Solution Set # 8

(7.1.24) Just follow the outline.

(7.1.25) Set
F(p, ) = 1p (ot —t AC(h) + b (E A C(2))) Lo, (C(e)).

Then F'is Fp vy x F¢-measurable and F((SCdJ, 'z,b) =1r (¢(t))1[07ﬂ (C('z,b)) Hence, by Theorem 7.1.16,

Q" ({3 : ¥(t) € T & ((3) < 1)) = BV [F(6c,9)]
- / 10,9 (C(®)) </ 10 (o(t — C(3))) @“W)) Q () =B [ (T = 9(t), ¢ < t].

(7.2.8) Begin by observing that if F' € C2(R;R), then one can find a sequence {F,, : n > 1} C C.(R;R)
such that, for each a € {0,1,2}, {0%F, : n > 1} is a uniformly bounded sequence which tends
uniformaly on compacts to 0% F. Hence, it suffices to handle F’s which are in C°(R; R).

Given € > 0, define (p = 0 and, for n > 1, ¢, = inf{t > (1 : | X(t) — X(Co1)| > €}, An(t) =
XA Cn) = X(EACaor), and Ay (t) = Ap(t) — (X)(E A Ca) + (X)(t A Coo1). Then (A, (t), F;, P) and
(An(t),}"t,IP) are martingales. Next, given F' € C°(R;R), set

[ee]

Z X (Ca—1)) An(t) + ZF” (Gn1)) An(2),

and observe that all but a finite number to terms in each of these sums are 0. Further, notice that

[

ZF’ (Ca1) ZEH” F'(X(Go)) " An(t)?] < [IF'[WEP[(X)(1)] < o0

and

X(Ge)An ]| < IF" N Y EF[An(®)” +(X)(1)] <2 F" [ EF[(X)(t)] < oo
n=1
Thus, (M(t), F:, P) is a martingale.
Clearly, .
M(t) =F(X(t) — F(X(0)) — % /0 F"(X (7)) (X)(dr) + E(t) + E(t),
where -
12 / SO (X (Gun) + EA()) dE
2 :
and o ene
=53 [ (FOr) - (X)) ().
n=1"7t\Gn-1
Furthermore,

[BO] < 3I1F" lee Y An(t)® and  [E(®)] < §IF” [lae(X) ().



Hence, if 0 < s < t and A € F, then

B | P(x(0) - F(x(0) - 5 [ F(x(7) (X)tar). 4]

;/Ot F"(X(7)) (X)(dr), A} '

= |EF[E(s) + E(s) — B(t) — E(t), A]| < [|F"[[neE"[(X)(1)].

—E" |F(X(s)) — F(X(0)) —

(7.2.10) By Doob’s Stopping Time Theorem, (Y (t)? — (X)(t A ¢, F;,P) is a martingale, and so, by
uniqueness, (Y)(t) = (X)(t A Q).

(7.2.11) Applying Exercise 7.2.9 to (AX(t), 73, P), one sees that (E\(t), F;,P) is a martingale. Given
this, the rest follows from the outline.

(7.2.13) The fact that (X (¢)Y(t) — (X,Y), 7, P) is a martingale from

X0 +Y(®) (X -Y@)”©

XY(t)= (
As for the uniqueness, apply Theorem 7.1.19.

(7.2.14) Using Theorem 7.1.17, one knows that the expression in the hint is a martingale plus

2

f(t,B(t))2 — 2/0 X(T)(a,- + %A)f(T,B(T)) dr — (/0 (aT + %A)f(T, B(T)) dT)
— $(LB(1)* - 2/ F(m.B(1) (0 + 1A)f (7, B(r)) dr
( (0- 4+ 2A) f(7',B(1)) dT’> (0- + 3A) f(7,B(7)) dr

< )£(r, B(r ))d>

2 (tB() - /(8 +LA) (7 B(7) dr+/ V2 (7, B(r) dr

2

c\ﬁ

Since
(fz(t,B(t)) - /Ot(aT + 2A) (7, B(1)) dr, }“t,IF’>

is a martingale, this completes the proof.



