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Abstract
We give formulas for the root number of an elliptic curve with poten-

tial good reduction over a local field of characteristic zero and residual
characteristic two.

1 Introduction

Let E be an elliptic curve defined over a local field F' with potential good
reduction. Let ¢ be a prime number distinct from the residual characteristic
of F' and consider the f-adic representation of Wg, the Weil group of F', on
the Tate module V3(E). Once we choose a basis for V;(E) and an embedding
Q¢ C C we get a representation

og: Wp — GL2(C)

which is continuous and semisimple since F has potential good reduction ([Ro2,
§14]). Moreover the isomorphism class of this representation is independent of
all the choices made. We define the root number of E/F to be

_ S(O—Ea 1][))
le(or, ¥

where 1) is any non-trivial additive character of F'. We note that W (E/F) = £1
and is independent of the choice of .

Let M denote the minimal extension of F},, over which F has good reduction.
Then we know that M = F,,.(E[m]) for any m > 2 prime to the residual
characteristic of F. Furthermore Kerop = Gal(F/M) and therefore op is a
faithful representation of Wy /p = Gal(M/F,;) x (®) where ® is a Frobenius
element in Gal(F,,,./F).

The case when F' has odd residual characteristic or E has potential multi-
plicative reduction is dealt with in [Kob], [Rol] and [Ro3]. From now on we
assume that F' is a local field of characteristic 0 and residual characteristic 2.
Let A = Gal(M/F,,) then we have the following possibilities for A.

W(E/F)
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e Z/eZ withe=1,2,3,4 or 6
[ ] Hg
o SLy(F3)

We note that A is trivial if and only if E has good reduction over F. In this
case we have W(E/F) = +1. From now on we assume that E has potential
good reduction but has bad reduction over F.

2 Notation

Let F be a finite extension of Q. Let v denote the normalized additive valuation
on F and |-| the normalized multiplicative valuation on F. Let (-,-)r denote the
Hilbert symbol on F. Let E be an elliptic curve defined over F' with potential
good reduction. The equation

gives a (not necessarily minimal) model for E over F'. We fix this model for E
and set

and we let g(x) = f(2/12). In this model for F the 3-division polynomial
¥3(x) = P(12z) where

P(z) = 2* — 6c42® — 8cgr — 3c3.
We note that

o) = iz P ).

Let a(E/F) denote the exponent of the conductor of E over F.

We fix the reciprocity isomorphism between Wli‘ib and F* such that arith-
metic Frobenius corresponds to a uniformizer. This allows us to identify char-
acters of Wr with characters of F*. If y is a character of F'* then let a(y)
denote the exponent of the conductor of y. For an additive character i of F' let
n(1y) denote the largest integer such that 1 is trivial on p~ () where p is the
maximal ideal of Op the ring of integers in F.

3 Results on E[3]

In this section we give some results on the structure of F(E[3])/F. We fix
V=3 € F and set ( =1/2(—1++/—3) € F a primitive third root of unity. We
also fix A5 € F. For 1 <i < 3 we set

Ai = C4 — 1241A%



We fix \/A1,+/As,/As € F such that
VvV Al\/ AQ\/ A3 = Cg-

Then the roots of P(x) in F are

zo = /A1 + Az + /A3
r1= VA = VA — Ay
2y = =V A1+ /Ay — /A5
vy = —/A1 — /Ay + /43,
and we have
B3] = {(x:/12,4V/g(x)) : 0 < i <3} U{O}.

We note that since g(z) = ;555 P’ (z) we have

1
9(zi) = 1123 H(xz — ;)
Jj#i
Let L = F(E[3]) and Ly = F'(E[3];), we note that Lo is the splitting field of P

over F and hence Galois over F. We have L = Lo(1/g(x;)) for any i. Therefore
for each i we have

9(550) _ 2
glz:) 7

for some g; € Ly. By direct computation using

o) = i35 TG~ )

J#i
we get

_ (VAL + VA (VAL + VAs)

12A3 /=3¢
gy = WA VANV + V)

12A5/=3¢2
_ (VAs+ VA (VA3 + VA)
12A3/—3 '

We fix \/g(z0) € F and for i with 1 <i < 3 we set \/g(z;) = ¥ 8(zo)

9i
If we set P; = (2;/12,4/g(z;)) for i = 0,1,2,3, then by direct computation
we have
PhobP =P
and
Py& (—P1)=—P;

where @ denotes the addition law on E.



Lemma 3.1. Assume that Gal(Lo/F) is abelian. Then Gal(L/F) is abelian if
and only if for all o,7 € Gal(Lo/F) we have

9j Gi
where ¢ and j are such that o(xo) = x; and T(xo) = x;.

Proof. Since o(z) = x; so o(g(xo)) = g(z;). Let & be an extension of o to L
then

g(o)

5(V(r0)) = e(@)V/ow) = () ¥

where (5) = 1. Similarly if 7 is an extension of 7 to L then we have

#/glw)) = (7)Y

where (7) = +1. Therefore

5 g(xo»—&(em Z”)

and similarly

From which the lemma now follows. O

4 Determination of A

We recall the following result of Kraus ([Kra, Theorem 3]) which determines
the structure of the group A. We note from §1 that as an abstract group A is
completely determined by its order.



Theorem 4.1. Let A3 be a cube root of A. Set
A=c; — 1205 B =c +12c,A5 + (12435)2,
We have AB = 3. Let B? be a square Toot of B and put
C = 2(cs + 6A5 + B3).

(i) Suppose that v(A) = 0 mod 3. Then A3 lies in F,.

(a) Suppose that A and B are squares in F,,.. Then #A =2 if C is a square
in Fn. and #A = 4 otherwise.

(b) Suppose that A or B are not squares in Fy,.. Then #A = 4 if C is a
square in Fm(A%,B%) and #A = 8 otherwise.
(ii) Suppose that v(A) # 0mod 3. Let M = F,.(A3) denote the unique cubic
extension of Fy..

(a) Suppose that A and B are squares in M. Then #A = 3 if the Neron
type of E is IV or IV* and #A = 6 otherwise.

(b) Suppose that A or B are not squares in F,,.. Then #A = 24.

5 Reducible Case

Everything in this section is implicit in [Rol]. Assume that op is reducible.
This is true if and only if the image of o is abelian and hence if and only if

WM/F = Z/eZ X 2.
Lemma 5.1. o is reducible if and only if Gal(L/F) is abelian.

Proof. We recall that o is irreducible if and only if Wy, r is abelian. But now

M = LF,, and Gal(F,,/F) is abelian. The result now follows. O
Since det o = | - | we have
cE=x®x | |r

for some character y of F*. In this case we have the following result.
Lemma 5.2. W(E/F) = x(-1)
Proof. We have

5(0E7w) = 5(X7¢)5(X71| ’ |71/))
and the result follows from [Rol, p 145]. O

Let My be the subfield of M fixed by the closure of (®) in Gal(M/F). Then
My is a totally ramified cyclic extension of F' of degree e. Moreover F has good
reduction over My. Since M is the minimal extension of F,, over which E has



good reduction we see that ker(x|y,) = NUps,. Thus if 6 is a character of F'*
whose kernel is the group of norms from the extension M, then

W(E/F) = 6(—1).

Lemma 5.3. Suppose that M is an extension of F over which E has good
reduction and that e(M}/F) = e(My/F) then

[ +1 if —1€ F is a norm from M
W(E/F) = { —1 if —1€F is not a norm from M|

Proof. Our conditions on M}, imply that
M{F,, = M = MyF,,.
Therefore we have the following field diagram

M) M,

unram% Wmified

M} M,
\ ) /
Let y € Ur then we have
y is a norm from M|, <= y is a norm from M)M,
and
y is a norm from My <= y is a norm from M/} M.

From which the result follows. O

6 Imprimitive Case

Everything in this section is implicit in [Rol]. In this case there exists a
quadratic extension F; of F and a character 6 of F}* such that

op = IndFl/FG

Let « denote the character of F'* associated to the extension Fj, i.e. « is the
character of F'* whose kernel is precisely the group of norms from F[*. Given
an additive character 1 of F' let v, denote the additive character of F} given
by composing ¢ with the trace map from Fj to F.

Lemma 6.1. W(E/F) =W (0,¢¥r, )W (o, )



Proof. Since e factors are inductive in degree zero we have

€(Il'ldF1/F(9 — 1F1),’Lp) = 2’;‘(9 — 1F1;wF1)-

That is
5(0'va) _ £(8, ¢F1)
5(1F,¢)5(0¢71/)) 6(]-meFl)
from which the result follows. ]

Now we assume that A is abelian but that og is not reducible. In this case
we have A = Z /eZ with e = 3,4 or 6 and Wy p = Ax(®), with the product not
direct. Now the group Wy p contains A x (®2) as an abelian normal subgroup
and hence we deduce that

Ofp = IndH/FG

for some character 6 of H*, where H is the unramified quadratic extension of
F'. By the above result we have

W(E/F) = W(0, %)W (a,1))

where « is the unramified quadratic character of F*. We recall the following
result of Frohlich and Queyrut as stated in [KT, Theorem 2.6].

Theorem 6.2. Let x be a character of a quadratic extension F' of I, and
suppose that x is trivial when restricted to F*. Let y be an element of F'* such
that T’I”F//F (y) =0. Then

e(x, ) = c(¥)x(y)

where c¢(v) is a constant which depends only on .

Note that ¢(v) is positive (take x to be the trivial character). From the
formula for the determinant of an induced representation we have

| |F=afpx.

Let & denote the quadratic unramified character of H*, then &|px = « and
hence the character

p=0a| |

of H* is trivial when restricted to F'*. Let y € H such that Trg, g (y) = 0.
Then from Theorem 6.2 we have

e(¢,vm) = c(Yu)d(y).

On the other hand @| - |5 is unramified and hence

e(y ) = e(8, pr)a(win V) s L



Therefore

W0, bnr) — m(l)awm(w

since n(vy) = n(y) as H/F is unramified. We also have
W(a ) = (-1,
Hence

W(E/F) = g (-1),

10(y)|

From the formula for the conductor of an induced representation we deduce that
a(E/F) = 2a(#) and hence

~—

W(E/F) = %H)

~—

Now we write

with v € Ug. Then

0y) _ (0@r) \"" s g
0<y>|‘(|0<wp>> Ow) = (Z1)"H0(u)

since 0|px = | - |pa. We know that

oplu=0®07" |y

and E/H achieves good reduction over some totally ramified cyclic extension
H, of degree e over H. Thus Ker(0|y,,) = NUp, and hence if we take § to be
any character of H* whose kernel is the group of norms in H from H{* then

vaH(y)

W(E/F) = (-1 (-1 s (y ) .

7 Other Results

We recall a couple of results here that will be useful later.

Lemma 7.1. Let E be an elliptic curve over F and let K be a Galois extension
of F' of odd degree then W(E/F) =W (E/K).

Proof. See the proof of [KT, Proposition 3.4]. O



Lemma 7.2. ([Tun, Lemma 5.5]) Let K be a local field of residue characteristic
2. There exists a Galois extension E of K such that Gal(E/K) = S3 if and
only if K does not contain the cube roots of unity, in which case E is unique.
There are ramified normal cubic extensions of K if and only if K contains the
cube roots of unity, in which case there are three nonisomorphic extensions of
this type.

Lemma 7.3. The following are equivalent
(i) a(E/F) =2

(ii) E is of Neron type IV or IV*

(iii) #A = 3.

Lemma 7.4. Assume that #A = 3 then

vam={ % st

Proof. 1If #A = 3 then E achieves good reduction over the cubic extension
F(A3) of F. Therefore if ug C F then F(A3)/F is a normal cubic extension
and hence by Lemma 7.1 we have

W(E/F) = W(E/F(A3)) = +1.

Now assume that pus3 ¢ F. Then by Lemma 7.2 there are no cubic Galois
extensions of F' and hence from §5 we deduce that op is irreducible. Now
H = F(y/=3) is the unramified quadratic extension of F' and hence from §6 we
deduce that

W(E/F)=—-0(v/-3)=-1
since §2 is trivial and we know that W (E/F) = +1. O

8 P has aroot in F

Assume that P has a root 2’ € F. Then (2'/12,/g(z’)) € E[3]. From [Kra,
Proposition 3] we deduce that E has good reduction over

o F(y/g(z") if v(A) =0 mod 3
o F(\/g(z'),A3) if v(A) # 0 mod 3
Therefore if v(A) = 0 mod 3 then
W(E/F) = (=1, g(z"))p-

We now assume that v(A) # 0 mod 3. First suppose pus C F then F(A3) is a
cubic Galois extension of F' and hence by Lemma 7.1 we have

W(E/F) = W(E/F(A%)).



Now, if E has good reduction over F(A3), then W(E/F(A%)) = +1. But then
since E has good reduction over F(A%) so F(y/g(z"))/F must be unramified
and hence in this case we have (—1,g(z'))r = +1. On the other hand if E still
has bad reduction over F(A3%) then

W(E/F(A%)) = (~1,9(z") 8,

Thus in either case W(E/F) = (—1,9(z"))p.
We now assume that ps ¢ F. If F(\/g(z’))/F is unramified then E has
good reduction over F(A3%) and hence by Lemma 7.4

W(E/F) = —1.

Thus we are left to consider the case that F(1/g(z’)) is a ramified quadratic
extension of F. In this case we see that F(y/g(z’), A%) is a totally ramified
extension of F' of degree 6. Hence #A = 6 and Gal(L/F) is not abelian since L
contains F' (A%) which is not Galois over F. Therefore in this case

W(E/F)=(-1)""7="6(V-3)

where & is a character of F(u3)* with kernel the group of norms from F(us, A%, \/g(z'))*.
Now, 82 is the character of F/(u3)* with kernel the group of norms from F(us, \/g(x’))*.
Since 6%(v/—=3) = §(v/=3) we deduce that
a(E/F)
W(E/F) = (=1)" 7 (V=3,9(2")) F(ua)

a(E/F)

=(=1)" 7 (3,9(")p-

9 P splits into the product of two irreducible
quadratics over F'

Now assume that P splits into the product of two irreducible quadratics over F'.
This is equivalent to P not having any roots in F' and some A being a square
in F. We fix A3 € F such that \/A; € F.

First assume that gz C F. Since P has no root in F so Ly = F(\/A;) is
quadratic over F. Therefore F(FE[3]) = F(v/A1, /g(z0)) has degree 4 and is
abelian over F' by [Kra, Proposition 3]. Now

(L/F) = 2 if F(v/A,)/F is unramified
¢ =\ 4 if F(vAD)/F is ramified

First assume that e(L/F) = 2. In this case F'(y/A;)/F is unramified and hence
there exists « € F'(v/A1) such that Np( a7, pz = —1 and

W(E/F) = (z,9(x0)) p(yar)-

10



Now if F'(/A3)/F is ramified, let § be a character of F* with kernel equal to
the group of norms in F from F(v/A1, v/g(2o))* then

W(E/F)=46(-1).
Now assume that us ¢ F'. In this case we have the following possibilities.
e Gal(Lg/F) = Z/2Z, in which case Ly = F(us)
o Gal(Log/F) 2 7Z/27Z x 7./2Z

In the first case Lo/ F is unramified and so by [Kra, Proposition 3] e(L/F) = 2.
Therefore we have F(y/A;) = F(u3) = F(v/5) and A; and A, are squares in
F(v/5). In this case we have

W(E/F) = (2+ V5, 9(%0) F(us)-

Now consider the second case. By [Kra, Proposition 3] e(L/F) = 4 and hence
L has degree 8 over F'.

Lemma 9.1. L is not abelian over F'.

Proof. In this case we have Lo = F (/A1 + /A2, VA1 — VA3) with F(V/A; +
VA3) and F(y/A; — /As) quadratic extensions of F. Let o1 be the element
of Gal(Lo/F) with fixed field F(y/A; + /A3) and let oy be the element of
Gal(Lo/F) with fixed field F(y/A; —+/Az). Then we note that o (zo) = z¢ and
o2(xo) = x3. We have

1(ga) — Y+ VI VD)
1 12A5 01 (vV—3)
and
02(90) =1

Therefore by Lemma 3.1 o1 and o9 commute if and only if

(VA3 +VA2) (VA3 + VA1) (VA3 + VA (VA3 + VAz)

12A301(v/=3) 12A35/=3

Which is if and only o1(v/—3) = v/—3. Therefore if Gal(L/F) is abelian then
F(VA; + As) = F(v/-3) and hence P has a root in F,,. But then by [Kra,
Proposition 3] Ly/F is unramified. Contradiction! O

Therefore L = F(us, VA1 + v Az, v/g(x0)). Let § be a character of F(us)™
with kernel the group of norms from F(u3)(v/A1 + VA2, v/g(z0)) then

W(E/F)=(-1)"2 §(v/=3).

11



10 P is irreducible over F

Now assume that P is irreducible over F. This is equivalent to A; not being a
square in F for all 4. The resolvent polynomial of P is

A
h(z) = 2 — 3
and the discriminant of P is f%;. From Galois theory (see for example [DF,

pg 594]) we have the following
e If us ¢ F and A is not a cube in F then Gal(Lo/F) = S;.

If us C F and A is not a cube in F' then Gal(Lg/F) = Ay.

If us C F and A is a cube in F then Gal(Lo/F) = Z/2Z x Z/2Z

If u3 ¢ F, Ais a cube in F and P is irreducible over F(u3) then
Gal(Lo/F) = Dg.

If us ¢ F, Aisacubein F and P is reducible over F'(pu3) then Gal(Ly/F) =
Z/AZ.

We first assume that pu3 C F. Note that by Lemma 7.1 we have
W(E/F) = W(E/F(A%)).

Hence we can reduce to the case that A is a cube in F. Now Lo = F(v/ A1,/ A2)
is biquadratic over F'. We note that e(L/F) = 4 or 8 and L has degree 8 over
F by [Kra, Proposition 3].

Lemma 10.1. L is not abelian over F.

Proof. Take 01,09 € Gal(Lg/F) with fixed fields F(v/A;) and F(v/As) respec-
tively. Then o1 (x¢) = x1 and o3(z¢) = 22. We compute

(—vVAz + VA (= VA, — VAs)

olgz) = 12A%/=3¢2
and
oa(g1) = (=VAL + VA (—VA - VA3)

12A3/=3¢C

Légz) = 2291 if and only if

g1

Therefore we have

(VA + VA (VA = VA5) _ (—V/AL -+ V) (VA — V)

(VA2 + VA1) (VA2 + VAs) (VAL + VA2) (VAL + VA3)

12



which is if and only if

VA + VAL (VAL + V)
VA2 + VAL (VAL +VA2)

Which is not true. Hence by lemma 3.1 we deduce that Gal(L/F') is not
abelian. O

Therefore o is induced from a character of some quadratic extension of F'.

(i) e(L/F) = 4: Therefore H = F(1/Ay) is the unramified quadratic extension
of F for some k, fix k. Let § be a character of F(y/Ag)* with kernel the group

of norms from F(v/Ag)(vAi,\/9(x0))*, with ¢ # k. Then

W;H(\/ﬂ)

W(B/F) = (~1)"% (-1 (m )

(ii) e(L/F) = 8: In this case Gal(L/F) = Hg and o is induced from a character
of F(\/A;)* for each i. For each i we can write

op = Indpcya p X

for some character y; of F'(v/A;)*. Let 7; be the non-trivial element of Gal(F'(v/A4;)/F)
then

OB|p(va) = Xi DX -
Since F has good reduction over L we have
Xi = Qyw;j

where «; is one of the two characters of F(y/A;)* associated to the quartic
cyclic extension L/F(v/A;) and w; is unramified. Now

Xi = o w;.
Since det(og|p(a7)) = |- | r(ya;) we deduce that
oft =a;
and
wz‘2 = IF(M)'
Therefore
%
wi =1 r

13



or

wi = 03] - |

3
F(VA)
where J; is the unramified quadratic character on F'(v/A;)*. Since L = F(EI[3])
we see that og|;, must be trivial mod 3. Therefore we deduce that
! | |peya;y  if /@=1mod3

Let 1 be a non-trivial additive character of F' then

W(E/F) = (=1)"W(ép/a;),r V)W (5, Yp/a;))
where

_ { a(L/F(VA)) +n(Ypa) if g=2mod 3
0 if \/g=1mod 3

Now assume that us ¢ F. We first show that we can reduce to the case
that A is a cube in F. So suppose that A is not a cube in F. In this case we
have Gal(Lo/F) = Sy and therefore Gal(Lo/F(us3)) is not abelian. Therefore
we deduce that og is either imprimitive or else is induced from a character of a
ramified quadratic extension of F'. Applying [Kut, Proposition 5.1.8] and [Kut,
Lemma 5.2.4] together with the fact that W (E/F) = £1 we deduce that

W(E/F) = (=1)*®/DW(E/F(A%)),
We now assume that A is a cube in F.

(i) P is reducible over F(us). So Gal(Lo/F) = Z/4Z and we have F(\/A3) =
F(ps).

Lemma 10.2. We have Gal(L/F) = Z/8Z.

Proof. We have K = F(us,+/A;) and Gal(K/F) = Z/AZ. Let 7 € Gal(L/F)
be such that 7|k has order 4. We wish to show that 7 has order 8. We have

7(v/=3) = —v/=3, 7(v/A]) = VA and 7(\/A3) = —/A;. Therefore we have

7(z¢) = z2 and hence

Therefore we can assume that 7(v/g(xo)) = 7”1(;0). Therefore we have

4 . 9(930)
T (Volo)) = 927(92)72(92)73(g2)

14



Now

(A2 + VA (VA3 + VA3) (—V/A; + V) (VAL = VAy)

927(92) = 12A% /=3¢2 “128F 3¢
_ (A = A)(VAs + VA5) (VAL - VAs)
43275
_ (@ = QWA + VA3) (VAL + VAs)
36A5
And
o 3y (G = O(=vAs + VA) (—VAL + VAs5)
7 (92)7°(92) = 36AS
Therefore
927_(92)7_2(92)7_3(92) _ (< — C) (‘?3297622%)(143 - Al)
_ —3(12A5(¢2 — 1))(1245(¢ — 1))
a 1296A 3
=1
Therefore we have 74(1/g(20)) = —1/g(x0) and hence 7 has order 8. O

Therefore we have e(L/F) = 2 or 4. Moreover we have e(L/F) = 2 if and
only if F(us, /A1) is unramifed over F(ug). If e(L/F) = 2 then Lo = F(us).
Let © € F(ps) be such that

Newo) /o pus® = 1
then
W(E/F) = (2,9(20)) F(us)-
If e(L/F) =4 let 6 be a character on F(ug)* corresponding to L/F(us) then
W(E/F) = 6(2+V5).

(ii) P is irreducible over F(u3). In this case we have Gal(Lg/F) = Dg and
Gal(Lo/F(us3)) = Z/2Z x Z/2Z. Therefore we deduce that e(L/F) = 4 or 8.
However, if e(L/F) = 4 then Gal(L/F(u3)) is abelian, but this is not so by
Lemma 10.1. Therefore we deduce that e(L/F) = 8 and L has degree 16 over
F', hence Gal(L/F) is isomorphic to the 2 Sylow subgroup of GL2(F3) which is

generated by the matrices
1 0
= 4

o= ()

15
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with the relation ABA~! = B3.

Now consider F} = F(v/—3A43), a ramified quadratic extension of F' con-
tained in L. By part (i) above we see that Gal(L/Fy) =& Z/8Z and hence that
op is induced from a character x of F}*. We can write x = aw where w is
an unramified character and « is one of the four characters associated to the

extension L/F;. Now we have og|p, = x® x™ where 7 is the non-trivial element
of Gal(Fy/F) and we have x™ = a”w.

Lemma 10.3. We have o™ = a3.

Proof. Since L/F is Galois we see that a” is also associated to the extension
L of Fy. Under the isomorphism of Gal(L/F') with the 2-Sylow subgroup of
GL(F3), Fy is the field fixed by B, and since ABA™! = B3 the result fol-

lows. O

We have det(og|r) = | - |F, and hence we have a*w? = | - |f,. Now a? is
the unramified quadratic character of F}*. Hence if wp, is a uniformizer in F;
then we have w(wr,)? = —¢~!. We can assume, by changing « if necessary

that w(wp,) = iq_%. We now wish to determine o. First we make explicit the
embedding Gal(L/F;) — GLy(F3) given by the action of Galois on F[3]. Let
Py = (z0/12,4/g(x0)) and Py = (x1/12,g(z1)). We take 6 to be the element of
Gal(L/Fy) such that 0(v/As) = —y/As, 0(v/A1) = v/As, 6(y/A;) = —/A; and
0(v/9(z0)) = /g(z2). Then we have

0(FPo) = (w2, g(72)) = Po® P

and
0(P1) = (z0, vV g(20)) = Po.

Hence with respect to the basis { Py, P1} of E[3], 6 corresponds to the matrix

(1 o)

We have Gal(L/Fy) = (0), now « is a faithful character of this group and
we are trying to determine exactly which character o is. We set z = exp (%)
Then we can assume that either a(f) = z or a(f) = 2°. Now let ¢ € Wg, such
that ¢ is equal to # when restricted to L. Then we see that ¢ must induce an odd
power of Frobenius on the maximal unramified extension of F}, since 6 is non-
trivial on the unramified quadratic extension of F'. Under the representation

og|r, we have
¢ — <a(9>(iq‘5)2“+1 >
o(0)*(ig )+

Therefore



Now we can write ¢ = 22%*1_ since us ¢ F and then we have
Tr(os|r (9)) = ((8) + a(6))(ig~2)*
= (a(6) + a(O)*) (-2 ) (@27 7).
Now if a(f) = z then we have

2k+1

=)

(Z + 23)(—2_2k_1)a(i2_
2k+1

= iV/2(—272k"1)e(j27 72 )

— _2—]6(_2—2]6—1)(1.

Tr(or|r (¢))

While on the other hand, if a(f) = 2% then we have
Ti(op|r () = 27 (=272 1)

But now, under the action of Galois on Fj(E[3]) we see that the trace of 6 is 1
mod 3. Hence we need

Tr(og|m (¢)) =1 mod 3.
Now if a(f) = z then we have
Tr(slr (8) = —27*(—2721)" = —(—1)* mod 3
and it «(0) = 2° then we have
Tr(og|m (¢) = 27%(=272"12 = (=1) mod 3.
Therefore we have the following result.

Lemma 10.4. With everything as above we have o = Indp, /p aw where « is
the character of Gal(L/Fy) such that

0) = exp(2mi/8), if k is even;
A= exp(=2mi/8), if k is odd.

And we can now give the formula for the root number of F.

Proposition 10.5. With notation and assumptions as above we have

W(E/F) = i"Wr)t e @OW (5 g )W (o, Y, ).

11 Summary

Putting this all together we have the following results.
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Proposition 11.1. Assume that us C F. Then with notation as above we have
the following.
(i) P has a root in F: Let x' € F be a root of P then

W(E/F) = (-1,9(2"))F.

(ii) P splits into the product of two irreducible quadratics over F: Fix Ai €F
such that /A3 € F.

o If F(v/A1)/F is unramified then let v € F(v/ A1) such that Np( /a7y p® =
—1, then

W(E/F) = (z,9(%0)) p(var)-
o If F(\/Ay)/F is ramified then let § be a character of F* whose kernel is
the group of norms from F(\/A1,\/g(xo)) then
W(E/F) =46(-1).

(iii) P is irreducible over F: Let F' = F(A3).

o If H = F'(VAy)/F' is unramified for some k then let 6 be a char-
acter of F'(\/Ar)* with kernel the group of norms in F'(\/Ar)* from
F'(VAR) (VA /g(x0))* with i # k. Then

B (AR VA
W (E/F) = (—1) (-1) 5<w;’7<*/"‘7> .

o If F'(\/AL)/F' is ramified for all k let ¥ be an additive character of
F’, let § be the character of F'* associated to the quadratic extension
F'(\/A1)/F' and let o be a character of F'(\/A1)™ associated to the ex-

tension F'(v/A1)(vV A2, v/g(x0)) then
W(E/F) = (=1)"W (0, L)W (e, Ypr(/ay))
where

_— { a(L/F'(VAY)) +n(Ypya) i 4 =2mod 3
0 if /g =1mod 3.

Proposition 11.2. Assume that us ¢ F. Then with notation as above we have
the following.
(i) P has a root in F': Let ' € F be a root of P.

o If F(\/g(2"))/F is unramified then
W(E/F) = —1.
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o If F(\/g(2'))/F is ramified then
W(E/F) = (=) (3.9())r.

(ii) P splits into the product of two irreducible quadratics over F: Fix As € F
such that \/As € F.

o If F(\/A))/F is unramified then
W(E/F) = (2+ V5, 9(x0)) p()-

o If F(\/A1)/F is ramified then let & be a character of F(us)* whose kernel
is the group of norms from F(us)(v/ A1 + VA2, \/g(x0)) then

W(E/F)=(-1)"2 §(v/=3).

(iii) P is irreducible over F: Let F' = F(A3). We set m =0 if A3 € F, and
m = a(E/F) otherwise.

(a) P is reducible over F'(ug).

o If F'(us,/A1)/F' is unramified then F'(us,v/ A1) = F'(us). Let x €
! —_
F'(us) such that NF’(%)(\/@)/F’(us)x = —1 then

W(E/F) = (2,9(20)) F(us) (=1)"

o If F'(us,/A1)/F' is ramified let § be a character on F'(u3)™ correspond-
ing to L/F'(ug). Then

W(E/F) =62+ V5)(—1)™.

(b) P is irreducible over F'(u3). We set F| = F'(/—3A43). Let o be the
character of Gal(L/F]) given above and let 6 be the quadratic character of F'*
corresponding to the extension F|. Then

W(E/F) ="y 5 )W (a, o, ) (—1)™.
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