Solution Set # 4

3.1.9
(i): Just follow the outline.

(ii): The fact that f(—x) = f(z) is a consequence of the general fact that if A is a bounded operator
on a complex Hilbert space H and if ({, A{)y € R for all £ € H, then A is Hermitian (i.e., A = A*).
To prove this, note that

> ((E+m), AE+m),; — (€A — (0, An)g = (&, An)u + (0, A u,

and therefore that

0=3m((&, A + (0, A m) = (& A — (An, ) + (0, A — (A&, n)m
Applying this with ¢ replaced by v/—1¢, one also has

& Anm + (A, u — (0, A u — (A&, m)m = 0.

Adding these gives f ,An) g = (A&, n) g, which says that A is Hermitian. Now apply this to H = C?

and A = ( L (@ )
—x)
To see that |f(x)| < 1, note that since (f(i@ f(f)) is a non-negative, Hermitian matrix, its

determinant is non-negative.

(iii) and (iv): There is nothing to do in (iii). As for (iv), note that, as non-negative definite function
that is 1 at the origin, f = ji for some p € My (RY) if it is continuous, in which case, by Lemma 2.3.3
says that pu, = p. Conversely, if u,, = p, then f = i and is therefore continuous.

(3.1.11) To see that f is non-negative definite, let {h1,...,h,} C H be given, and choose an orthonor-
mal set {ey,...,e,} € H whose span L contains {hq,...,h,}. Next, define g(§) = f (Z?Zl 5]-6]-) for

E=(&,...,&,) €R™. Then g(§) = e~ 3lEl” = %’Z(é‘), and therefore g is non-negative definite. Because
f(h) = g(&) when h € L and £ = ((h,e1)q,--.,(h,en)n), it follows that ((f(h; — hh)))1<i,j<n is a
non-negative definite matrix.

To complete the program, choose an orthonormal sequence {e,, : n > 1} in H. By the preceding, we
know that, for each n > 1, ¢ is the distribution under p of h € H — ((h, e ), -, (h, en)H) € R"™.

Thus n
/ e—HhH% ,LL(dh) — lim e—%IE\Z 7&1(d€) = lim (/ 6_52 70)1(d§)> = 0.
H * R

n—o0 [pn n—

3.1.12

(i) Let A be the matrix in the hint and & the vector in R™ all of whose components equal 1. Then
(& A =n+23 0 cpcpen f((l=k)R) <n—n(n—1)a<0.

(ii) Suppose that p has an atom, and set 8 = p* i, where i(T') = pu(—T"). Then S is symmetric and
has an atom at 0. In addition, 5(€) = |(€)|?, and so S(€) — 0 as |¢| — oo if and only if ji(€) does.
Now set p = B({0}) and v = £=%. Then p € (0,1], v is symmetric, and B(¢) = p+ g0(€). If p = 1,
then it is clear that 3(¢) = 1. If p € (0,1) and B(€) — 0, then D(£) +— —£ <0, which contradicts

(i)



(iii) For any p € (0,1), i,(&) = [~ (pe\/jlziﬂf + q), and therefore p1,(2™7) = pp,(m) for all
m € Z*. Furthermore, peV~1 4 ¢ # 0 and for any v € R, and

|pe\/jl27"§ +q—1/<27"¢ for £ eR.

Hence, fi, never vanishes. Finally, i(m) = (¢ — p) [[2, (pe\gzw7T +q) = (¢ — p)iip (§). Thus, if
p # q, pp(€) cannot tend to 0 at infinity.

(3.2.23) Let f: CN x RY — C be a Borel measurable function with the properties that it bounded
on compacts and f(-,x) is analytic for each x € RY. If M € 9My(RY), then, for each n > 2,
&~ F,(¢ = fi<|x\<n f(€,x) M(dx) is an analytic function on CV. To see this, simply check that
derivatives of F,: are given by the integrals of the corresponding derivatives of f and therefore that F),
satisfies the Cauchy-Riemann equations. Next, assume that sup ¢ < [f(&, -)| is M-integrable of each
R >0, and set F(€) = [ f(&,x) M(dx). Then F,, — F uniformly on compacts, and therefore F' is
analytic on CV.

Without loss in generality, take n = lm. Applying the preceding to

£ F(E) = /RN (&= T1mEXN 1 — 1 (%) (€, X)) M (dx)

= / / (e(gax)RN_l_(gax)RN) M(dx> _|_ / (e(E,X)RN—l _ 1) M(dx)’
RN J|x|<1 |x|>1

we see that F is analytic on CV. Hence, since £,(—v/—1€) = (£, m)pny + %(E,Cf)RN + F(&) when
£ is pure imaginary, it follows that (&, m)gv + %(ﬁ, Cé)RN + F(&) is the necessarily unique analytic
extension of & ~ £, (—/—1¢) to CV.

Because jt = Ym,c * v, where 7(€) = exp(F(v/—1€) and, at the same time,

/ &N i, o(dx) = M N TRECON for all £ € CV,
RN

all that remains is to show that

/ sup |e(§’x)RN |v(dx) < oo forall R >0,
RN [¢I<R

and obviously this reduces to checking that fRN e(&X)an v(dx) < oo for each € € RV. To this end, set
M, (dx) = 1(y ) (|x[)M(dx) and m, = x M(dx). Then v, = 0_m, xIp, = pasr (0,
and therefore

fT<|x|§1

/ e&X 1 (dx) < sup / e&X)w  (dx) for all £ € RY.
RN RN

re(0,1]
Finally,
/e(g,x)RN Iy (dx) = o~ M (RY) Z/ e&X)pn M*™(dx) = exp (/ (e(ﬁ,x) — 1) Mr(dx)> ,
n=0"RY RY
and so

/e(ﬁ,X)RN ]/r(dx) = exp (/le>74 (B(E’X)RN —-1- 1m(x)(£7X)RN) M(dX)) ’

which is bounded independent of r € (0,1] and £ in bounded subsets of RY.



(3.2.25)

(i) Since 0y, * Tasr ((—00,0)) = marr ((—00, =my)) < marr ((—00,0)) and 6y, * T = g, it
suffices to show that - ((—00,0)) = 0. But

T ((—O0,0)) — e M'(R) i (Mr)m((_oovo))

n=0

n! ’

and it easy to see that M"((—o0,0)) = 0 implies that (M")*"((—00,0)) = 0 for all n > 0.
(ii) Because

o2 % ((—00,0)) = / v(—00, —4))Yo0.02 (dy)

R

and I/(—OO, —y)) > 0 for sufficiently negative y’s, it is clear that vy ,2 % 1/((—00,0)) > 0 for all
veM;(R) and o > 0.

(iii) Because p = p™ and

vy * 1/2((700, O)) > / 21 ((foo, fy)) va(dy) > 11y ((foo, 0))V2((*OO, 0))

(_0070)

for all v1, vo € My(R), u((—00,0)) > p1 ((—00,0))". Thus, by Theorem 3.2.22,

/ch(y) M, (dy) = lim n/ﬂ{w(y)u;(dy) =0

n— oo
for any ¢ € (R;C) which is compactly supported in (—o00,0), and from this it is clear that
MM((—oo, O)) = 0. Moreover, for any ¢ € .#(R; R) which is compactly supported in (0, c0) and satisfies
0 < ¢(0) < no(y) for y > 0, another application of Theorem 3.2.22 shows that m}° > [, (y) M (dy),

from which it follows that mj> > Jrmo(y)y M(dy) and therefore both that mj> > 0 and that
M € 9 (R). Finally, one can now use Exercise 3.2.24 to also conclude that m, > 0.

(iv) Let p be the distribution of |X|, and suppose that p € Z(R). Clearly p((—00,0)) = 0, and
therefore, by the preceding, we would know that u = §,, xwps, where m > 0 and 7, is the generalized
Poisson measure for some M € 9 (R) which is supported on [0, 00). Given r > 1, define M" as in (i)
and set M, = M — M". Then p = (6 *x Tas,) * Tasr, and so

u(ir,00)) = /[ e =m0 man () = a1, )

— 1 — e~ M([r,00)) > M([r, OO))G—M([LOO))’

r2

and therefore M ([r,00)) < eM([1:2))([r,00)) < Ce™ T, where C' = 2eM([1:°). Thus, M satisfies the
condition in Exercise 3.2.23, and therefore

2
2T > / e pu(dy) = exp
R

m eﬁy_
em+ /(Om)( 1)M<dy>]

for all £ > 0, which is possible only if M = 0. But if M =0, then u = d,,,, which it certainly cannot.



(3.2.26) Only (ii) needs comment. To deal with (ii), note that

0,,(€) =tlim M = lim ¢ lim 1 / (eﬁ&c _ 1)efxx8 dﬁ — / (eﬁiz _ 1)84@
$N\0 s N0 s\0 sT'(s) Sy x 0

since sI'(s) =I'(s +1) — 1 and s \, 0.

(3.3.13) Let ; be the measure on the righthand side. Then

—
o
2

Bi(§) = Goi(€) v (dr) = v (|€%) = e7HIEl",

[0,00)

(3.3.14)

(i) Since

V-1éT o _ OO V-1 o _ o é‘a
/Oooe h (T)dT—/O e Vt(d’T)—eXp< t<\/j1>> for ¢ eR

and both sides extend continuously to the open upper half of the complex plain as analytic functions,
it follows that their extensions are equal. In particular, this shows that the Laplace transform of
he is e~ " At the same time, a simple change of variables show that the Laplace transform of
T~ tahy (875 7) is also equal to e~ and therefore, h$(7) =t~ & h®(t~a 7).

(ii) Follow the hint.



