Chapter 11

The Central Limit Theorem

In the preceding chapter we dealt with averages of random variables and showed
that, in great generality, those averages converge almost surely or in probability
to a constant. At last when all the random variables have the same distribution
and have moments of all orders, one way of rationalizing this phenomenon is
to recognize that the mean-value is conserved whereas all higher moments are
driven to 0 unless that are infinite. Of course, the reason why it is easy to
conserve the first moment is that mean of the sum is the sum of the means.
Thus, if one is going to attempt to find a simple normalization procedure which
conserves a quantity involving more than the mean-value, one should seek a
quantity which shares this additivity property.

With this in mind, one is led ask what happens if one normalizes in a way
which conserves the variance. For this purpose, suppose that {X,, : n € Z*}isa
sequence of mutually independent, identically distributed random variables with
mean-value 0 and variance 1, and set S,, = Z;l Xj. Then gn = n’%Sn again
has mean-value 0 and variance 1. Because of Theorem 1.5.9, we know that, with
probability 1, lim,,_ gn =o0=—lim _ S’n Hence, from the point of view
of either almost sure convergence or even convergence in probability, there is no
hope that S, will converge.

Nonetheless, the random variables {S’n : n > 1} possess remarkable sta-
bility when viewed from a distributional perspective. Indeed, if the X,’s are
Gaussian, then so are the S,’s, and therefore S, € N(0,1) for all n > 1.
More generally, even if the X,,’s are not Gaussian, controlling their mean-value
and variance forces all their moments to stabalize. To be precise, trivially,
L = lim, oo EP[S'n] =0 and Ly = lim,, oo EP[S'?J = 1. Next, assume that
Ly =lim,_,o EP [S’fb] exists for 1 < £ < m, where m > 2. We will show that that
Lpy1 = lim, o EF [5’}?“] exists and is equal to mL,,_1. To this end, first note
that, since EF[X,,] = 0,

) = (X (0 50) "] =Y (7 )0 e

— mBP [ 40y (T) EP [ X3+ EP[S7 ).
Jj=2
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60 II The Central Limit Theorem

Thus, after dividing through by n%, one gets the desired conclusion. Starting

from Lo = 0 and Ly = 1, one can use induction to check that Ls,, 10 and
m =11 (20 —1) = g%,g, for all m € Z*. That is
lim EF[52"~'] =0 and lim EF[52"] = ﬁ 20— 1) m>!
n—oo n o n— oo - m' ’

for all m € Z™. In other words, at least when X,,’s has moments of all orders,
lim,, o EF [Sﬁﬂ exists and is independent of the particular choice of random
variables. In partacular, since for the Gaussian case, EF[S™] = EF[X7], we
conclude that all moments of the S,,’s converge to the corresponding moments
of a standard normal random variable.

In this chapter, we will see that the preceding stabaliztion result is just one
manifestation of a general principle known as the Central Limit phenomenon.

§2.1 The Theorem of Lindeberg
Before beginning, we introduce the notation (g, u) to denote the integral of a
function ¢ against a measure .

Let {X,, : n > 1} be a sequence of independent, square integrable random
variables with mean-value 0, and set S, = n~2 m—1 Xm- At least when the
X, ’s are identically distributed and have moments of all orders and variance 1,
we just saw that (recall that 7, ,2 is the distribution of an N(m,o?)-random
variable)

(2.1.1) lim EF[¢(Sn)] = (@ 70,1)

n—oo

for any polynomial ¢ : R — C. In this section, we will prove a result
which shows that, under much more general conditions, (2.1.1) holds for all
peCs (R; C) with bounded second and third order derivatives.

In the following statement,

Sn
21.2) o, = X,) >0 %,= _ = 2n
( ) o var(X,,) >0 Vvar(S,,) Z o2, >,

Notice that when the Xj’s are identically distributed and have variance 1, the
Sp in (2.1.2) is consistent with the notation used above. Finally, we set

(2.1.3) r, = max Im  and gn (€ =55 ZEP[ 2 |Xm’ zeEn}

1<m<n

for € > 0. Clearly, in the identically distributed case, r,, = n_%af and

gn(€) =07 QEP[X%, | Xq| > n?ale} — 0 asn — oo for each € > 0.
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THEOREM 2.1.4 (Lindeberg). Refer to the preceding, and let ¢ be an element
of C3(R;R) with bounded second and third order derivatives. Then, for each
e >0,

€

(2.1.5) < (5 +5) 1"l + 9",

In particular, because
(2.1.6) r2 < e +gule), €>0,

(2.1.1) holds if g, (€) — 0 as n — oo for each € > 0.

PRrROOF: Choose N (0,1)-random variables Y7, ...,Y,, which are both mutually
independent and independent of the X,,’s. (After changing the probability
spaces, if necessary, this can be done as an application of either Theorem 1.1.7
or Exercise 1.1.12.) Next, set

. Y, o LI
V=225 and T, =3 W,
1

n

and observe that T}, is again an A/ (0,1)-random variable and therefore that

A = [E[p(50)] — (70| = [EF [e(80)] - B [o(T2)] |.

Further, set X k= )E(”“, and define

Un = Z )V(k—l— Z lu/k for 1 <m <n,
1<k<m—1 m+1<k<n

where a sum over the empty set is taken to be 0. It is then clear that
A<D Ap where A = [E[p(Un + X)) — EF [6(Un + V)] |
1

Moreover, if

Ron(€) = o(Upn + &) — o(Un) = 60" (Un) — 59" (Un), € E€R,

then (because both Xm and }v/m are independent of U,,, and have the same first
two moments)

= ] 2 ] < [ 5] ¢ 5]
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In order to complete the derivation of (2.1.5), note that, by Taylor’s Theorem,

B < (" IL5F) A el e :

and therefore, for each € > 0,

> 8[| ()|

7 n ~
< H4/76 [l ZEP [le|3’ 1 X| < GEn} + ||<P”HuZEP [XYZ,L, | X | > €2,
1

< il il
: Z S g () = T 40" g

while

Zj: UR (Y;) ” ||<P(;IuEu»DY”i§ M

Hence, (2.1.5) is now proved.
Given (2.1.5), all that remains is to prove (2.1.6). However, for any 1 <m <mn
and € > 0,

0% = BF[ X2, Xl < 0| +BP[X2, Xl 2 0] < T2( 4 gn(0). O

The condition that g,(¢) — 0 for each ¢ > 0 is often called Lindeberg’s
condition, because it was Lindeberg who introduced it and proved that it is
a sufficient condition for (2.1.1) for ¢ € Cy(RY;C). Later, Feller proved that
(2.1.1) plus r,, — 0 imply that Lindeberg’s condition holds. Together, these two
results are known as the Lindeberg—Feller Theorem. See Exercise 2.3.20 for
a proof of Feller’s part.

§2.1.1. The Central Limit Theorem. If one is not concerned about rates
of convergence, then the differentiability requirement can be dropped from the
last part of Theorem 2.1.4. In order to understand the reason for this, it is
helpful to couch the statement of Theorem 2.1.4 entirely in terms of measures.
Thus, let u, denote the distribution of S’n Then, under the hypotheses there,
Theorem 2.1.4 allows one to say that (¢, un) — (p,70.1) for all ¢ € C3(RY;C)
with bounded second and third order derivatives. Because we are dealing with
statements about integration and integration is a very forgiving operation, this
sort of result self improves. To be more precise, we prove the following lemma.
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LEMMA 2.1.7. Suppose that {u, : n > 1} is a sequence of (non-negative)
locally finite* Borel measures on RN and that p is a locally finite Borel mea-
sure on RN with the property that (p, p,) — (@, ) for all p € C(RY;R).
Then, for any ¢ € C(]RN; [O,oo)), (Y, p) < lim (Y, pp). Moreover, if i €
C(RY;[0,00)) is pun-integrable for eachn € Z+ and if (1, pun) — (b, p) € [0, 00),
then for any sequence {p, : n > 1} C C(RN;C) which converges uniformly on
compacts to a ¢ € C(RY;C) and satisfies |¢,| < Cv for some C < co and all

n > 1, (Pn, fin) — (@, 1)
PROOF: Choose p € C°(B(0,1);[0,00)) with total integral 1, and set p(x) =
e Np(ex) for € > 0. Also, choose n € C(B(0,2);[0,1]) so that n = 1 on
B(0,1), and set nr(x) = n(R~'x) for R > 0.

We begin by noting that (@, jt,,) — (i, u) for all ¢ € CZ(RY;C). Next,
suppose that ¢ € C.(RY;C), and, for € > 0, set p. = p. * ¢, the convolution

/ pe(x —y)p(y) dy
RN

of pe with . Then, for each € > 0, p. € C®(RY;C) and therefore (¢, i) —
(pe, p). In addition, there is an R > 0 such that supp(¢.) € B(0, R) for all
e € (0,1]. Hence,

Tim (o, ) = (@, )] < 2(nm, 1) — llu-

Since lime o ||pe — ¢|lu = 0, we have now shown that (p, u,) — (¢, n) for all
¢ € C.(RY;C).

Now suppose that ¢ € C(RN; [O,oo)), and set Yr = nrY, where ng is as
above. Then for each R > 0, (¢Yr,p) = limy oo (YR, pin) < lim, (9, ).
Hence, by Fatou’s Lemma, (%, 1) < lims___ (b ) < L __(t, jo.

Finally, suppose that ¢ € C(RY;[0,00)) is p,-integrable for each n € Z* and
that (¢, pun) — (1, p) € [0,00). Given {p, : n > 1} C C(RV;C) satisfying
|on| < C and converging uniformly on compacts to ¢, one has

[(ns bin) — (0, )| < [{on — @, 1) + {00 ) — (0, ).

Moreover, for each R > 0,
Tim [{(on = ), n)|

< lim  sup  |pn(x) — @(x)|(nRs ) + Im (1 = 0R)(©n — @), pin)|
n—%0 x€B(0,2R) n—oo

* A Borel measure on a topological space is locally finite if it gives finite measure to compacts.
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and similarly
Tim (i, prn) — (g, )]
< Iim [(nre, ) — e, )| + C Tim (1= ng)¢), pin) + (¥ = i), 1)

=2C((1 = nr)v, p)-

Finally, because 1 is u-integrable, ((1—ng)1, u) — 0 as R — oo by Lebesgue’s
Dominated Convergence Theorem, and so we are done. [J

By combining Theorem 2.1.4 with the preceding, we have the following version
of the famous Central Limit Theorem.

THEOREM 2.1.8 (Central Limit Theorem). With the setting the same as it
was in Theorem 2.1.4, assume that g, (e¢) — 0 as n — oo for each ¢ > 0. Then

lim EF [(pn(gn)] = (©,70,1)

n—o0o

whenever {p,, : n > 1} C C(R;C) satisfies

supsup len(y)]
n>1yeR 1+ ’y|2

< o0

and tends to ¢ uniformly on compacts. Moreover, for every pair —oco < a < b <
m)

< 5 ) 1 b y?
(2.1.9) lim Pla< S, <b) =— exp |—=| dy.
n—00 \/ﬂ a 2

(See Exercise 2.1.10 below for more information in the identically distributed
case.)

PRroOF: Take u, to be the distribution of S,. By Theorem 2.1.4, we know
that (o, un) — (p,70.1) for all ¢ € CZ(RY;R). In addition, we know that
(U, n) = 2 = (1,70.1) when ¥(y) = 1 + y?. Hence, the first assertion is an
application of Lemma 2.1.7.

Turning to the second assertion, let a < b be given. To prove (2.1.9), choose
{apk}jo C Cp(R;R) and {9 }7° € Cp(R;R) so that 0 < ¢p " 1(4p) and 1 >
Y\ 1a,p) @ k — oo. Then,

lim P(a <8, < b) > lim E” |:<,0k (Sn)] = /Rtpk(y) Y0,1(dy) — 70,1 ((a,b))

n—o0

as k — oo; and, similarly,

n—oo n—o0o

lim IP’(CL <8, < b) < lim E* {wk(gn)} = /Rlﬁk(y)%,l(dy) — 70,1 ([a, b]).

Finally, note that 70,1 ((a,b)) = 0,1 ([a,b]). O
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Exercises for §2.1

EXERCISE 2.1.10. Let {Xn};)o be a sequence of independent, identically dis-
tributed random variables, define {gn inE Z+} accordingly, and assume that

lim EF [gfl A R2] <1 forevery R € [0,0).

n— o0

In particular, this will certainly be the case whenever (2.1.1) holds for every
¢ € C.(R;R). The purpose of this exercise is to show that the X,,’s are square
P-integrable, have mean-value 0, and variance no more than 1; and the method
which we will use is based on the same line of reasoning as was given in Exercise
1.5.13.

(i) Assuming that X; € L*(P;R), show that EF[X;] = 0 and E¥[X{] < 1. In
particular, use this together with the result in part (i) of Exercise 1.5.12 to see
that it suffices to handle the case when the X,,’s are symmetric.

(ii) In this, and the succeeding parts of this exercise, we will be assuming that
the X,,’s are symmetric. Following the same route as we took in (ii) of Exercise
1.5.12, we set

X! = Xnlpq(|Xa]) = Xoloo) (1 Xal), nezZt,
and recall that

(X{Xg) and (Xan)

have the same distribution for each ¢ € (0,00). Use this together with our basic
assumption to see that

ngnoo :euzp+ P(An(t, R)> =0,
t€(0,00)

where

A, (t,R) = {

(iii) Continuing in the setting of part (ii), set

9 1 &
Sh=—75> Xelpy(IXkl).
n?2 1
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After noting that the an[o’t](|Xn|)’s are symmetric, check (cf. the proof of
Theorem 1.3.1) that

]EP[|§;;|4} < 3t%,

In particular, conclude that, for each t € (0,00), there is an R(t) € (0,00) such
that

EPUS’HQ, An(t,R(t))} < 3%152]P><An(t, R(t)))% <1

foralln € Z*.

(iv) Given t € (0,00), choose R(t) € (0,00) as in the preceding. Taking into
account the identity

S”«t _ Z?Xk"‘Z?XItc

n 1 )
2nz

show that
B [Xf, 1X1] < t} - EP[;S;F] < ]EP“S;]Q, An(t,Rm)c} +1
<EF [Si A R(t)z} +1
for all n € Z* and t € (0,00). In particular, use this and our basic hypothesis

to conclude first that
EF [Xf, 1X1] < t} <2

for all t € (0,00) and then that X; is square P-integrable.

(v) After combining the preceding with the Central Limit Theorem, we see that,
in the case of independent, identically distributed random variables, X; is square
P-integrable with E*[X1] = 0 and EF[X?] < o2 if and only if

lim E? [S,% A Rﬂ <o? forall R e (0,00).

n—oo

EXERCISE 2.1.11. An interesting way in which to interpret The Central Limit
Theorem is as the solution to a certain fized point problem. Namely, let P denote
the set of probability measures p on (R; BR) with the properties that

/IRxQM(d:r) =1 and /qu(dx) =0.

Next, define T'u for i € P to be the probability measure on (]R, BR) given by

o= (55

) p(dx)u(dy) for T € Bg.
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After checking that 7" maps P into itself, use The Central Limit Theorem to
show that, for every u € P,

lim [ odT"p = / pdy, ¢ € Cp(R;C).
Conclude, in particular, that vy 1 is the one and only element p of P with the
property that Tu = p and that this fixed point is attracting. (See Exercise 2.2.24
below for more information.)

EXERCISE 2.1.12. Here is another indication of the remarkable stability of nor-
mal random variables. Namely, we outline below a derivation* of the Lévy—
Cramér Theorem which says that if X and Y are independent random vari-
ables whose sum is normal (with some mean and variance), then both X and YV
are normal.

(i) Assume that X +Y € N(a,0?), and, by subtracting a from X, reduce to
the case in which X +Y € N(0,0%). Next, show that there is nothing more to
do when ¢ = 0 and that one can always reduce to the case ¢ = 1 when o > 0.
Thus, from now on, assume that X +Y € N(0,1).

(ii) Choose r € (0,00) so that P(|X|V Y| >r) < i, and conclude (cf. (2.2.11))
that

2
P(|X|>r+R)VP(JY| >7r+ R) < 4exp [—};} , Re(0,00).

In particular, show that the moment generating functions z € C — M (z) =
EF [e*X] € Cand z € C+— N(z) = EF [¢*Y'] € C exist and are entire functions.

Further, note that M (z)N(z) = exp [%2}, and conclude that M and N never

vanish. Finally, from the fact that X +Y has mean 0, show that one can reduce
to the case in which both X and Y have mean 0. Thus, from now on, we assume
that M’(0) = 0 = N’(0).

(iii) Because M never vanishes and M (0) = 1, elementary complex analysis (cf.
Lemma 3.2.3) guarantees that there is a unique entire function g : C — C such
that g(0) = 0 and M(z) = e9*) for all z € C. Further, from M’(0) = 0, note
that ¢’(0) = 0. Thus,

- n dn €T
g(z) = ;cnz where nlc, = e log (E" [e"X]) - eR.
22 _

Finally, note that N(z) = exp [22 g(z)}.

* This derivation is based on a note by Z. Sasvari, who himself barrowed some of the ideas
from A. Rényi. I know of no derivation which does not rely on complex analysis and would be
very interested in learning one.



68 II The Central Limit Theorem

(iv) As an application of Holder’s inequality, observe that x € R — g(z) € R
and z € R+— % —g(z) € R are both convex. Thus, since ¢’(0) = 0, both these
functions are nonincreasing on (—oo, 0] and nondecreasing on [0,00). Use this
observation to first check that

.’IJ2

g(x) >0< 5 —g(z) forall z € R.

Next, use the preceding in conjunction with the trivial remarks
exp [%e(g(z))} = |]EP (]| < e9(@)
and
2 2
exp|Re(5 — g(2))| = [EF [ ]| < exp |5 — g(2)] .

to arrive at
—y? < Z%e(g(z)) <z? forz=x+4++v—-1yeC.
In particular, this means that

|22
(v) To complete the program, observe that, for each n € Z™ and r > 0, on the

one hand
27

1
cprt = — g (Te\/jw) e~ V—1n# do, r >0,
27T 0

while, on the other hand (since g(z) = g(%)),
2m
0= / g (rev=10) e V1m0 gp.
0
Hence,

1 27
eyt = / Re (g (re‘ﬁg)) e~ V—1nd dd, neZ" andr > 0.
™ Jo

Finally, in combination with the estimate obtained in (ii) and ¢y = ¢; = 0, this
leads to the conclusion that ¢, = 0 for n # 2 and therefore that g(z) = cp2?
with 0 < ¢ < 3.
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EXERCISE 2.1.13. An important result which is closely related to The Central
Limit Theorem is the following observation, which occupies a central position in
the development of classical statistical mechanics.*

For each n € Z™, let \,, denote the normalized surface measure on the n — 1
dimensional sphere

S*H(Vn) = {xeR": x| = n%},

and denote by /\53) the distribution of the coordinate x; under \,,. Check that,
when n > 2, p, (dt) = f,(t) dt, where

n—3
Wy t2 2 1
O

n2wp_q n
and wy_; denotes the surface area of the (k — 1)-dimensional unit sphere in R¥.

Using polar coordinates to compute the right-hand side of

2
_ 1xl

(277)15—/ e” 2 du,
Rk

2T

(

where I'(¢) is Euler’s I'-function (cf. (1.3.20
(cf. (1.3.21)) to see that

first check that

[SE

WE—1 = ’

=

~— N
~—

, and then apply Stirling’s formula

Wp_—2 1
— as n — oQ.

TL% Wn—1 V2T

Now, using g to denote the density for the standard Gauss distribution (i.e., the
Gauss kernel in (1.3.5)), apply these computations to show that

fn(t) fn(t)

sup sup ———= < oo and that
n>3 tek 9(t) g(t)

— 1 uniformly on compacts.

In particular, conclude that, for any ¢ € L(yp,1;R):

(2.1.14) /WM;U —>/<pd70,1.
R R

* Although E. Borel seems to have thought he was the first to discover this result and rhap-
sodizes about it a bit in “Sur les principes de la cinétique des gaz,” Ann. I’Ecole Norm. sup.,
3¢ t. 23, and probably was the first one to see its significance for statistical mechanics, it ap-
pears already in the 1866 article “Uber die Entwicklungen einer Funktion von beliebig vielen
Variabeln nach Laplaceshen Funktionen héherer Ordnung,” J. Reine u. Angewandte Math. by
F. Mehler. Actually, the preceding is only a small part of what Mehler discovered.



70 II The Central Limit Theorem

A less computational approach to the same question is the following. Let
X1,...,Xn,... be asequence of independent AV(0, 1) random variables, and set
R, = \/X2 -+ X2. First note that ]P’(Rn = 0) = 0 and then that the
distribution of
nz(Xi,...,X,)

o,
Ry,

is A\,,. Next, use the Strong Law of Large Numbers to see that B 9 (a.s.,P)
and conclude that, for any N € Z+,

lim E[(6)] = EF [o(X1,.... Xn)], ¢ € C.(RVR),

where, for n > N, Hq(IN) € RY denotes the projection of 8,, € R™ onto its first
N coordinates. Conclude that if )\%N) on (RN , BRN) denotes the distribution of
X = (21,...,2,) € R — x(NV) = (ml,...,xN) € RY under ), then

lim @dA\N) = / pdyd, forall ¢ e C,(RY;C).
RN RN ’

n—oo

In particular, by considering the case when N = 2, show that, for any ¢ €
Ch(R; R),

n

(2.1.15) nlLII;O / (711 Zcp(xk) - /chd’yoJ> An(dx) = 0.

sr-i(ym) ~ R

Notice that the noncomputational argument has the advantage that it immedi-
ately generalizes the earlier result to cover ALN) for all N € Z*, not just N =1
(cf. Exercise 2.3.24). On the other hand, the conclusion is weaker in the sense
that convergence of the densities has been replaced by convergence of integrals
with bounded continuous integrands and that no estimate on the rate of conver-
gence is provided. More work is required to restore the stronger statements.

When couched in terms of statistical mechanics, this result can be interpreted
as a derivation of the Maxwell distribution of velocities for an ideal gas of free
particles of mass 2 and having average energy 1.

EXERCISE 2.1.16. The most frequently encountered applications of Stirling’s
formula (cf. (1.3.21)) are to cases when ¢ € ZT. That is, one is usually interested
in the formula

(2.1.17) nl ~ V21 (2) .
e



§ 2.2 The Berry—Esseen Theorem via Stein’s Method 71

Here is a derivation of (2.1.17) as an application of the Central Limit Theorem.
Namely, take {X,,}7° to be a sequence of independent, random variables with
P(X, > z) =exp(—(z+1)"), 2 € R for all n € ZT. For n > 1, note that

. 1 1447 /n+n
P <Sn+1 € [0, ﬂ) = — e " dx

n! 14+n

~1 1
nhtse—n m 2+iVitn
= / (1+n7%y)nefﬁydy.
n

n! 1

By the Central Limit Theorem,

P(ﬁne[ol \/ﬁ/

At the same time, an elementary computation shows that

n7%+i 14+n—1 Lo : 2
/ (1+n"2y) e VY dy —>/ e 7 dz,
n 0

1
2

and clearly (2.1.17) follows from these. In fact, if one applies the Berry—Esseen
estimate proved in the next section, one finds that

vamn (2)"

n!

1—|—(’)(n %)

However, this last observation is not very interesting since we saw in Exercise
1.3.19 that the true correction term is of order ¢t—1.*

§2.2 The Berry—Esseen Theorem via Stein’s Method

As we will see in the next section, the principles underlying the passage from
Theorem 2.1.4 to Theorem 2.1.8 are very general. In fact, as we will see in
Chapter V, some of these principles can be formulated in such a way that they
extend to a very abstract setting. However, before we start delving into such
extensions, we will devote this and the following sections to a closer examination
of the situation at hand. Specifically, we are going to see how to make the final
part of Theorem 2.1.8 quantitative.

From (2.1.5), we get a rate of convergence in terms of the second and third
derivatives of ¢. In fact, if we assume that

(2.2.1) 7= (B[ X4*])% <00, 1<k<n,

* For more information, see, for example, Wm. Feller’s discussion of Stirling’s formula in his
Introduction to Probability Theory and Its Applications, Vol. I, J. Wiley Series in Probability
and Math. Stat. (1968).
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then (cf. the proof of Theorem 2.1.4) by using the estimates

i lul¢P
[Rn()] < 12 pEE

one sees that (2.1.5) can be replaced by
% 20"l 2°7 T
EP[an}—/cpdv‘S Ll k
()] = o 3 %8

when the X’s have third moments.

Although both (2.1.5) and (2.2.2) are interesting, neither one of them can
be used to get very much information about the rate at which the distribution
functions

(2.2.3) x € R Fy(z) = P(S, <) €0,1]

and o < T,

(2.2.2)

are tending to the error function

(2.2.4) G(z) = vo.1 ((—00, 2 :\/1277[ e dt.

To see how (2.1.5) and (2.2.2) must be modified in order to gain such information,
first observe that

/]R ¢ (2) (Fu(z) — G(x)) dx

=E"[o(Sn)] - /ch(y)v(dy), ¢ € Cy(R;R).

(2.2.5)

(To see (2.2.5), reduce to the case in which ¢ € C!(R;R) and ¢(0) = 0; and
for this case apply either Fubini’s Theorem or integration by parts over the
intervals (—o0,0] and [0,00) separately.) Hence, in order to get information
about the distance between F,, and G, we will have to learn how to replace
the right-hand sides of (2.1.5) and (2.2.2) with expressions which depend only
on the first derivative of . For example, if the dependence is on ||¢'||,, then
we get information about the L'(R;R) distance between F), and G; whereas if
the dependence is on [|¢'[|1(r), then the information will be about the uniform
distance between F;, and G.

The basic idea which we will use to get our estimates in terms of ¢ was
introduced by C. Stein and is an example of a procedure known as Stein’s
method.* In the case at hand, Stein’s method rests on the simple observa-
tion that if ¢ € C(R;R) has no more than linear growth at infinity, then the
only obstruction to finding a boundedly differentiable solution f to the equa-
tion f/'(z) — zf(x) = ¢ (z) is that (¢,70,1) = 0. More precisely, we will use the
following.

* Stein provided an introduction, by way of examples, to his own method in Approximate
Computation of Expectations, IMS Lec. Notes & Monograph Series 7 (1986).
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LEMMA 2.2.6. Let p € C*(R;R), assume that ||¢'[|, < oo, set @ = p—{p,70.1),
and define

(2.2.7) R f(z) =% / F(t)e™ 7 dt.

— 00

Then f € C3(R;R),

(2.2.8) 1A le < 20, 11 < 3\/§||90'||u, 1w < 611w,
and
(2.2.9) () —xf(z)=9¢(x), zeR.

Proor: The facts that f € C'(R;R) and that (2.2.9) holds are elementary
applications of the Fundamental Theorem of Calculus. Moreover, knowing that
f € CY(R;R) and using (2.2.9), we see that f € C?(R;R) and, in fact, that

(2.2.10) f(x)—xf(z) = f(x)+ ' (z), zeR.

To prove the estimates in (2.2.8), first note that, because ¢ and therefore f
are unchanged when ¢ is replaced by ¢ — ¢(0), we may and will assume that
©(0) = 0 and therefore that |o(t)| < ||¢|lu]t|. In particular, this means that

[ <1 [ st = 11y
R R

2
Next, observe that, because fR @(t)e_% dt = 0, an alternative expression for f
is

f(z) = _eF / g?:(t)e*g dt, zeR.

Thus, by using the original expression for f(z) when z € (—00,0) and the
alternative one when x € [0, 00), we see first that

|f(z)] < 6122/ ‘(ﬁ(ftsgn(x))’efé dt, x€R,

||

F(@)] < 1@ ]lue™™ / <t+ﬁ) -

||

and then that

But, since

d z2 o 2 z2 > t2
d(e2/ e_2dt>§e2/ te"2dt—1=0 forzel0,00),
T x x
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we have that

22 e t2 1:2
(2.2.11) ez te"zdt=1landez /

|| ||

o0

2
eTdt<\/T, zeR;

which means that we have now proved the first estimate in (2.2.8). To prove the
other two estimates there, derive from (*) that

and therefore that

flx) =€ /_ (f(t)+ go’(t))e_é dt

2

— —e7 /Oo(f(t) —|—g0’(t))ei§ dt, zeR.

Thus, reasoning as we did above and using the first estimate in (2.2.8) and
the identities in (2.2.11), (2.2.9), and (2.2.9), we arrive at the second and third
estimates in (2.2.8). O

We now have the ingredients needed to apply Stein’s method to the following
example of a Berry—Esseen sort of estimate.

THEOREM 2.2.12 (L'-Berry—Esseen Estimate). Continuing in the setting
of Theorem 2.1.4, one has that for all e > 0 (cf. (2.1.3), (2.2.3), and (2.2.4))

(2.2.13) [Fo = Gl gy < 6(rn +€) + 3V27 g (26).

Moreover, if (cf. (2.2.1)) T, < 0o for each 1 <'m < n, then

32 m=1Tm 9> et T
(22.14) 10 = Cll s ey < <6T"+ Zgng )A( 22517 )

In particular, if 02, = 1 and 7,,, < 7 < oo for each 1 < m < n, then

6+ 273 873

< —.
vnoo T Vn
PRrOOF: Let ¢ € C*(R;R) with bounded first derivative be given, and define f
accordingly, as in (2.2.7). Everything turns on the equality in (2.2.9). Indeed,

because of that equality, we know that the right-hand side of (2.2.5) is equal to

15 = Gl ey <

(R;R)

EP[£(80)] —E¥ [$uf(50)] = 3 (G2EF [£(50)] — EF [Xnf(50)]).

m=1
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where we have set ¢, = %—TZ and Xm = )é—’: Next, define
Trn(t) =S, + (t —1)X,,, fort e [0,1],

note that Tnm(O) is independent of X,,, and conclude that
1
B (X030 = [ B [XE S (T (1))
0
1
= 2B [ f (T 0))] + /O EP [ X2 (F/ (Ton(®) = 1 (T 0)] at

for each 1 < m < n. Hence, we now see that

(2.2.15) EleS0] - [ odr= Y #hdn =3 [ B
where y y
A =E [ (80) = 1 (T (0))]

and
By (t) = E? [an ( F'(Tm(®) — f (Tn,m(())))]

Obviously, by Taylor’s Theorem and Holder’s inequality, for each 1 < m < mn,

o Tm
@ Al <l < (7 22 ) 171

while, for each t € [0,1] and € > 0,

[/ [l

|Bm(t)| S QEt&me"HU +2 EQ

E? [an, X > 265,

Thus, after summing over 1 < m < n, integrating with respect to t € [0, 1], and
using (2.2.5), (2.2.15), and (*), we arrive at

/IR ¢ (2)(Fn(z) — G(x)) dx

< (rn + 1"l + 292 2€) [ f [l

which, in conjunction with the estimates in (2.2.8), leads immediately to the one
in (2.2.13). In order to get (2.2.14), simply note that

3
Tm

1 9 9
Ba)] <t [ (1% B (st)] ds < 71 2.
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and again use (2.2.15), (2.2.8), and (*). O

§2.2.1. The Classical Berry—Esseen Theorem. The result in Theorem
2.2.12 is already significant. However, it is not the classical Berry—Esseen The-
orem, which is the analogous statement about ||F,, — G||,.

In order to prove the classical result via Stein’s method, we must learn how
how to replace the [|¢"||, in Lindeberg’s Theorem by |¢’||11(r;r). It turns out
that this replacement is far more challenging than replacing ||¢” ||y by ||¢||u,
which was the replacement needed to prove Theorem 2.2.12. The argument
which we will use is a clever inductive procedure which was introduced into this
context by E. Bolthausen.* But, before we can apply Bolthausen’s argument,
we will need the following variation on Lemma 2.2.6.

LEMMA 2.2.16. Let ¢ € CY(R;R), and define f accordingly, as in (2.2.7).
Then || fllu < /E¢ |1 ey and [|f/ln < 4[| 22 @w)-

ProOOF: We will assume, throughout, that ||¢’||; = 1. Next, observe that, by
the Fundamental Theorem of Calculus,

)= — / 5,(@) ¢/ (y) dy, where @, = 1oy

and so (cf. (2.2.4))

flz) = —/Rwy(az) ¢'(y)dy, where ¢, (z) = \/ﬂe% (G(:L‘/\y)—G(:r)G(y)) > 0.

At the same time, these, together with (2.2.9), give

F@) == [ (s0s(@) + @) ') do

Hence, the desired estimates come down to checking that

22

ez (G(CE ANy) — G(m)G(y)) < iv

and

Varee (Gla A y) — G@)GW)) + 1 ay(@) - Gly)| <1

for all (z,y) € R x R. But

Gla ny) ~ G@)GL) < C) — @) = 1 (1-4(G) - )°)

* The Berry—Esseen Theorem appears as a warm-up exercise in Bolthausen’s “An estimate of
the remainder term in a combinatorial central limit theorem,” Z. Wahr. Gebiete 66.
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and

(6@ -1 = = ( [ d5>2
8i7T // 6*523"2 dgdn:i(l—efé)

€242 <a?

v

which proves the first inequality. To get the second one, it suffices to do consider
each of the four cases 0 <z <y, z>0& y<z,y<z<0,andx<0&y>=x
separately and note that, from the first part of (2.2.11),

>0 = V2mze? (1-G(z)) <1 and <0 = V2rlzlezG(z)<1. O

THEOREM 2.2.17 (Classical Berry—Esseen Estimate). Let everything be as
in Theorem 2.1.4, and assume that (cf. (2.2.1)) 7, < oo for each 1 < m < n.
Then (cf. (2.2.3) and (2.2.4))

n_3
Tm
(2.2.18) |F — Gllu <10 ég :

n

In particular, if 0,, = 1 for all 1 <'m < n, then (2.2.14) can be replaced by

1 Tm 1<m<n

% vn

PROOF: Foreachn € Z™T, let 3, denote the smallest number 8 with the property
that

(2.2.19) |F — Gl < 10

LT
[Fn — Gl < ﬁ?
for all choices of random variables satisfying the hypotheses under which (2.2.18)
is to be proved. Our goal is to give an inductive proof that 3, < 10 foralln € Z™T;
and, because X7 < 71 and therefore 81 < 1, we need only be concerned with
n > 2.
Given n > 2 and X;,..., X, define X,,, 6,,, and T}, ,,(¢) for 1 < m < n and
t €10,1] as in the proof of Theorem 2.2.12. Next, for each 1 < m < n, set

n 3
o Tm v3 Te
En,m = 2721 - 072717 Tm = 277 Pn = E Tms and Pnm = § ( )

1<¢<n n,m
L#m
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Finally, set

& Snm
Snom = g X, and Sn,m:E7 ,
1<¢<n m,m

0#£m

and let x € R — F, ,(x) = P(gn,m < z) € [0,1] denote the distribution
function for g’mm. Notice that, by definition, ||F, m — G|lu < Bn—1pn,m for each
1 < m < n. Furthermore, because (cf. (2.1.3))

2 o 2 \°
o =1-0,>1—r; and pnm§<2n,m) Pns

we see first that

Prm < Pn 3 I<m< n,

’ (1—r2)2

and therefore that
(2.2.20) max || Fym — Gl < L’Hé.

ke (1)

Now let ¢ € CE(R;R) with [|¢”||1(r) < o0 be given, define f accordingly as
n (2.2.7), and let

{A, :1<m<n} and {B,(t):1<m<n&tel0,1]}

be the associated quantities appearing in (2.2.15). By (2.2.9), we have that

A < [BF X (50)]

[ [ 20 ) (£(50) = £ (Trn(0)))]
¢ [180 -9 (Fn )]

smﬂ’[ﬁmﬂnfnumﬂ”[;x Ton O] 111

/»EP )]

) + g [B7 [ (Fon(©)]

<o 171+ 2
< on (Il + IIf’IIu) + max 1EP[ ! (T ©)]|
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Similarly, from (2.2.9)), one sees that | By, (¢)| is dominated by:
B2 F (T )] + B [X2 T 0) (f (T (1) = £ (T 0))]|
+ B2 (o(Tam(®) = ¢ (T0m(0) )]
< 1B (| X111l + 122 [| Ko EF |2 O] 171
v [ B[R (9] de

<7 (I + 15 l) ¢ e [E7[X5,0! (T (6))]

In order to handle the second term in the last line of each of these calculations,
we introduce the function

(faw)y) S [O, 1] X DX R+— w(g’wyy) = 90/ <€X’m(w) + E;,m y> ‘

Next, because X, is independent of Tn,m (0),
B[ (Fn(©)] = [ X ([ 0600020000 Pla)

< /Q | X ()"

[ o) dFan(v) - [ wiw) dG(y)\ P(d)

9] k /
= [1nl| [ w<t,w,y>(a<y>—Fn,m<y>)dy\ P(dw)
Prn-1Pn_p[15 |k 7 7v—7]%/671—1||90””L1(R-]R)pn
< —FE" | X LRR) < ! , ke{l 3},
S (Xl 121 esmy Ty 1,3}

where we have used 9’(t,w,y) to denote the first derivative of y € R +—
(&, w,y), applied (2.2.5) and (2.2.20), and noted that, for all (§,w) € [0,1] x €,
19" (&, w, 1@y = |€"]| 1) At the same time, because

X
1% w, ) (mr) = THSO'HD(R;R) for all (§,w) €[0,1] x Q,

we have that, for each £ € [0, 1],

< 10" || 2 roR) 75

[ Ent ([ wlewaian) P(dcu)\ S et
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Hence, by combining these estimates, we arrive at

||30,HL1(R;R) Bn 1Pn
1
(2r(1—r2))>  (1=r3)®

[Am| < T | [l 4 11 + 71" | rimy

and

||§0/||L1(R;]R) + /Bn 1Pn

(2r(1—r2))?  (1—r2)?

B ()] < 75 | 1w+ 1 + 519"l iw)

for all 1 < m < nandt € [0,1]. After putting these together with (2.2.5) and
(2.2.15), we conclude that

‘A@’(y)(G(y)—Fn(y)) dy‘

_3
(2.2.21) <2 (U + 171,
HSDIHLl(R;R) n 5n1||<P"HL1(R;R)Pn>p
1 3 n-
(2r(1 —12))> (1—r3)2

We next apply (2.2.21) to a special class of ¢’s. Namely, set

1 if <0
hz)=< 1—z if z€]0,1]
0 if =>1,
and define
1/?7 (x —y)dy fore>0andzeR,
R

where 7 € COO( 0,00)) satisfies fRn )dy = 1. Finally, let a € R be given,
and set

e, r,(x) = he (’2;:) , z€Rande L>0.

It is then an easy matter to check that [|¢f ; [|L1®) = 1 while || ; [|L1®) < Lpn
Hence, by plugging the estimates from Lemma 2.2.16 into (2.2.21) and then
letting € \, 0, we find that, for each L > 0,

a+Lpy,
[ - Fw)a

3 1 28,
<Sli+y/5+ _ "Qg Pn-
8 (2r(1—r2))7 (1-r3)2L

sup
a€R

(2.2.22)
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But
LY mma<m@< - [ R
- Yy a) = n\Y Y,
Lpn a—Lp, Lpn a
while
1 aJern 1 aJern Lp
0< — Gly)dy — G(a) = / a-+ Lp, — dy) < ~.
< (y) dy — G(a) Ton /. ( Pn —Y) Y0,1(dy) o

and, similarly,

Lpn,
Lpn B vV 87T '
Thus, from (2.2.22), we first obtain, for each L € (0, 00),

0< Gla) - / a(y)

3 9 3 38— L
1B -Gl 2 44/2 e
32 (8r(1—r2))?  (1—r3):L  (87)2

Pns

and then, after minimizing with respect to L € (0, 00)

7 -l (3 e f
\/>ﬁﬁ 1 1—7" i)pn.

In order to complete the proof startlng from (2.2. 23) we have to consider the

w\»a

(2.2.23)

two cases determined by whether p,, > ﬁ or p, < 5. Because ||F,, — G|, <1,
it is obvious that we can take (3, < 10 in the first case On the other hand, if
pn < 15 and we assume that (3, 1 < 10, then, because

3

Pn = 23 ZEIP |Xm| > ZE]P X2 2 Z

(2.2.23) says that ||F,, — G|l < 10p,. Hence, in either case, 5,1 < 10 =
B <10. O

It is clear from the preceding derivation (in particular, the final step) that the
constant 10 appearing in (2.2.18) and (2.2.19) can be replaced by the smallest
B > 1 which satisfies the equation

3. [or 9 L2y L2\
ﬁ—2+\/;+\/;(1—ﬁ \/>ﬁ 1-5 :

Numerical experimentation indicates that 10 is quite a good approximation to
the actual solution to this equation. However, it should be recognized that, with
sufficient diligence and entirely different techniques, one can show that the 10
in (2.2.18) can be replaced by a number which is less than 1. Thus, we do not
claim that Stein’s method gives the best result, only that it gives whatever it
gives with relatively little pain.
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Exercises for §2.1

EXERCISE 2.2.24. It is important to know that, at least qualitatively, one can do

better than Berry-Esseen. To see this, consider independent, standard Bernoulli

random variables, and define Fj, accordingly. Next, observe that when t, =
1

- (27‘L + 1) Tz,

1 [0 .
Fonsr(b) — Glt) = \/ﬂ/ e da
tn

and therefore that lim,,_, oo 1.2 |En — Gllu > \/% In particular, since 7, = 1 for
these Bernoulli random variables, we conclude that the constant in the Berry-
Esseen estimate cannot be smaller than (27)~2.
EXERCISE 2.2.25. Because the derivation of Theorem 2.2.12 is so elegant and
simple, one cannot help wondering whether (2.2.14) cannot be used as the start-
ing point for a proof of (2.2.19). Unfortunately, the following naive idea falls
considerably short of the mark.

Let Xi,...,X, satisfy the hypotheses of Theorem 2.2.17. Starting from
(2.2.14) and proceeding as we did in the passage from (2.2.22) to (2.2.23), show
that for every L > 0

6> T2 L
Fn_G u< L_m ’

1 1
72\ 1 "r3\2
F, — <= L1 'm )
I ¢l _<7F> ( = )

Obviously, this is unacceptably poor when ¥,,3 Y"1 73 is small.

and conclude that

§2.3 Some Extensions of The Central Limit Theorem

In most modern treatments of the Central Limit Theorem, Fourier analysis
plays a central role. Indeed, the Fourier transform makes the argument so sim-
ple that it can mask what is really happening. However, now that we know
Lindeberg’s argument, it is time to introduce Fourier techniques and see how
they facilitate reasoning involving independent random variables.

§2.3.1. The Fourier Transform. The Fourier transform of finite, Borel C-
valued measure 1 on RV is the function fi : RY — C given by

(2.3.1) ) = /RN exp [\/jl (ﬁ,x)RN} p(dx) for x e RV,

When p is a probability measure which is the distribution of an RY-valued ran-
domvariable X, probabilists usual call its Fourier transform the characteristic
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function of X, and when p admits a density ¢ with respect to Lebesgue’s
measure Agv, One uses

(2.3.2) o(&) = /]RN exp [\/j (S,X)RN} o(x)dx for &eRY

in place of i to denote its Fourier transform.

Obviously, f is a continuous function which is bounded by the total variation
|| ¢]|var of 42; and only slightly less obvious* is the fact that, for ¢ € C°(RY;C),
peC® (RN ; (C) and that ¢ as well as all its derivatives are rapidly decreasing

(i.e., they tend to 0 at infinity faster than (1 + |£|2)_1 to any power).

LEMMA 2.3.3. Let u be a finite Borel measure on RY. Then, for every ¢ €
Cy(RY;C) N LY (RY;C) with ¢ € L*(RY;C),

(234 o= [ odu= g [ ole)E) de.

Moreover, given a sequence {,un tn € Z+} of Borel probability measures and
a Borel probability measure p on RY, i, — [ uniformly on compacts if
(@, tn) — (p, ) for every ¢ € C.(RN,R). Conversely, if [i,(&) — ()
point-wise, then (@, p,) — {(p,u) whenever {p, : n > 1} is a uniformly
bounded sequence in Cy,(RY; C) which tends to ¢ uniformly on compacts. (Cf.
Theorem 3.1.8 below for more information on this subject.)

PrOOF: Choose p € C¥ (RN; [0,00)) to be an even function which satisfies
Jan pdx =1, and set pe(x) = e Np(e~'x) for € € (0,00). Next, define 1. for
e € (0,00) to be the convolution p. x  of p. with u. That is,

we(X)—/RNpe(X—Y)u(dy) for xeRY.

It is then an easy matter to check that ¢ € C,(RY;C) and [[¢be|| 11 rry < [|]|var

for every € € (0,00). In addition, one sees (by Fubini’s Theorem) that 1/36(5) =
p(e €)fu(€). Thus, for any ¢ € Cp(RY; (C) NL! (RN; (C), Fubini’s Theorem followed
by the classical Parseval identity (cf. Exercise 2.3.23 below) yields

o= [ euix= o [ pee) o€ de,

where @, = pe x @ is the convolution of p. with ¢. Since, as € \, 0, . —
while p(e£) — 1 boundedly and pointwise, (2.3.4) now follows from Lebesgue’s
Dominated Convergence Theorem.

* One uses integration by parts to check that @(g) = (—vV/—1€)*¢(&) and concludes that
|£‘n‘¢(£)| is bounded by Z||a||:n ‘|aa¢||L1(RN)'
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Turning to the second part of the theorem, first suppose that (p, 1) — (@, i)
for every p € C.(RV;R), and let &, — £ in C. Then, by the last part of Lemma
2.1.7 applied to ¢, (x) = eV~ 1 E Xy and p(x) = eV 1 EX | [1-(£,.) — [i(£).
Hence, j1,, — i uniformly on compacts. Conversely, suppose that i, — i
point-wise. Again by Lemma 2.1.7, we need only check that (o, ) — (¢, p)
when ¢ € C° (RN; (C). But, for such a ¢, ¢ is smooth and rapidly decreasing,
and therefore the result follows immediately from the first part of the present
lemma together with Lebesgue’s Dominated Convergence Theorem. [J

REMARK 2.3.5. Although it may seem too obvious to mention, an important,
and rather amazing, consequence of Lemma 2.3.3 is that a finite Borel measure
on RN is completely determined by its 1-dimensional marginals. To understand
this remark, recall that for a linear subspace L of RV, the marginal distribu-
tion of y on L is the measure po(I1) !, where IT7, denotes orthogonal projection
onto L. In particular, if e € SV =1 and p, is the marginal distribution of x on the
1-dimensional subspace spanned by e, then ji(ée) = 1(£). Hence, the Fourier
transform of y is determined by the Fourier transforms of {ye : e € S¥~1}, and
therefore, by Lemma 2.3.3, p can be recovered from its 1-dimensional marginals.
Of course, one should be careful when applying this observation. For instance,
when applied to an RN-valued random variable X = (X7,..., Xy), it says that
the distribution of X can be recovered from a knowledge of the distributions
of (e,X)pv for all e € S¥~1 but it does not say that the distributions the
coordinates X;, 1 < i < N, determine the distribution of X.

§2.3.2. Multidimensional Central Limit Theorem. The great virtue of
the Fourier transform is that it behaves so well under operations built out trans-
lation. In applications to probability theory, this virtue is of particular impor-
tance when adding independent random variables. Specifically, if X and Y are
independent, then the characteristic function of X + Y is the product of the
characteristic functions of X and Y. This observation combined with Lemma,
2.3.3 leads to the following easy proof of the Central Limit Theorem for indepen-
dent, identically distributed random variables {X,, : n > 1} with mean-value 0
and variance 1. Namely, if u,, is the distribution of S’n, then

n® = ((5)) = (1- 5 o)) — % =30a00

for every £ € R.

Actually, as we are about to see, a slight variation on the preceding will allow
us to lift the results which we already have for R-valued random variables to
random variables with values in RY. However, before we can state this result,
we must introduce the analogs of the mean-value and variance for vector-valued
random variables. Thus, given a P-integrable, R"-valued random variable X on
the probability space (£, F,P), the mean-value EF [X] of X is that m € RV
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which is determined by the property that
(&, m)gy = EP [(5,X)RN} for all £ e RY.

Similarly, if X is square P-integrable, then the covariance cov(X) of X is the
symmetric linear transformation C on RY determined by

(£,Cm)pn = E“”[(s,x _ EP[X]) (n,x _ IE]P[X])RN} for £, n € RV,

RN

Notice that cov(X) is not only symmetric but also nonnegative definite, since for
each £ € RY, (&, cov(X) €)RN is nothing but the variance of (¢, X)g~. Finally,
given m € RY and a symmetric, nonnegative C € RY @ RV, we use Ym,c to
denote the Borel probability measure on RY which is determined by the property
that

(2.3.6) /N ¢ dYm,c = /N o(m+ C2y) i (dy), ¢ € Ch(RY;R),
R R

where C? is the non-negative definite, symmetric square root of C

Clearly, an RV-valued random variable Y has distribution Ym,c if and only
if, for each € € RY, (¢, Y)g~ is a normal random variable with mean-value
(§,m)g~ and variance (£, C&)gn~. For this reason, ym,c is called the normal
or Gaussian distribution with mean-value m and covariance C. For the same
reason, a random variable with ym ¢ as its distribution is called a normal or
Gaussian random variable with mean-value m and covariance C, or, more
briefly, an N (m, C)-random variable. Finally, one can use this characterization
to see that

(2:3.7) e (€) = exp [ V=T (€,m) — 3 (€, C€) |-

In the following statements, we will be assuming that {X,, : n € Z*} is
a sequence of mutually independent, square P-integrable, R¥-valued random
variables on the probability space (2, F, P). Further, we will assume that, for
each n € Z*, X,, has mean-value 0 and strictly positive covariance cov(X,,).
Finally, for n € Z™*, we set

S, = i:lxm, C, =cov(S,) = z": cov(X,),

S, = (det(C,,)) and §,, = =
Y
Notice that when IV = 1, the above use of the notation X,, and én is consistent
with that of Section II.1.
With these preparations, we are ready to prove the following multidimensional
generalization of Theorem 2.1.8.
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THEOREM 2.3.8. Referring to the preceding, assume that the limit

G,
(2.3.9) A= lim —

exists and that

1 n
(2.3.10) nl;n;o 2 Z EF [|Xm|2, X | > eEn} =0 for each e > 0.
" m=1

Then, for every sequence {p, : n > 1} C C(RY;C) which satisfies

lon(y)]
2.3.11 sup sup < 00
( ) n>1yery 1+ |y[?
and converges uniformly on compacts to o,
(2.3.12) lim EP [gon(én)} :/ ¢ dvo.A.
n—oo RN

In particular, when the X,, are uniformly square P-integrable random variables
with mean-value 0 and common covariance C,

S
lim EF |, [ =2 ]| = d
Jm {so (ﬁ)] /RNso Yo,C

whenever {¢, : n > 1} C C(RY;C) satisfies (2.3.11) and converges to ¢ uni-
formly on compacts.

PRrOOF: Given e € SV, set

Yn(e) .
Yn

Yn(e) = (e,Cne)RN and py(e) =

Then, p(e) = inf,>1pn(e) > 0 and p,(e) — /(e,Ae)ry as n — oco. In

particular, if (eq,...,ey) is an orthonormal basis in RY then
y N L N
EP[|SH|2] = ZEP[(eia Sn)RN] = Z pn(ei)2
i=1 i=1

N

— > (e, Ae;) gy —/ vI* 70,4 (dy).
RN

=1
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Hence, by Lemmas 2.1.7 and 2.3.3 plus (2.3.7), all that we have to do is check
that

(*) fn(g) = ]EP [em(ﬁ,én)w} — 6_%(E’A£)]RN
for each £ € RV,
When & = 0, (*) is trivial. Thus, assume that £ # 0, set e = &, and take

I3
Sn(e) = (eSn)eN  Because

Sn(e)
S 2 Bl X (o X 2 o)
< p(e)112 Z EP[(Q’Xm)HiNa |(e,Xm)RN| > P(e>62n(e)]

m=1
tends to 0 for each € > 0, Theorem 2.1.8 combined with Lemma 2.3.3 guarantees

that, for any 7 € R, )
EF [V~ T 5n (@] —, = 3ll’

for any {n, : n > 1} C R which tends to n. In particular, if n = /(&, A&)rn
and 1, = pnp(e)|€|, we find that

fn(€&) =EF [e\/jlnné'n(e)} L e EADNw

§2.3.3. Higher Moments. In this subsection we will show that when the X,,’s
possess higher moments, then (2.1.1) remains true for ¢’s which can grow faster
than 1+ |y|2. As an intitial step in this direction, we give the following simple
example.

LEMMA 2.3.13. Suppose that {X,, : n > 1} is a sequence of independent,
indentically distributed random variables with mean-value 0 and variance 1. If
EF[X?] < oo for some £ € Z+, then (2.1.1) holds for any ¢ € C(RY;C) which
satisfies

(2.3.14) sup 1PW)

— 7 <0
yeR 1 + |y|2€

PRrOOF: Refer to the discussion in the introduction to this chapter and observe
that the argument there shows that

: PT&2e (20)! 20
nlglgO]E [S2] = o0 T Ry Yo,1(dy)
just so long as the 2¢th moment of X; is finite. Hence the desired conclusion is
an application of the last part of Lemma 2.1.7 with 1 (y) = 1 + |y|?*.
In most situations, one cannot carry out the computations to give a proof that

the last part of Lemma 2.1.7 applies, and for this reason the following lemma is
often useful.
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LEMMA 2.3.15.  Suppose that {u, : n > 1} is a sequence of finite (non-
negative) Borel measures on RV, and assume p is a finite Borel measure with
the property that (¢, p1,) — (p, ) for all p € C(RV;R). If for some ¢ €
C(RN;[0,00)) and p € (1,00)

(2.3.16) sup(YP, pin,) < 00,
n>1

then {n, fin) — (@, u) whenever {¢, : n > 1} C C(RY;C) is a sequence which
satisfies |¢,| < 1 for all n € ZT and converges to ¢ uniformly on compacts.

PROOF: By Lemma 2.1.7, all that we have to prove is that (¢, p,) — (¥, u).
For this purpose, note that, under our present hypotheses, Lemma 2.1.7 shows
that lim,, oo (¥, pin) < (¢, u) and that, for each R > 0, (¢ A R, j1,,) — (¥ A
R, ) < (3, u). Thus, it suffices to observe that

sup((¢) — ¥ A R), pun) = sup /{w>R} Y dpn < R'7Psup(yP, pin) — 0

n>1 n>1 n>1

as R —oo. O

Knowing Lemma 2.3.15, ones problem is to find conditions under which one
can show that sup, -, EF[¢)(S,)] < oo for an interesting class of non-negative
1’s. One such class is provided by the notion of a subGaussian random variable.
Given (3 € [0,00), an R-valued random variable X is said to be f-subGaussian
if

p2e?

(2.3.17) Ef[efX] <e 2, ¢eR

The origin of this terminology should be clear: if X € N(0,0?), then equality
holds in (2.3.17) with 8 = 0.

LEMMA 2.3.18. Let X be an R-valued random varianble. If X is a [3-
subGaussian, then, E¥[X] = 0, EF[X?] < 32,

P(X|>R) <2 2%, R>0.

and, for each o € [0,371),

2 52

Ef[e™2 ] < (1 (aB)?) 2.

[N

a?2x?

Conversely, if E¥ [e*= ] < oo for some a € (0,00) and EF[X] = 0, then X is
(B-subGaussian for some 3 = f(a) € (0,00), where 3 : (0,00) — (0, 00) is a non-
decreasing function. Moreover, if X1, ..., X, are independent random variables,
and, for each 1 < m < n, X,, is B,-subGaussian, then for any ai,...,a, € R,

S amXpm is B-subGaussian when 3 = /Y. _ (amfBm)?.
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PROOF: Since the moment generating function of the sum of independent ran-
dom variables is the product of the moment generating functions of the sum-
mands, the final assertion is essentially trivial.

To prove the first assertion, use Lebesgue’s Dominated Convergence Theorem
to justify

p2e?

Pryl _ 11 ¢—1 (P £EXT e
EF(X] = lim & (P[] 1>§%1{% =0
and
B2¢2 1
Plyv2] _ 15 ¢—2 (0P .EX P[_—£X7 e 2 —1 9
EF[X?] = lim ¢ (B [e€X] + EP [e=¢¥] 2>g2%1{%7€2 = 2.
Next, from
p2e?
]P’(XZR)SeféRIEP[egR]SeXp <§R+ 5 >

2
for all £ > 0, one gets P(X > R) < e 252 by minimizing over £ > 0. Since the
same estimate holds for —X, the estimate for P(|X| > R) follows. To get the

Oé2 2 .
estimate on EF [e ch }, use Tonelli’s Theorem to see that

2x2 [2 2

P[] = / EF (%] 70,0(d€) < / e 7 0.02(d€) = (1 (aB)?) 2.

Nf=

Finally, assume that EF [ea22)<2] < oo for some a € (0,00) and EF[X] = 0.
Then, for any a € [0, 00),

1 w22
EP[e€X] =1 4 52/ (1— O)E" [X%eX ) dt < 1 + “TQEP [X2e37],
0

2

242 X
since £€X — % <4 25 . Now determine a by the equation a? = EF [X%W], and

set 3 = eZa. Then,

2¢2 2.2 1 242\ Nl 2,2
P €X a 5 a“g _ - a 6 675
EF[¢X] <14 e 1+Zn!(2 <e
n=0
since (n + 1)e~("tV35 < 1. O
By combining Lemmas 2.3.15 and 2.3.18 with Theorem 2.3.8, we get the fol-
lowing.
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THEOREM 2.3.19. Working with the setting and notation in Theorem 2.3.8,
assume that, for each n € 7T,

EP [e(ﬁyxn)RN] < eﬁ"|£|2, EcRY
where (3, € (0,00). If

0 =sup Y—=—12=—"1 an:l Fin <

n>1 En

then (2.3.12) holds for any ¢ € C(RY;C) satisfying

oo,

o?ly|?

lp(y)| < Ce 2, yeRN,

for some C' < oo and « € (O, %) In particular, if the X,,’s are identically

distributed and EF [6“2|X1|2] < oo for some o € (0,00), then, for any ¢ €
C(R; C),
Sn

| lllim ly| 2log(1 + |p(y)]) =0 = lim EF [
yl—oo

n—oo

| = e

1
nz
Exercises for §2.3

EXERCISE 2.3.20. Here is a proof of Feller’s part of the Lindeberg—Feller Theo-
rem. Referring to Theorem 2.1.4 and the discussion proceeding it, assume that
r, — 0 and that

2

E? [e\/jligﬂn} —se % for allé € R.

(i) Show that

2,2
max |1 —EF {e\/jﬁgﬁn” < 75 "'n
1<m<n - 27

and conclude that, for each R > 0 there is an Ny such that

max

m 1
| max l—Ep[eﬁ%Hgi for n > Np and [¢] < R.

k

(i) Define log¢ = — 522°, U=9" for ¢ € C with |1 — ¢| < 1, and check that
|(1=¢) +log¢| < [1—¢? for |1 —¢| < &. Conclude first that

n

-2

R2 7“2
<

Z EF [l — e\/jlggiﬁn} + Z log E¥ {eﬁﬁgﬁn}
m=1 m=1

for n > Np and [¢| < R, and then that

n

An(§) 2522— ZEP [1—cos€§m] — 0
m=1

n

uniformly for &’s in compacts.
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(iii) Given € > 0, show that

n Xm
> EF [1 — cos 527 | X < 624
m=1

n

S EF[X, | Xm| < €2n)
m=1

IN

52
2%,
&£ ¢

<> _ 5
=5 2971(6)

n

and that

n Xm
Z EF [1 — cos gz—, | X | > eEn] <e 2
m=1 n

Finally, combine these and apply (ii) to get lim,, oo £2g,(€) < €2 for all £ € R.

EXERCISE 2.3.21. It is of some interest to note that the second moment as-
sumption can be removed from hypotheses in Exercise 2.1.11. To explain what
we have in mind, first use that exercise to see that if 02 = fR 22 u(dz) < oo,
then p = Ty = p € N(0,0%). What we want to do now is remove the a
priori assumption that fR 22 u(dr) < oo. That is, we want to show that, for any
probability measure p on R, y = Tu <= u € N(0,0?) for some o € [0,00).
Since the “«<=" direction is obvious, and, by the above discussion, the “ ="
direction is already covered when [ 2% u(dz) < oo, all that remains is to show
that

(2.3.22) u=Tp = /a:z p(dz) < oo.
R

(i) We check (2.3.22) first under the condition that p is symmetric (i.e., p(—T")
= p(T") for all I' € Br). But, if p is symmetric, show that

(€)= [ costéa)n(da), €.
At the same time, show that

(-1 Ll
p=Tp = (272 = u(&)z, ek
Conclude from these two that i > 0 everywhere and that

/ cos(272¢x) p(dr) = u(€)> ", neNand € €R.
R

Finally, note that 1 — 2 < —logx for € (0, 1], apply this to the preceding to
get

2" / (1 — cos(27%:17)) p(dz) < —log(f(l)) < oo, neEN,
R
and arrive at

/Raf2 p(dx) < —2log(f(1))

after an application of Fatou’s Lemma.
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(ii) To complete the program, let p be any solution to u = T, and define v by

A0) = [ [ 106 = ) uldz)a(ay).
R2

Check that v is symmetric and that v = Tv. Hence, by (i), [ 2® v(dz) < oo (in
fact, v is centered normal). Finally, use this and part (i) of Exercise 1.5.12 to
deduce that [, 2% p(dz) < co.

EXERCISE 2.3.23. In connection with the preceding exercise, define T, u, for
a € (0,00) and probability measures p on R, so that

Top(l) = // 10(27% (z +y)) u(dx)u(dy), T € Be.
RZ

The problem under consideration here is that of determining for which a’s there
exist nontrivial (i.e., pu # dp) solutions to the fixed point equation p = T,pu.
Begin by repeating the argument given in part (ii) above to see that there is
some solution if and only if there is one which is symmetric. Next, assuming
that p is a nontrivial, symmetric solution, use the reasoning in part (i) there to

see that " 0.2
€ (U,
/ Py =4 (0,2)
R 0 ifae(200).

In particular, when a € (2,00), there are no nontrivial solutions to u = T, pu.
(See Exercise 3.2.25 for more on this topic.)

EXERCISE 2.3.24. Return to the setting of Exercise 2.1.13. After noting that,
so long as e € S"~ !, the distribution of

x € 8" (Vn) — (e,x)r» €R
is independent of e, use Lemma 2.3.3 to prove that the assertion in (2.1.15)
follows as a consequence of the one in (2.1.14).
EXERCISE 2.3.25. Begin by checking the identity (cf. (1.3.20))

/ peT37 gt — 977 gD <8 ks 1>
0 2

for all § € (0,00) and s € (—1,n). Use the preceding to see that, for each
p € (0,00)

(2.3.26) EF[|1X|P] = 2;1“ <p'2H> o? if X € N(0,0?).

The goal of the exercise is to show that the moments of subGaussian random
variable display similar behavior.
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(i) Suppose that X is f-subGaussian, and show that, for each p € (0, 00),
P P P — 95 PN _osrzqin (P
E'[|X|P] < K,3" where K, = p22T 3 =22Flp 5+1 .

(ii) Again suppose that X is S-subGaussian, and let o2 be its variance. Show
that

-yt (o 2+|p—2]
EIP’“X‘;D] > K4 2 </8> ﬂp

for each p € (0,00).

Hint: When p > 2, the inequality is trivial. To prove it when p < 2, and that,
for any ¢ € (1, 00),

2qg—p i’
]q

o? <EF[|X[P]EF[|X| %
where ¢ = qul is the Holder conjugate of g.

(iii) Suppose that Xi,..., X, are independent and that, for each 1 < m < n,
X, is Bm-subGaussian and has variance ¢2,. Given {ay,...,a,} C R, set

> (amBm)?,

m=1

and show that, for each p € (0, 00)

_r ) 2+[p—2]
KO8 <B> BY <EP[|SP] < K, B".

In particular, if 3,, = 8 and o,, = o for all 1 < m < n, then

(-5t (o 2+Ip=2| .
o <ﬂ> (BAP < EP[|SIP] < K,(BA)?  where A =

(iv) The most famous case of the situation discussed in (iii) is when the X,,’s
are symmetric Bernoulli (i.e., P(X,, = £1) = 1). First use (iii) in Exercise

1.3.17 to check that X, is 1-subGaussian, and then conclude that

Jon(se)

for all {a1,...,a,} C R. This fact is known as Khinchine’s inequality.

b

2

_(1—2\* n
2.3.21) K, (Zam> <EP
m=1

n
5 amXm
m=1
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EXERCISE 2.3.28. Let X,..., X, be independent, symmetric (Exercise 1.4.25)
random variables, and set S = > ] X,,,. Show that, for each p € (0, 00) (cf. part
(ii) in Exercise 2.3.25),

[Nl

n n %
K4_(1—§ +]Ep (Z X?ﬂ) < E]P’ [|S|p} < KPEIP (Z Xi)
1 1

Hint: Refer to the beginning of the proof of Lemma 1.1.6, and let Ry, ..., R, be
the Rademacher functions on [0, 1), set Q = Ajg 1) x P on ([O, 1) x Q, By, 1) x f),
and observe that

weEN— S, (w) = ZXm(w)

has the same distribution under P as

(t,w) € 10,1) x Q+— T, (t,w) = iRm(t)Xm(w)

does under Q. Next, apply Khinchine’s inequality to see that, for each w € €,

2

R (me(wﬁ) g/ | Ta(t, )| dt < K, <2Xm(‘”)2> ’
n [0,1) 1

and complete the proof by taking the P-integral of this with respect to w.

At least when p € (1, 00), we will show later that this sort of inequality holds
in much greater generality. Specifically, see Burkholder’s inequality in (7).

EXERCISE 2.3.29. Suppose that X is an RV-valued Gaussian random variable
with mean-value 0 and covariance C. Given a linear subspace L of RV, let Fp,
be the o-algebra generated by {(&, X)g~ : € € L}, and let L be the subspace
of m such that (n,C&)gy =0 for all £ € L.

(i) Show that if A : RY — RV is a linear transformation, then AX is an
N(0,ACAT) random variable, where AT is the adjoint transformation.

(ii) Show that Fy, is independent of Fj ..
Hint: Show that, because of linearity, it suffices to check that

EP [6\/jl(£7x)m e\/jl("lvx)RN] _ P [e\/jl(&X)RN]]EP [ex/jl(flvx)RN]

for all ¢ € L and n € L+c.
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(iii) Suppose that N = N; + Ny, where N; € Z* for i € {1,2}, write RN > x =

i(l) € RM x RN and take L = {x : x(1) = O(1y}. Show that if II is a
(2)

linear transformation taking RY onto L and satisfies (ﬁ —IIE, Cn)RN = 0 for all
€ € RY and i € L, then I1" X is independent of (I —I17)X.

(iv) Write
C— (Cm) Cuz))
Cay Crz /)’

where the block structure corresponds to RY = RN x RM2| and assume that
C(22) is non-degenerate. Show that the one and only transformation II of the
sort in part (iii) is given by

o— < 011y 0(12>)
- —1 )
C2)C Lo

—1
o — (0(11) C(12>C<22>> .
UCH L(22)

Hint: Note that II& = 0 if 5(2) = 0(2), g = ¢ if 5(1) = 0(1), and that
(CT—1D)) 4,y = Oan)-

(v) Continuing with the assumption that C(22) is non-degenerate, show that

. C(lg)C(QIQ)Y Z
o (ConGEY Y (3,

where Y is an R™2-valued N (0,C(22) random variable, Z is an RN -valued
N(0,B) random variable with B = C(y1) — C(lg)C(_le)C(gl)), and Y is indepen-
dent of Z. Conclude that, for any measurable F' : RM x RM> — R which is
bounded below, then EF |:F(X(1),X(2)):| equals

and therefore that

/R . ( /R y Flxayx@) VC(IQ)C(—Q;)XQ),B(CZX(l))) 70,Ca) (AX(2)).

EXERCISE 2.3.30. Given h € L?*(RY;C), recall that the convolution h*("*2) is

a bounded continuous function for each n € N. Next, assume that h(—x) = h(x)
for almost every x € RY and that h = 0 off of Bg~(0,1). As an application of

part (iii) in Exercise 1.3.22, show that

’h*(n+2) (X)’ < 2Hh||%2(]RN;(C)Hthl(RN;C) exp |: on

(x| - 2>+)2} |
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Hint: Note that h € L'(RY;C), assume that M = Al 21~ cy > 0, and define
Af = M~thx f for f € L>(RY;C). Show that A is a self-adjoint contraction on
L*(R¥;C), check that
*(n+2 n n
h D (x) = M" (1xch, A h)LQ(RN;C),
where 7xh = h(- + x), and note that

(7P, A°h) ooy = 0 1 £ < x| = 2.

§2.4 An Application to Hermite Multipliers

This section does not really belong here and should probably be skipped by those
readers who want to restrict their attention to purely probabilistic matters. On
the other hand, for those who want to see how probability theory interacts
with other aspects of mathematical analysis, the present section may come as
something of a revelation.

§2.4.1. Hermite Multipliers. The topic of this section will be a class of linear
operators called Hermite multipliers, and what will be discussed are certain
boundedness properties of these operators. The setting is as follows. For n € N,
define

(2.4.1) H,(2) = (<1)"eT —— (6_7>, z€R.

Clearly, H, is an nth order, real, monic (i.e., 1 is the coefficient of the highest
order term) polynomial. Moreover, if we define the raising operator A, on

CY(R;C) by

2 22

22 d o a2 _dy
[A+0)(@) = —eF — (7T p(a)) = —L(@) +op(a), eR,
then
(2.4.2) H,i1=A.H, forallneN.

At the same time, if ¢ and ¢ are continuously differentiable functions whose first
derivatives are tempered (i.e., have at most polynomial growth at infinity), then

(2.4.3) (907 A#ﬁ) L2(70.1;C) = (A—(P’ ZZ}) L2(v0,15C)’

where A_ is the lowering operator given by A_¢p = Z—‘g. After combining
(2.4.2) with (2.4.3), we see that, for all 0 < m <n,

(Hma Hn)L2('yg,1;C) = (Hma ATL;-HO)Lz(,YOJ;C) = (AEHma HO)LQ(’Yo,l;(C)

where, at the last step, we have used the fact that H,, is a monic mth order
polynomial. Hence, the (normalized) Hermite polynomials

H,(z) = H%) = (?/%nef;; (6_%) , T€eR

form an orthonormal set in L?(y9,1;C). (Indeed, they are one choice of the
orthogonal polynomials relative to the Gauss weight.)

=m!dpm n,
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LEMMA 2.4.4. For each )\ € C, set

)\2
H(x;\) =exp [/\:c— 2} , x€R.
Then
(2.4.5) H(z;\) = —Hn(z), z€eR,
n!
n=0

where the convergence is both uniform on compact subsets of R x C and, for \’s
in compact subsets of C, uniform in L? (70,1; C). In particular, {Hn tnE N} is
an orthonormal basis in L*(vo 1;C).

N

x

PROOF: By (2.4.1) and Taylor’s expansion for the function e~z | it is clear that
(2.4.5) holds for each (z,\) and that the convergence is uniform on compact
subsets of R x C. Furthermore, because the H,’s are orthogonal, the asserted
uniform convergence in L?(vp 1;C) comes down to checking that

2

oo n

lim sup Z —

m— 00 ‘>\|SRn:m n'

0

(v0,1) =

for every R € (0, 00), and obviously this follows from our earlier calculation that
2
HHTLHLQ(WOJ) =nl. B
To prove the assertion that {H n:néeN } forms an orthonormal basis, it
suffices to check that any ¢ € L?(vp.1; C) which is orthogonal to all of the H,,’s

must be 0. But, because of the L?(7g 1; C)-convergence in (2.4.5), we would have
that

/ () e Y0,1(dx) =0, AeC,
R

for such a . Hence, if we set

then Y]l ric) = 1921 (r0ni0) < N0llz2(ro50) < 00, and (cf. (2.3.2)) ¥ = 0;
which, by the L!(R; C)-Fourier inversion formula

o [ e T de Sy in (R,

means that ¢ and therefore ¢ vanish Lebesgue-almost everywhere. O
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Now that we know {Fn :neN } is an orthonormal basis, we can uniquely
determine a normal operator Hy for each 6 € C by specifying that

HeH, = 60" H,, for each n € N.

The operator Hy is called the Hermite multiplier with parameter 6, and
clearly

Dom(He) = {90 € L*(70,1;C) : Z ‘9|2n|(¢’ﬁn)L2(vn,1;C)|2 < OO}

n=1

HG()O - Z 0" (()O’FN)LZ(’YOJ;C)F"’ pe DOm('HQ),

n=0

In particular, Hy is a contraction if and only if 8 is an element of the closed unit
disk D in C, and it is unitary precisely when 6 € S' = 9D. Also, the adjoint of
Ho is Hy, and so it is self-adjoint if and only if 6 € R.

As we are about to see, there are special choices of 6 for which the correspond-
ing Hermite multiplier has interesting alternative interpretations and unexpected
additional properties. For example, consider the Mehler kernel*

(62)° — 202y + (6y)°
2(1 - 62)

1
M(%y;‘g) = TQQGXP l—

for € (0,1) and z, y € R. By a straightforward Gaussian computation (i.e.,
“complete the square” in the exponential) one can easily check that

/H(y;k) M (x,y;0)v0,1(dy) = H(x;0))
R
for all § € (0,1) and (z,\) € R x C. In conjunction with (2.4.5), this means that
(2:46) Hap= [ M(-.5:8) o) r0a(dy). 0 € (0.1) and € L2(301:0),
R

and from here it is not very difficult to prove the following properties of Hy for
6 € (0,1).

* This kernel appears in the 1866 article by Mehler referred to in the footnote following (2.1.14).

It arises there as the generating function for spherical harmonics on the sphere S°° (\/oo).
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LEMMA 2.4.7. For each ¢ € L*(701;C), (0,z) € (0,1) x R — Hyp(x) €
C may be chosen to be a continuous function which is nonnegative if ¢ > 0
Lebesgue-almost everywhere. In addition, for each 8 € (0,1) and every p €
[1, o0l

(2.4.8) HHB(‘OHLP(WUJ;C) < ||<IO||LP(’YO,1§C)'

PROOF: The first assertions are immediate consequences of the representation
in (2.4.6). To prove the second assertion, observe that Hgl = 1 and therefore,
as a special case of (2.4.6),

/ M(z,y;0)v,1(dy) =1 forall 6€(0,1) and z € R.
R
Hence, by (2.4.6) and Jensen’s inequality, for any p € [1, 00),

[Hoe) @ < [ Mo,3:0) o)l 0. (d),

At the same time, by symmetry, [, M(z,y;0)~0,1(dx) =1 for all (6,y) € (0,1) x
R, and therefore

/R o) @) 20a(d) < [ [ 3,556 o) P20 (d )01 (dy) = /R 0P do.r.

RxR

Hence, (2.4.8) is now proved for p € [1,00). The case when p = oo is even easier
and is left to the reader. 0O

The consequences drawn in Lemma 2.4.7 from the Mehler representation in
(2.4.6) are interesting but not very deep (cf. Exercise 2.3.23 below). A deeper
fact is the relationship between Hermite multipliers and the Fourier transform.
For the purposes of this analysis, it is best to define the Fourier operator F
by

(2.4.9) [Ffl) = /R VI £ de, € € R,

for f € L'(R;C). The advantage of this choice is that, without the introduction
of any further factors of v/27, the Parseval identity (cf. Exercise 2.3.24) becomes
the statement that F determines a unitary operator on L?(R;C). In order to
relate F to Hermite multipliers, observe that, after analytically continuing the
result of another simple Gaussian computation,

s e[ - s v
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for all p € (1,00) and all real numbers A and 7. Hence, after making the change
of variables y = \/27pz and n = 27” ¢, we see from (2.4.5) that

/ FZW&H (\/%:U) -’ gy
0

:eﬂfzexp[( DL +FA\/?£]—€”£Z 0 Ha (V27 €).

where p’ = p%l is the Holder conjugate of p and 6, = v—1(p — 1)%. Thus,

we have now proved that, for each p € (1,00) and n € N,

(2.4.10) / VI (fompa)e ™ du = 07 H, (/27p x) e
R

In particular, when p = 2, (2.4.10) says that

(2.4.11) Fhy=(V-1)"hn, neN,

where h,, is the nth (un-normalized) Hermite function given by

(2.4.12) ha(z) = Hy (278 2)e ™, neNand z €R.

More generally, (2.4.10) leads to the following relationship between F and
Hermite multipliers. Namely, for each p € (1, 00), define U, on LP(v01;C) by

Up] (x) = pp((2mp)ix)e ™™, z€R.

It is then an easy matter to check that I, is an isometric surjection from
LP(70,1;C) onto LP(R;C). In addition, (2.4.10) can now be interpreted as the
statement that, for every p € (1,00) and every polynomial ¢,

(2.4.13) M;l oFolyp = ApyHg,p where A,= ( ppl> :
)"
See Exercise 2.3.21 below to see that 4, < 1 for p € (0,1).

§2.4.2. Beckner’s Theorem. Having completed this brief introduction to
Hermite multipliers, we will now address a problem to which The Central Limit
Theorem has something to contribute. The problem is that of determining the
set of (0,p,q) € D x (1,00) x (0,00) with p < ¢ for which Hy determines a
contraction from LP (v 1;C) into L7(7p,1; C). In view of the preceding discussion,
when 6 € (0,1), a solution to this problem has implications for the Mehler
transform; and, when g = p’, the solution tells us about the Fourier operator.
The roéle that The Central Limit Theorem plays in this analysis is hidden in the
following beautiful criterion, which was first discovered by Wm. Beckner.*

* See Beckner’s “Inequalities in Fourier analysis,” Ann. Math. 102.
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THEOREM 2.4.14 (Beckner). Let €D and 1 < p < g < oo be given. Then

(2.4.15) M09 Logrg ey < N@llrironiey forall ¢ € L2(40,15C)

70,1;C

if and only if

(2.4.16)

(|1—ec|q+|1+e<q>3 . <|1—e<|p+|1+e<|q>i
2 2

for every ¢ € C. Hence
That (2.4.15) implies (2.4.15) is trivial: simply take

[ 1-¢ if z¢€(—00,0)
Q'D(x)_{l—l—( if x€[0,00).

On the other hand, the opposite implication is remarkable! Indeed, it takes a
problem in infinite dimensional analysis and reduces it to a calculus question
about functions on the complex plane. Even though, as we will see later, this
reduction leads to highly nontrivial problems in calculus, Theorem 2.4.14 has to
be considered a major step toward understanding the contraction properties of
Hermite multipliers.*

The first step in the proof of Theorem 2.4.14 is to interpret (2.4.15) in oper-
ator theoretic language. For this purpose, let 3 denote the standard Bernoulli
probability measure on (]R, BR). That is, ﬂ({:l:l}) = % Next, use xg to de-
note the function on R which is constantly equal to 1 and xy;} to stand for the
identity function on R (i.e., x{13(z) = z, z € R). It is then clear that xy and
X{1} constitute an orthonormal basis in L?(3;C); in fact, they are the orthog-
onal polynomials there. Hence, for each 8 € C, we can define the Bernoulli
multiplier Ky as the unique normal operator on L?(3;C) prescribed by

X0 if F=10

Koy —
oXF {ex{l} it F={1.

Furthermore, (2.4.15) is equivalent to the statement that

(2.4.17) 1Kol oy < Illiogpey forall o€ L*(5;C).

Indeed, it is obvious that (2.4.15) is equivalent to (2.4.17) restricted to ¢’s of
the form x € R —— 1 + (x as ( runs over C; and from this, together with

* Later, in his article “Gaussian kernels have only Gaussian maximizers,” Invent. Math. 12
(1990), E. Lieb has essentially killed this line of research. His argument, which is entirely
different from the one discussed here, handles not only the Hermite multipliers but essentially
every operator whose kernel can be represented as the exponential of a second order polynomial.
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the observation that every element of L?(3;C) can be represented in the form
axp + bxq1y as (a,b) runs over C2, one quickly concludes that (2.4.15) implies
(2.4.17) for general ¢ € L?(j3;C).

We next want to show that (2.4.17) can be parlayed into a seemingly more
general statement. To this end, we define the n-fold tensor product operator
K&™ on L2(B";C) as follows. For F C {1,...,n} set xp = 1 if F = () and define

Xr(x H Xq1y(z;) for x= (z1,...,2,) €ER"
jeF

if F' # (). Note that {XF  FC{l,... ,n}} is an orthonormal basis for L?(5"; C),
and define 5™ to be the unique normal operator on L?(3";C) for which

(2.4.18) K&"xr =0Flxp, FC{l,...,n},
where |F| is used here to denote the number of elements in the set F. Alterna-
tively, one can describe K" inductively on n € Z* by saying that ICg@l =Ky
and that, for ® € C(R"™;C) and (x,y) € R" x R,
n+1 n
(K5 "] (xy) = [Ko¥(x, )](y) where U(xy) = [K5"B(-.y)] (x).

It is this alternative description which makes it easiest to see the extension
of (2.4.17) alluded to above. Namely, what we will now show is that, for every
nezt,

(2.4.19) (2417) = [|KG"P| o (gn) < 1®lln(smy, @ € L*(8™C).

Obviously, there is nothing to do when n = 1. Next, assume (2.4.19) for n,
let ® € C (R”H;(C) be given, and define ¥ as in the second description of

}C®(n+1)<1> Then, by (2.4.17) applied to U(x, -) for each x € R™ and by the
1nduct10n hypothesis applied to ®(-,y) for each y € R, we have that

I8 ™ V]| L gy = / (/ [Kow(x, >]<y>\qﬁ<dy>) B"(dx)
< [ ([ oo sa) oo =] [ ecnp o) .

< ([P, o ) ([ 1 00

< (/RH(I)(’?J LP(Bn)ﬁ(dy)> _||(I)||qu(gn+1)7

where, in the passage to the third line, we have used the continuous form of
Minkowski’s equality (it is at this point that the only essential use of the hy-
pothesis p < ¢ is made).

We are now ready to take the main step in the proof of Theorem 2.4.14.
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LEMMA 2.4.20. Define A, : L?(3;C) — L?(6™;C) by

[Ang] (x) = (22#) for x€R"

Then, for every pair of tempered ¢ and ) from C(R;C),

(2.4.21) lellze(ro:0) = nll—>n(;lo HA"(‘OHLP(B";C) for every p € [1,00)
and

2.4.22 = lim (K7™ 0 Anp, Ay

( ) (Hg(p’w)ﬂ(vo,l;c) nl—>n§o< 0" Anp A w)LQ(ﬁn;c)

for every 6 € (0,1). Moreover, if, in addition, either ¢ or v is a polynomial, then
(2.4.22) continues to hold for all § € C.

PROOF: Let ¢ and 1 be tempered elements of C'(R;C), and define

Ful0) = (/cg% o Anp, An¢) and  f(0) = (chp, zp)

L2(ﬂn) L2(’YO,1)

for n € ZT and 6 € C. We begin by showing that
(2.4.23) lim f,(0) = f(0), 6¢€(0,1).

Notice that (2.4.23) is (2.4.22) for § € (0,1) and therefore that (2.4.21) follows
immediately from (2.4.23) by replacing ¢ and 1), respectively, with 1 and |p|P.

In order to prove (2.4.23), we will need to introduce other expressions for f(6)
and the f,(6)’s. To this end, set

1 6

and, using (2.4.6), observe (cf. (2.3.6)) that

16) = [ (@) 90.c0lde % dy).

Next, let B¢ be the probability measure on R? determined by
Bo({£1,£1}) = H* and Bp({£1,5F1}) = 7%

and note that, because

(Keso,w) e /RZ () ¥(y) Bo(dx x dy),
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one has that

(k50.w) . o = [ [ 00T Botdas x dyn)-- Bulda x )

+
for all @, ¥ € C(R™;C). Hence, if (cf. Exercise 1.1.12) Q = (RQ)Z , F = Bq,
and Py = (ﬁg)Z+, then

e[ (552

where F(z) = ¢(z)¢(y) for z = (z,y) € R? and Z,(w) = z,, n € ZT, when
w = (21,...,2n,...) € Q. Note that, under Py, the Z,’s are mutually inde-
pendent, identically distributed R2-valued random variables with mean-value 0
and covariance Cy. In addition, Z; is bounded, and therefore the last part of
Theorem 2.3.19 applies and guarantees that (2.4.23) holds.

To complete the proof, suppose that ¢ is a polynomial of degree k. It is then
an easy matter to check that

(.Angp,xp)w(gn;c) =0 if |F|>k,

and therefore (cf. (2.4.18)) 8 € C — f,(0) € C is also a polynomial of degree
no more than k. Moreover, because

’fn(e)‘ = ZQIF‘(-An907XF)L2(ﬂn)(XF;Anw)Lz(ﬁn) )
F

we also know that
£ ()] < (161 v 1)k||An90||L2(5n;C) ||A”w||L2(6";(C)’ n€Z" and 0 € C.

Hence, because of (2.4.21) with p = 2, {f, : n € Z*} is a family of entire
functions on C which are uniformly bounded on compact subsets. At the same
time, because (go,Hm)Lz(.m’l) =0 for m > k, f is also a polynomial of degree
k An; and therefore (2.4.23) already implies that the convergence extends to the
whole of C and is uniform on compacts. Finally, in the case when 1), instead of
, is a polynomial, simply note that

(lc;;’" o An o, Anw) = (IC?” o A, An‘P)

L2(5") L2y’

and apply the preceding. [
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Proof of Theorem 2.4.14: Assume that (2.4.15) holds for a given pair 1 <
p < q<ooand @ € D. We then know that (2.4.19) holds for every n € Z*.
Hence, by Lemma 2.4.20, if ¢ and 1) are tempered elements of C'(R;C) and at
least one of them is a polynomial, then

. H ®n
|(Ho9. %) ooy iy = Jim | (K5 0 Anio, Avp) ( M)\

< nh_%o ||‘An(p||LP(ﬁn;(C)HAanLq/(B”;(C) = ”cpHLp(’Yo,l;C)HwHqu(Vo,l;C)'

In other words, we now know that for all tempered ¢ and 3 from C(R;C)

(2424) ‘ (HQ(P, w)L2(’yo,1;C) ‘ < ||(p||LP("/0,1) ||w||Lq/ (70,1;C)

so long as one or the other is a polynomial.

We next complete the proof in the case when p € (1, 2]. To this end, note that,
for any fixed polynomial ¢, (2.4.24) for every tempered ¢» € C'(R;C) guarantees
that the inequality in (2.4.15) holds for that . At the same time, because p €
(1,2] and the polynomials are dense in L?(7yg 1; C), (2.4.15) follows immediately
from its own restriction to polynomials.

Finally, assume that p € [2,00) and therefore that ¢’ € (1,2]. Then, again
because the polynomials are dense in L?(vg.1;C), (2.4.24) for a fixed tempered
p € C(R;C) and all polynomials 1) implies (2.4.15) first for all tempered contin-
uous 9’s and thence for all ¢ € L?(vy91;C). O

§2.4.3. Applications of Beckner’s Theorem. We will now apply Theorem
2.4.14 to two important examples. The first example involves the case when
6 € (0,1) and shows that the contraction property proved in Lemma 2.4.7 can
be improved to say that, for each p € (1,00) and 6 € (0,1), there is a ¢ =
q(p,0) € (p,00) such that Hy is a contraction on LP(7p1;C) into LI(v,1;C).
Such an operator is said to be hypercontractive, and the fact that Hy is
hypercontractive was first proved by E. Nelson in connection with his renowned
construction of a nontrivial, two-dimensional quantum field.* The proof which
we will give is entirely different from Nelson’s and is much closer to the ideas
introduced by L. Gross' as they were developed by Beckner.

THEOREM 2.4.25 (Nelson). Let 6 € (0,1) and p € (1,00) be given, and set

p—1
92

q(p,0) =1+

* Nelson’s own proof appeared in his “The free Markov field,” J. Fnal. Anal. 12.

t See Gross’s “Logarithmic Sobolev inequalities,” Amer. J. Math. 97. In this paper, Gross
introduced the idea of proving estimates on Hy from the corresponding estimates for Cy. In
this connection, have a look at Exercises 2.3.28 and 2.3.29 below.
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Then
(2'4'26) HHQQDHLQ(»YOJ;(C) < H@HL”(’YO,UC)’ ¥ e L2(70,1;(C),

for every 1 < q < q(p,0). Moreover, if ¢ > q(p, ), then

(2.4.27) sup {[Ho¢ ]l oy 1y ¢ 19l 0000y = 1} = o0

PrROOF: We will leave the proof of (2.4.27) as an exercise. (Try taking ¢’s of
the form e’\wz.) Also, because 7p,1 is a probability measure and therefore the
left-hand side of (2.4.26) is nondecreasing as a function of ¢, we will restrict our
attention to the proof of (2.4.26) for ¢ = ¢(p, #). Hence, by Theorem 2.4.14, what
we have to do is prove (2.4.15) for every 1 < p < ¢ < oo and 6 € (0,1) which
are related by

(2.428) _ (p—ly |

We begin with the case when 1 < p < ¢ < 2; and we first consider ¢ € [0,1).
Introducing the generalized binomial coefficients

1) (r—t+1
<Z>ET(T ) gl(r +1) for reRand? €N,

we can write

2

L—CP+ 4P (P o
2 _HZ(%)CZ'

k=1

[L—6Cl1+1+6¢17 (4 2k
= H;; <2k> (6¢)

and

Noting that, because ¢ < 2, (qu) > 0 for every k € Z™*, and using the fact that,
because £ € (0,1), (1+ z)d <1+ B for all z > 0, we see that

|1 —60¢|7 + |1+ 6¢]9\ @ P (g A
( 2 ) §1+q,§31(2k><9<>2'

Hence, we will have completed the case under consideration once we check that
P4 — (P
p 0012k < 2k,
q (%)( OF = <2k>g
k=1 k=1

and clearly this will follow if we show that
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p 2% o (P I
(2]4:)9 (2k5> foreach keZT.

But the choice of # in (2.4.28) makes the preceding an equality when k = 1; and,
when k£ > 2,

27 T 124 <,
w -l

since 1 <p<q<2.

At this point, we have proved (2.4.15) for 1 < p < ¢ < 2 and @ given by
(2.4.28) when ¢ € (0,1). Continuing with this choice of p, ¢, and 6, note that
(2.4.15) extends immediately to ¢ € [—1, 1] by continuity and symmetry. Finally,
for general ¢ € C, set

1=+ [+ (]
N 2

1-¢ -1+
2

, b= , andc= —

Then,
[1+6¢] = [H2(1+ ) + 521 F¢)| <aob,

and therefore, by the preceding applied to ¢ € [—1, 1], we have that

Q=

2

1
<a<|1c|p+|1+cp> - (k |p+|a+b|p) - (Legrary’
- 2 2 2

Hence, we have now completed the case when 1 < p < ¢ < 2 and 0 is given by
(2.4.28).

To handle the other cases, we use the equivalence of (2.4.15) and (2.4.17).
Thus, what we already know is that (2.4.17) holds for 1 < p < ¢ < 2 and the ¢
in (2.4.28). Next, suppose that 2 < p < g < co. Then, since 1 < ¢’ < p’ <2 and

<|1_egq+|1+9g|q>3< <|1—06q+|1+90|q>

an application to ¢’ and p’ of the result which we already have yields
H’CG‘pHLq(g) = sup { (IC9907¢)

= sup { (¢, Kelb)

< llellzr ),

. 1) € L*(3; C) with g =1
poggy € LB with 0] = 1]

1) € L*(3; C) with gy =1
poggy € (B C) with [ gy = 1
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where the 6 is the one given in (2.4.28). Thus, the only case which remains is the
one when 1 < p <2 < ¢ < oo. But, in this case, set { = (p— 1)%’ n=(q— 1)—%,
and observe that, because the associated 6 in (2.4.28) is the product of £ with
n, Ko = K;, 0 K¢ and therefore

||’C990||Lq(g) < ||IC§90||L2(5) < llellzes- O

As our second, and final, application of Theorem 2.4.14, we present the the-
orem of Beckner for which Theorem 2.4.14 was concocted in the first place.
The result was conjectured originally by H. Weyl, who guessed, on the basis
of Fho =)v/—1)"hg, that the norm ||F||,—, of F as an operator on LP(R;C)
to L' (R; C) should be achieved by hg. Weyl’s conjecture was partially veri-
fied by I. Babenko when p’ is an even integer. In particular, when combined
with Riesz—Thorin Interpolation Theorem, Babenko’s result already shows (cf.
Exercise 2.3.21) that || F||,—, < 1 for p € (0,1).

THEOREM 2.4.29 (Beckner). For eachp € [1,2],

(2430)  |Fflrme < Alflwee, € LHRC)N LA (R;C),

where F is the Fourier operator in (2.4.9) and A, is the constant in (2.4.13).
Moreover, if f is the Gauss kernel e‘”z, then (2.4.30) is an equality.

PROOF: Because of (2.4.11), the second part is a straightforward computation
which we leave to the reader. Also, we will only consider (2.4.30) when p € (1,2),
the other cases being well-known (cf. Exercise 2.4.33).

Because of (2.4.13), the proof of (2.4.30) comes down to showing that

Mo, 21| o7 (1010 < N€llL0r00i0)s 9 € L¥ (90,15 C),

where 0, = /—1(p — 1)%; and, by Theorem 2.4.14, this will follow as soon as
we prove (2.4.16) for 6,,. For this purpose, write

(=&+V-1(p— 1)_%77 where &, neR.
Then, proving (2.4.16) for 6, becomes the problem of checking that

2 A
2 2

(=) + -] +[1+0)°+ - 1]

2

(NS
(NS
5 |

[(1 ) (- 1)772] + [(1 +€)*+ (- 1)772}

2

<
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for all £, n € R.

To prove (*), consider, for each a € (0, 00), the function g, : [0, 00)? — [0, )
defined by g4 (z,y) = [ﬂc% —|—y%] “ Tt is an easy matter to check that g, is concave
or convex depending on whether « € [1,00) or a € (0,1). In particular, since
% € (1,00), when we set o = %/, iy =1+nP, andy = (p—1)Z|¢], we get

’

[(1=n)*+ - 1] Ty [(1+n)*+ (- 1)52}2,
2
_ ga(fﬁ_,y) ;‘ga($+7y) < Jar ('x_;—a:'i_’y>

1—77p/+ 1—|—77p/ 2
[y el

and similarly, because £ € (0,1),

b
2

NS

[(1 &) (- 1)772} + [(1 +6) 7+ (- 1)172}

2
ZKH—W;1+W){HWJMﬂ.

Thus, (*) will be proved if we show that

v

1_77p,+1+/)7p/ p/
<| ‘ 2| | ) _’_(p_1)£2

(**)

< (L) e

But because (cf. Theorems 2.4.14 and 2.4.25) we know that (2.4.16) holds with
p replaced by 2, g = p/, and 6 = (p’ - 1)5, the left side of (**) is dominated by

2 2
(1 - ( /nl)%> + (1 + ( /n1)5>
(p— 1)+ - 5 - =1+ (p—1)(&+7n%).

At the same time, again by (2.4.16), only this time with p, 2, and 6 = (p— 1)*%,
we see that the right-hand side of (**) dominates

(1—(p-12)*+ (1+ (p—1)%¢)”
2

(p—Dn* + =1+(p-1)(&+7n*). O
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Exercises for §2.4

EXERCISE 2.4.31. Because the Fourier operator F (cf. (2.4.9)) is a contraction
from L}(R;C) to L>(R;C) as well as from L?(R;C) into L?(R;C), the Riesz—
Thorin Interpolation Theorem guarantees that it is a contraction from LP(R)
into L?' (R) for each p € (0,1). Hence, we know, from Theorem 2.4.29, that the
number A, in (2.4.13) must be less than or equal to 1. However, the preceding
is a rather convoluted line of reasoning to what must be a far more elementary
fact. Indeed, show that

te (%,1) HlogA% eR

is a strictly convex function which tends to 0 at both end points and is there-
fore strictly negative. In particular, Beckner’s result proves is that the Fourier
operator is one for which interpolation fails to give the best result.

EXERCISE 2.4.32. The inequality in (2.4.8) is an example of a general principle.
Namely, if (F,B) is any measurable space, then a map (z,I') € E x B —
II(z,T) € [0,1] is called a transition probability whenever x € E — TI(z,T")
is B-measurable for each I' € B and I € B —— II(z,T") is a probability measure
on (E,B) for each z € E. Given a transition probability II(z, -), we define the
linear operator I on B(E;C) (the space of bounded, B-measurable ¢ : E — C)
by

[ng](m):/Ego(y)H(x,dy), x€FE, for ¢e B(FE;C).

Check that II takes B
o-finite measure p on

; C) into itself and that |||y < ||¢]lu. Next, given a

(E
(E, B), we say that p is II-invariant if

w(l) = / II(z,T) p(dx) forall T € B.
E
Using Jensen’s inequality, first show that, for each p € [1, 00),
|[Te] ()" < [Me’)(2), =€ B,

and then that, for any Il-invariant u,

ITo|| e (uicy < llelleuc), ¢ € B(E;C).

Finally, show that p is II-invariant if it is II-reversing in the sense that

/ I(z,T2) p(dz) = / I(y,I'1) p(dy) forall Ty, Ty € B.
1N

T
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EXERCISE 2.4.33. Recall the Hermite functions h,,, n € N, in (2.4.12) and define
the normalized Hermite functions h,, n € N by

Al

2

h,, = .
(n!)z

hn, neN.

By noting that (cf. the discussion following (2.4.12)) hn, = UsH,,, show that
{hn 1 n € N} constitutes an orthonormal basis in L?(R;C); and from this
together with (2.4.11), arrive at Parseval’s Identity

IFflrzwe) = 1 fllezwe), f € L'(R;C)NL*(R;C),

and conclude that F determines a unique unitary operator F on L?(R;C) such
that Ff = Ff for f € L'(R;C) N L?(R;C). Finally, use this to verify the L>-
Fourier inversion formula 7 = = F, where [ff] (x) = [Ff](-2), z € R, for
f e LY(R;C) N L*(R;C).

EXERCISE 2.4.34. By the same reasoning as we used to prove Theorem 2.4.29,
show that, for any pair 1 < p < 2 < ¢ < oo and any complex number § = £ +
V=11, (2.4.16), and therefore (2.4.15), holds if and only if both (¢—1)n?+£? < 1
and

(g=2)En)* <1 - —(@@—-Dn*][lp—1)— (¢ —1)a? = 57].

EXERCISE 2.4.35. L. Gross had a somewhat different approach to the proof of
(2.4.26). As in the proof which we have given, he reduced everything to checking
(2.4.17). However, he did this in a different way. Namely, given b € (0,1) he set
f(xz) =1+ bx and introduced the functions

fol@) = [Kemi f] (@) = H5=f(2) + 255 f(=a), (t,2) € [0,00) xR,
and g(t) =1+ (p—1)e*, t € [0,00), and proved that

d
(*) %HftHLq(”(,B;(C) <0.

Following the steps below, see if you can reproduce Gross’s calculation.
(i) Set
F(t) = || fell Law (5):c5

and, by somewhat tedious but completely elementary differential calculus, show
that

1—q(t) (t)
250 = g i) 5708 (s4g) " 0

+ 47 /R fe(@) O (fi(=2) — ful@)) Bldx)|.
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Next, check that
[ @O (=) = i) B
= =4 [ (@O = 007 (1) — ful—2) Bl

and, after verifying that

4g - 1)(¢* —n#)’
q? ’

(gq—l _ nq—l)(§ —n) > & ne(0,00) and g € (1,00),

conclude that

1—q(t) (t)
9 (1) < %{—q‘(t) [ 5008 (7)™ as

(**) q(t) 2
(q(t) — 1) / ()™ — 1% (—a))? Bldn) |

(ii) Prove the logarithmic Sobolev inequality

(2.4.36) /RQDQ log (W)Z dp < 2/R(so(a:) — p(~x))” B(dx)

for strictly positive ¢’s on R.

Hint: Reduce to the case when p(z) = 1 + bx for some b € (0,1), and, in this
case, check that (2.4.36) is the elementary calculus inequality

(1+b)2log(1 4 b) + (1 — b)?log(1 — b) — (1 +b*)log(1 +b?) < 2%, b e (0,1).

(iii) By plugging (2.4.36) into (**), arrive at (*), and conclude that (2.4.17)
holds for 6 € (0,1) and ¢ = 1 + Z3*.

EXERCISE 2.4.37. The major difference between Gross and Beckner’s approach
to proving Nelson’s Theorem 2.4.25 is that Gross based his proof on the equiv-
alence of contraction results like (2.4.17) and (2.4.15) to logarithmic Sobelev
inequalities like (2.4.36). In Exercise 2.4.34, we outlined how one passes from a
logarithmic Sobolev inequality to a contraction result. The object of this exer-
cise is to go in the opposite direction. Specifically, starting from (2.4.26), show
that

2
2 - /2
(2.4.38) /Rw log <¢|L2(70,1;C)> dyo1 < 2/R|<P| Yo,1(dx)

for non-negative, continuously differentiable ¢ € L?(vp1;C) \ {0} with ¢’ €
L*(70,1;C)




