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Let F be a totally real number field.

Goal. Compute the space, S2(F ), of unrami-

fied Hilbert cusp forms of parallel weight 2 for

F .

By compute we mean, decompose this space

into Hecke eigenspaces and compute the Hecke

eigenvalues to any degree.

Use Jacquet-Langlands correspondence to turn

computation into one involving quaternion al-

gebras. Analogous to work of Pizer for F = Q.

Assume that h+(F ) = 1 and that F has even

degree over Q.



We take

• R: ring of integers in F

• B: quaternion algebra over F ramified only

at the infinite primes of F

• O: maximal order in B

• X: set of right equivalent classes of left O
ideals

Adelically if we set G = B×, an algebraic group

over F , then after making appropriate identifi-

cations we can identify X as

X = K \G(Af
F )/G(F )

where K =
∏

p GL(2, Rp) and Af
F is the ring of

finite adeles.



Let S denote the space

S = {f : X → C}/{constant functions}.

There is a natural definition of Hecke operators

on the space of functions on X which descends

to this space. The action of Tp is given by

summing f over the left K cosets in KgpK

where

gp =

(
πp

1

)
∈ G(Fp) ↪→ G(Af

F ).

By work of Shimizu and Jacquet-Langlands

there is a Hecke equivarient isomorphism of

S2(F ) with the space S.

Our goal is now to compute the action of the

Hecke operators on S.



Let nr : B → F denote the reduced norm.

For a left O ideal J let nr(J)+ ∈ F be a totally
positive generator for the fractional ideal of F

generated by nr(J). For x ∈ J define

NJ(x) = nr(x)/nr(J)+.

Let H = #X be the class number of O and let
{J1, . . . , JH} be a set of representatives for X.

For each i, let ei denote the number of ele-
ments of norm one in Or(Ji), the right order
of Ji.

For β ∈ R+ we define, for 1 ≤ i, j ≤ H,

bij(β) =
1

ej
c
β,J−1

j Ji

where, for any ideal J in B, cβ,J denotes the
cardinality of

{x ∈ J : NJ(x) = β}.



We define the H ×H matrix B(β) = (bij(β)).

Proposition. Let p = (π) be a prime ideal

in R. Then the action of Tp on the space of

functions {f : X → C} is given by B(π).

In order to determine the action of Tp on the

space

S = {f : X → C}/{constant functions}
and hence on S2(F ), we need to ”isolate” the

action on the constant functions.

If one takes

A =




1 e1/e2 e1/e3 . . . e1/eH
1 −1 0 . . . 0
1 0 −1 . . . 0
... ... ... . . . ...
1 0 0 0 −1






then for β ∈ R+ we have

AB(β)A−1 =




b(β) 0 . . . 0
0
... B′(β)
0


 .

Tying everything together gives.

Theorem. Let {vi} be a basis for CH−1 of si-

multaneous eigenvectors for the family of ma-

trices {B′(β)}. Then each vi corresponds to an

unramified Hilbert modular cuspidal eigenform

fi of parallel weight 2 whose eigenvalue with

respect to the pth Hecke operator is the eigen-

value of vi with respect to B′(π) where π ∈ R+

is a generator of p.



To compute the space S2(F ) one needs to do

the following.

• Find defining relations for B and a maximal

order O in B.

• Compute the class number of O.

• Find ideal class representatives {Ji}.

Given M ∈ R one can then compute the matri-

ces B(β) for all β ∈ R+ with Tr(β) ≤ M . Com-

puting the matrices B(β) amounts to comput-

ing the number of elements in J−1
j Ji of a given

norm.



We say a few words about finding ideal class

representatives. It is easy to manufacture left

ideals of O when they are of a particular form.

Let α ∈ B \ F then K = F (α) is a quadratic

extension of F contained in B.

Let I be an ideal in K then J = OI is a left

O ideal. If I and I ′ are in the same ideal class

in K then J and J ′ represent the same class

in X. Moreover every element of X can be

represented by such an ideal.

To check if J and J ′ represent the same ideal

class one computes the first few terms of the

sequences (cβ,J) and (cβ,J ′).



For now assume that F = Q(
√

m). If h+(F ) =

1 then m = 2 or m is a prime congruent to

1 mod 4.

Proposition. Assume that m > 5 then

H =
1

48m

m∑

u=1

χ(u)u2+
h(Q(

√−m))

8
+

h(Q(
√−3m))

6

where χ =
( ·

m

)
.

Proposition. Assume that m 6≡ 1 mod 8 then

B = (−1,−1) (i.e. B = F ⊕ Fi⊕ Fj ⊕ Fk with

k = ij, i2 = j2 = −1, ij = −ji). If m ≡
5 mod 8 then a maximal order is given by

O = R

[
1 + i + j + k

2
,
i + θj + (1 + θ)k

2
, j, k

]

where θ = (1 +
√

m)/2.



Let f be a Hilbert cuspidal eigenform of parallel

weight 2 with rational Hecke eigenvalues.

In most case one knows the existence of an

elliptic curve attached to f . This is known if

F has odd degree or if the automorphic repre-

sentation associated to f is discrete series at

some prime.

Conjecture. Let F be a totally real number

field of even degree over Q. Then to each

unramified Hilbert modular eigenform f , over

F and of parallel weight 2, which has rational

Hecke eigenvalues one can attach an elliptic

curve Ef defined over F with good reduction

everywhere, such that the L-functions of Ef

and f agree at each place of F .



We verify this conjecture for F = Q(
√

509). As

we shall see, there exists forms in S2(F ) that

do not arise via base change from Q. It is not

know how to attach curves to such forms.

We take B = (−1,−1) and O to be the maxi-

mal order in B as above. We compute H = 24,

hence dimS2(F ) = 23.

One finds O ideal class representatives using

ideals from F (
√−1), F (

√−359) and F (
√−383)

which can all be found in B.

We find that the characteristic polynomial of

B′(19+θ) has three distinct rational roots and

an irreducible factor of degree 20. Therefore

there are three eigenforms in S2(F ) which have

rational Hecke eigenvalues.



π π | p v1 v2 v3

3 3 -4 -4 1
7 7 -6 -6 9
11 + θ 5 3 -2 -2
12− θ 5 -2 3 -2
12 + θ 29 0 10 -5
13− θ 29 10 0 -5
13 13 1 1 26
14 + θ 83 14 9 14
15− θ 83 9 14 14
15 + θ 113 11 6 11
16− θ 113 6 11 11
17 + θ 179 0 25 10
18− θ 179 25 0 10
19 19 -12 -12 38
20 + θ 293 16 26 -9
21− θ 293 26 16 -9
22 + θ 379 -20 20 -10
23− θ 379 20 -20 -10



Gal(F/Q) acts on the space of forms, per-

muting the Hecke eigenvalues via its action

on primes of F . Using this we see that v3

is fixed under Galois and hence corresponds

to an eigenform which arises via base change.

Whereas v1 and v2 correspond to a pair of con-

jugate eigenforms which do not arise via base

change from Q.

One knows, by Cremona, of the existence of

a pair of classical forms in S2(Γ0(509), χ) de-

fined over Q(
√

509) which give rise to an el-

liptic curve E with everywhere good reduction

over F by the construction of Shimura. These

forms base change to the form corresponding

to v3 and E will be attached to this form.

By work of Pinch, there is an elliptic curve E/F

with everywhere good reduction which is not

a Q-curve. Explicitly E is given by

y2−xy−θy = x3+(2+2θ)x2+(162+3θ)x+71+34θ.



Let f denote the form corresponding to the
vector v1. One can readily compute that the
first few Hecke eigenvalues of f agree with the
corresponding numbers for E.

In order to show that E is attached to f we
use Galois representations attached to both
objects.

Fix a rational prime `.

We have a representation σE : Gal(F/F ) →
GL2(Q`) given by the action of Galois on the
`-adic Tate module of E.

On the other hand we have a representation
σf : Gal(F/F ) → GL2(Q`) by work of Taylor,
and independently of Blasius and Rogawski.

In order to conclude that E is attached to f
we need to show that for some prime ` these
representations are equivalent. For this one
can take ` = 2 and use a result due to Faltings
and Serre.



Theorem. Let K be a global field, S a finite

set of primes of K, and E a finite extension of

Q2. Denote the maximal ideal in the ring of

integers of E by p and the compositum of all

quadratic extensions of K unramified outside

S by KS. Suppose that

ρ1, ρ2 : Gal(K/K) → GL2(E)

are continuous representations, unramified out-

side S, and furthermore satisfying

1. Tr ρ1 ≡ Tr ρ2 ≡ 0 mod p

2. det ρ1 ≡ det ρ2 mod p

3. There exists a set T of primes of K, disjoint

from S, for which

(i) The image of the set {Frt : t ∈ T} in the

Z/2Z-vector space Gal(KS/K) is non-cubic.

(ii) Tr ρ1(Frt) = Tr ρ2(Frt) and det ρ1(Frt) =

det ρ2(Frt) for all t ∈ T .

Then ρss
1 and ρss

2 are isomorphic.



We cannot apply this result directly since con-

dition 1 is not satisfied.

Using class field theory we can identify the ex-

tensions of F cut out by the mod 2 representa-

tions, and then we can apply this result. This

required one to compute the Hecke eigenvalues

of f for primes generated by a totally positive

element of the form a + bθ with a ≤ 183.


