Solution Set # 7
(5.2.36) Just follow the outline.

(5.2.38) First note that EF[A,] = lim, o EF[X,] — EF[X,] < co. Thus, since 0 < A, < A,41,
{A,, : n > 0} is uniformly integrable. Next, because the sequence formed by summing the members
of two uniformly integrable sequences of functions is again uniformly integrable, it follows that {M,, :
n > 0} is also uniformly integrable. Thus, if M, = lim,, o M, (a.s.,P), M,, = E¥[M, | F,], and so
X, =EF[My | F.] + A, (a.s.,P) for all n > 0.

Now let ¢ be a stopping time. Given A € F¢, BN {( < n} € F,a¢ and therefore Hunt’s theorem
implies that

EP[M,ne, BA{C < ] = EF[Mac, BA{C < n}] and E¥[[M,,nc], BO{C < n}] < EF[[Mac], BA{C < n}].

In particular, as

su>pIE [|Mmncl, IMpac) > R] = sup EP[|MOO| |Mimnc| > R] <EF ||Ms|, sup\M |>R| —0
m>0

as R — oo, since, by Doob’s inequality, P (SUPnzo |M,,| > R) < R‘lEPUMmH. Hence, {Myn¢ : n >0}
is uniformly integrable, and so

EP[M, BN {C < oo}] = lim B¥[Mync, BN {C < n}] = E¥ (M, BN {C < oo}

for B € F¢, which means that E¥ [MO B] = EF [Moo, B] for all B € F¢ and therefore that M, =
EF[Mw | 7] (a.s,P).

Knowing the preceding, we have X = E¥[M, | F¢] + A¢ (a.s.,PP) for all stopping times ¢. Thus, if
¢ < (¢ and B € F, then, since F¢ C Fer,

E'[X¢, B] = EF [Mu, A] + E¥[A¢, B] = E¥[M,, B] + E¥[A¢, B],
and so EP[XCI |]:<] = XC + EP[AC/ — AC |‘7:C] (a.s.,]P).

(5.2.41) Just follow the outline.

(5.2.42)
(i) Let Z = FE72E. Then % = X527, 4= = ¥ Z, and so

/(Pdf); (Qsz>5 dpz/XéygzczM://Xzéyg d(P + Q).

Finally, since P [ ¥ L Q | ¥ <= XyY» =0 (a.s.,P+Q), it is obvious that P [ ¥ L Q [ ¥ <=
(]P)vQ)E = 0.

(ii) Assume, without loss in generality, that F =\/,-, F,, and set p = P+Q , X=5%,and Y =
Then it is an easy matter to check that X, = E¢[X | F,]| = diljr and Yn = EP[YU: ] = dgfr}—

(a.s., ). Further, without loss in generality, take X, Y, the X,’s, and Y.,’s all to be non-negative.
By Corollary 5. 2 4, X, — X and Y, — Y in Ll(,u,R) and so, smce (b2 —a2)? < |b— a| for any
a, b € [0,00), X2 — X2 and Y,, — Y2 in L2(u;R). Hence, XQY2 — X2Y7 in L*(;R), and
therefore L
(P,Q)7, = B [X3V] — B X3Y3) = (P,Q)F
(iii) Simply take p = P and note that (P, Q)r, = EF[vX,].



(iv) Set
. d’)/b,a-Q a2-bp2  (b—s)z

= =€ 202 ¢ o2
d’ya,az

ho,ab(1)
Then, for any p € (0, 00),

p(b—a)z p(p—1)(b—a)?

(b=a)?
/hg,a,b Wag> = /hg,a,b(x +a) 70,02 (dx) = ep 27" /e 7 70,07 (dz) =e 202

NowsetQ:RN,fn:U({w:meF}:OSmgn&FEBR},}":\/Zﬁrofn,P:
HZO:() Yan,02> and Q = Hzo:o Vor,o2- Then Xn(w) = %(W) = Hnmzo hUerza'rrnyb'rrL(wm)’ and so
2 2
EF[XP] = exp (@ > o M) Hence, >, Cm=am)” _ o0 — lim,_,. EF[V/X,] — 0

U'"L UTYL

2
and Y °_, (bm;iza’") < o0 = sup,5q EF[X?2] < co. In the first case Q L P and in the second Q < P.
Reversing the roles of the a,’s and b,,’s, one sees that, in the second case P < Q as well.



