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Solution Set #2

(1.3.17) Because

Mν(ξ) =

∫
eξ

x−m
σ µ(dx) = e−ξ

m
σ Mµ

(
ξ
σ

)
,

Λν(ξ) = − ξmσ + Λµ

(
ξ
σ

)
. Therefore Λµ(ξ) = ξm+ Λν(σξ), Image(Λ′µ) = m+ σImage(Λ′), and

Iµ(x) = sup
ξ

(
ξ(x−m)− Λν(σξ)

)
= sup

ξ

(
ξ(x−m)

σ
− Λν(ξ)

)
= Iν

(
x−m
σ

)
.

Finally, if x ∈ Image(Λ′µ),

Iµ(x) = ξ ⇐⇒ Λ′µ(ξ) = x ⇐⇒ m+σΛν(σξ) = x ⇐⇒ Λν(σξ) =
x−m
σ

⇐⇒ σ−1Iν

(
x−m
σ

)
= ξ,

and therefore Iµ(x) = σ−1Iν
(
x−m
σ

)
.

(1.3.18)

(i) Since Λµ ≤ Λν , ξx− Λν(ξ) ≤ ξx− Λµ(ξ) and therefore Iν(x) ≤ Iµ(x).

(ii) By Exercise 1.3.17, it suffices to handle the case when m = 0 and σ = 1. If µ is the Gaussian

measure with mean 0 and variance 1, then Mµ(ξ) = e
ξ2

2 and therefore Iµ(x) = supξ

(
ξx− x2

2

)
= x2

2 .

If µ({a}) = p ∈ (0, 1) and µ({b}) = q ≡ 1− p, then Mµ(ξ) = peξa + qeξb. If x ∈ (a, b), then

Iµ(x) = − log
Mµ(ξ)

eξx
where M ′µ(ξ) = xMµ(ξ).

Since

M ′µ(ξ) = xMµ(ξ) ⇐⇒ paeξa + qbeξb = pxeξa + qxeξb ⇐⇒ eξ =

(
p(x− a)

q(b− x)

) 1
b−a

,

Mµ(ξ)

eξx
= p

(
p(x− a)

q(b− x)

) a−x
b−a

+ q

(
p(x− a)

q(b− x)

) b−x
b−a

= p
b−x
b−a q

x−a
b−a

[(
b− x
x− a

) x−a
b−a

+

(
x− a
b− x

) b−x
b−a
]

=

(
q(b− a)

x− a

) x−a
b−a

(
p(b− a)

b− x

) b−x
b−a

,

and so

Iµ(x) =
x− a
b− a

log
x− a
q(b− a)

+
b− x
b− a

log
b− x
p(b− a)

,

(1.3.29) Just follow the steps in the corrected version.
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(1.4.18) Recall (cf. Theorem 5.1.6 in my Essentails of Integration Theory for Analysis) that for any
Borel measure µ on [0,∞) and any non-decreasing ϕ ∈ C1

(
[0,∞); [0,∞)br) with ϕ(0) = 0,∫

ϕ(x)µ(dx) =

∫
(0,∞)

ϕ′(t)µ
(
ϕ > t

)
dt.

Next, use the Monotone Convergence Theorem to see that

P(X > t) = lim
s↘t

P(X ≥ s) = lim
s↘t

EP[Y, X ≥ s] = EP[Y, X > t
]
.

for t > 0. Hence

EP[Xp
]

= p

∫
[0,∞)

tp−1P(X > t) dt ≤ p
∫
[0,∞)

tp−2EP[Y, X > t
]
dt

=
p

p− 1
EP[Xp−1Y

]
≤ p

p− 1
EP[Xp

]1− 1
pEP[Y p] 1

p ,

where the last inequality is Hölder’s. If EP[Xp] < ∞, this completes the proof. In general, let
R ∈ (0,∞) and replace X by X ∧ R. Since P(X ∧ R ≥ t) ≤ EP[Y, X ∧ R ≥ t

]
, the Monotone

Convergence Theorem plus the preceding shows that

EP[Xp
] 1
p = lim

R↗∞
EP[(X ∧R)p

] 1
p ≤ p

p− 1
EP[Y p] 1

p .

(1.4.23) For any c ∈ R,

EP[X − c, X ≥ c] =

∫
(0,∞)

P(X − c > t) dt =

∫
(c,∞)

P(X > t) dt =

∫
(c,∞)

P(X ≥ t) dt,

since P(X > t) = P(X ≥ t) for Lebesgue a.e. t ∈ R. Similarly,

EP[c−X, X ≤ c] =

∫
(−∞,c)

P(X ≤ t) dt = .

Thus,

EP[|X − c|] =

∫
(c,∞)

P(X ≥ t) dt+

∫
(−∞c)

P(X ≤ t) dt.

Now suppose that a < b. Then

EP[|X − b|]− EP[|X − a|] =

∫
[a,b)

P(X ≤ t) dt−
∫
(a,b]

P(X ≥ t) dt =

∫ b

a

[
P(X ≤ t)− P(X ≥ t)

]
dt,

where final integral is a Riemann integral. By reversing the roles of a and b, one sees that

EP[|X − b|]− EP[|X − a|] =

∫ b

a

[
P(X ≤ t)− P(X ≥ t)

]
dt

for all a, b ∈ R. Finally, if α ∈ med(X) and c ≥ α, then P(X ≤ t) ≥ 1
2 ≤ P(X ≥ t) for t ∈ [α, c],

and so EP[|X − c|] ≥ EP[|X − α|]. Similarly, if c < α, then the same inequality holds, and therefore
EP[|X − α|] ≤ EP[|X − c|] for all c ∈ R. Conversely, if EP[|X − α|] ≤ EP[|X − c|] for all c ∈ R, then∫ c

α

P(X ≤ t) dt ≥
∫ c

α

P(X ≥ t) dt for all c > α,

Thus there exists {tn : n ≥ 1} ⊆ (α,∞) such that tn ↘ α and P(X ≤ tn) ≥ P(X ≥ tn) for all n ≥ 1,
and so

P(X ≤ α) = lim
n→∞

P(X ≤ tn) ≥ lim
n→∞

P(X ≥ tn) = P(X > α),

which implies that P(X ≤ α) ≥ 1
2 . Similarly, by considering c < α, one concludes that there exists

{tn : n ≥ 1} ⊆ (−∞, α) such that tn ↗ α and P(X ≤ tn) ≤ P(X ≥ tn) for all n ≥ 1. Hence, after
passing to the limit as n→∞, P(X < α) ≤ P(X ≥ α), and so P(X ≥ α) ≥ 1

2 .
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(1.4.25) For each n ≥ 1, set An = {|Sn| ≥ 2t and |Sm| < 2t for 1 ≤ m < n}. Then the An’s
are mutually disjoint and {max1≤m≤n |Sm| ≥ 2t} =

⋃n
m=1Am. In addition, for 1 ≤ m ≤ n, Am is

independent of Sn − Sm, {|Sn| ≥ t} ⊇ Am ∩ {|Sn − Sm| ≤ t}, and therefore(
1− max

1≤m≤n
P
(
|Sn − Sm| > t

))
P
(

max
1≤m≤n

|Sm| ≥ 2t

)
= min

1≤m≤n
P
(
|Sn − Sm| ≤ t

) ∑
m=1

P(Am)

≤
n∑

m=1

P
(
Am ∩ {|Sn − Sm| ≤ t

)
≤ P(|Sn| ≥ t).

(1.4.27)
(i) Only the initial estimate needs comment. To prove it, note that, for any t ≥ 0,

P(Y ≥ t) ≥ P(X ≥ t+ α & X ′ ≤ α) ≥ 1
2P(X ≥ t+ α)

and
P(Y ≤ −t) ≥ P(X ≤ −t+ α & X ′ ≥ α) ≥ 1

2P(X ≥ −t+ α).

(1.4.28) Just follow the steps given.


