∣∣∫

R
ψ(ξ, ω, y) dFn,m(y)−

∫
R
ψ(ξ, ω, y) dG(y)

∣∣∣∣ P(dω)

=
∫

Ω

∣∣X̆m(ω)
∣∣k ∣∣∣∣∫

R
ψ′(t, ω, y)

(
G(y)− Fn,m(y)

)
dy

∣∣∣∣ P(dω)

≤ βn−1ρn

(1− r2n)
3
2

EP
[∣∣X̆m

∣∣k]‖ϕ′′‖L1(R;R) ≤
τ̆kmβn−1‖ϕ′′‖L1(R;R)ρn

(1− r2n)
3
2

, k ∈ {1, 3},

where we have used ψ′(t, ω, y) to denote the first derivative of y ∈ R 7−→
ψ(ξ, ω, y), applied (2.2.5) and (2.2.20), and noted that, for all (ξ, ω) ∈ [0, 1]×Ω,
‖ψ′(ξ, ω, ·)‖L1(R) = ‖ϕ′′‖L1(R). At the same time, because

‖ψ(ξ, ω, · )‖L1(R;R) =
Σn

Σn,m
‖ϕ′‖L1(R;R) for all (ξ, ω) ∈ [0, 1]× Ω,

we have that, for each ξ ∈ [0, 1],∣∣∣∣∫
Ω

X̆m(ω)k
(∫

R
ψ(ξ, ω, y) γ(dy)

)
P(dω)

∣∣∣∣ ≤ ‖ϕ′‖L1(R;R) τ̆
k
m(

2π(1− r2n)
) 1

2
.
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Hence, by combining these estimates, we arrive at

|Am| ≤ τ̆m

‖f‖u + ‖f ′‖u +
‖ϕ′‖L1(R;R)(
2π(1− r2n)

) 1
2

+
βn−1ρn

(1− r2n)
3
2
‖ϕ′′‖L1(R;R)


and

|Bm(t)| ≤ tτ̆3
m

‖f‖u + ‖f ′‖u +
‖ϕ′‖L1(R;R)(
2π(1− r2n)

) 1
2

+
βn−1ρn

(1− r2n)
3
2
‖ϕ′′‖L1(R;R)


for all 1 ≤ m ≤ n and t ∈ [0, 1]. After putting these together with (2.2.5) and
(2.2.15), we conclude that

(2.2.21)

∣∣∣∣ ∫
R
ϕ′(y)

(
G(y)− Fn(y)

)
dy

∣∣∣∣
≤ 3

2

(
‖f‖u + ‖f ′‖u

+
‖ϕ′‖L1(R;R)(
2π(1− r2n)

) 1
2

+
βn−1‖ϕ′′‖L1(R;R)ρn

(1− r2n)
3
2

)
ρn.

We next apply (2.2.21) to a special class of ϕ’s. Namely, set

h(x) =


1 if x < 0
1− x if x ∈ [0, 1]
0 if x > 1,

and define

hε(x) = ε−1

∫
R
η
(
ε−1y

)
h(x− y) dy for ε > 0 and x ∈ R,

where η ∈ C∞c
(
R; [0,∞)

)
satisfies

∫
R η(y) dy = 1. Finally, let a ∈ R be given,

and set
ϕε,L(x) = hε

(
x−a
Lρn

)
, x ∈ R and ε, L > 0.

It is then an easy matter to check that ‖ϕ′ε,L‖L1(R) = 1 while ‖ϕ′′ε,L‖L1(R) ≤ 2
Lρn

.
Hence, by plugging the estimates from Lemma 2.2.16 into (2.2.21) and then
letting ε↘ 0, we find that, for each L > 0,

(2.2.22)

sup
a∈R

∣∣∣∣∣ 1
Lρn

∫ a+Lρn

a

(
G(y)− Fn(y)

)
dy

∣∣∣∣∣
≤ 3

2

1 +
√
π

8
+

1(
2π(1− r2n)

) 1
2

+
2βn−1

(1− r2n)
3
2L

 ρn.
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But
1
Lρn

∫ a

a−Lρn

Fn(y) dy ≤ Fn(a) ≤
1
Lρn

∫ a+Lρn

a

Fn(y) dy,

while

0 ≤ 1
Lρn

∫ a+Lρn

a

G(y) dy −G(a) =
1
Lρn

∫ a+Lρn

a

(a+ Lρn − y) γ0,1(dy) ≤
Lρn√

8π
,

and, similarly,

0 ≤ G(a)− 1
Lρn

∫ a

a−Lρn

G(y) dy ≤ Lρn√
8π
.

Thus, from (2.2.22), we first obtain, for each L ∈ (0,∞),

‖Fn −G‖u ≤

3
2

+

√
9π
32

+
3(

8π(1− r2n)
) 1

2
+

3βn−1

(1− r2n)
3
2L

+
L

(8π)
1
2

 ρn,

and then, after minimizing with respect to L ∈ (0,∞),

(2.2.23)
‖Fn −G‖u ≤

(
3
2
+

√
9π
32

+

√
9
8π
(
1− r2n

)− 1
2

+ 4

√
18
π
β

1
2
n−1

(
1− r2n

)− 3
4

)
ρn.

In order to complete the proof starting from (2.2.23), we have to consider the
two cases determined by whether ρn ≥ 1

10 or ρn < 1
10 . Because ‖Fn −G‖u ≤ 1,

it is obvious that we can take βn ≤ 10 in the first case. On the other hand, if
ρn ≤ 1

10 and we assume that βn−1 ≤ 10, then, because

ρn =
1

Σ3
n

n∑
1

EP[|Xm|3
]
≥ 1

Σ3
n

n∑
1

EP[X2
m

] 3
2 =

n∑
1

σ̆3
m ≥ r3n,

(2.2.23) says that ‖Fn − G‖u ≤ 10ρn. Hence, in either case, βn−1 ≤ 10 =⇒
βn ≤ 10. �

It is clear from the preceding derivation (in particular, the final step) that the
constant 10 appearing in (2.2.18) and (2.2.19) can be replaced by the smallest
β > 1 which satisfies the equation

β =
3
2

+

√
9π
32

+

√
9
8π
(
1− β−

2
3
)− 1

2 + 4

√
18
π
β

1
2
(
1− β−

2
3
)− 3

4 .

Numerical experimentation indicates that 10 is quite a good approximation to
the actual solution to this equation. However, it should be recognized that, with
sufficient diligence and entirely different techniques, one can show that the 10
in (2.2.18) can be replaced by a number which is less than 1. Thus, we do not
claim that Stein’s method gives the best result, only that it gives whatever it
gives with relatively little pain.
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Exercises for § 2.1

Exercise 2.2.24. It is important to know that, at least qualitatively, one can do
better than Berry-Esseen. To see this, consider independent, standard Bernoulli
random variables, and define Fn accordingly. Next, observe that when tn =
−(2n+ 1)−

1
2 ,

F2n+1(tn)−G(tn) =
1√
2π

∫ 0

tn

e−
x2
2 dx

and therefore that limn→∞ n
1
2 ‖Fn −G‖u ≥ 1√

2π
. In particular, since τm = 1 for

these Bernoulli random variables, we conclude that the constant in the Berry–
Esseen estimate cannot be smaller than (2π)−

1
2 .

Exercise 2.2.25. Because the derivation of Theorem 2.2.12 is so elegant and
simple, one cannot help wondering whether (2.2.14) cannot be used as the start-
ing point for a proof of (2.2.19). Unfortunately, the following näıve idea falls
considerably short of the mark.

Let X1, . . . , Xn satisfy the hypotheses of Theorem 2.2.17. Starting from
(2.2.14) and proceeding as we did in the passage from (2.2.22) to (2.2.23), show
that for every L > 0

‖Fn −G‖u ≤
6
∑n

1 τ
3
m

LΣ3
n

+
L√
8π
,

and conclude that

‖Fn −G‖u ≤
(

72
π

) 1
4
(∑n

1 τ
3
m

Σ3
n

) 1
2

.

Obviously, this is unacceptably poor when Σ−3
n

∑n
1 τ

3
m is small.

§2.3 Some Extensions of The Central Limit Theorem
In most modern treatments of the Central Limit Theorem, Fourier analysis

plays a central role. Indeed, the Fourier transform makes the argument so sim-
ple that it can mask what is really happening. However, now that we know
Lindeberg’s argument, it is time to introduce Fourier techniques and see how
they facilitate reasoning involving independent random variables.
§2.3.1. The Fourier Transform. The Fourier transform of finite, Borel C-
valued measure µ on RN is the function µ̂ : RN −→ C given by

(2.3.1) µ̂(ξ) =
∫

RN

exp
[√
−1
(
ξ,x

)
RN

]
µ(dx) for x ∈ RN .

When µ is a probability measure which is the distribution of an RN -valued ran-
domvariable X, probabilists usual call its Fourier transform the characteristic
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function of X, and when µ admits a density ϕ with respect to Lebesgue’s
measure λRN , one uses

(2.3.2) ϕ̂(ξ) =
∫

RN

exp
[√
−1
(
ξ,x

)
RN

]
ϕ(x) dx for ξ ∈ RN

in place of µ̂ to denote its Fourier transform.
Obviously, µ̂ is a continuous function which is bounded by the total variation

‖µ‖var of µ; and only slightly less obvious∗ is the fact that, for ϕ ∈ C∞c
(
RN ; C

)
,

ϕ̂ ∈ C∞
(
RN ; C

)
and that ϕ̂ as well as all its derivatives are rapidly decreasing

(i.e., they tend to 0 at infinity faster than
(
1 + |ξ|2

)−1 to any power).

Lemma 2.3.3. Let µ be a finite Borel measure on RN . Then, for every ϕ ∈
Cb

(
RN ; C

)
∩ L1

(
RN ; C

)
with ϕ̂ ∈ L1(RN ; C),

(2.3.4) 〈ϕ, µ〉 =
∫

RN

ϕdµ =
1

(2π)N

∫
RN

ϕ̂(ξ)µ̂(ξ) dξ.

Moreover, given a sequence
{
µn : n ∈ Z+

}
of Borel probability measures and

a Borel probability measure µ on RN , µ̂n −→ µ̂ uniformly on compacts if
〈ϕ, µn〉 −→ 〈ϕ, µ〉 for every ϕ ∈ Cc

(
RN ,R

)
. Conversely, if µ̂n(ξ) −→ µ̂(ξ)

point-wise, then 〈ϕn, µn〉 −→ 〈ϕ, µ〉 whenever {ϕn : n ≥ 1} is a uniformly
bounded sequence in Cb(RN ; C) which tends to ϕ uniformly on compacts. (Cf.
Theorem 3.1.8 below for more information on this subject.)

Proof: Choose ρ ∈ C∞c
(
RN ; [0,∞)

)
to be an even function which satisfies∫

RN ρ dx = 1, and set ρε(x) = ε−Nρ(ε−1x) for ε ∈ (0,∞). Next, define ψε for
ε ∈ (0,∞) to be the convolution ρε ? µ of ρε with µ. That is,

ψε(x) =
∫

RN

ρε(x− y)µ(dy) for x ∈ RN .

It is then an easy matter to check that ψε ∈ Cb

(
RN ; C

)
and ‖ψε‖L1(RN ) ≤ ‖µ‖var

for every ε ∈ (0,∞). In addition, one sees (by Fubini’s Theorem) that ψ̂ε(ξ) =
ρ̂(ε ξ)µ̂(ξ). Thus, for any ϕ ∈ Cb(RN ; C

)
∩L1

(
RN ; C

)
, Fubini’s Theorem followed

by the classical Parseval identity (cf. Exercise 2.3.23 below) yields∫
RN

ϕε dµ =
∫

RN

ϕ(x)ψε(x) dx =
1

(2π)N

∫
RN

ρ̂(ε ξ) ϕ̂(ξ) µ̂(−ξ) dξ,

where ϕε ≡ ρε ? ϕ is the convolution of ρε with ϕ. Since, as ε ↘ 0, ϕε −→ ϕ
while ρ̂(ε ξ) −→ 1 boundedly and pointwise, (2.3.4) now follows from Lebesgue’s
Dominated Convergence Theorem.

∗ One uses integration by parts to check that ∂̂αϕ(ξ) = (−
√
−1ξ)αϕ̂(ξ) and concludes that

|ξ|n|ϕ̂(ξ)| is bounded by
∑

‖α‖=n
‖∂αϕ‖L1(RN ).



84 II The Central Limit Theorem

Turning to the second part of the theorem, first suppose that 〈ϕ, µn〉 −→ 〈ϕ, µ〉
for every ϕ ∈ Cc(RN ; R), and let ξn −→ ξ in C. Then, by the last part of Lemma
2.1.7 applied to ϕn(x) = e

√
−1 (ξn,x)RN and ϕ(x) = e

√
−1 (ξ,x)RN , µ̂n(ξn) −→ µ̂(ξ).

Hence, µ̂n −→ µ̂ uniformly on compacts. Conversely, suppose that µ̂n −→ µ̂
point-wise. Again by Lemma 2.1.7, we need only check that 〈ϕ, µn〉 −→ 〈ϕ, µ〉
when ϕ ∈ C∞c

(
RN ; C

)
. But, for such a ϕ, ϕ̂ is smooth and rapidly decreasing,

and therefore the result follows immediately from the first part of the present
lemma together with Lebesgue’s Dominated Convergence Theorem. �

Remark 2.3.5. Although it may seem too obvious to mention, an important,
and rather amazing, consequence of Lemma 2.3.3 is that a finite Borel measure
on RN is completely determined by its 1-dimensional marginals. To understand
this remark, recall that for a linear subspace L of RN , the marginal distribu-
tion of µ on L is the measure µ◦(ΠL)−1, where ΠL denotes orthogonal projection
onto L. In particular, if e ∈ SN−1 and µe is the marginal distribution of µ on the
1-dimensional subspace spanned by e, then µ̂(ξe) = µ̂e(ξ). Hence, the Fourier
transform of µ is determined by the Fourier transforms of {µe : e ∈ SN−1}, and
therefore, by Lemma 2.3.3, µ can be recovered from its 1-dimensional marginals.
Of course, one should be careful when applying this observation. For instance,
when applied to an RN -valued random variable X = (X1, . . . , XN ), it says that
the distribution of X can be recovered from a knowledge of the distributions
of (e,X)RN for all e ∈ SN−1, but it does not say that the distributions the
coordinates Xi, 1 ≤ i ≤ N, determine the distribution of X.

§2.3.2. Multidimensional Central Limit Theorem. The great virtue of
the Fourier transform is that it behaves so well under operations built out trans-
lation. In applications to probability theory, this virtue is of particular impor-
tance when adding independent random variables. Specifically, if X and Y are
independent, then the characteristic function of X + Y is the product of the
characteristic functions of X and Y. This observation combined with Lemma
2.3.3 leads to the following easy proof of the Central Limit Theorem for indepen-
dent, identically distributed random variables {Xn : n ≥ 1} with mean-value 0
and variance 1. Namely, if µn is the distribution of S̆n, then

µ̂n(ξ) =
(
µ̂
(

ξ√
n

))n
=
(

1− ξ2

2n
+ o
(

1
n

))n
−→ e−

ξ2

2 = γ̂0,1(ξ)

for every ξ ∈ R.
Actually, as we are about to see, a slight variation on the preceding will allow

us to lift the results which we already have for R-valued random variables to
random variables with values in RN . However, before we can state this result,
we must introduce the analogs of the mean-value and variance for vector-valued
random variables. Thus, given a P-integrable, RN -valued random variable X on
the probability space (Ω,F ,P), the mean-value EP[X] of X is that m ∈ RN
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which is determined by the property that

(ξ,m)RN = EP
[(

ξ,X
)

RN

]
for all ξ ∈ RN .

Similarly, if X is square P-integrable, then the covariance cov(X) of X is the
symmetric linear transformation C on RN determined by(

ξ,Cη
)

RN = EP
[(

ξ,X− EP[X]
)

RN

(
η,X− EP[X]

)
RN

]
for ξ, η ∈ RN .

Notice that cov(X) is not only symmetric but also nonnegative definite, since for
each ξ ∈ RN ,

(
ξ, cov(X) ξ

)
RN is nothing but the variance of (ξ,X)RN . Finally,

given m ∈ RN and a symmetric, nonnegative C ∈ RN ⊗ RN , we use γm,C to
denote the Borel probability measure on RN which is determined by the property
that

(2.3.6)
∫

RN

ϕdγm,C =
∫

RN

ϕ
(
m + C

1
2 y
)
γN0,1(dy), ϕ ∈ Cb(RN ; R),

where C
1
2 is the non-negative definite, symmetric square root of C

Clearly, an RN -valued random variable Y has distribution γm,C if and only
if, for each ξ ∈ RN , (ξ,Y)RN is a normal random variable with mean-value
(ξ,m)RN and variance (ξ,C ξ)RN . For this reason, γm,C is called the normal
or Gaussian distribution with mean-value m and covariance C. For the same
reason, a random variable with γm,C as its distribution is called a normal or
Gaussian random variable with mean-value m and covariance C, or, more
briefly, an N (m,C)-random variable. Finally, one can use this characterization
to see that

(2.3.7) γ̂m,C(ξ) = exp
[√
−1
(
ξ,m)− 1

2

(
ξ,Cξ

)
RN

]
.

In the following statements, we will be assuming that {Xn : n ∈ Z+} is
a sequence of mutually independent, square P-integrable, RN -valued random
variables on the probability space (Ω,F , P ). Further, we will assume that, for
each n ∈ Z+, Xn has mean-value 0 and strictly positive covariance cov(Xn).
Finally, for n ∈ Z+, we set

Sn =
n∑

m=1

Xm, Cn ≡ cov(Sn) =
n∑

m=1

cov(Xm),

Σn =
(
det(Cn)

) 1
2N and S̆n =

Sn
Σn

.

Notice that when N = 1, the above use of the notation Σn and S̆n is consistent
with that of Section II.1.

With these preparations, we are ready to prove the following multidimensional
generalization of Theorem 2.1.8.
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Theorem 2.3.8. Referring to the preceding, assume that the limit

(2.3.9) A ≡ lim
n→∞

Cn

Σ2
n

exists and that

(2.3.10) lim
n→∞

1
Σ2
n

n∑
m=1

EP
[
|Xm|2, |Xm| ≥ εΣn

]
= 0 for each ε > 0.

Then, for every sequence {ϕn : n ≥ 1} ⊆ C(RN ; C) which satisfies

(2.3.11) sup
n≥1

sup
y∈RN

∣∣ϕn(y)
∣∣

1 + |y|2
<∞

and converges uniformly on compacts to ϕ,

(2.3.12) lim
n→∞

EP
[
ϕn
(
S̆n
)]

=
∫

RN

ϕdγ0,A.

In particular, when the Xn are uniformly square P-integrable random variables
with mean-value 0 and common covariance C,

lim
n→∞

EP
[
ϕn

(
Sn√
n

)]
=
∫

RN

ϕdγ0,C

whenever {ϕn : n ≥ 1} ⊆ C(RN ; C) satisfies (2.3.11) and converges to ϕ uni-
formly on compacts.

Proof: Given e ∈ SN−1, set

Σn(e) =
√(

e,Cne
)

RN and ρn(e) =
Σn(e)
Σn

.

Then, ρ(e) ≡ infn≥1 ρn(e) > 0 and ρn(e) −→
√

(e,Ae)RN as n → ∞. In
particular, if (e1, . . . , eN ) is an orthonormal basis in RN , then

EP[|S̆n|2] =
N∑
i=1

EP[(ei, S̆n)2RN

]
=

N∑
i=1

ρn(ei)2

−→
N∑
i=1

(
ei,Aei

)
RN =

∫
RN

|y|2 γ0,A(dy).
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Hence, by Lemmas 2.1.7 and 2.3.3 plus (2.3.7), all that we have to do is check
that

(*) fn(ξ) ≡ EP
[
e
√
−1 (ξ,S̆n)RN

]
−→ e−

1
2 (ξ,Aξ)RN

for each ξ ∈ RN .
When ξ = 0, (*) is trivial. Thus, assume that ξ 6= 0, set e = ξ

|ξ| , and take

S̆n(e) = (e,Sn)RN
Σn(e) . Because

1
Σn(e)2

n∑
m=1

EP[(e,Xm

)2
RN ,

∣∣(e,Xm

)
RN

∣∣ ≥ εΣn(e)
]

≤ 1
ρ(e)−1Σn

n∑
m=1

EP[(e,Xm

)2
RN ,

∣∣(e,Xm

)
RN

∣∣ ≥ ρ(e)εΣn(e)
]

tends to 0 for each ε > 0, Theorem 2.1.8 combined with Lemma 2.3.3 guarantees
that, for any η ∈ R,

EP[e√−1 ηnS̆n(e)
]
−→ e−

1
2 |η|

2

for any {ηn : n ≥ 1} ⊆ R which tends to η. In particular, if η =
√

(ξ,Aξ)RN

and ηn = ρn(e)|ξ|, we find that

fn(ξ) = EP[e√−1 ηnS̆n(e)
]
−→ e−

1
2 (ξ,Aξ)RN . �

§2.3.3. Higher Moments. In this subsection we will show that when the Xn’s
possess higher moments, then (2.1.1) remains true for ϕ’s which can grow faster
than 1 + |y|2. As an intitial step in this direction, we give the following simple
example.

Lemma 2.3.13. Suppose that {Xn : n ≥ 1} is a sequence of independent,
indentically distributed random variables with mean-value 0 and variance 1. If
EP[X2`

1 ] < ∞ for some ` ∈ Z+, then (2.1.1) holds for any ϕ ∈ C(RN ; C) which
satisfies

(2.3.14) sup
y∈R

|ϕ(y)
1 + |y|2`

<∞.

Proof: Refer to the discussion in the introduction to this chapter and observe
that the argument there shows that

lim
n→∞

EP[S̆2`
n

]
=

(2`)!
2``!

=
∫

R
y2` γ0,1(dy)

just so long as the 2`th moment of X1 is finite. Hence the desired conclusion is
an application of the last part of Lemma 2.1.7 with ψ(y) = 1 + |y|2`.

In most situations, one cannot carry out the computations to give a proof that
the last part of Lemma 2.1.7 applies, and for this reason the following lemma is
often useful.
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Lemma 2.3.15. Suppose that {µn : n ≥ 1} is a sequence of finite (non-
negative) Borel measures on RN , and assume µ is a finite Borel measure with
the property that 〈ϕ, µn〉 −→ 〈ϕ, µ〉 for all ϕ ∈ C∞b (RN ; R). If for some ψ ∈
C
(
RN ; [0,∞)

)
and p ∈ (1,∞)

(2.3.16) sup
n≥1

〈ψp, µn〉 <∞,

then 〈ϕn, µn〉 −→ 〈ϕ, µ〉 whenever {ϕn : n ≥ 1} ⊆ C(RN ; C) is a sequence which
satisfies |ϕn| ≤ ψ for all n ∈ Z+ and converges to ϕ uniformly on compacts.

Proof: By Lemma 2.1.7, all that we have to prove is that 〈ψ, µn〉 −→ 〈ψ, µ〉.
For this purpose, note that, under our present hypotheses, Lemma 2.1.7 shows
that limn→∞〈ψ, µn〉 ≤ 〈ψ, µ〉 and that, for each R > 0, 〈ψ ∧ R,µn〉 −→ 〈ψ ∧
R,µ〉 ≤ 〈ψ, µ〉. Thus, it suffices to observe that

sup
n≥1

〈(ψ − ψ ∧R), µn〉 = sup
n≥1

∫
{ψ>R}

ψ dµn ≤ R1−p sup
n≥1

〈ψp, µn〉 −→ 0

as R→∞. �

Knowing Lemma 2.3.15, ones problem is to find conditions under which one
can show that supn≥1 EP[ψ(S̆n)] < ∞ for an interesting class of non-negative
ψ’s. One such class is provided by the notion of a subGaussian random variable.
Given β ∈ [0,∞), an R-valued random variable X is said to be β-subGaussian
if

(2.3.17) EP[eξX] ≤ e
β2ξ2

2 , ξ ∈ R.

The origin of this terminology should be clear: if X ∈ N (0, σ2), then equality
holds in (2.3.17) with β = σ.

Lemma 2.3.18. Let X be an R-valued random varianble. If X is a β-
subGaussian, then, EP[X] = 0, EP [X2] ≤ β2,

P
(
|X| ≥ R

)
≤ 2e−

R2

2β2 , R > 0.

and, for each α ∈ [0, β−1),

EP[eα2X2
2
]
≤
(
1− (αβ)2

)− 1
2 .

Conversely, if EP[eα2X2
2
]
< ∞ for some α ∈ (0,∞) and EP[X] = 0, then X is

β-subGaussian for some β = β(α) ∈ (0,∞), where β : (0,∞) −→ (0,∞) is a non-
decreasing function. Moreover, if X1, . . . , Xn are independent random variables,
and, for each 1 ≤ m ≤ n, Xm is βm-subGaussian, then for any a1, . . . , an ∈ R,∑n
m=1 amXm is β-subGaussian when β =

√∑n
m=1(amβm)2.
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Proof: Since the moment generating function of the sum of independent ran-
dom variables is the product of the moment generating functions of the sum-
mands, the final assertion is essentially trivial.

To prove the first assertion, use Lebesgue’s Dominated Convergence Theorem
to justify

±EP[X] = lim
ξ↘0

ξ−1
(
EP[e±ξX]− 1

)
≤ lim
ξ↘0

e
β2ξ2

2 − 1
ξ

= 0

and

EP[X2
]

= lim
ξ↘0

ξ−2
(
EP
[
eξX

]
+ EP[e−ξX]− 2

)
≤ 2 lim

ξ↘0

e
β2ξ2

2 − 1
ξ2

= β2.

Next, from

P(X ≥ R) ≤ e−ξREP[eξR] ≤ exp
(
−ξR+

β2ξ2

2

)

for all ξ ≥ 0, one gets P(X ≥ R) ≤ e
− R2

2β2 by minimizing over ξ ≥ 0. Since the
same estimate holds for −X, the estimate for P(|X| ≥ R) follows. To get the
estimate on EP[eα2X2

2
]
, use Tonelli’s Theorem to see that

EP[eα2X2
2
]

=
∫

R
EP[eξX] γ0,α(dξ) ≤

∫
R
e

β2ξ2

2 γ0,α2(dξ) =
(
1− (αβ)2

)− 1
2 .

Finally, assume that EP[eα2X2
2
]
< ∞ for some α ∈ (0,∞) and EP[X] = 0.

Then, for any a ∈ [0,∞),

EP[eξX] = 1 + ξ2
∫ 1

0

(1− t)EP[X2etξX
]
dt ≤ 1 +

ξ2e
a2ξ2

2

2
EP[X2e

X2

2a2
]
,

since ξX− X2

2a2 ≤ a2ξ2

2 . Now determine a by the equation a2 = EP[X2e
X2

2a2
]
, and

set β = e
e
2 a. Then,

EP[eξX] ≤ 1 +
a2ξ2

2
e

a2ξ2

2 = 1 +
∞∑
n=0

1
n!

(
a2ξ2

2

)n+1

≤ e
β2ξ2

2 ,

since (n+ 1)e−(n+1) e
2 ≤ 1. �

By combining Lemmas 2.3.15 and 2.3.18 with Theorem 2.3.8, we get the fol-
lowing.
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Theorem 2.3.19. Working with the setting and notation in Theorem 2.3.8,
assume that, for each n ∈ Z+,

EP
[
e(ξ,Xn)RN

]
≤ eβn|ξ|2 , ξ ∈ RN

where βn ∈ (0,∞). If

β ≡ sup
n≥1

√∑n
m=1 β

2
m

Σn
<∞,

then (2.3.12) holds for any ϕ ∈ C(RN ; C) satisfying

|ϕ(y)| ≤ Ce
α2|y|2

2 , y ∈ RN ,

for some C < ∞ and α ∈
(
0, 1

β

)
. In particular, if the Xn’s are identically

distributed and EP[eα2|X1|2
]
< ∞ for some α ∈ (0,∞), then, for any ϕ ∈

C(R; C),

lim
|y|→∞

|y|−2 log
(
1 + |ϕ(y)|

)
= 0 =⇒ lim

n→∞
EP
[
Sn
n

1
2

]
= 〈ϕ, γ0,C〉.

Exercises for § 2.3

Exercise 2.3.20. Here is a proof of Feller’s part of the Lindeberg–Feller Theo-
rem. Referring to Theorem 2.1.4 and the discussion proceeding it, assume that
rn −→ 0 and that

EP
[
e
√
−1 ξXm

Σn

]
−→ e−

ξ2

2 for allξ ∈ R.

(i) Show that

max
1≤m≤n

∣∣∣1− EP
[
e
√
−1 ξXm

Σn

]∣∣∣ ≤ ξ2r2n
2

,

and conclude that, for each R > 0 there is an NR such that

max
1≤m≤n

∣∣∣1− EP
[
e
√
−1 ξXm

Σn

]∣∣∣ ≤ 1
2

for n ≥ NR and |ξ| ≤ R.

(ii) Define log ζ = −
∑∞
k=1

(1−ζ)k

k for ζ ∈ C with |1 − ζ| < 1, and check that∣∣(1− ζ) + log ζ
∣∣ ≤ |1− ζ|2 for |1− ζ| ≤ 1

2 . Conclude first that∣∣∣∣∣
n∑

m=1

EP
[
1− e

√
−1 ξXm

Σn

]
+

n∑
m=1

log EP
[
e
√
−1 ξXm

Σn

]∣∣∣∣∣ ≤ R2r2n
2

for n ≥ NR and |ξ| ≤ R, and then that

∆n(ξ) ≡
ξ2

2
−

n∑
m=1

EP
[
1− cos

ξXm

Σn

]
−→ 0

uniformly for ξ’s in compacts.
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(iii) Given ε > 0, show that
n∑

m=1

EP
[
1− cos

ξXm

Σn
, |Xm| < εΣn

]
≤ ξ2

2Σn

n∑
m=1

EP[X2
m, |Xm| < εΣn

]
≤ ξ2

2
− ξ2

2
gn(ε)

and that
n∑

m=1

EP
[
1− cos

ξXm

Σn
, |Xm| ≥ εΣn

]
≤ ε−2.

Finally, combine these and apply (ii) to get limn→∞ ξ2gn(ε) ≤ ε−2 for all ξ ∈ R.

Exercise 2.3.21. It is of some interest to note that the second moment as-
sumption can be removed from hypotheses in Exercise 2.1.11. To explain what
we have in mind, first use that exercise to see that if σ2 =

∫
R x

2 µ(dx) < ∞,
then µ = Tµ =⇒ µ ∈ N (0, σ2). What we want to do now is remove the a
priori assumption that

∫
R x

2 µ(dx) <∞. That is, we want to show that, for any
probability measure µ on R, µ = Tµ ⇐⇒ µ ∈ N (0, σ2) for some σ ∈ [0,∞).
Since the “⇐=” direction is obvious, and, by the above discussion, the “ =⇒ ”
direction is already covered when

∫
R x

2 µ(dx) < ∞, all that remains is to show
that

(2.3.22) µ = Tµ =⇒
∫

R
x2 µ(dx) <∞.

(i) We check (2.3.22) first under the condition that µ is symmetric (i.e., µ(−Γ)
= µ(Γ) for all Γ ∈ BR). But, if µ is symmetric, show that

µ̂(ξ) =
∫

R
cos(ξx)µ(dx), ξ ∈ R.

At the same time, show that

µ = Tµ =⇒ µ̂
(
2−

1
2 ξ
)

= µ̂(ξ)
1
2 , ξ ∈ R.

Conclude from these two that µ̂ > 0 everywhere and that∫
R

cos
(
2−

n
2 ξx

)
µ(dx) = µ̂(ξ)2

−n

, n ∈ N and ξ ∈ R.

Finally, note that 1 − x ≤ − log x for x ∈ (0, 1], apply this to the preceding to
get

2n
∫

R

(
1− cos

(
2−

n
2 x
))
µ(dx) ≤ − log

(
µ̂(1)

)
<∞, n ∈ N,

and arrive at ∫
R
x2 µ(dx) ≤ −2 log

(
µ̂(1)

)
after an application of Fatou’s Lemma.
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(ii) To complete the program, let µ be any solution to µ = Tµ, and define ν by

ν(Γ) =
∫∫
R2

1Γ(x− y)µ(dx)µ(dy).

Check that ν is symmetric and that ν = Tν. Hence, by (i),
∫

R x
2 ν(dx) <∞ (in

fact, ν is centered normal). Finally, use this and part (i) of Exercise 1.5.12 to
deduce that

∫
R x

2 µ(dx) <∞.

Exercise 2.3.23. In connection with the preceding exercise, define Tαµ, for
α ∈ (0,∞) and probability measures µ on R, so that

Tαµ(Γ) =
∫∫
R2

1Γ

(
2−

1
α (x+ y)

)
µ(dx)µ(dy), Γ ∈ BR.

The problem under consideration here is that of determining for which α’s there
exist nontrivial (i.e., µ 6= δ0) solutions to the fixed point equation µ = Tαµ.
Begin by repeating the argument given in part (ii) above to see that there is
some solution if and only if there is one which is symmetric. Next, assuming
that µ is a nontrivial, symmetric solution, use the reasoning in part (i) there to
see that ∫

R
x2 µ(dx) =

{ ∞ if α ∈ (0, 2)
0 if α ∈ (2,∞).

In particular, when α ∈ (2,∞), there are no nontrivial solutions to µ = Tαµ.
(See Exercise 3.2.25 for more on this topic.)

Exercise 2.3.24. Return to the setting of Exercise 2.1.13. After noting that,
so long as e ∈ Sn−1, the distribution of

x ∈ Sn−1
(√
n
)
7−→ (e,x)Rn ∈ R

is independent of e, use Lemma 2.3.3 to prove that the assertion in (2.1.15)
follows as a consequence of the one in (2.1.14).

Exercise 2.3.25. Begin by checking the identity (cf. (1.3.20))∫ ∞

0

tse
− t2

2β2 dt = 2
s−1
2 βs+1Γ

(
s+ 1

2

)
for all β ∈ (0,∞) and s ∈ (−1, η). Use the preceding to see that, for each
p ∈ (0,∞)

(2.3.26) EP[|X|p] =

√
2p

π
Γ
(
p+ 1

2

)
σp if X ∈ N (0, σ2).

The goal of the exercise is to show that the moments of subGaussian random
variable display similar behavior.
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(i) Suppose that X is β-subGaussian, and show that, for each p ∈ (0,∞),

EP[|X|p] ≤ Kpβ
p where Kp ≡ p2

p
2 Γ
(p

2

)
= 2

p
2 +1Γ

(p
2

+ 1
)
.

(ii) Again suppose that X is β-subGaussian, and let σ2 be its variance. Show
that

EP[|X|p] ≥ K
−(1− p

2 )+

4

(
σ

β

)2+|p−2|

βp

for each p ∈ (0,∞).
Hint: When p ≥ 2, the inequality is trivial. To prove it when p < 2, and that,
for any q ∈ (1,∞),

σ2 ≤ EP[|X|p] 1
q EP[|X| 2q−p

q−1
] 1

q
′

where q′ = q
q−1 is the Hölder conjugate of q.

(iii) Suppose that X1, . . . , Xn are independent and that, for each 1 ≤ m ≤ n,
Xm is βm-subGaussian and has variance σ2

m. Given {a1, . . . , an} ⊆ R, set

S =
n∑

m=1

amXm, Σ =

√√√√ n∑
m=1

(amσm)2, and B =

√√√√ n∑
m=1

(amβm)2,

and show that, for each p ∈ (0,∞)

K
−(1− p

2 )+

4

(
Σ
B

)2+|p−2|

Bp ≤ EP[|S|p] ≤ KpB
p.

In particular, if βm = β and σm = σ for all 1 ≤ m ≤ n, then

K
−(1− p

2 )+

4

(
σ

β

)2+|p−2|

(βA)p ≤ EP[|S|p] ≤ Kp(βA)p where A =

√√√√ n∑
m=1

a2
m.

(iv) The most famous case of the situation discussed in (iii) is when the Xm’s
are symmetric Bernoulli (i.e., P(Xm = ±1) = 1

2 ). First use (iii) in Exercise
1.3.17 to check that Xm is 1-subGaussian, and then conclude that

(2.3.27) K
−(1− p

2 )+

4

(
n∑

m=1

am

) p
2

≤ EP
[∣∣∣∣∣

n∑
m=1

amXm

∣∣∣∣∣
p]
≤ Kp

(
n∑

m=1

am

) p
2

for all {a1, . . . , an} ⊆ R. This fact is known as Khinchine’s inequality.
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Exercise 2.3.28. Let X1, . . . , Xn be independent, symmetric (Exercise 1.4.25)
random variables, and set S =

∑n
1 Xm. Show that, for each p ∈ (0,∞) (cf. part

(ii) in Exercise 2.3.25),

K
−(1− p

2 )+

4 EP

( n∑
1

X2
m

) p
2
 ≤ EP

[
|S|p

]
≤ KpEP

( n∑
1

X2
m

) p
2
 .

Hint: Refer to the beginning of the proof of Lemma 1.1.6, and let R1, . . . , Rn be
the Rademacher functions on [0, 1), set Q = λ[0,1)×P on

(
[0, 1)×Ω,B[0,1)×F

)
,

and observe that

ω ∈ Ω 7−→ Sn(ω) ≡
n∑
1

Xm(ω)

has the same distribution under P as

(t, ω) ∈ [0, 1)× Ω 7−→ Tn(t, ω) ≡
n∑
1

Rm(t)Xm(ω)

does under Q. Next, apply Khinchine’s inequality to see that, for each ω ∈ Ω,

K
−(1− p

2 )+

4

(
n∑
1

Xm(ω)2
) p

2

≤
∫

[0,1)

∣∣Tn(t, ω)
∣∣p dt ≤ Kp

(
n∑
1

Xm(ω)2
) p

2

,

and complete the proof by taking the P-integral of this with respect to ω.

At least when p ∈ (1,∞), we will show later that this sort of inequality holds
in much greater generality. Specifically, see Burkholder’s inequality in (?).

Exercise 2.3.29. Suppose that X is an RN -valued Gaussian random variable
with mean-value 0 and covariance C. Given a linear subspace L of RN , let FL
be the σ-algebra generated by {(ξ,X)RN : ξ ∈ L}, and let L⊥C be the subspace
of η such that (η,Cξ)RN = 0 for all ξ ∈ L.

(i) Show that if A : RN −→ RN is a linear transformation, then AX is an
N (0,ACA>) random variable, where A> is the adjoint transformation.

(ii) Show that FL is independent of FL⊥C .

Hint: Show that, because of linearity, it suffices to check that

EP[e√−1(ξ,X)RN e
√
−1(η,X)RN

]
= EP[e√−1(ξ,X)RN

]
EP[e√−1(η,X)RN

]
for all ξ ∈ L and η ∈ L⊥C .
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(iii) Suppose that N = N1 +N2, where Ni ∈ Z+ for i ∈ {1, 2}, write RN 3 x =(
x(1)

x(2)

)
∈ RN1 × RN2 , and take L = {x : x(1) = 0(1)}. Show that if Π is a

linear transformation taking RN onto L and satisfies
(
ξ−Πξ,Cη

)
RN = 0 for all

ξ ∈ RN and η ∈ L, then Π>X is independent of (I−Π>)X.

(iv) Write

C =
(

C(11) C(12)

C(21) C(22)

)
,

where the block structure corresponds to RN = RN1 × RN2 , and assume that
C(22) is non-degenerate. Show that the one and only transformation Π of the
sort in part (iii) is given by

Π =
(

0(11) 0(12)

C−1
(22)C(21) I(22)

)
,

and therefore that

Π> =
(

0(11) C(12)C
−1
(22)

0(21) I(22)

)
.

Hint: Note that Πξ = 0 if ξ(2) = 0(2), Πξ = ξ if ξ(1) = 0(1), and that(
C(I−Π)

)
(21)

= 0(21).

(v) Continuing with the assumption that C(22) is non-degenerate, show that

X =
(

C(12)C
−1
(22)Y

Y

)
+
(

Z
0

)
,

where Y is an RN2-valued N (0,C(22) random variable, Z is an RN1-valued
N (0,B) random variable with B = C(11)−C(12)C

−1
(22)C(21)

)
, and Y is indepen-

dent of Z. Conclude that, for any measurable F : RN1 × RN2 −→ R which is
bounded below, then EP

[
F
(
X(1),X(2)

)]
equals

∫
RN2

(∫
RN1

F
(
x(1),x(2)

)
γC(12)C

−1
(22)x(2),B

(dx(1))
)
γ0,C(22)(dx(2)).

Exercise 2.3.30. Given h ∈ L2(RN ; C), recall that the convolution h?(n+2) is
a bounded continuous function for each n ∈ N. Next, assume that h(−x) = h(x)
for almost every x ∈ RN and that h ≡ 0 off of BRN (0, 1). As an application of
part (iii) in Exercise 1.3.22, show that

∣∣h?(n+2)(x)
∣∣ ≤ 2‖h‖2L2(RN ;C)‖h‖

n
L1(RN ;C) exp

[
−
(
(|x| − 2)+

)2
2n

]
.
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Hint: Note that h ∈ L1(RN ; C), assume that M ≡ ‖h‖L1(RN ;C) > 0, and define
Af = M−1h ? f for f ∈ L2(RN ; C). Show that A is a self-adjoint contraction on
L2(RN ; C), check that

h?(n+2)(x) = Mn
(
τxh,A

nh
)
L2(RN ;C)

,

where τxh ≡ h( ·+ x), and note that(
τxh,A

`h
)
L2(RN ;C)

= 0 if ` ≤ |x| − 2.

§2.4 An Application to Hermite Multipliers
This section does not really belong here and should probably be skipped by those
readers who want to restrict their attention to purely probabilistic matters. On
the other hand, for those who want to see how probability theory interacts
with other aspects of mathematical analysis, the present section may come as
something of a revelation.
§2.4.1. Hermite Multipliers. The topic of this section will be a class of linear
operators called Hermite multipliers, and what will be discussed are certain
boundedness properties of these operators. The setting is as follows. For n ∈ N,
define

(2.4.1) Hn(x) = (−1)ne
x2
2
dn

dxn

(
e−

x2
2

)
, x ∈ R.

Clearly, Hn is an nth order, real, monic (i.e., 1 is the coefficient of the highest
order term) polynomial. Moreover, if we define the raising operator A+ on
C1(R; C) by[

A+ϕ
]
(x) = −e x2

2
d

dx

(
e−

x2
2 ϕ(x)

)
= −dϕ

dx
(x) + xϕ(x), x ∈ R,

then

(2.4.2) Hn+1 = A+Hn for all n ∈ N.
At the same time, if ϕ and ψ are continuously differentiable functions whose first
derivatives are tempered (i.e., have at most polynomial growth at infinity), then

(2.4.3)
(
ϕ,A+ψ

)
L2(γ0,1;C)

=
(
A−ϕ,ψ

)
L2(γ0,1;C)

,

where A− is the lowering operator given by A−ϕ = dϕ
dx . After combining

(2.4.2) with (2.4.3), we see that, for all 0 ≤ m ≤ n,(
Hm,Hn

)
L2(γ0,1;C)

=
(
Hm, A

n
+H0

)
L2(γ0,1;C)

=
(
An−Hm,H0

)
L2(γ0,1;C)

= m! δm,n,

where, at the last step, we have used the fact that Hm is a monic mth order
polynomial. Hence, the (normalized) Hermite polynomials

Hn(x) =
Hn(x)√

n!
=

(−1)n√
n!

e
x2
2
dn

dxn

(
e−

x2
2

)
, x ∈ R

form an orthonormal set in L2(γ0,1; C). (Indeed, they are one choice of the
orthogonal polynomials relative to the Gauss weight.)
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Lemma 2.4.4. For each λ ∈ C, set

H(x;λ) = exp
[
λx− λ2

2

]
, x ∈ R.

Then

(2.4.5) H(x;λ) =
∞∑
n=0

λn

n!
Hn(x), x ∈ R,

where the convergence is both uniform on compact subsets of R×C and, for λ’s
in compact subsets of C, uniform in L2(γ0,1; C). In particular,

{
Hn : n ∈ N

}
is

an orthonormal basis in L2(γ0,1; C).

Proof: By (2.4.1) and Taylor’s expansion for the function e−
x2
2 , it is clear that

(2.4.5) holds for each (x, λ) and that the convergence is uniform on compact
subsets of R × C. Furthermore, because the Hn’s are orthogonal, the asserted
uniform convergence in L2(γ0,1; C) comes down to checking that

lim
m→∞

sup
|λ|≤R

∞∑
n=m

∣∣∣∣λnn!

∣∣∣∣2 ∥∥Hn‖2L2(γ0,1)
= 0

for every R ∈ (0,∞), and obviously this follows from our earlier calculation that∥∥Hn

∥∥2

L2(γ0,1)
= n!.

To prove the assertion that
{
Hn : n ∈ N

}
forms an orthonormal basis, it

suffices to check that any ϕ ∈ L2(γ0,1; C) which is orthogonal to all of the Hn’s
must be 0. But, because of the L2(γ0,1; C)-convergence in (2.4.5), we would have
that ∫

R
ϕ(x) eλx γ0,1(dx) = 0, λ ∈ C,

for such a ϕ. Hence, if we set

ψ(x) =
e−

x2
2 ϕ(x)√
2π

, x ∈ R,

then ‖ψ‖L1(R;C) = ‖ϕ‖L1(γ0,1;C) ≤ ‖ϕ‖L2(γ0,1;C) < ∞, and (cf. (2.3.2)) ψ̂ ≡ 0;
which, by the L1(R; C)-Fourier inversion formula

1
2π

∫
R
e−α|ξ| e−

√
−1 xξψ̂(ξ) dξ

α↘0−→ ψ in L1(R; C),

means that ψ and therefore ϕ vanish Lebesgue-almost everywhere. �
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Now that we know
{
Hn : n ∈ N

}
is an orthonormal basis, we can uniquely

determine a normal operator Hθ for each θ ∈ C by specifying that

HθHn = θnHn for each n ∈ N.

The operator Hθ is called the Hermite multiplier with parameter θ, and
clearly

Dom
(
Hθ

)
=

{
ϕ ∈ L2(γ0,1; C) :

∞∑
n=1

|θ|2n
∣∣(ϕ,Hn

)
L2(γ0,1;C)

∣∣2 <∞

}

Hθϕ =
∞∑
n=0

θn
(
ϕ,HN

)
L2(γ0,1;C)

Hn, ϕ ∈ Dom
(
Hθ

)
.

In particular, Hθ is a contraction if and only if θ is an element of the closed unit
disk D in C, and it is unitary precisely when θ ∈ S1 ≡ ∂D. Also, the adjoint of
Hθ is Hθ, and so it is self-adjoint if and only if θ ∈ R.

As we are about to see, there are special choices of θ for which the correspond-
ing Hermite multiplier has interesting alternative interpretations and unexpected
additional properties. For example, consider the Mehler kernel∗

M(x, y; θ) =
1√

1− θ2
exp

[
−
(
θx
)2 − 2θxy +

(
θy
)2

2
(
1− θ2

) ]

for θ ∈ (0, 1) and x, y ∈ R. By a straightforward Gaussian computation (i.e.,
“complete the square” in the exponential) one can easily check that∫

R
H(y;λ)M(x, y; θ) γ0,1(dy) = H(x; θλ)

for all θ ∈ (0, 1) and (x, λ) ∈ R×C. In conjunction with (2.4.5), this means that

(2.4.6) Hθϕ =
∫

R
M( · , y; θ)ϕ(y) γ0,1(dy), θ ∈ (0, 1) and ϕ ∈ L2(γ0,1; C),

and from here it is not very difficult to prove the following properties of Hθ for
θ ∈ (0, 1).

∗ This kernel appears in the 1866 article by Mehler referred to in the footnote following (2.1.14).

It arises there as the generating function for spherical harmonics on the sphere S∞
(√
∞
)
.
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Lemma 2.4.7. For each ϕ ∈ L2(γ0,1; C), (θ, x) ∈ (0, 1) × R 7−→ Hθϕ(x) ∈
C may be chosen to be a continuous function which is nonnegative if ϕ ≥ 0
Lebesgue-almost everywhere. In addition, for each θ ∈ (0, 1) and every p ∈
[1,∞],

(2.4.8)
∥∥Hθϕ

∥∥
Lp(γ0,1;C)

≤ ‖ϕ‖Lp(γ0,1;C).

Proof: The first assertions are immediate consequences of the representation
in (2.4.6). To prove the second assertion, observe that Hθ1 = 1 and therefore,
as a special case of (2.4.6),∫

R
M(x, y; θ) γ0,1(dy) = 1 for all θ ∈ (0, 1) and x ∈ R.

Hence, by (2.4.6) and Jensen’s inequality, for any p ∈ [1,∞),

∣∣[Hθϕ
]
(x)
∣∣p ≤ ∫

R
M(x, y; θ) |ϕ(y)|p γ0,1(dy).

At the same time, by symmetry,
∫

R M(x, y; θ) γ0,1(dx) = 1 for all (θ, y) ∈ (0, 1)×
R, and therefore∫

R

∣∣[Hθϕ
]
(x)
∣∣p γ0,1(dx) ≤

∫∫
R×R

M(x, y; θ) |ϕ(y)|p γ0,1(dx)γ0,1(dy) =
∫

R
|ϕ|p dγ0,1.

Hence, (2.4.8) is now proved for p ∈ [1,∞). The case when p = ∞ is even easier
and is left to the reader. �

The consequences drawn in Lemma 2.4.7 from the Mehler representation in
(2.4.6) are interesting but not very deep (cf. Exercise 2.3.23 below). A deeper
fact is the relationship between Hermite multipliers and the Fourier transform.
For the purposes of this analysis, it is best to define the Fourier operator F
by

(2.4.9)
[
Ff
]
(ξ) =

∫
R
e
√
−1 2πξx f(x) dx, ξ ∈ R,

for f ∈ L1(R; C). The advantage of this choice is that, without the introduction
of any further factors of

√
2π, the Parseval identity (cf. Exercise 2.3.24) becomes

the statement that F determines a unitary operator on L2(R; C). In order to
relate F to Hermite multipliers, observe that, after analytically continuing the
result of another simple Gaussian computation,

1√
2πp

∫
R

exp
[(
λ+

√
−1 η

)
y − y2

2p

]
dy = exp

[p
2
(
λ+

√
−1 η

)2]
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for all p ∈ (1,∞) and all real numbers λ and η. Hence, after making the change
of variables y =

√
2πp x and η =

√
2π
p ξ, we see from (2.4.5) that

∞∑
n=0

λn

n!

∫
R
e
√
−1 2πξxHn

(√
2πp x

)
e−πx

2
dx

= e−πξ
2
exp

[
(p− 1)λ2

2
+
√
−1λ

√
2πp ξ

]
= e−πξ

2
∞∑
n=0

λn

n!
θnpHn

(√
2πp′ ξ

)
,

where p′ = p
p−1 is the Hölder conjugate of p and θp ≡

√
−1 (p − 1)

1
2 . Thus,

we have now proved that, for each p ∈ (1,∞) and n ∈ N,

(2.4.10)
∫

R
e
√
−1 2πξxHn

(√
2πp x

)
e−πx

2
dx = θnp Hn

(√
2πp′ x

)
e−πξ

2
.

In particular, when p = 2, (2.4.10) says that

(2.4.11) Fhn =
(√
−1
)n
hn, n ∈ N,

where hn is the nth (un-normalized) Hermite function given by

(2.4.12) hn(x) = Hn

(
2π

1
2x
)
e−πx

2
, n ∈ N and x ∈ R.

More generally, (2.4.10) leads to the following relationship between F and
Hermite multipliers. Namely, for each p ∈ (1,∞), define Up on Lp(γ0,1; C) by[

Upϕ
]
(x) = p

1
2pϕ
(
(2πp)

1
2x
)
e−πx

2
, x ∈ R.

It is then an easy matter to check that Up is an isometric surjection from
Lp(γ0,1; C) onto Lp(R; C). In addition, (2.4.10) can now be interpreted as the
statement that, for every p ∈ (1,∞) and every polynomial ϕ,

(2.4.13) U−1
p′ ◦ F ◦ Upϕ = ApHθpϕ where Ap ≡

(
p

1
p

(p′)
1
p′

) 1
2

.

See Exercise 2.3.21 below to see that Ap < 1 for p ∈ (0, 1).
§2.4.2. Beckner’s Theorem. Having completed this brief introduction to
Hermite multipliers, we will now address a problem to which The Central Limit
Theorem has something to contribute. The problem is that of determining the
set of (θ, p, q) ∈ D × (1,∞) × (0,∞) with p ≤ q for which Hθ determines a
contraction from Lp(γ0,1; C) into Lq(γ0,1; C). In view of the preceding discussion,
when θ ∈ (0, 1), a solution to this problem has implications for the Mehler
transform; and, when q = p′, the solution tells us about the Fourier operator.
The rôle that The Central Limit Theorem plays in this analysis is hidden in the
following beautiful criterion, which was first discovered by Wm. Beckner.∗

∗ See Beckner’s “Inequalities in Fourier analysis,” Ann. Math. 102.
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Theorem 2.4.14 (Beckner). Let θ ∈ D and 1 ≤ p ≤ q <∞ be given. Then

(2.4.15)
∥∥Hθϕ

∥∥
Lq(γ0,1;C)

≤ ‖ϕ‖Lp(γ0,1;C) for all ϕ ∈ L2(γ0,1; C)

if and only if

(2.4.16)
(
|1− θζ|q + |1 + θζ|q

2

) 1
q

≤
(
|1− θζ|p + |1 + θζ|q

2

) 1
p

for every ζ ∈ C. Hence

That (2.4.15) implies (2.4.15) is trivial: simply take

ϕ(x) =
{

1− ζ if x ∈ (−∞, 0)
1 + ζ if x ∈ [0,∞).

On the other hand, the opposite implication is remarkable! Indeed, it takes a
problem in infinite dimensional analysis and reduces it to a calculus question
about functions on the complex plane. Even though, as we will see later, this
reduction leads to highly nontrivial problems in calculus, Theorem 2.4.14 has to
be considered a major step toward understanding the contraction properties of
Hermite multipliers.∗

The first step in the proof of Theorem 2.4.14 is to interpret (2.4.15) in oper-
ator theoretic language. For this purpose, let β denote the standard Bernoulli
probability measure on

(
R,BR

)
. That is, β

(
{±1}

)
= 1

2 . Next, use χ∅ to de-
note the function on R which is constantly equal to 1 and χ{1} to stand for the
identity function on R (i.e., χ{1}(x) = x, x ∈ R). It is then clear that χ∅ and
χ{1} constitute an orthonormal basis in L2(β; C); in fact, they are the orthog-
onal polynomials there. Hence, for each θ ∈ C, we can define the Bernoulli
multiplier Kθ as the unique normal operator on L2(β; C) prescribed by

KθχF =
{
χ∅ if F = ∅
θχ{1} if F = {1}.

Furthermore, (2.4.15) is equivalent to the statement that

(2.4.17)
∥∥Kθϕ∥∥Lq(β;C)

≤ ‖ϕ‖Lp(β,C) for all ϕ ∈ L2(β; C).

Indeed, it is obvious that (2.4.15) is equivalent to (2.4.17) restricted to ϕ’s of
the form x ∈ R 7−→ 1 + ζx as ζ runs over C; and from this, together with

∗ Later, in his article “Gaussian kernels have only Gaussian maximizers,” Invent. Math. 12

(1990), E. Lieb has essentially killed this line of research. His argument, which is entirely

different from the one discussed here, handles not only the Hermite multipliers but essentially

every operator whose kernel can be represented as the exponential of a second order polynomial.
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the observation that every element of L2(β; C) can be represented in the form
aχ∅ + bχ{1} as (a, b) runs over C2, one quickly concludes that (2.4.15) implies
(2.4.17) for general ϕ ∈ L2(β; C).

We next want to show that (2.4.17) can be parlayed into a seemingly more
general statement. To this end, we define the n-fold tensor product operator
K⊗nθ on L2(βn; C) as follows. For F ⊆ {1, . . . , n} set χF ≡ 1 if F = ∅ and define

χF (x) =
∏
j∈F

χ{1}(xj) for x =
(
x1, . . . , xn

)
∈ Rn

if F 6= ∅. Note that
{
χF : F ⊆ {1, . . . , n}

}
is an orthonormal basis for L2(βn; C),

and define K⊗nθ to be the unique normal operator on L2(βn; C) for which

(2.4.18) K⊗nθ χF = θ|F |χF , F ⊆ {1, . . . , n},

where |F | is used here to denote the number of elements in the set F . Alterna-
tively, one can describe K⊗nθ inductively on n ∈ Z+ by saying that K⊗1

θ = Kθ
and that, for Φ ∈ C

(
Rn+1; C

)
and (x, y) ∈ Rn × R,[

K⊗(n+1)
θ Φ

]
(x, y) =

[
KθΨ(x, · )

]
(y) where Ψ(x, y) =

[
K⊗nθ Φ( · , y)

]
(x).

It is this alternative description which makes it easiest to see the extension
of (2.4.17) alluded to above. Namely, what we will now show is that, for every
n ∈ Z+,

(2.4.19) (2.4.17) =⇒
∥∥K⊗nθ Φ

∥∥
Lq(βn)

≤ ‖Φ‖Lp(βn), Φ ∈ L2(βn; C).

Obviously, there is nothing to do when n = 1. Next, assume (2.4.19) for n,
let Φ ∈ C

(
Rn+1; C

)
be given, and define Ψ as in the second description of

K⊗(n+1)
θ Φ. Then, by (2.4.17) applied to Ψ(x, · ) for each x ∈ Rn and by the

induction hypothesis applied to Φ( · , y) for each y ∈ R, we have that∥∥K⊗(n+1)
θ Φ

∥∥q
Lq(βn+1)

=
∫

Rn

(∫
R

∣∣∣[KθΨ(x, · )
]
(y)
∣∣∣q β(dy)

)
βn(dx)

≤
∫

Rn

(∫
R
|Ψ(x, y)|p β(dy)

) q
p

βn(dx) =
∥∥∥∥∫

Rn

∣∣Ψ( · , y)
∣∣p β(dy)

∥∥∥∥
q
p

L
q
p (βn)

≤
(∫

Rn

∥∥ |Ψ( · , y)|p
∥∥
L

q
p (βn)

β(dy)
) q

p

=
(∫

R

∥∥Ψ( · , y)
∥∥p
Lq(βn)

β(dy)
) q

p

≤
(∫

R

∥∥Φ( · , y)
∥∥p
Lp(βn)

β(dy)
) q

p

= ‖Φ‖qLp(βn+1),

where, in the passage to the third line, we have used the continuous form of
Minkowski’s equality (it is at this point that the only essential use of the hy-
pothesis p ≤ q is made).

We are now ready to take the main step in the proof of Theorem 2.4.14.
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Lemma 2.4.20. Define An : L2(β; C) −→ L2
(
βn; C) by

[
Anϕ

]
(x) = ϕ

(∑n
`=1 x`√
n

)
for x ∈ Rn.

Then, for every pair of tempered ϕ and ψ from C(R; C),

(2.4.21) ‖ϕ‖Lp(γ0,1;C) = lim
n→∞

∥∥Anϕ∥∥Lp(βn;C)
for every p ∈ [1,∞)

and

(2.4.22)
(
Hθϕ,ψ

)
L2(γ0,1;C)

= lim
n→∞

(
K⊗nθ ◦ Anϕ,Anψ

)
L2(βn;C)

for every θ ∈ (0, 1). Moreover, if, in addition, either ϕ or ψ is a polynomial, then
(2.4.22) continues to hold for all θ ∈ C.

Proof: Let ϕ and ψ be tempered elements of C(R; C), and define

fn(θ) =
(
K⊗nθ ◦ Anϕ,Anψ

)
L2(βn)

and f(θ) =
(
Hθϕ,ψ

)
L2(γ0,1)

for n ∈ Z+ and θ ∈ C. We begin by showing that

(2.4.23) lim
n→∞

fn(θ) = f(θ), θ ∈ (0, 1).

Notice that (2.4.23) is (2.4.22) for θ ∈ (0, 1) and therefore that (2.4.21) follows
immediately from (2.4.23) by replacing ϕ and ψ, respectively, with 1 and |ϕ|p.

In order to prove (2.4.23), we will need to introduce other expressions for f(θ)
and the fn(θ)’s. To this end, set

Cθ =
(

1 θ
θ 1

)
,

and, using (2.4.6), observe (cf. (2.3.6)) that

f(θ) =
∫

R2
ϕ(x)ψ(y) γ0,Cθ

(dx× dy).

Next, let βθ be the probability measure on R2 determined by

βθ
(
{±1,±1}

)
= 1+θ

4 and βθ
(
{±1,∓1}

)
= 1−θ

4 ;

and note that, because(
Kθϕ,ψ

)
L2(β)

=
∫

R2
ϕ(x)ψ(y) βθ(dx× dy),
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one has that(
K⊗nθ Φ,Ψ

)
L2(β)

=
∫

R2
· · ·
∫

R2
Φ(x) Ψ(y) βθ(dx1 × dy1) · · ·βθ(dxn × dyn)

for all Φ, Ψ ∈ C(Rn; C). Hence, if (cf. Exercise 1.1.12) Ω =
(
R2
)Z+

, F = BΩ,

and Pθ =
(
βθ
)Z+

, then

fn(θ) = EPθ

[
F

(∑n
1 Zn√
n

)]
,

where F (z) ≡ ϕ(x)ψ(y) for z = (x, y) ∈ R2 and Zn(ω) = zn, n ∈ Z+, when
ω = (z1, . . . , zn, . . . ) ∈ Ω. Note that, under Pθ, the Zn’s are mutually inde-
pendent, identically distributed R2-valued random variables with mean-value 0
and covariance Cθ. In addition, Z1 is bounded, and therefore the last part of
Theorem 2.3.19 applies and guarantees that (2.4.23) holds.

To complete the proof, suppose that ϕ is a polynomial of degree k. It is then
an easy matter to check that(

Anϕ, χF
)
L2(βn;C)

= 0 if |F | > k,

and therefore (cf. (2.4.18)) θ ∈ C 7−→ fn(θ) ∈ C is also a polynomial of degree
no more than k. Moreover, because

∣∣fn(θ)∣∣ =
∣∣∣∣∣∑
F

θ|F |
(
Anϕ, χF

)
L2(βn)

(
χF ,Anψ

)
L2(βn)

∣∣∣∣∣ ,
we also know that∣∣fn(θ)∣∣ ≤ (|θ| ∨ 1

)k∥∥Anϕ∥∥L2(βn;C)

∥∥Anψ∥∥L2(βn;C)
, n ∈ Z+ and θ ∈ C.

Hence, because of (2.4.21) with p = 2, {fn : n ∈ Z+} is a family of entire
functions on C which are uniformly bounded on compact subsets. At the same
time, because (ϕ,Hm)L2(γ0,1) = 0 for m > k, f is also a polynomial of degree
k∧n; and therefore (2.4.23) already implies that the convergence extends to the
whole of C and is uniform on compacts. Finally, in the case when ψ, instead of
ϕ, is a polynomial, simply note that(

K⊗nθ ◦ Anϕ,Anψ
)
L2(βn)

=
(
K⊗n
θ̄
◦ Anψ,Anϕ

)
L2(βn)

,

and apply the preceding. �
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Proof of Theorem 2.4.14: Assume that (2.4.15) holds for a given pair 1 <
p ≤ q < ∞ and θ ∈ D. We then know that (2.4.19) holds for every n ∈ Z+.
Hence, by Lemma 2.4.20, if ϕ and ψ are tempered elements of C(R; C) and at
least one of them is a polynomial, then∣∣∣(Hθϕ,ψ

)
L2(γ0,1;C)

∣∣∣ = lim
n→∞

∣∣∣(K⊗nθ ◦ Anϕ,Anψ
)
L2(βn;C)

∣∣∣
≤ lim
n→∞

∥∥Anϕ∥∥Lp(βn;C)

∥∥Anψ∥∥Lq′ (βn;C)
= ‖ϕ‖Lp(γ0,1;C)‖ψ‖Lq′ (γ0,1;C).

In other words, we now know that for all tempered ϕ and ψ from C(R; C)

(2.4.24)
∣∣∣(Hθϕ,ψ

)
L2(γ0,1;C)

∣∣∣ ≤ ‖ϕ‖Lp(γ0,1)‖ψ‖Lq′ (γ0,1;C)

so long as one or the other is a polynomial.
We next complete the proof in the case when p ∈ (1, 2]. To this end, note that,

for any fixed polynomial ϕ, (2.4.24) for every tempered ψ ∈ C(R; C) guarantees
that the inequality in (2.4.15) holds for that ϕ. At the same time, because p ∈
(1, 2] and the polynomials are dense in L2(γ0,1; C), (2.4.15) follows immediately
from its own restriction to polynomials.

Finally, assume that p ∈ [2,∞) and therefore that q′ ∈ (1, 2]. Then, again
because the polynomials are dense in L2(γ0,1; C), (2.4.24) for a fixed tempered
ϕ ∈ C(R; C) and all polynomials ψ implies (2.4.15) first for all tempered contin-
uous ψ’s and thence for all ψ ∈ L2(γ0,1; C). �

§2.4.3. Applications of Beckner’s Theorem. We will now apply Theorem
2.4.14 to two important examples. The first example involves the case when
θ ∈ (0, 1) and shows that the contraction property proved in Lemma 2.4.7 can
be improved to say that, for each p ∈ (1,∞) and θ ∈ (0, 1), there is a q =
q(p, θ) ∈ (p,∞) such that Hθ is a contraction on Lp(γ0,1; C) into Lq(γ0,1; C).
Such an operator is said to be hypercontractive, and the fact that Hθ is
hypercontractive was first proved by E. Nelson in connection with his renowned
construction of a nontrivial, two-dimensional quantum field.∗ The proof which
we will give is entirely different from Nelson’s and is much closer to the ideas
introduced by L. Gross† as they were developed by Beckner.

Theorem 2.4.25 (Nelson). Let θ ∈ (0, 1) and p ∈ (1,∞) be given, and set

q(p, θ) = 1 +
p− 1
θ2

.

∗ Nelson’s own proof appeared in his “The free Markov field,” J. Fnal. Anal. 12.
† See Gross’s “Logarithmic Sobolev inequalities,” Amer. J. Math. 97. In this paper, Gross

introduced the idea of proving estimates on Hθ from the corresponding estimates for Kθ. In

this connection, have a look at Exercises 2.3.28 and 2.3.29 below.



106 II The Central Limit Theorem

Then

(2.4.26)
∥∥Hθϕ

∥∥
Lq(γ0,1;C)

≤ ‖ϕ‖Lp(γ0,1;C), ϕ ∈ L2(γ0,1; C),

for every 1 ≤ q ≤ q(p, θ). Moreover, if q > q(p, θ), then

(2.4.27) sup
{∥∥Hθϕ

∥∥
Lq(γ0,1)

: ‖ϕ‖Lq(γ0,1;C) = 1
}

= ∞.

Proof: We will leave the proof of (2.4.27) as an exercise. (Try taking ϕ’s of
the form eλx

2
.) Also, because γ0,1 is a probability measure and therefore the

left-hand side of (2.4.26) is nondecreasing as a function of q, we will restrict our
attention to the proof of (2.4.26) for q = q(p, θ). Hence, by Theorem 2.4.14, what
we have to do is prove (2.4.15) for every 1 < p < q < ∞ and θ ∈ (0, 1) which
are related by

(2.4.28) θ =
(
p− 1
q − 1

) 1
2

.

We begin with the case when 1 < p < q ≤ 2; and we first consider ζ ∈ [0, 1).
Introducing the generalized binomial coefficients(

r

`

)
≡ r(r − 1) · · · (r − `+ 1)

`!
for r ∈ R and ` ∈ N,

we can write
|1− θζ|q + |1 + θζ|q

2
= 1 +

∞∑
k=1

(
q

2k

)
(θζ)2k

and
|1− ζ|p + |1 + ζ|p

2
= 1 +

∞∑
k=1

(
p

2k

)
ζ2k.

Noting that, because q ≤ 2,
(
q
2k

)
≥ 0 for every k ∈ Z+, and using the fact that,

because p
q ∈ (0, 1), (1 + x)

p
q ≤ 1 + p

qx for all x ≥ 0, we see that(
|1− θζ|q + |1 + θζ|q

2

) p
q

≤ 1 +
p

q

∞∑
k=1

(
q

2k

)
(θζ)2k.

Hence, we will have completed the case under consideration once we check that

p

q

∞∑
k=1

(
q

2k

)
(θζ)2k ≤

∞∑
k=1

(
p

2k

)
ζ2k;

and clearly this will follow if we show that
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p

q

(
q

2k

)
θ2k ≤

(
p

2k

)
for each k ∈ Z+.

But the choice of θ in (2.4.28) makes the preceding an equality when k = 1; and,
when k ≥ 2,

p
q

(
q
2k

)
θ2k(

p
2k

) ≤
2k−1∏
j=2

j − q

j − p
≤ 1,

since 1 < p < q ≤ 2.
At this point, we have proved (2.4.15) for 1 < p < q ≤ 2 and θ given by

(2.4.28) when ζ ∈ (0, 1). Continuing with this choice of p, q, and θ, note that
(2.4.15) extends immediately to ζ ∈ [−1, 1] by continuity and symmetry. Finally,
for general ζ ∈ C, set

a =
|1− ζ|+ |1 + ζ|

2
, b =

|1− ζ| − |1 + ζ|
2

, and c =
b

a
.

Then,
|1± θζ| =

∣∣ 1+θ
2 (1± ζ) + 1−θ

2 (1∓ ζ)
∣∣ ≤ a± θb,

and therefore, by the preceding applied to c ∈ [−1, 1], we have that

(
|1− θζ|q + |1 + θζ|q

2

) 1
q

≤ a

(
|1− θc|q + |1 + θc|q

2

) 1
q

≤ a

(
|1− c|p + |1 + c|p

2

) 1
p

=
(
|a− b|p + |a+ b|p

2

) 1
p

=
(
|1− ζ|p + |1 + ζ|p

2

) 1
p

.

Hence, we have now completed the case when 1 < p < q ≤ 2 and θ is given by
(2.4.28).

To handle the other cases, we use the equivalence of (2.4.15) and (2.4.17).
Thus, what we already know is that (2.4.17) holds for 1 < p < q ≤ 2 and the θ
in (2.4.28). Next, suppose that 2 ≤ p < q <∞. Then, since 1 < q′ < p′ ≤ 2 and

p− 1
q − 1

=
q′ − 1
p′ − 1

,

an application to q′ and p′ of the result which we already have yields∥∥Kθϕ∥∥Lq(β)
= sup

{(
Kθϕ,ψ

)
L2(β)

: ψ ∈ L2(β; C) with ‖ψ‖Lq′ (β) = 1
}

= sup
{(
ϕ,Kθψ

)
L2(β)

: ψ ∈ L2(β; C) with ‖ψ‖Lq′ (β) = 1
}

≤ ‖ϕ‖Lp(β),
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where the θ is the one given in (2.4.28). Thus, the only case which remains is the
one when 1 < p ≤ 2 ≤ q <∞. But, in this case, set ξ = (p− 1)

1
2 , η = (q− 1)−

1
2 ,

and observe that, because the associated θ in (2.4.28) is the product of ξ with
η, Kθ = Kη ◦ Kξ and therefore∥∥Kθϕ∥∥Lq(β)

≤
∥∥Kξϕ∥∥L2(β)

≤ ‖ϕ‖Lp(β). �

As our second, and final, application of Theorem 2.4.14, we present the the-
orem of Beckner for which Theorem 2.4.14 was concocted in the first place.
The result was conjectured originally by H. Weyl, who guessed, on the basis
of Fh0 =)

√
−1)nh0, that the norm ‖F‖p→p′ of F as an operator on Lp(R; C)

to Lp
′
(R; C) should be achieved by h0. Weyl’s conjecture was partially veri-

fied by I. Babenko when p′ is an even integer. In particular, when combined
with Riesz–Thorin Interpolation Theorem, Babenko’s result already shows (cf.
Exercise 2.3.21) that ‖F‖p→p′ < 1 for p ∈ (0, 1).

Theorem 2.4.29 (Beckner). For each p ∈ [1, 2],

(2.4.30) ‖Ff‖Lp′ (R;C) ≤ Ap‖f‖Lp(R;C), f ∈ L1(R; C) ∩ L2(R; C),

where F is the Fourier operator in (2.4.9) and Ap is the constant in (2.4.13).
Moreover, if f is the Gauss kernel e−πx

2
, then (2.4.30) is an equality.

Proof: Because of (2.4.11), the second part is a straightforward computation
which we leave to the reader. Also, we will only consider (2.4.30) when p ∈ (1, 2),
the other cases being well-known (cf. Exercise 2.4.33).

Because of (2.4.13), the proof of (2.4.30) comes down to showing that∥∥Hθpϕ
∥∥
Lp′ (γ0,1;C)

≤ ‖ϕ‖Lp(γ0,1;C), ϕ ∈ L2(γ0,1; C),

where θp =
√
−1 (p − 1)

1
2 ; and, by Theorem 2.4.14, this will follow as soon as

we prove (2.4.16) for θp. For this purpose, write

ζ = ξ +
√
−1 (p− 1)−

1
2 η where ξ, η ∈ R.

Then, proving (2.4.16) for θp becomes the problem of checking that
[(

1− η
)2 + (p− 1)ξ2

] p′
2

+
[(

1 + η
)2 + (p− 1)ξ2

] p′
2

2


1
p′

≤


[(

1− ξ
)2 + (p− 1)η2

] p
2

+
[(

1 + ξ
)2 + (p− 1)η2

] p
2

2


1
p

(*)
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for all ξ, η ∈ R.
To prove (*), consider, for each α ∈ (0,∞), the function gα : [0,∞)2 −→ [0,∞)

defined by gα(x, y) =
[
x

1
α +y

1
α

]α
. It is an easy matter to check that gα is concave

or convex depending on whether α ∈ [1,∞) or α ∈ (0, 1). In particular, since
p′

2 ∈ (1,∞), when we set α = p′

2 , x± = |1± η|p′ , and y = (p− 1)
p′
2 |ξ|p′ , we get[(

1− η
)2 + (p− 1)ξ2

] p′
2

+
[(

1 + η
)2 + (p− 1)ξ2

] p′
2

2

=
gα
(
x−, y

)
+ gα

(
x+, y

)
2

≤ gα

(
x− + x+

2
, y

)

=

( |1− η|p′ + |1 + η|p′

2

) p
2

+ (p− 1)ξ2


p′
2

;

and similarly, because p
2 ∈ (0, 1),[(

1− ξ
)2 + (p− 1)η2

] p
2

+
[(

1 + ξ
)2 + (p− 1)η2

] p
2

2

≥

[(
|1− ξ|p + |1 + ξ|p

2

) 2
p

+ (p− 1)η2

] p
2

.

Thus, (*) will be proved if we show that

(**)

(
|1− η|p′ + |1 + η|p′

2

) 2
p′

+ (p− 1)ξ2

≤
(
|1− ξ|p + |1 + ξ|p

2

) 2
p

+ (p− 1)η2.

But because (cf. Theorems 2.4.14 and 2.4.25) we know that (2.4.16) holds with

p replaced by 2, q = p′, and θ =
(
p′ − 1

) 1
2 , the left side of (**) is dominated by

(p− 1)ξ2 +

(
1− η

(p′−1)
1
2

)2

+
(

1 + η

(p′−1)
1
2

)2

2
= 1 + (p− 1)

(
ξ2 + η2

)
.

At the same time, again by (2.4.16), only this time with p, 2, and θ = (p−1)−
1
2 ,

we see that the right-hand side of (**) dominates

(p− 1)η2 +

(
1− (p− 1)

1
2 ξ
)2 +

(
1 + (p− 1)

1
2 ξ
)2

2
= 1 + (p− 1)

(
ξ2 + η2

)
. �
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Exercises for § 2.4

Exercise 2.4.31. Because the Fourier operator F (cf. (2.4.9)) is a contraction
from L1(R; C) to L∞(R; C) as well as from L2(R; C) into L2(R; C), the Riesz–
Thorin Interpolation Theorem guarantees that it is a contraction from Lp(R)
into Lp

′
(R) for each p ∈ (0, 1). Hence, we know, from Theorem 2.4.29, that the

number Ap in (2.4.13) must be less than or equal to 1. However, the preceding
is a rather convoluted line of reasoning to what must be a far more elementary
fact. Indeed, show that

t ∈
(

1
2 , 1
)
7−→ logA 1

t
∈ R

is a strictly convex function which tends to 0 at both end points and is there-
fore strictly negative. In particular, Beckner’s result proves is that the Fourier
operator is one for which interpolation fails to give the best result.

Exercise 2.4.32. The inequality in (2.4.8) is an example of a general principle.
Namely, if (E,B) is any measurable space, then a map (x,Γ) ∈ E × B 7−→
Π(x,Γ) ∈ [0, 1] is called a transition probability whenever x ∈ E 7−→ Π(x,Γ)
is B-measurable for each Γ ∈ B and Γ ∈ B 7−→ Π(x,Γ) is a probability measure
on (E,B) for each x ∈ E. Given a transition probability Π(x, · ), we define the
linear operator Π on B(E; C) (the space of bounded, B-measurable ϕ : E −→ C)
by [

Πϕ
]
(x) =

∫
E

ϕ(y) Π(x, dy), x ∈ E, for ϕ ∈ B(E; C).

Check that Π takes B(E; C) into itself and that ‖Πϕ‖u ≤ ‖ϕ‖u. Next, given a
σ-finite measure µ on (E,B), we say that µ is Π-invariant if

µ(Γ) =
∫
E

Π(x,Γ)µ(dx) for all Γ ∈ B.

Using Jensen’s inequality, first show that, for each p ∈ [1,∞),∣∣[Πϕ](x)∣∣p ≤ [Π|ϕ|p](x), x ∈ E,

and then that, for any Π-invariant µ,

‖Πϕ‖Lp(µ;C) ≤ ‖ϕ‖Lp(µ;C), ϕ ∈ B(E; C).

Finally, show that µ is Π-invariant if it is Π-reversing in the sense that∫
Γ1

Π
(
x,Γ2

)
µ(dx) =

∫
Γ2

Π
(
y,Γ1

)
µ(dy) for all Γ1, Γ2 ∈ B.
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Exercise 2.4.33. Recall the Hermite functions hn, n ∈ N, in (2.4.12) and define
the normalized Hermite functions hn, n ∈ N by

hn =
2

1
4

(n!)
1
2
hn, n ∈ N.

By noting that (cf. the discussion following (2.4.12)) hn = U2Hn, show that{
hn : n ∈ N

}
constitutes an orthonormal basis in L2(R; C); and from this

together with (2.4.11), arrive at Parseval’s Identity

‖Ff‖L2(R;C) = ‖f‖L2(R;C), f ∈ L1(R; C) ∩ L2(R; C),

and conclude that F determines a unique unitary operator F on L2(R; C) such
that Ff = Ff for f ∈ L1(R; C) ∩ L2(R; C). Finally, use this to verify the L2-
Fourier inversion formula F −1

= F̃ , where
[
F̃f
]
(x) ≡

[
Ff
]
(−x), x ∈ R, for

f ∈ L1(R; C) ∩ L2(R; C).

Exercise 2.4.34. By the same reasoning as we used to prove Theorem 2.4.29,
show that, for any pair 1 < p ≤ 2 ≤ q < ∞ and any complex number θ = ξ +√
−1 η, (2.4.16), and therefore (2.4.15), holds if and only if both (q−1)η2+ξ2 ≤ 1

and
(q − 2)(ξη)2 ≤

[
1− ξ2 − (q − 1)η2

][
(p− 1)− (q − 1)α2 − β2

]
.

Exercise 2.4.35. L. Gross had a somewhat different approach to the proof of
(2.4.26). As in the proof which we have given, he reduced everything to checking
(2.4.17). However, he did this in a different way. Namely, given b ∈ (0, 1) he set
f(x) = 1 + bx and introduced the functions

ft(x) ≡
[
Ke−tf

]
(x) = 1+e−t

2 f(x) + 1−e−t

2 f(−x), (t, x) ∈ [0,∞)× R,

and q(t) = 1 + (p− 1)e2t, t ∈ [0,∞), and proved that

(*)
d

dt

∥∥ft∥∥Lq(t)(β;C)
≤ 0.

Following the steps below, see if you can reproduce Gross’s calculation.

(i) Set
F (t) = ‖ft‖Lq(t)(β);C,

and, by somewhat tedious but completely elementary differential calculus, show
that

dF
dt (t) =

F (t)1−q(t)

q(t)2

[
−q̇(t)

∫
R
fq(t) log

(
ft

F (t)

)q(t)
dβ

+ q(t)2

2

∫
R
ft(x)q(t)−1

(
ft(−x)− ft(x)

)
β(dx)

]
.
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Next, check that∫
R
ft(x)q(t)−1

(
ft(−x)− ft(x)

)
β(dx)

= − 1
2

∫
R

(
ft(x)q(t)−1 − ft(−x)q(t)−1

)(
ft(x)− ft(−x)

)
β(dx),

and, after verifying that

(
ξq−1 − ηq−1

)
(ξ − η) ≥

4(q − 1)
(
ξ

q
2 − η

q
2
)2

q2
, ξ, η ∈ (0,∞) and q ∈ (1,∞),

conclude that

(**)

dF
dt (t) ≤ F (t)1−q(t)

q(t)2

[
−q̇(t)

∫
R
fq(t) log

(
ft

F (t)

)q(t)
dβ

+
(
q(t)− 1

) ∫
R

(
ft(x)

q(t)
2 − f

q(t)
2

t (−x)
)2
β(dx)

]
.

(ii) Prove the logarithmic Sobolev inequality

(2.4.36)
∫

R
ϕ2 log

(
ϕ

‖ϕ‖L2(β;C)

)2

dβ ≤ 2
∫

R

(
ϕ(x)− ϕ(−x)

)2
β(dx)

for strictly positive ϕ’s on R.

Hint: Reduce to the case when ϕ(x) = 1 + bx for some b ∈ (0, 1), and, in this
case, check that (2.4.36) is the elementary calculus inequality

(1 + b)2 log(1 + b) + (1− b)2 log(1− b)− (1 + b2) log(1 + b2) ≤ 2b2, b ∈ (0, 1).

(iii) By plugging (2.4.36) into (**), arrive at (*), and conclude that (2.4.17)
holds for θ ∈ (0, 1) and q = 1 + p−1

θ2 .

Exercise 2.4.37. The major difference between Gross and Beckner’s approach
to proving Nelson’s Theorem 2.4.25 is that Gross based his proof on the equiv-
alence of contraction results like (2.4.17) and (2.4.15) to logarithmic Sobelev
inequalities like (2.4.36). In Exercise 2.4.34, we outlined how one passes from a
logarithmic Sobolev inequality to a contraction result. The object of this exer-
cise is to go in the opposite direction. Specifically, starting from (2.4.26), show
that

(2.4.38)
∫

R
ϕ2 log

(
ϕ

‖ϕ‖L2(γ0,1;C)

)2

dγ0,1 ≤ 2
∫

R
|ϕ′|2 γ0,1(dx)

for non-negative, continuously differentiable ϕ ∈ L2(γ0,1; C) \ {0} with ϕ′ ∈
L2(γ0,1; C)


