CENTRAL L-VALUES AND TORIC PERIODS FOR GL(2)

KIMBALL MARTIN AND DAVID WHITEHOUSE

ABSTRACT. Let 7 be a cusp form on GL(2) over a number field F and let E
be a quadratic extension of F'. Denote by mg the base change of m to E and
by © a unitary character of AE/E>< . We use the relative trace formula to give
an explicit formula for L(1/2, 7 ® Q) in terms of period integrals of Gross-
Prasad test vectors. We give an application of this formula to equidistribution
of geodesics on a hyperbolic 3-fold.
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1. INTRODUCTION

Let us begin by recalling relevant results on central L-values for GL(2). Let F'
be a number field and fix a quadratic extension E/F. Denote the norm map from
E to F by Ng,p and the adeles of a number field K by A . We will take m to be
a cuspidal automorphic representation of GL(2, Ar) whose central character w; is
trivial on NE/FA]XE. That is, either w; = 1 or wy = ng/F, the quadratic character
attached to E/F. Now take a unitary character
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such that Q| A = W Assume that the ramification of 7 and 2 are disjoint. We will
be interested in a formula for the central L-value of the automorphic representation
e @ Q of GL(2, Ag). For GL(2) L-values, typically one wants a formula in terms
of either period integrals or Fourier coefficients, as these are easier to compute. In
this paper, we will establish a formula in terms of period integrals. For a formula
for L(1/2,) in terms of Fourier coefficients when w, = 1 and F' is totally real, see
[Wal81], [BM].
Let D be a quaternion algebra defined over F' such that
(1) E— D, and
(2) 7 transfers, in the sense of Jacquet-Langlands, to a representation 72 of
D*(Ap).

Given such a quaternion algebra, D we define period integrals
PP = [ e d
EXAF\AL

for ¢ € mP. We note the integral makes sense because of the compatibility between
 and w,. Waldspurger [Wal85] and Jacquet [Jac87] proved that L(1/2, 1g®8) =0
if and only if PP () = 0 for all D and ¢ € 7P as above.
Note that the function
¢ — PP(p)

is an element of Hom 4 (7P,9). Tt is known that
dimcg Hom 5 x (#P,0) <1,
and moreover it is clear that it is non-zero if and only if
Hom ; x (m2.Q,) #0

for all places v of F.

The L-function L(s,7g ® ) is symmetric and when the sign in the functional
equation is —1 the period integrals are forced to vanish for local reasons, namely
the fact that

Hom ; x (7P, Q,) =0
for some place v of F.

Let us assume from now on that the sign in the functional equation is +1. In

this case there is a unique quaternion algebra D/F such that

Hom ;;x (7P, Q,) #0

for all places v of F. The algebra D can be characterized by local e-factors, see
[GP91, Proposition 1.1]. Let us fix this D.
In [Wal85], assuming w, = 1, Waldspurger proved that for any ¢ € w2,

1 [PP(¢)?
L(1/2,m ® Q) = 77 rv[a,mE, PO
where the a, (E, ¢, Q)’s (almost all 1) are local constants defined in terms of certain
integrals. It is convenient to write the formula in terms of | PP (¢)|?/(¢, ) because
this quantity is invariant under scaling. There are two points we wish to emphasize
about Waldspurger’s work. First, Waldspurger uses the theta correspondence to
establish his result. Second, the constants «,(E,, 1) are not as explicit as one
would like for applications. In fact, it is not even clear from Waldspurger’s formula
2
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that L(1/2, 7g®€) > 0. (This is predicted by the Generalized Riemann Hypothesis.
It is immediate from our formula below, and was proven by Guo [Guo96] and
Jacquet-Chen [JCO1] using the relative trace formula.)

It seems likely that in order to get the most explicit formula possible, one needs
to choose a specific vector ¢ € 7. In the case that the ramification of = and
) are disjoint, the work of Gross and Prasad [GP91] provides a nice test vector

¢ € 7P such that £(p) # 0 for any non-zero £ € HomA}xa (7P,€). Thus the result

of Waldspurger and Jacquet can be rephrased as L(1/2,7p ® Q) = 0 if and only
if PP(p) = 0 with ¢ equal to the Gross-Prasad test vector. We also remark that
a formula in terms of the Gross-Prasad test vector is particularly well suited for
certain applications ([Vat04]).

Subsequent to Waldspurger’s work, there has been considerable work devoted to
obtaining an explicit formula for L(1/2,7r ® Q) in terms of PP () for a specific
choice of ¢ € 7. We mention four results. First, in [Gro87] Gross obtained a for-
mula for L(1/2,7g ®Q) in terms of the Gross-Prasad test vector when F' = Q, E is
an imaginary quadratic field, 7 is holomorphic of weight 2 and inert prime level and
2 is unramified. Then in [Zha01], Zhang generalized Gross’s formula to F totally
real, E/F imaginary quadratic, = holomorphic of parallel weight 2 and arbitrary
level N, and Q unramified above N and where E/F is ramified. However, the test
vector ¢ that Zhang must choose is not necessarily the Gross-Prasad test vector;
it is locally away from the places of F' which ramify in E. Xue [Xue06] generalized
Zhang’s result to m holomorphic of arbitrary even weight, again with ramification
conditions. (Again, his test vector is not the one given by Gross-Prasad.) For
real quadratic extensions, Popa [Pop06] obtained a formula for L(1/2, 7 ® Q) in
terms of the Gross-Prasad test vector when F' = Q, E is a real quadratic field,
7w has even weight with squarefree level prime to the discriminant of F, and 2 is
unramified. These results are all established using the theta correspondence and
the Rankin-Selberg method.

Jacquet developed another method to study period integrals and L-values, known
as the relative trace formula. In this paper, we continue the work of [Jac86],
[Jac87], [Guo96] and [JCO1] to prove an explicit version of Waldspurger’s formula
for L(1/2, 75 ®Q), in the generality given in the first paragraph, in terms of PP (y)
when ¢ € 7 is the Gross-Prasad test vector. We would like to point out that the
relative trace formula, while perhaps having greater analytic difficulties, is a much
more general method for studying L-values and periods than the theta correspon-
dence (see, for example, [LO06] for exact formulae for period integrals over unitary
groups). Even for GL(2), the formula we have obtained is much more general than
the explicit results obtained to date via the theta correspondence. For instance, F'
need not be totally real and w, need not be trivial.

Let us briefly outline our method. We define G = D* and ¢ = 7. For
f € C*(G(AF)), consider the distribution

fe g =% / (o (N))(H)Q(t) dt / P(O0t)1 di

where the sum is taken over an orthonormal basis {¢} of o and the integrals are

taken over EXAX\AX. By local considerations it is known that the distribution

factors into a product of local ones, however this factorization is not unique. The
3



work of Jacquet and Chen [JC01, Theorem 2] uses the relative trace formula to give
a canonical decomposition of this distribution.

Let f € C°(G(AF)) be of the form f =[], g, foo f50 with f5 the unit in the
Hecke algebra of G away from Sy. Then Jacquet and Chen prove that

) L L5(1/2,75 ® Q
Jg(f) = % HS' ngo (fvo) HS' (5(1’7%0’%0)2[/(0,771)0)) 50(1;220(157_(/’ A;T)E Y ),
Vo ESo VoS50

vo inert

where S denotes the places of F' and So, n = ng,r, and the jg,ua ’s are certain local
distributions defined in Sections 2 and 3. To obtain our formula, we choose test
functions f,, such that
Jo(f) =[PP (o)

where ¢ is the Gross-Prasad test vector. We then compute the local distributions
which gives a formula for L(1/2, 75 ® ) in terms of PP () and L(1, 7, Ad) (The-
orem 4.1). Now L(1,7, Ad) is essentially (¢, @) where @, is a newvector for .
Since one may prefer a formula in terms of (¢, p,) for certain applications, we
also rewrite our formula for L(1/2,7g ® ) in terms of (¢, ¢x) (Theorem 4.2).
The precise statement of these formulas in given in Section 4. We have attempted
to make that section self-contained for the convenience of the reader. In Sections 2
and 3, we work out the necessary local calculations.

There are several applications of these Waldspurger-type formulas. In Section
5 we use Theorem 4.1 to obtain results about equidistribution of geodesics on a
hyperbolic 3-fold. Brooke Feigon together with the second author also used this
formula to study average L-values [FW]. For more arithmetic applications of such
formulas, see for example [BD96], [Vat02] and [Pop06].

Acknowledgements. We would like to thank Dinakar Ramakrishnan and Hervé
Jacquet for suggestions which led to this project, and their encouragement through-
out. We are grateful to Akshay Venkatesh for his interest, particularly his sugges-
tions regarding equidistribution. We also thank Erez Lapid for useful conversations
about central-value formulas. The first author was supported in part by NSF grant
DMS-0402698. The second author was supported in part by NSF grant DMS-
0111298 and also wishes to thank L’Institut des Hautes Etudes Scientifiques and
the Institute for Advanced Study for supporting him throughout this project.

2. NON-ARCHIMEDEAN CALCULATIONS

We fix F', a non-archimedean local field of characteristic zero. We let O denote
the ring of integers in F' and let pr denote the prime ideal of Op.

2.1. Split case. We fix an additive character ¥ of F' of conductor n(y), i.e. ¥ is
trivial on p;n(w) but is non-trivial on p;n(w)fl. We take the Haar measure on F

which is self-dual with respect to 1) and take the measure
d
e = L(1,1p) ——
|z|p
on F*. We note that
vol(OF, dz) = vol(Ur,d*x) = q_w.

We fix a unitary character Q of F'* of conductor p;i(m.
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Suppose now that 7 is an irreducible generic unitary representation of GL(2, F')
with trivial central character. We consider the Whittaker model W(w, ) of m with
respect to the character 1. We take the inner product on W(mw, ) given by

(Wl,WQ):/FX W, (“ 1) W, (“ 1) d*a.

Ko(n) = {(Z Z) € GL(2,0p) : c € p;z}.

Let n(m) be the conductor of m, i.e., the minimal n such that 7 has a Ky(n)-fixed
vector. Then the space 7%0("(™) is one-dimensional and any non-zero vector in this
space is called a newvector.

Let W, denote the newvector in W(r, ) normalized so that W, (diag(cw="(¥) 1)) =
vol(Up)~! and hence such that

Let

Z(s, m(diag(w ™) 1))W,) = L(s, w),

where Z(s, W) denotes the local zeta integral of W € W(m, ). For future use we
record the following lemma. The proof is straightforward using the fact that one

may compute the values of W on the diagonal torus via the relation with L(s, )
(cf. [God70], [Pop]).

Lemma 2.1. If 7 is unramified, then

1 L(la T, Ad)L(L 1F)

(VVW7 Wﬂ) = VOI(UF)
If n(m) =1, then 7 is special and

=vol(Up) 'L(1, 7, Ad).

(W, W) = vol(Up)™* T

If n(m) > 1, then
(W, W) = vol(Up) ™.

Given f € C°(GL(2, F)) we define

wn=% [ e (* ) @ [ w( ) amma

with the sum being taken over an orthonormal basis {W} of W(r, ).

We now compute J(f) for certain choices of test function f depending on the
ramification of (2.

2.1.1. Q unramified. The following result is well known.
Lemma 2.2. If f is the characteristic function of Ko(n(w)) divided by its volume,

S L(1/2,m @ Q)L(1/2, 7 2 Q1)
(Wa, W) '

Jx(f) = vol(Up)



2.1.2. Q ramified. Let

1 o)
h= ( ; ) .
Then the newvector with respect to hKq(n(w))h=1 is W’ = w(h)W_.

Lemma 2.3. If f is the characteristic function of hKo(n(w))h™! divided by its
volume, then

2

In particular, if ™ is unramified,
(1/2, 7@ Q)L(1/2,7 @ Q1)
(W, W) '

o[t )i )

Hence we have, for s with $ts > 0,

. L
Jx(f) = vol(Up)2q "V L(1,15)?

Proof. Note that

Z(S,W’,Q) = . (aw—n(ﬂ))WW (CL 1) Q_l(a>|a|3_% I a

=Y W (w 1) Wﬂ\&*%/ Ylaw "N (a) d¥a.
m=—oo |a‘|:(17WL

We note that the integral is non-vanishing unless —m = n(¢) in which case it has
absolute value

n(Q)
2 .

= vol(Up)g

/ » Y(aw N0 (a) d*a
a|=q"

O

2.2. Non-split case. We now take E/F to be a quadratic extension of F. Let
1 denote the quadratic character of F'* associated to F, and let D denote the
quaternion division algebra over F. We fix embeddings of E* into GL(2, F') and
D*.

Let 7 be an irreducible generic unitary representation of GL(2, F) with w, €
{1,n}. When it exists, denote by 7p the Jacquet-Langlands transfer of m to D*.
We fix inner products on 7 and 7p.

Fix a unitary character 2 : EX — C* such that Q|px = w,. We consider the
subspaces

Vim)={ver:n({t)v=Q@{)v forall t € E*},
and
V(rp)={venp :mp(t)v = Qt)v for all t € E*},
of # and 7p respectively. We know that precisely one of V(x) and V(mp) is
isomorphic to C and the other is zero. We denote by 7’ the representation such
that V(7') # 0 and we fix a non-zero unit vector e/» € V(7). Let G be the group
of which 7’ is a representation.
Suppose now that f € C°(G(F)) and define the distribution

7(f) = /G 10 ) do.

6



We wish to compute J,(f) for a suitable test function. We do this on a case by
case basis according to the table below.

™ E/F Q
ramified arbitrary | unramified
unramified | unramified | unramified
unramified | unramified | ramified
unramified | ramified | unramified
unramified | ramified ramified

2.2.1. 7 ramified. We denote by R, () an order of reduced discriminant p;(ﬂ
taining Og. It is well defined up to conjugation by E*. We now take f to be the
characteristic function of the subgroup be( ) of G(F) divided by its volume. We

s

X ~
note that in this case we have e/ € (7/)" = and hence J,(f) = 1.

2.2.2. w unramified. We now fix a uniformizer w in F. We fix 7 € Op such that
Op = Op[r]. In the case that E/F is ramified, we further assume that 7 in a
uniformizer in E. We take

a+bTH<a+bTrT bNT>.
—b a
for the embedding of F — GL(2, F), where Tr and N denote the trace and norm

maps. Denote by n = n(2) the smallest integer such that € is trivial on (Op +

wnOE)X
w" N1
()
Then for o« = a + br we have

Let
1, f(a+bdbTr7 bw™"
h=ah = (—bw" Nt a ’

and hence h~'ah € My(OF) if and only if a € O and b € @"OF, which is if and
only if @ € Op + @"Og. Thus R = hMy(Or)h~! is a maximal order in My (OF)
optimally containing Op + w"Og.

We now assume that 7 is a unitarizable unramified representation of GL(2, F)
with w, € {1,n} as before. We take the Kirillov model for 7 with respect to an
unramified additive character 1) and we denote by vy the newvector in 7 normalized
by the requirement that vo(e) = 1. We take the inner product on 7 to be given by

(v1,v2) = /Fx vi(z)va(z) d*z,

where the Haar measure on F* is normalized to give Ur volume one. By Lemma
2.1 (and a similar argument when w, = ), we have

L(1, 7, Ad)L(1,15)

7

(vo, o) =



We note that the set of maximal orders in Ms(F') optimally containing Op +
w"OFf is permuted simply transitively by E*/F*(Op + w"Og)*. We set v =
m(h)vg and

et = Z Qo) ' (a)v.
a€EX /FX(Op+wnOg)X

We let f denote the characteristic function of R* divided by its volume. Then
el is a non-zero vector such that 7(a)ef = Q(a)e/f for all « € E* and we have

~ 1 1 1"
vol(R*) Jpx (e, el

Clearly we have
(er,er) = #(E* /F*(OF + @"Op)™ ){er, v),

e 1 (v, ) e v)
" " — b Y
vol(RX) /Rx (r(g)er. er) dg (vv) 7
Hence .
AGE )
" #EX/FX(OF+W7LOE)X<UO7’UQ>.
We also have
(v,elf) = Z Qo) Hr(h™ ah)vg, vo)
a€EEX [FX(Op4+w"Og)*
= > vo(=™) > Qa)7? / (m(h~rah)vo) (uw™) du.
m=0 a€EX /FX(Op+wnOg)X Ur
Note that
2¢"™, if E/F is ramified;
#E*JF*(Op +@"0p)* =< 1, if E/F is unramified and n = 0;

q"(1+q~ 1Y), if E/F is unramified and n > 0.

We recall that for v € m we have
(77 <3 Z) v> (&) = ¥ (ba/d)v(az/d).

Suppose we now take o = a + br € E*. Then we have

1, fa+bTrT bw™"
f ah_(—bw"NT a )’

Hence, when |a| < |bw™ N 7|,

R (s )

and when |[bw™ N 7| < |al,

-1 —-n
1, (o "N(o) bw 1 0
hah = ( 0 a —a b N(r) 1)°

Thus, when |a| < |bww" N 7|,

(aerTr(T)):c)vO(( N(a)z )

(r(h o) (o) = (2D = NP
8



and when |[bw™ N 7| < |a|,

(r(h"ah)vo)(x) = ¥ ( b ) v (Ng)ﬂf) .

atwo™

We define /
1, if E/F is unramified;
e(B/F) = { 2, if E/F is ramified.
Lemma 2.4. With f as above we have
~ 1 L(1/2,7TE®Q)L(27 1F)

Te) = CBm T L, m AD L, )
if Q is unramified and
@ L(1/2,m5 © Q)L(2, 11)
J=(f) = e(E/F)L(l’”)Q L(l,m, Ad)L(1,n)

if Q is ramified.

We prove this lemma in the subsequent subsections according to the ramification
of E/F and Q.

2.2.3. E/F unramified and Q unramified. In this case we clearly have J(f) = 1

and
L(1/2,75 @ Q)L(2,1p)

L(1,7,Ad)L(1,n)

2.2.4. E/F unramified and Q ramified. Suppose now that F/F is unramified and
n > 0. Then we have 7 € Ug and

EX/F*(Op +@"Op)* ={14br: b€ Op/w"Op}ll{a+7:a € wOpr/w"OF}.
Thus for a = a + br € Ug with vp(a) < n we have
(m(hYah)vo)(z) = ¥(a™tbw "x)vg(a™2x).
Suppose now we fix m > 0. We wish to compute
> Qa)! / (m(h~ ah)vy) (uw™) du.
QEEX [FX(Op+wmnOp)x Ur
We see that this sum is equal to f1(m) + fa(m) + fs(m), where

film) = Z Q1+ b7) Lo (™) Y(ubw™ ") du,

bEOR /pn Ur
fa(m) = Z Qa+ 7)o ?w™) Y(ua™lw™ ") du,
a€pr/pp,a#0 Ur
and
f3(m) = Q1) oo(@™ ") [ (um™ ") du.
Ur
For future use we record the following.
Lemma 2.5.
0, if k< —1;
/ P(@hu) du= < —Ly, ifk=-1;
Ur 1, if k> 0.



Lemma 2.6.

S Q4 = { (;Q(T)’ A

ifn>1.
bEOF/]J},i f
For 0 < k <n,

3 Q(1+br)‘1:{0’ Wk <n;

1, ifk=n.
e /Pl
Proof. Tt suffices to observe that
Z QU +br) =~ Z Qa + 1),
bEOR [P} acpr/pp

that {a +br:ae€Up,be p%} is a subgroup of Ug for k£ > 0, and that 2 is trivial
ison Up. O

Applying this lemma gives the following formulae for f;(m).
Lemma 2.7. We have

1,%71 +Q(T)qf%v ifn=1;
ifn>1;

and ( )
| —ve(@™)UT), ifn=1;
fl(m){ 0,O ifn>1.

when m > 0. Also,

1 = { Gy, S om
Ifn =1, then f3(m) =0 for all m; otherwise, if n > 1 and m > 0, then
0, ifm < 2n—2;
f(m) =4 Q)L fm—an_ 2

—Q(T)vg(w™™F2) ifm > 2n — 2.

Thus we see that (v,e’) is equal to the sum of

Q(Vd) !

T mww(w%l)m7
and
AV Y (wnle )o@ oo(@™) — wa(@" (@™ 2 ug(w 1))
m=2n

Let {f1, B2} denote the Satake parameters of 7. We have (2 = w,(w)B; * and
" 71”ﬂ+1 _ ﬁ;ﬂ+1
B — B2

for m > 0. Moreover, since 7 is unitary we have

vo(w™) =¢q 2

W) = wn ()"

vo(ww™).
Thus
wr (@™ 0o (@™ 2 Jvg (@) — wr (@™ vg (@™ v (1)
10



is equal to
—(m—n wﬂ'(wn) —2n —2n —2n —2n
—q~ >m(ﬁlﬁ22 T B By — By PR )
which equals
7q7m+2n71wﬂ'(w7n+1)vo(w2n72).

So we see that

3 (ww(w")vo(wm_%)vo(wm) - ww(w”—l)uo(wm—%ﬂ)vo(wm)’) —
m=2n
_ 1 (w n+1)v (w2n—2)
g—17" '
Hence
_ _ 1
(0.6 = 32 0) ™ ahoos ) = = =,
and we may conclude that
~ 1 1 L(2,1F)

Jn(f) = 1= g lq"(1+q Y L(L,x Ad)L(L, 1)

_ -n Ly L(1/2,m5 @ Q)L(2,1F)
= L) T

2.2.5. E/F ramified. We now assume that FE/F is ramified. In this case a set of
representatives for E* /F*(Op +w"Og)* is

{1+br:0€O0p/phtU{aw+T1:a€ Op/pi}.
For @ = 1 + br in the first set with vp(b) < n we have
(m(h~rah)vo)(z) = ¥ (bow"z)vo(x),
and for o = aw + 7 in the second set with vp(a) < n we have
(m(htah)ve)(z) = Y(a o " a)vo(wa2x).
We wish to compute, for m > 0,
> Qa)! / (m(h~ ah)vo) (uw™) du.
Q€EEX /FX (Op+wnOg)* Ur
The contribution from the first set of representatives is
fi(m) = Z Q1+ b7) v (™) Y(ubw™ ") du;
bEOF /p} Ur
whereas the contribution from the second set is the sum of
fa(m) = Z Qaww +7) " tog(w™ ta"?) Y(ua o™ ") du,
a€Op /p%,a£0 Ur
and

fa(m) = Q(w" ™ + 1) Lo (w™ 2 Y(uw™ ) du.
Ur

11



Lemma 2.8.
0, if0<k<n-—1;
> Ql+ar)={ —1, ifk=n—1;
a€OFr /phvr(a)=k 1, if k=mn.

The above lemma gives the following.

Lemma 2.9. We have fi(m) = vo(@w™) if n =0 and if n >0

1 .
_ T_g—1> me =0;
Fi(m) { 0, if m > 0.
If n =0, fa(m) = 0; otherwise
0, ifm<2n—1;
fa(m) = Q(T)_lq%l, ifm=2n-—1;

—Q(7) tog (@™ 2, ifm > 2n — 1.
Last,
Fo(m) = 0, m<2n+1;
3 T Q1) tog(w™m ) m > 2n+ 1.
First suppose n = 0. Then we have

[e.°]

(,ef) = Y vo(@™)vo(@™) + Q1)1 D vo(=™ Hue(@™).

m=0 m=1

We note that in this case we have Q(7) = £1. We denote by {a,a™!} the Satake
parameters of m. Then we have

m am-i—l _ a—(m—i—l)
2

b
oa—a1

and hence

Therefore

(v,ef) = (1+ Q(r)ag™*)(vo, vo) +

aq%(l —alag )(1 - a~la-1¢g=1)’

‘We recall from Lemma 2.1 that

L(1,7, Ad)L(1,1F) (1-q72)
{vo, vo) = = 2,1 2 1 “1)2°
L(2,1F) (I-a?¢ (1 —-a2¢ )1 -qg")
which yields
L(1/2,75® Q)
(v,er) = ﬁ
When n > 0 we have
1 _11)0(@2"_1)
(vep) = g + U T
> e — _—
+ Q(T)_l Z (Uo(wm—Qn)UO(wm—i-l) _ Uo(wm_Qn—H)Uo(wm)) .
m=2n

12



As in the case that E/F is unramified, one has

3 m=2ny,, (—m+1) m—=2n+1\"7—m) vo(w?" 1)
> (ol 2l — w2 ) = ~ 2,
m=2n
and hence
1 L(1/2 Q
(v, ep) = _Ll2me®)
1-— q_l 1— q_l

since L(s,m7p ® Q) = 1.
Thus in all cases one has
~ L(1/2,7m5 ® Q) L(2,1p)
Je(f) = ————
B LL(l/Q,wE ®Q)L(2,1F)
2 L(1, 7, Ad)

This concludes the proof of Lemma 2.4.

3. ARCHIMEDEAN CALCULATIONS

For F = R or C, let urep denote the Lebesgue measure. When F' = R, let

dr = ppey and d*z = L(1,1g) % IxIR = “%. When F' = C let dz = 2ure, and
d*z = L(1, 1c)| “ = 24 We fix additive characters of R and C given by

w(x) — 27rzTrp/R:v

3.1. L-factors. Let us first recall the definition of archimedean L-factors. The real
and complex gamma factors are defined, for s € C, by

Gi(s) =n 5T (%) | Ga(s) = 2(2m) T (s).
If v is a character of R*, then one can write this character as
p(x) = |l sgn™ (z)
with » € C and m € {0,1}. In this case, one defines
L(s,p) = Gi(s +1+m).

On the other hand, if u is a character of C*, then we may write p in the form
s < m
u(=) = |16 (2)
with m € %Z. Here the local L-factor is defined as
L(s, 1) = Ga(s + 7+ [ml]).

3.1.1. Principal series representations. Suppose now that 7 is an admissible repre-
sentation of GL(2, F') with F'= R or C. If 7 is in the principal series, then we can
write m = (1, uo) for a pair of characters uq and po and the standard and adjoint
local L-factors are

L(S,Tf) = L(Saul)L(‘SaN?)a

L(s,m, Ad) = L(s, prnpsy ") L(s, 1r) L(s, py ' pra).-
13



3.1.2. Discrete series representations. Suppose now that 7 lies in the discrete series
of GL(2,R) with weight k. Then 7 is of the form 7m = o(p1, p2) with pq(t) = [t
and pa(t) = [t|%2 sgn™(t) with s1 — s =k — 1 and
| 0, if kis even;
=1, if ks odd.

We denote by A the character of C* given by A(z) = 2°12%2 so that 7 corresponds
to the two-dimensional representation of Wr induced from the character A of W¢.
Then

L(S’ﬂ-) = L(S’ )‘) = GQ(S + 81)’
and
L(S,?T,Ad) = Gl(S —+ 1)G2(S =+ /{ — 1)

3.2. Whittaker functions. Suppose F' = R or C and let m be an irreducible
generic unitary representation of GLo(F'). We consider the Whittaker model W(r, ¢)
of m with respect to the character vy fixed above. We let

W(a) =W <“ 1)

for W € W(m,¢). We let K denote the standard maximal compact subgroup of
GL(2,F) and we let T denote the diagonal torus in GL(2, F'). We take the inner
product on W(m, ) to be given by

(W, Wa) = . W1 (a)Wa(a)d™ a.

We let x : F* — C* be a character of F'* which we view as a character of T' by

X (a b) = x(ab™h).

Let W be a K-type of m. Denote by WT"X the subspace of W on which TN K
acts by x~'. Then WT"X is at most one dimensional [Pop, Prop. 3]. Suppose that
W is the minimal K-type of 7 such that W7 # 0. Then, for R(s) large,

L(s,m®x) = / W(a)x(a)|a|‘}71/2dxa
0

for some W € WT'X. To see this, observe that we may reduce to the y = 1 case
by considering the representation 7'(g) = (7 ® x)(g) := 7(g)x(det g). When y =1,
this is precisely Proposition 4 of [Pop]. We denote the element W by W, ,. When
X is trivial we write W, for W ;.

3.3. Split case. Suppose ' =R or C and £ = '@ F. Let m be an irreducible
generic unitary representation of GL(2, F') with trivial central character. Regard
T = E* as the diagonal torus A in GLo(F) and let Q : T — C* be a character
such that Q|px is trivial.

Let W(m, 1) be a Whittaker model for 7 and let {W;} an orthornormal basis.
We consider the distribution

=3 / A(HWi)2 (@) d%a [ Wia)Q-1(a)d%a.
w, JE

FX
14



Having fixed m and Q we set W = W, o. We can and will choose f € C°(G)
such that m(f) is the orthogonal projection onto (W). Then we have
F() = | [rx W(a)22(a)d*a|”
i W, W)

Note that our choice of measures and the fact that |[W(ua)| = |W(a)| for |u] =1
give

W)= [ W@Pda=ce [ Wia)Pda,
Fx 0
where cp is 2 if F'=R and 4 if FF = C. Thus we have
~ L(1/2,m®@Q)L(1/2,7 @ Q1)
1 <(f) =} ’ ’ :

Presently we will rewrite (W, W) in terms of the adjoint L-value L(1, 7w, Ad) and

obtain expressions for J(f) in terms of L-values. To compute (W, W), we will
make use of the following result (cf. Lemmas 17.3.2 and 18.2.1 of [Jac72]).

Lemma 3.1. (Barnes’s Lemma) Let F = R or C and seti =1 if F = R and
1 =2 if F = C. Let Wy and Wy be Whittaker functions on F such that

| W@l et = Gils+ a)Gils + )
0
/ Wo(a)lal2da = Gi(s +)Gals +0)
0
for R(s) sufficiently large. Then

/ Wi(a)Wa(a)|a|td*a =
0

Gi(s+a+7)Gi(s+a+0)Gi(s+ B+ 7)Gi(s+ B +9)

2 i—1
(@m)er G.(2s+a+B+7+90)

for R(s) sufficiently large.
3.3.1. Real case. Suppose F' = R.
We fix a unitary character Q2 of R*, we write {2 in the form
Qz) = [2]" sgn” (2),
with t € R and n € {0,1}.
First suppose 7 is a principal series representation for GLo(R) with trivial central

character. Then it must be of the form (|- |"sgn™, | |~"sgn™) with m € {0,1}.
In this case, we have

L(s,t®Q ) =G(s+r—it+ Emmn)G1(s =1 — it + €mon),
where €, =1 — O .
With W as above we see that
/ W(a)al"2d%a = G1(s +1 + emn)Ga(s — 1+ £ ).
0

By Lemma 3.1 and the fact that r is either purely real or imaginary, we have
G1(1 + 2r + 25m,n)G1(1 — 2r 4+ 2€m7n)G1(1 + 25m,n)2

G, (2 =+ 45m,n)
15
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We may simplify this by considering the two cases €, = 0 and €y, = 1
separately. In the first case, one evidently gets (W, W) = 4nG1(1 + 2r)G1(1 — 2r).
If €;n,n = 1, the relation Gi(z + 2) = =G1(z) yields
1 — 4r?

8m

Using L(1,7, Ad) = G1(1 + 2r)G1(1 — 2r), we may write both cases together in
the equation

(W, W) = gGl(?) L 2r)GH (3 —2r) = Gi(1+2r)G1 (1 — 2r).

1—4r2\mn
(VV, W) =47 W L(l,ﬂ',Ad)
When Q is trivial, we obtain
1—4r2\™
(W, Wy) = dr (3%;") L(1, 7, Ad).

L(2,1r)
L(1,ir)’
which equals % in this case. The inner product formulas together with (1) yield

For future comparison, we will also want to write jﬂ( f) with a factor

Lemma 3.2. For 7 in the principal series with parameters as above and with f
chosen as above we have

Jo(f) = 32702\ L(2, 1) L(1/2,m @ QY L(1/2,7 ® Q)
L — 4r2 L(1,1p) L(1, 7, Ad)
(1= ar?\TT L(1/2,m @ QTN L(1/2, 7 ® Q)
N 32m? (W, Wr) '
Now suppose 7 is a discrete series o(] - |°t,|-|7%1) with trivial central character.

(In particular k = 2s1 + 1 is even.) Then L(s,m) = G1(s+ $1)G1(s+s1+1). In a
similar manner as above, we see

(W, W) =217251G 1 (1 4 251)G1(2 + 251) = 227%Gy(k) = 227 FxL(1, 7, Ad).

Alternatively, one may compute the inner product directly in this case as one has
an explicit expression W (t) = 2|t[s1 /2271t

Lemma 3.3. For w discrete series of weight k and with f chosen as above we have
_ o L(2,1p) L(1/2,m @ Q" )L(1/2,7 ® Q)

Tx(f) L(1,1p) L(1,m, Ad)
_ L2 me 0 )L(1/2, 10 Q)
B (Wr, Wr) '

3.3.2. Complex case. Suppose F' = C.
We fix a unitary character {2 which we write as

n
2

0(z) = 24+t B = g (F)

with n € Z and t € R. Again, since w, = ng/p = 1, we may write 7 = 7, p 1)
where

r (Z\Z
u(=) = |16 (2)
with r € C and m € Z. Then L(s,m ® Q7!) equals

L(s, uQQ N L(s,p7 Q1) = Ga(s +r — it + |m — n|/2)Ga(s —r — it + |m +n|/2).
16



So
W(a)lalss ' ?d*a = Ga(s + 1 + |m — nl|/2)Ga(s — r + |m +n/2).
0

Hence by Lemma 3.1, we may write (W, W) as
ﬂ_G2(1 +2Rr + |m — n|)Ga(1 = 287 + |m + n|)G2(1 + 2iSr + 1)G2(1 — 2iSr + )
G2(2 4+ 2¢0) ’

32

where £ = (|m —n| + |m + n|)/2 = max{|m/|, |n|}.
Both in the case of complementary series (r € R and m = 0 so £ = |n|) and
non-complementary series (r € iR), we obtain

Wy = (2N e 01— 2 4 0)
T 1120 \Um - 2T 2T AT
Since

1 1+ 2|m| (2|m|
and ig}?g = gigg = %, we have the following result.

Lemma 3.4.

14

= (1420 2 An?
Jﬂ(f)2<m_n|>>< 11 242

J=lm|+1

L(2,1p) L(1/2,7 @ Q YL(1/2,7 ® Q)
T 1p) L(1,, Ad) ’

or, alternatively,

-~ 1+20 [ 20 2/m|\ ‘ 4r?
= 1 _— _—
TN =165 (o) Gt 7 11 57500
j=Iml+1
" L(1/2,7 @ Q )L(1/2,7 @ Q)
(Wa, W) '

3.4. Non-split case. In this case we have F' = R and () a unitary character of
C*. We write (z) = (2271)" with n € $Z. In this case we study the distribution

(f) = / £(9) (m(g)eln, ) dg
G(F)

where €, is a unit vector in 7 such that 7(a)ef, = Q(a)el, for all « € C*. We wish
to pick out the vector of weight 2n in 7 or #’. In this case we just take f to be some
smooth compactly supported function such that f(kigks) = Q~1(k1)Q 1 (k2)f(g)
and 7(f)e}, = el Clearly then J,(f) = 1.

We note that if w; = 1 then we have n € Z, and if w, = sgn then we have
neiz\Z

For later use we record the L-values

L(2,1p) = L(1,sgn) = G1(2) = %

17



‘We recall the definition of the beta function

I'(@)I'(y)
Bl =51y

First we assume that 7 = 7(u, u~!) is a principal series representation or that
7 = 7(pu, u~tsgn). We write u(t) = [t|" sgn™(t). We define A = 1/4 — r2. Then
7 = (g, ug') with ugp(z) = 2"2". Hence we have
L(1/2,75 @Q7Y)  Ga(1/2+ 1+ |n|)G2(1/2 — 1 + |n])
L(1,m Ad) G1(1+2r)Gy(1 —2r)
o U(1/2+ 7+ [n))T(1/2 — 7 + [n])
L(1/2+r)(1/2 —7) ’

We note that when w; is trivial so that n € Z then we have

= 2(2m)

D(1/2+7+ [n)D(1/2 =7+ |n|) In|—1 . |
L(1/2+7r)(1/2—7) = jl;[()(l/2+r+g)(1/2_r+3)
In|~1
= [T +iG+1).
j=0

When w, is trivial we have

4G1(1 +2r +2m)G1(1 — 2r 4+ 2m)G1 (1 + 2m)?
G1(2 + 4m)

_ 41“(1/2 +7r+m)I(1/2 —r +m)[(1/2 +m)?

B 7l+2mD (1 + 2m) '

(Wﬂ'v W’/T) =

Hence when m = 0,
(W, We) =4T(1/2+ r)T(1/2 — 1),
and when m =1,

(Wa,Wr) = #F(l/? +7)(1/2 — ).

Hence we get the following result.

Lemma 3.5. For w in the principal series with trivial central character and with
f as above

- _ L(1/2,mp ® Q)L(1,sgn) 2-1(27)2Inl
Jx(f) = L, m ADL(Z,15) T 3G+ 1)
and
7 ™ 1—mym(9\2In|—2m
Je(f) = L(1/2,rg @)  2'7™X\™(27)

Ty '
(W, W) Hj:o A+ +1))
In the case that w, = sgn we have

G1(2+2r)G1(2 - 2r)G1(1)G1(3)
Gi(4)

- %m + 01— ).

(Wa, Wy) =4

18



Hence,

L(1/2,m5 ® ) - o T(1/2+ 7+ [n)T(1/2 — 1 + [n])

Wy e (L + (1 —7)
In|—2
=@m)2 I G+ r+ )0 =7 +4)
j=0
In|—3
— @m) 2 T (14 9)2 — ).
j=0

Lemma 3.6. For m as above with w, = sgn and f chosen as above we have

J(f) = L(1/2,mp ® QL(1,sgn)  T(1/2+7)T(1/2 ) (2m)2Inl
™ L, Ad)L(2,1F) (1471 —r) QH‘JQS%((1+j)2 )
_ L(]./2,7TE (29 Q) o (27r)2\n|

Wo We) - IR (902 = 72)

Next we take m to be discrete series of weight k. In this case m corresponds to
— k— k—
Ind%g(zé_l)%. Hence we have g = 7r((22_1)Tl7 (22_1)_71). Thus we have

Ga(k/2+ |n|)G2(—k/2+ 1 +|n]), if |n| > 551,

L(1/2ms Q7 = { Ga(k/2 + |n)Ga(k/2 — |n]), if |n| < k5L,

On the other hand,
1
L(1,m, Ad) = G1(2)G2(k) = —Ga(k),
T

and
(W, Wy) = 225Gy (k).
Hence we get
L(1/2,7 ® Q)
_— = 2 k/2 —
if |n| < 51, and
—_—t = " ——B(k/2 1—-k/2
Iimad = @) B (k2 + [nl, 1~ /2 + [nl),
if |n| > k5L

Lemma 3.7. For w in the discrete series of weight k and with f as above,

- L(1/2,7p @ Q)L(1,sgn) 1
T = =10 m AL, 1p) < 2B+ k2= Jn])
_ L(1/2,mp Q) 2

(W, Wo)  2"B(k/2 + n], k/2 — |n])

if In] < 5L, and

J (f) = L(1/2,mp ® Q)L(1,sgn) y (27T)2|”‘_kk;!
L1, w, Ad)L(2, 1F) 2\ B(k/2 + |n|,1 — k/2 1 [n|)
L(1/2,7r ® Q) 92|n|—2k+12|n|—k+1[|

WaWo)  nlBk/2+ |n[,1—k/2+ |n])’
19



; k—1
if |n| > 5 -
4. GLOBAL RESULT

Suppose now that F' is a number field and F/F is a quadratic extension. We
denote by Ap (resp. Ag) the discriminant of F' (resp. FE) and by dg/p the
absolute norm of the relative discriminant of E/F. We take 7 to be a cuspidal
automorphic representation of GL(2, Ap) such that w, is either trivial or 7, the
quadratic character of F*\ A} associated to E/F by class field theory. Let

Q:EX\Af — C*
be a unitary character such that | Ax = W We assume that 7 and ) have disjoint
ramification.
Let mg denote the base change of 7 to an automorphic representation of GL(2, Ag).
The L-function of 7 ® ) satisfies a functional equation
L(s,mg®@Q) =e(s,rg @ Q) L(1 — 8,715 ® Q).

We assume that €(1/2,7p ® Q) = +1. In this case there is a unique quaternion
algebra D/F such that

o F— D,

e 7 transfers to 7° on D*(AFr), and

e Hom, (7P, Q) # 0.

Regard G = D* as an algebraic group over F. Let f =[], fo € C(G(AFR)).
Define

o= [ EPnewee | () dt,

EXAR\AY

where the sum is taken over an orthonormal basis of the space of 7P

We fix an additive character ¢ : F\Ap — C*. Let S denote a finite set of
places (including the infinite places) of F' outside of which everything is unramified.
Let f € C°(G(AF)) be a function of the form f = ([I,cqfo) f©, where f9 is
the characteristic function of K, a fixed maximal compact subgroup of G(A%).
Following [JCO01, Theorem 2], and the Appendix to this paper when 7 is dihedral
with respect to E, an explicit factorization of the distribution J,o(f) is given by

BT Ls(1,m)L5(1/2, 75 ® Q)
Joo(f) = 5vl;[s,fm(fv)x lgg (1, 1y, %0)2L(0,1,) x I5(Lr, Ad) ;

inert in E

where the distributions Jr, (f,) are defined as in the previous sections. Here the
measures on G(Ap) and ARE*\AJ, are fixed as in [JCO1, Section 3.1]. On A}
and A} we take the product of the local Tamagawa measures, on E* we take
the counting measure and on G(Ap) we take the product of the local Tamagawa
measures multiplied by L°(2,1r).

Take ¢ = 1pg otrpq where 1)y denotes the standard character on Q\Aq, so that

a ) 1, if v is archimedean;

e(1,ny, = _ () +n(ey)

o> v Qv 2 , if v is nonarchimedean.

Here n(n,) (resp. n(1,)) denotes the conductor of 7, (resp. ,). Similarly for a

finite place v of F' we define n(m,) to be the conductor of 7, and we define n(2,)
20



to be the smallest integer such that €, is trivial on (Op, + wa(Q“)OEv)X, where
w, denotes a uniformizer in F,. We note that

[T e = Ve

<00

where ¢(2) denotes the absolute norm of the conductor of €.

4.1. Test function. We now define a test function

f=1] 1 €Cx(G(AR)).

At a finite place v of F we take R(m,) to be an order of reduced discriminant p?ﬁﬂ”)

such that R(m,) N E, = Op, + wZ(Q”)(’)EU (see [Gro88, Section 3]). We then take
fv to be the characteristic function of R(m,)* divided by its volume.

At an infinite place v of F, let K, be a maximal compact subgroup of D.* such
that K, N E) is a maximal compact subgroup of E)} — D). Now let ¢, be a
vector of minimal weight such that m,(t)p, = Q,(t)p, for t in K, N EX. Then ¢,
is determined up to a scalar factor. We choose f, such that 7,(f,) is orthogonal
projection onto the space (@,).

Thus for such f we have

_|Semee) dt”

[, ]
where ¢ € 7 is a non-zero vector which is invariant under R(m,)* at each finite
place v. Furthermore, at places v where E, /F, is ramified and n(m,) > 2 we make
the requirement that £ acts on ¢ by ,. At the infinite places of F', we have that
K, N E) acts on ¢ by €, and ¢ lies in the minimal such K,-type.

(2) Tz (f)

)

X

4.2. Local constants. We consider the Whittaker model for = with respect to the
character ¢ = v o trp/q. Explicitly for ¢, € 7 one defines

We. (9) = /F o (((1) f) g> W(—z) da.

The Whittaker functions factor and we take for each place v of F' the Whittaker
function W, € W(my,1),) defined above. Take ¢, € 7 so that

W, =[[Wx,.
Then we have [JC01, p. 53]
. S (Wm, s Wm,)v
(3) (¢n, pn) = 2L5(1, 7, Ad) UEHS IR

4.2.1. Non-archimedean constants. First suppose that v is non-archimedean. The
calculations in Section 2 give the following. When v splits in F we have,

L(1,15,)Jx, (fo) =
L(1/2,7g, ® Qy)L(1,1F,) 1, if Q,, is unramified;
Wy, Wa) qv_”(Q”)L(l,m)z, if ©,, is ramified.
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When v is inert and unramified in £ we have,

n(Po) .
2

L(lanv)q; Jﬂ'v(f’l)) =
1, if m, and €, are unramified;
LA/2,7p, ® 0)L{A,1F,) X qv_nm“)L(l nw)?, if Q, is ramified;
(W, W, ) %, if 7, is ramified.
L Fy

When v is ramified in F and , is unramified we have,

_n(¥y)

2qy * jﬂv(fv) =
L(1/2,7g, ® Q)L(1,1F,) 1, if m, and Q, are unramified;
(W, W) { q;"(Q“)L(l,m)z, if Q, is ramified.
When v is ramified in E and 7, is ramified we have,

_nga) - O L(1,1g) 21+ ¢;H7Y, if n(m,)
2qv I, (fo) = W W) X { 201 — gy h), if n(m,)

We also define certain subsets of the finite places of F',
S(Q2) = {places of F above which Q ramifies},
S1(m, E) = {places of F where 7 ramifies but £ does not},
Sa(m, E) = {places of F where both 7 and F ramify}.

For v € Sz(m, E') we define

bl

1
2.

AVAN

, 21 +¢,H7t, if n(m) = 1;
C(””):{ 2(1—2;1)7 if n(m,) > 2.

We also set
Ram(7) = {finite places v of F' such that 7, is ramified},
S'(m) = {v € Ram(r) such that n(r,) > 2 or n(m,) = 1 and v ramifies in £},
and e, (E/F) to be the ramification degree of E/F at v.

4.2.2. Archimedean constants. We write the infinite places of F as
S =Sk ISR I SE
with the sets on the right being the places which are, respectively, real and split in
E, real and inert in E, and complex. For each place v € £ | write
L(1,m,, Ad)L(1,n,)
(1/2,7p,, ® Qy)L(2,1F,)

C’U(E,W,Q) = 6U(E/F)j7r“(fv)L

and ( )
/ - T WmnWm,
CU(E7 ™, Q) = 61;(E/F)J7ru (fv) L(1/2, TB.v Q QU)L(L 1F,,) B

where e, (E/F) =2 if v is inert in E and e,(F/F) = 1 otherwise. The expressions
below for C,(E,n,Q) and C,(E,n, Q) all come immediately from the lemmas in

Section 3.
Suppose first v € Zﬁ’sp, so E, = R ® R. Write 2, in the form

" sgn” (1), |2 " sgn™ (22))
22
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with ¢ € R and n, € {0,1}. Then

872

Cy(E,mQ) = ( y ) , Cl(E,m Q) 4(;\:2)

if 1, = 7(to, ;1) is a principal series with Laplacian eigenvalue )\, and ¢, € {0,1}
according with 1,Q, = |- |"sgn®. If 7, is a discrete series of weight k,, then
Co(E,m,Q) =2k C/(E,m,Q)=4.
Now suppose v € Eg so B, = C® C. We may write

Oy (21, 20) = <(zlz1)“ (2>n  (222) 7" (Z) —nv>

with t € R and n, € %Z, well defined up to a sign. (The constants below do not
depend upon this sign). Say 7, is a principal series of weight m, with Laplacian
eigenvalue A, and let £, = max(m,, |n,|). Then

£,
1 20, . 472
CU(E,W,Q)* <2 Jrgv) (|mv_nv|> . H 4)\v+j2_1

j=my+1
and
C(Bom0) — 16 2 (2 2m,\ ﬁ dn?
™ = m—— U —
v 14 2my \|my — nyl /) \ my i 4N, + 52 -1

Finally consider v € Zﬁ,m- Then E, = C and we write

Q20— (i)nv

z
with n, € %Z, well defined up to a sign. First suppose 7, is a principal series with
Wy, trivial. We write m, = 7(jy, iy *) with p, = | - |7 sgn™> such that m, € {0,1}
and we set A\, = i — 2. Then
[no]—1
Co(B,m,Q2) = 2m)*™ [T Qv +3G+1)7,
j=0
[ny|—1
Co(B,m, Q) =227 (22 =2 T+ +1) 7"
j=0

If w; = sgn, then
1/2 +7,)0(1/2 —1,) (2m)2Imel

F(1+7r,)T(1—r,) Hljr:ll—%(jz —2)

Cy(E,mQ) = 2F(

)

‘nvl_%

-1
1
Cl(B,m,Q) = 2(2m)2"! 2 A, — -
) =2y (3 1)
where A\, = i — 12, If m, is a discrete series of weight k, and B(z,y) denotes the

beta function, then
Co(E,m,82) = (7B(kv/2 + [0, ko /2 — |nv|))71,

Oy (B, m,Q) = (2% 2B(ko/2 + |nu|, ko /2 = nal))
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when |n,| < £51, and
(22l =ko |
ny!B(ky /2 + ||, 1 — Ky /2 + |ny))

(22| —ket I, |
2k =ty Bk /2 + o, 1= ko /2 + [n0])

Cy(E,mQ) =

C,(E,m,Q) =
k=1
when [n,| > 5.

4.3. Final formulas. Let S’(m) be the complement of the set of finite places of F'
where either 7 is unramified or else n(m,) = 1 and v is unramified in E. Then the
above calculations give the following results.

Theorem 4.1. The quantity
| [(t)Q71(t) dt|?
(Wp)

is equal to

L™ (1/2, 75 ® Q VA
S,( [2m5® ) X T % Lg)(1,m)?
L (ﬂ—)(laﬂ-aAd) 2 C(Q AE

< I e@/RLam) < I CuE

vERam(7) veEXLE

Here the measure on the group G(AFr) is taken to be the product of the local Tam-
agawa measures multiplied by LR*(™) (2 1p).

Theorem 4.2. The quantity
| [ e~ (¢) dif?

(so,cp)
is equal to
L32™E) (12,15 @ Q 1 L, (x5 (1,1)
1/2,m ) X XLS(Q)(1777)2 B T
(9071'7@71') dE/Fc(Q) le(ﬂ',E)(LlF)

< [ c'@)x ] ciE .

veESy (m,E) vETE

Here the measures on the groups G(Afr) and GL(2, Ar) are taken to be the product
of the local Tamagawa measures.

5. EQUIDISTRIBUTION

One application of central-value formulas is to prove statements about equidis-
tribution using subconvexity bounds for L-functions. The relevant subconvexity
bounds, in the case of a general number field, have been established by Venkatesh
[Ven] for GL(2) L-functions, and announced by Michel and Venkatesh [MV06] for
twisted GL(2) L-functions. (We refer to the latter paper for an introduction to
equidistribution and subconvexity.) While it is known that equidistribution results
follow in principle from Waldspurger’s formula (see [CUO05] for one instance), the
necessary details have not been written down in most cases.
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In any event, an explicit formula such as Theorem 4.1 allows a more immediate
derivation of equidistribution from subconvexity. This has been already been car-
ried out in several situations. For example, see [HMO6] for “sparse” equidistribution
of Heegner points on Shimura curves and [Pop06] for equidistribution of individual
geodesics on a modular curve. These results use, respectively, the explicit central-
value formulas in [Zha01] and [Pop06] when F' = Q and E/F is imaginary quadratic
and real quadratic.

The generality of Theorem 4.1 allows one to consider equidistribution of toric
orbits in a variety of situations. However, to keep details to a minimum, we will
only deduce equidistribution results in a specific example of a hyperbolic 3-fold.
Specifically let FF = Q(i) and K be the standard maximal compact subgroup of
GL2(AF). The hyperbolic 3-fold we will consider is

X = PSLy(Z[i])\H® = Z(Ar) GLy(F)\ GL2(Ap)/K.

Now fix a square-free d € Op = Z[i] and let E = E4 = F(v/d). Then we may
take T; to be a standard torus obtained by an optimal embedding of E in GLy /F.
The key point here is that O =~ T4(OF,) embeds into K, for each finite place of
F. For v = 00, let zq € GL2(AF) such that Ky = 24U(2)2;" N Ty oo(AF) is the
maximal compact subgroup of Ty o (Ar). Then

Ky = ZdKZd_l = H Ogv X Kg o0
v<o0
is the maximal compact subgroup of Ty(Ar).
The relative discriminant ideal Ag,/p is generated by oqd where o4 depends only
upon the congruence class of d mod 4. In particular |Ag| is a bounded multiple of
|d|. We define the geodesics of discriminant d in X to be the components of

Xqg = Z(AF)Td(F)\Td(AF)Zd/(KﬂTd(AF)Zd)
= (Z(Ap)Ta(F)\Tu(AF)/Ka)za € X.

A consequence of the requirement that T; — GLy be optimal is then that the
number of such geodesics is the class number hp of E. More precisely, we can write

Xa= (EX\AE/( II o5, x Kd,oo)> za=J 7%
V<00 acHp
where Hg denotes the ideal class group of E and the individual geodesic v, is the
fiber above a in the quotient on the left (identifying EX\AFf g /1], Op, with
Hpg as usual).
Fix a Haar measure on G = GLy(A ). This gives a natural choice of measures
on subspaces and quotients.

Theorem 5.1. Let X4 be the collection of geodesics of discriminant d in X. As
|d| — oo along square-free Gaussian integers d, the family X4 becomes equidis-
tributed on X.

To prove this theorem, by Weyl’s equidistribution criterion it suffices to show
that the Weyl sums
1

W(pnd) = — /
(¢, d) vol(Xq) Jx, v
tend to 0 as |d| — oo for ¢ running through a dense subspace of C*(Z\G/K).
Since cusp forms and wave-packets of Eisenstein series span a dense subspace of
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C*(Z\G/K), it suffices to check Weyl’s criterion for ¢ running through a basis of
eigenforms in L?(Z\G/K).

We remark that this theorem follows from the work of Clozel-Ullmo [CUO5]
and Venkatesh [Ven], though to the best of our knowledge it was not previously
stated. Clozel and Ullmo establish the necessary bounds for W(yp, d), assuming
subconvexity results when ¢ is a cusp form. Then Venkatesh showed the necessary
subconvexity results. However, due to the explicit nature of our formula, we obtain
the bounds for cuspidal Weyl sums much more simply than in [CUO05].

Proof. Suppose ¢ € L%(Z\G)¥ is a cuspidal eigenform occurring in the represen-
tation 7 which is normalized so that (¢, ¢) = 1. Note that m(z4)¢ is a newform for
m satisfying the conditions in Section 4.1. By construction

1
Wip.d) = /
vol(Z(AF)Ta(F)\Ti(AF)) Z(Ap)T4(F)\Ta(AF)
Using Theorem 4.1 with = 1 gives

L(1/277TE) « LS/(Tr)(]-vﬂ’Ad) H
VOl(Z\Td)Q\/m LS’(ﬂ')(l/zﬁﬂ-E)

m(za)p(t)dt.

W (p,d)|* = c(r) eo(E/F)L(1,1,),

vERam(m)

where ¢(m) is a constant depending only on w. The quotient of the S’(m)-parts
of L-functions is bounded independent of E since S'(w) C Ram(w). Similarly,
the product over Ram(m) is also bounded independent of E. Since L(1/2,7g) =
L(1/2,m)L(1/2, ™ ® xq) where x4 = ng/p, we have

L(1/2,7 ® Xa)

vol(Xa)2y/ld]

vol(Z\Ty) = ress=1Cx(s) X Lein(1, Xa)
where Lg, denotes the finite part of the L-function, and =< means equality up to
an absolutely bounded non-zero constant. Then Siegel’s lower bound gives

vol(Z\Ty) > |d| =

W (p,d)]> <

Now note that

for any € > 0. Hence the subconvexity result [Ven)]

L(1/2,7 ® xa) < Lan(1/2,7 ® x4) < |d|1/2*1/24

yields
W (p,d)]* < |df* /2 =0
as |d| — oo.
For ¢ an Eisenstein form, we refer to [CUO05]; the spirit of the argument is
similar. (]

Theorem 5.2. Let v4 be a geodesic of discriminant d on X. Suppose one has the
subconvezity result
L(/2,m@7") < |e(n)|H/20
where 7 is a fized automorphic representation of GLa(Af) and 7' is an automorphic
representation of GLa (A ) with (finite) conductor ¢(n’). Let eg > 0. For a sequence
of d — oo along square-free Gaussian integers such that hp < |d|*/>=¢, the family
vq becomes equidistributed on X.
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Such a subconvexity result as is required by the theorem has been announced
in [MV06]. We remark that in general one needs some condition, such as the one
above on the growth of the class number, to ensure equidistribution of individual
geodesics (see [ELMV]).

Proof. As before, it will suffice to show that

)
— [ =0
VOI(PYd) Yd

as d — oo for ¢ ranging over an orthonormal basis for L?(Z\G/K). Suppose
¢ € L2,,,(Z\G)¥ is an eigenform with (¢, ) = 1. Since the ideal class group acts
transitively on the components of X, all geodesics of discriminant d have the same
volume, i.e.,

vol(Z(Ap)Ta(F)\Ta(AF)) _ Lan(1, xa)
vol(Kg)hg " vol(Kg)hg

1
vol(vq) = = vol(Xy4) =

Let Hg be the group of ideal class characters of E. Via class field theory, we
may view x € Hg as a character on the torus Ty(F)\Tu(Ar) ~ EX\AJ which
in fact factors through Xy. More precisely, x may be viewed as a locally constant
function on X, such that x(¢t) = x(a) for ¢ € v,. Let ¢ € Hg such that v4 = ..
Then

1 —1
L) = 5= 3 X
xX€EHE
for t € X4, where 1., denotes the characteristic function of v4. Note that

‘/X p(t)x (¢ t)dt| = ’/X sa(t)x(t)dt‘.

VOl Kd
@(t)dt‘ - / Pt
/Yd, Lﬁn 1 Xd XZ Xq4
vol Kd Z '/ ‘
Lan(1, xa) X,
Suppose ¢ occurs in the cuspidal representation w. As before, we consider the
translate m(zq)p. Since x is unramified, it is a newform satisfying the conditions in

Section 4.1 with Q = y~!. Then Theorem 4.1 implies something good. Using the
fact that y ! is finite order, one gets
L(/2,mp @ x ")

/. pttto] = ELTESC

Note that L(s,mp ® x ') = L(s,m ® my-1) where 7,-1 denotes the automorphic
induction of x™! to GLy(Ap). Furthermore, the conductor of m, -1 is just the
conductor of x4. Hence the subconvexity assumption gives

o]
Xa

Hence

1
vol(7a)

A

~

< |d)=°.




Putting everything together with Siegel’s lower bound for Ly (1, x4), we have

1 / —5/2
ot dt‘ < hpld|*
vl |/, (t) |d|
for any € > 0.
One may bound the integrals for ¢ an Eisenstein form similarly. O

APPENDIX

The results of this paper are obtained via a factorization of the distribution
J5(f) into a product of local distributions. In the case that 7 is not dihedral with
respect to the quadratic extension E/F (so that the base change of 7 to E remains
cuspidal) such a factorization was obtained in [JCO1, Theorem 2]. In this appendix
we obtain the same result for cuspidal representations m which are dihedral with
respect to E, we refer to [JCO1, Section 8] for further details.

Let E = F(v/3) be a quadratic extension of number fields and 7 the associated
character of F*\A%. We denote by o the non-trivial element of Gal(E/F). Let
H C GL(2, F) be the unitary similitude group associated to the matrix

w— (0 1)
1 0)°
with similitude character k. Set Ky = H(Ap) N K where K is the standard
maximal compact subgroup of GL(2, Ag).
We fix an additive character ¢ : F\Ar — C*. On the groups GL(2, Ag) and
H(AF) we take the product of the local measures defined in [JCO1, Section 2]. To

define a measure on the compact group K,, where v is a place of E or F', we make
use of the Iwasawa decomposition

GL(2,E,) = T(E,)N(E,)K,

where T' denotes the diagonal torus in GL(2) and N the upper triangular unipotent
subgroup. The measures dt on T'(E,) and dn on N(E,) are defined via the obvious
isomorphisms T(E,) & EX x EX and N(FE,) & E,. Having defined a measure dg
on GL(2, E,) the measure dk on K, is taken to be such that

dg = dt dn dk.
Similarly for a place v of F,
H(F,) =Ty (F,)Ng(F,)Kg,,

where

Ty(F,) = {<“ ba—l) :aGEUX,bGE,X}

Ny(F,) = {(1 ”\F) ‘x € Fv}.

We use the isomorphism Ty (F,) & EX x F* to define a measure on Ty (F,) and

and

1
take the Haar measure ||, dr on Ny (F,). The measure dk on Kp, is chosen as
before. With these choices,

vol(K,, dk) = 035" L(2,1p,) Y,
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for a place v of E, and, for a place v of F,

vol(Kp,,dk) =4 L(2,1p,) 7",

v

where D%’j” and D}@U are defined as in [LO06, Section 2.1].
We now fix a unitary character y : EX\Aj; — C* such that X|A; € {lp,n}.

We assume that x2 is non-trivial so that the induction of x to an automorphic
representation m of GL(2, Ar) is cuspidal. As is well known w, = nx|A;. We let

IT denote the base change of 7 to GL(2, Ag). Taking the character

X (g Z) = x(a)x~'(d),

of B(Ag), we realize II on the space of smooth functions f : GL(2,Ag) — C such
that

f(bg) = x(b) f(9)
for all b € B(Ag). The action of II is given by

(I(g) f)(x) = P HOD) f(ag),

— 1
where e{?H(9) = |aya;t|7 for

=" ) ()

with k£ € K. The inner product on II is given by

A LT (G DI (QA D
:reSS:lL(s,lE)/Kgal(k)gaT(k) dk.

We now fix a unitary character Q : EX\ A} — C* such that Q|A; = wy, which

forces Q # x. We assume, as we may, that £(1/2, x2) = +1 and £(1/2, x Q) = +1
since otherwise L(1/2,II1®£2) = 0 and we know the relevant period integrals vanish.
Let f € C°(GL(2, Ag)). We recall, for x,y € GL(2,E)Z(Ag)\ GL(2, Ag),

1 e . I ———
Kpn(ow) =5 [ S Bt BTy, it 10 di
L2

where the sum is taken over an orthonormal basis {¢} of II, and the Eisenstein
series are defined by the analytic continuation of

E(g, A= Y pyg)etooon,
vyEB(E)\ GL(2,E)

For T1,T5 > 0 we consider,

ounn= [ AR ((*)) 1) 07 @ asente() a,
EX\AL JH(F)Z(Ag)\H(AF)

as in [JCO1] and define
@H(f) = lim lim ®H7T1,T2 (f)

Ty —o00 Toy—00
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Following [JCO1, Section 8], and taking care of the normalization of measures,

VO X 1
on() = LA S 1) P

©

Here the sum is over an orthonormal basis {¢} of II,

Pulp) = /K () x(s(k)) d,

and u(p) is defined to be the value at A = 0 of the analytic continuation of

/1'(507)‘) :/ go(wua)ﬂfl(al)e<)‘+P1H(wva)> d*ay
AL

(e 0\ (11
“=\o 1)'""\o 1)

For a place v of F' and ¢, € II, we define i, (¢,) and P, ,(p,) analogously, and,
for f, € C°(GL(2, E,)),

@Hq, fv ZUU fv 4101) cv(‘pv)

with

with the sum taken over an orthonormal basis of II, with respect to the inner
product

(P10 P20) = / o1.0(k) () d.

Clearly the distribution Or(f) factors and if we write f = f9[], g fo where
S is a finite set of places of F outside of which everything is unramified and f*
denotes the characteristic function of K then

1 L5(1/2,1®Q)L5(1,n)
On(f) = AL(1,n) L5, m, Ad)L5(2,15) 1] on. (7o)

veS

We shall now compare the distributions Oy, (f,) with ones defined in terms of
Whittaker models, as is done for the cuspidal spectrum in [JCO01, Section 4]. Having
fixed the character ¢ we take the Whittaker model W(IL, ¢ i) for II to be given by
the analytic continuation to A = 0 of

W,(9,\) = / o (wn(z)g) eMHOHER@ON Yo () do
Ag

n(z) = (é ”{") .

We note, for future reference, that by a simple change of variables

We ((a 1) ,A) = Iali:fx‘l(a)/A o (wn(z)) ePTPH@R@) gy ( gy d

for all a € AJ.
For a place v of F' the inner product on W(IL,, g, ) is taken to be

(Wi, Wa) = /E W, (a 1) Wa (a 1) d*a.
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For a place v of F and W,, € W(IL,, ¥R, )

)\v(Wv):/ W, <a O)le(a) d*a
EX 0 1
and

Pw) = [ (5 §)wm e
rro \0 1
We define a distribution for f € C°(GL(2, E,)), by

@KJ (f) = Z Av (Hv(f)Wv)PU(WU)
W,

with the sum taken over an orthonormal basis of W(II,, ¥ g, ).
We now compare Oy (f) with Ory, (f). The following Lemma can be taken from
[LO06, Proposition 1].

Lemma 1. For a place v of F' and all ¢1, ps € 11,

(901")02) = L( (chlthpz)

1,15,)?
Next we compare the distributions p and A.
Lemma 2. For a place v of F' and ¢ € 11,
) = e(1/2, (x5, vp,) T AW,y).
Proof. We have

W <<a 1) 7A> = alz 71(11)/Egﬁ(wn(a:))e<)‘+P’H(w”(I)))¢E(7GI) dz,

and hence

AW, \) = /E W, <<g ‘1)) ,)\> QY(a) d¥a
= [ 1l 607 @) [ o (wn(a) X gy (—a0) do @

By the Tate functional equation we have
AW, A) = 7(1/2 = A, (x) ™", 0p) /E ol () () (1 ) O+ Hn@)) g% g

—(1/2— A, ()L, p) / Qa)y ( 0 1) () e

X |

=(1/2 =, (XQ)_17%)/ Qa) "y (2 1) AP H(Q 1)) g% g

Ex 1
=7(1/2 =X, (x) ™1, ¥p)ulp, V).
Finally, since Qx|px = ng/r, so v(1/2, (x4 vE) =e(1/2,(xQ) L, vg). ]

Finally we compare P, and P.

Lemma 3. For a place v of F' and ¢ € 11,

1
PC(CP) = L(L 1Fv)2
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Proof. To begin,

Pulp) = /K (k)X (s(R)) dk

7|5|% / NE (p,H Vs
= wn(Vdz))elp-H(wn(Vox))) dz,
L(L17) J 7o)

by applying [LOO06, (4)] to H(F) = Z(E) GL(2, F'). On the other hand, in the sense
of analytic continuation,

v = [ wo (")) v aa
- /F /E lal i (wn () 1N y(—a(e + 7)) dv d*a
=L(1,1F) /F/Ego(wn(m))e<p’H(“’"(”’))>w(—a($ +Z)) dx da
= \4(5|1%,L(17 1F)/F/F/F<p(wn(x1 —|—xg\/3))e<"’H(“’"(”’1+x2‘/gmw(—Qawl) dxy dzo da
= \6|1%,L(1, lp)/F/F/Fgo(wn(xl +xgﬁ))ewﬂwn(zﬁmﬁ)»zﬂ(—aml) dzy dzs da
= [o]7L(1, 1F)/F‘P(w”(l‘z\/5))6<”’H(w”(m2ﬁ))> dx,

by the Fourier inversion formula. ([l

Combining the above lemmas we have, for any place v of F and f,, € C*°(GL(2, E,)),

O, (fo) = (1/2, (x); " ¥p,) T L(L,m,)° O (fo)-
This gives the following corollary,

Corollary 4. For f = f5]],cq fo € C°(GL(2,Ag)) as above,

S

veES

The upshot of the relative trace formula comparison is an identity of the form

Ou(f) +Ow(f) = bo.(f)

as in [JCO1, pg 41] where O denotes the contribution to the trace formula from
the character ¥ ~!. There is only one term on the right hand side in this case since

m®@n=m. Thus for f = f9[],cq fo € C°(GL(2,AR)),

1 w e\ Ls(L,n)L5(1/2,11© Q)
= v =0, .
2 HGHU(f) LS(177T7Ad) E(fE)
veS
We can now apply the purely local arguments of [JC01, Section 5] and deduce the
statement of [JCO1, Theorem 2] for = dihedral with respect to E.
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