
IAS TALK: ON THE FUNDAMENTAL LEMMA FOR WEIGHTED
ORBITAL INTEGRALS

DAVID WHITEHOUSE

Abstract. The first half of this talk will be devoted to describing Arthurs
variant of the fundamental lemma for weighted orbital integrals. The second
half will describe, in detail, a proof of the weighted fundamental lemma for
the group Sp(4).

This talk will consist of two parts.
(1) Statement of the weighted fundamental lemma.
(2) Proof of the weighted fundamental lemma for Sp(4).

In the first we will give the statement of the weighted fundamental lemma. The
previous lectures have been devoted to the (unweighted) fundamental lemma which
is required to stabilize the elliptic part of the trace formula. The weighted variant
of it is conjectured by Arthur and is required for the stabilization of the full trace
formula.

In the second part of this talk we will present a proof of the weighted fundamental
lemma for Sp(4). We note that Sp(4) is one of the first groups for which the
extension of the fundamental lemma to weighted orbital integrals is non-trivial.

Notes for this talk can be found online at www.math.ias.edu/~dw.

1. The weighted fundamental lemma

We begin by fixing some notation.
• F local nonarchimedean field
• OF ring of integers in F
• | | the multiplicative valuation on F
• q the cardinality of the residue field of F
• G/F an (unramified) connected reductive group
• K a hyperspecial maximal compact subgroup of G(F )

1.1. Weight functions. We begin with the definition of Arthur’s weight functions.
We fix a Levi subgroup M of G which is in “good position” relative to K; see [Art81,
Section 1] for the definition. Arthur defines a weight function

vM : G(F ) → R

which we will now describe.
We denote by P(M) for the (finite) set of parabolic subgroups P of G with Levi

component M .
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Let AM denote the split component of the center of M . Let X(M)F denote the
group of characters of M defined over F and set

aM = Hom(X(M)F ,R),

a real vector space of dimension equal to the dimension of AM . By restriction we
have

aM ↪→ aM0

We fix a Weyl invariant Euclidean metric on aM0 , the restriction of this metric
provides a Euclidean metric on any subspace.

By restriction to AM we have a canonical identification

aM = Hom(X(AM ),R).

We set a∗M = X(M)F ⊗Z R = X(AM )⊗Z R. Then a∗M is the dual vector space of
aM in the natural way.

We note that we have AG ⊂ AM and by restriction we have a map X(AM ) ³
X(AG), which yields a surjection a∗M ³ a∗G and hence an embedding aG ↪→ aM .
On the other hand, since M ⊂ G we have by restriction an injection a∗G ↪→ a∗M .
This gives rise to canonical splittings

aM = aG ⊕ aG
M

and

a∗M = a∗G ⊕ (aG
M )∗.

We have a homomorphism

HM : M(F ) → aM

defined by

〈HM (m), χ〉 = log |χ(m)|
for m ∈ M(F ) and χ ∈ X(M)F . Let P ∈ P(M) then using the Iwasawa decompo-
sition

G(F ) = NP (F )M(F )K,

where NP denotes the unipotent radical in P , we can extend HM to a map

HP : G(F ) → aM

by taking HP to be zero on NP (F ) and K.
We then define for g ∈ G(F ), vM (g) to be the volume of the convex hull of the

projection of
{HP (g) : P ∈ P(M)} ⊂ aM

onto aG
M .

Equivalently one can define vM in terms of a (G, M)-family, which we now de-
scribe. Let P ∈ P(M) and let ∆P ⊂ a∗P denote the simple roots of (P, AM ). We
have the set of “coroots”

∆∨
P =

{
β∨ ∈ aG

M : β ∈ ∆P

}
.

We recall the definition of these coroots from [Art78, Section 1]. Let P0 be a
minimal parabolic subgroup of G contained in P . Each β ∈ ∆P is the restriction
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to aG
P of a unique root β1 ∈ ∆P0 . We then define β∨ to be the projection onto aG

P

of β∨1 ∈ aG
P0

. Let aM,C = aM ⊗R C, then for λ ∈ a∗M,C we define

θP (λ) = vol(aG
M/Z[∆∨

P ])−1
∏

β∈∆P

λ(β∨).

We define, for λ ∈ a∗M,C and g ∈ G(F ),

vP (λ, g) = exp(−λ(HP (g))).

We now set

vM (λ, g) =
∑

P∈P(M)

vP (λ, x)θP (λ)−1.

By [Art81, Lemma 6.2] for each g ∈ G(F ) this function extends to a smooth function
on ia∗M . We define vM (g) to be the value of the function vM (λ, g) at λ = 0.

Remark 1.1. We note that vM (mgk) = vM (g) for m ∈ M(F ) and k ∈ K.

Example 1.2. (Weight functions for GL(2).) We take M to be the diagonal torus
in GL(2).

In order to compute vM (g) it is sufficient to consider the case that g is upper
triangular unipotent. We take

g =
(

1 x
0 1

)
.

Of course in this case P(M) = {P, Q} where Q denotes the lower triangular Borel
subgroup. We need to write

(
1 x
0 1

)
=

(
1 0
y 1

)(
a 0
0 b

)
k

with k ∈ GL(2,OF ).
First of all we clearly have |b| = |a|−1. Next we apply the row vector (1, 0) to

this identity. Applying it to the right hand side gives

a(1, 0)k.

On the other hand applying it to the left hand allows us to deduce that

|a| = max {1, |x|} .

Hence we obtain

vM (g) = vol(aG
M/Z[∆∨

B ]) log max {1, |x|} .

Example 1.3. As an example of a weight function for a non-maximal Levi sub-
group we take the following from [Whi05, Corollary 4.8]. Let B denote the upper
triangular Borel subgroup in Sp(4) and let M denote the diagonal torus. Then we
have for

n =




1 x1 x2 + x1x4 x3

1 x4 x2

1 −x1

1


 ∈ NB(F ),

vM (n) =
vol(aG

B/Z(∆∨
B))

2
(−(A2 + 2B2 + 2C2 + D2 + 2E2 + F 2) + 2(AB + AE + BD + CD + EF )

)
,
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where

A = log max{1, |x2|, |x4|, |x3 − x1x2|, |x2
2 − x3x4 + x1x2x4|}

B = log max{1, |x1|, |x2 + x1x4|, |x3|}
C = log max{1, |x1|}
D = log max{1, |x1|2, |x3 + x1x2 + x2

1x4|}
E = log max{1, |x2|, |x4|}
F = log max{1, |x4|}.

1.2. Weighted orbital integrals. Suppose now we take f ∈ C∞c (G(F )) and an
element γ ∈ M(F ). We assume that γ is strongly G-regular, i.e. γ is a semisimple
element of M such that Gγ is a torus. Then we define the weighted orbital integral
of f at the element γ by

JM (γ, f) = |DG(γ)| 12
∫

Gγ(F )\G(F )

f(g−1γg) vM (g) dg.

We note that this is well defined since Gγ = Mγ ⊂ M by the assumption that γ is
strongly G-regular and vM is left M(F )-invariant.

In the special case that f = 1K we define

rG
M (γ) = JM (γ,1K).

1.3. Statement of the weighted fundamental lemma. Suppose further now
that G is unramified. Let M be a Levi subgroup of G. Suppose now we take an
unramified elliptic endoscopic datum (M ′,M′, s′M , ξ′M ) for M . Here,

(1) M ′ is an unramified group defined over F ,
(2) M′ = LM ′ ⊂ LM ,
(3) s′M is a semisimple element in M̂ such that M̂ ′ = Z

M̂
(s′M )0,

(4) ξ′M is the inclusion of M′ in LM .

The datum (M ′,M′, s′M , ξ′M ) satisfies the conditions of [LS87, (1.2)].
We note that M̂ ⊂ Ĝ as a Levi subgroup in a canonical way.
We define EM ′(G) to be the set of endoscopic data for G of the form

(G′,G′, s′, ξ′),
where

(1) s′ lies in s′MZ(M̂)Γ,
(2) G′ = M′Ĝ′, where Ĝ′ = ZĜ(s′)0,
(3) ξ′ is the identity embedding of G′ into LG,
(4) LG′ = G′.

The elements in EM ′(G) are taken up to translation of s′ by Z(Ĝ)Γ.
We note that for each G′ ∈ EM ′(G) we have a well defined (up to G′(F )-

conjugacy) embedding M ′ ↪→ G′.
For G′ ∈ EM ′(G) we set

ιM ′(G,G′) = |Z(M̂ ′)Γ/Z(M̂)Γ||Z(Ĝ′)Γ/Z(Ĝ)Γ|−1,

where Γ = Gal(F/F ).
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Conjecture 1.4. (The weighted fundamental lemma.) For each G and M there is
a function sG

M (`) defined on G-regular stable conjugacy classes in M(F ) satisfying
the following property: For any G, M and M ′ as above and for any element ` ∈
LG−reg(M ′), the strongly G-regular conjugacy classes in M ′(F ), we have

∑

k∈ΓG-reg(M(F ))

∆M∩K(`′, k)rG
M (k) =

∑

G′∈EM′ (G)

ιM ′(G, G′)sG′
M ′(`′).

1.3.1. Remarks on the statement of the weighted fundamental lemma.

• The sum on the left is over ΓG-reg(M(F )) the set of strongly G-regular
conjugacy classes in M(F ).

• The factor ∆M∩K(`′, k) is the Langlands-Shelstad transfer factor normal-
ized relative to the maximal compact subgroup M ∩K of M and deprived
of term ∆IV .

• The left hand side is independent of the choice of the maximal compact
subgroup K of G(F ).

• The term ιM ′(G,G′) vanishes unless the endoscopic datum G′ is elliptic for
G. Moreover it is non-zero for only finitely many G′ ∈ EM ′(G).

• The functions sG
M (`) are uniquely defined by taking M ′ = M above. In this

case we clearly have G ∈ EM (G) and we obtain an inductive definition for
sG

M (`) by the formula

sG
M (`) = rG

M (`)−
∑

G′∈EM′ (G)G′ 6=G

ιM ′(G,G′)sG′
M (`)

where

rG
M (`) =

∑

k∈ΓG-reg(M(F )),k∈`

rG
M (k).

• Thus the point of the weighted fundamental lemma is to prove the identities
when M ′ 6= M .

• If we take M = G then from the definition above we see that sG
G(`) is equal

to stable orbital integral of 1K along the stable conjugacy class `. Moreover
if we take G′ to be an endoscopic group for G then clearly EG′(G) = {G′}
and so the weighted fundamental lemma reduces to the standard invariant
fundamental lemma conjectured by Langlands.

• If we take M to be a minimal Levi subgroup then the weighted fundamental
lemma is trivial.

1.3.2. What’s known about the weighted fundamental lemma. It’s clear from the
statement that the weighted fundamental lemma asserts something non-trivial about
the pair (G,M) precisely when the Levi subgroup M has proper elliptic endo-
scopic groups. Thus for certain groups the extension of the fundamental lemma to
weighted orbital integrals is trivial. This is the case for example when G = GSp(4),
SO(5) or SL(p) with p prime. In each of these cases the fundamental lemma for
invariant orbital integrals is known. One of the first groups where something extra
is needed in the case of weighted orbital integrals is for Sp(4).

1.3.3. Statement of the weighted fundamental lemma for SO(2n + 1). The dual
group of SO(2n + 1) is Sp(2n,C). The elliptic endoscopic groups are obtained by
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taking elements of the form

s =




In1

−I2n2

In1


 ∈ Sp(2n,C)

with n1+n2 = n. Then the centralizer of s in Sp(2n,C) is isomorphic to Sp(2n1,C)×
Sp(2n2,C). Hence we get

Eell(SO(2n + 1)) = {SO(2n1 + 1)× SO(2n2 + 1) : n1 + n2 = n} .

Suppose now we take a Levi subgroup M of SO(2n + 1). Then we have

M = SO(2m0 + 1)×
k∏

i=1

GL(mi)

for integers mi ≥ 0 with
k∑

i=0

mi = n.

We assume that mi > 0 for 1 ≤ i ≤ k. We view

M =
{
diag(Ak, . . . , A1, A0,

τA−1
1 , . . . , τA−1

k )
} ⊂ G.

We have

M̂ = Sp(2m0,C)×
k∏

i=1

GL(mi,C) ↪→ Sp(2n,C)

via the analogous embedding.
Let M ′ be an elliptic endoscopic group for M . Then, by the arguments above,

we can take

M ′ = SO(2m+
0 + 1)× SO(2m−

0 + 1)×
k∏

i=1

GL(mi)

for integers m+
0 ,m−

0 ≥ 0 with m+
0 + m−

0 = m0. This elliptic endoscopic group is
given by the element

s′M = diag(Imk
, . . . , Im1 , Im+

0
,−I2m−

0
, Im+

0
, Im1 , . . . , Imk

) ∈ M̂.

In order to determine the set EM ′(G) we need to look at endoscopic data coming
from elements of the form

s′M = diag(λkImk
, . . . , λ1Im1 , Im+

0
,−I2m−

0
, Im+

0
, λ−1

1 Im1 , . . . , λ
−1
k Imk

) ∈ Ĝ.

We get elliptic endoscopic data if and only if λi ∈ {±1} for all i with 1 ≤ i ≤ k.
Write [1, k] = I+ q I− then we get the group

SO(2nI+ + 1)× SO(2nI− + 1),

where
nI± = m±

0 +
∑

i∈I±
mi

and with M ′ embedded as

M ′
I+×M ′

I− =

(
SO(2m+

0 + 1)×
∏

i∈I+

GL(mi)

)
×

(
SO(2m−

0 + 1)×
∏

i∈I−
GL(mi)

)
.
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If we assume first that m+
0 = m0 and m−

0 = 0 then we get the definition

s
SO(2n+1)
M (`) = r

SO(2n+1)
M (`)−

∑

[1,k]=I+qI−,I− 6=∅
s
SO(2nI++1)

MI+
(`I+)sSO(2nI−+1)

MI−
(`I−),

if m0 > 0 and

s
SO(2n+1)
M (`) = r

SO(2n+1)
M (`)−1

2

∑

[1,k]=I+qI−,I+,I− 6=∅
s
SO(2nI++1)

MI+
(`I+)sSO(2nI−+1)

MI−
(`I−),

here `I± denotes the projection of ` to MI± .
If on the other hand we have m+

0 > 0 and m−
0 > 0 then the weighted fundamental

lemma asserts that for `′ a stable conjugacy class in M ′(F ) we have, for a strongly
SO(2n + 1)-regular stable conjugacy class in M ′(F ),

∑

k∈ΓSO(2n + 1)-reg(M(F ))

∆M∩K(`, k)rSO(2n+1)
M (k)

equal to ∑

[1,k]=I+qI−
s
SO(2nI++1)

MI+
(`+I+)sSO(2nI−+1)

MI−
(`−I−),

2. The weighted fundamental lemma for Sp(4)

We now take G = Sp(4) the symplectic group of rank 2, explicitly given as

Sp(4) =
{
g ∈ GL(4) : J tg−1J−1 = g

}

where

J =




1
1

−1
−1


 .

Up to conjugacy there are four parabolic subgroups of Sp(4). Taking those which
contain the upper triangular matrices they are of the form

G,




∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗
∗ ∗


 ,




∗ ∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗

∗


 , B.

In each of these cases the Levi components are isomorphic to

G, GL(2), SL(2)×GL(1), GL(1)2.

Thus only one proper Levi subgroup possesses proper elliptic endoscopic groups.
This is

M =








a
g

a−1


 : a ∈ GL(1), g ∈ SL(2)



 .

The dual group of M is M̂ = SO(3,C)×GL(1,C) which sits inside Ĝ = SO(5,C)
as

M̂ =








a
g

a−1


 : a ∈ C×, g ∈ SO(3,C)



 .
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Let E/F denote the unramified quadratic extension of F . The group M has
a unique proper unramified elliptic endoscopic group, namely M ′ with M ′(F ) =
E1 × F× where E1 denotes the group of elements in E× with norm 1.

To obtain the endoscopic group M ′ we take the element

s = diag(1,−1, 1,−1, 1) ∈ M̂.

The connected component of the centralizer of s in M̂ is the diagonal torus and the
action of Gal(E/F ) on this torus is given by

σ : diag(a, b, 1, b−1, a−1) 7→ diag(a, b−1, 1, b, a−1)

which is given by conjugation by the element



1
1

1
1

1




which commutes with s.
In order to compute the set EM ′(G) we need to consider elements in sZ(M̂) ⊂ Ĝ.

Thus we need to look at elements of the form

diag(a,−1, 1,−1, a−1) ∈ Ĝ.

We get elliptic endoscopic data if and only if we have a = ±1.
When a = −1 we have the connected component of the centralizer of such an

element equal to SO(4,C). We have

SO(4,C) = (GL(2,C)×GL(2,C))′/C×

where the prime denotes the subgroup of pairs with equal determinant, and the
C× is embedded diagonally. The group Gal(E/F ) acts by permuting the factors.
Consider the group G1 = (GL(2)×GL(2))′/ GL(1) over E, then we have

H1(F ) = {(g1, g2) ∈ G1(E) : (g1, g2) = (ḡ2, ḡ1)} .

When a = 1 we have the connected component of the centralizer of such an
element equal to

SO(3,C)× SO(2,C)

with a Galois action on SO(2,C). Hence we get the group H2 with H2(F ) =
SL(2, F )× E1.

For H ∈ EM ′(Sp4) we have, by definition,

ιM ′(Sp4, H) =
| Z(M̂ ′)Gal(E/F )/Z(M̂) |

| Z(Ĥ)Gal(E/F ) |
.

Thus ιM ′(Sp4,H1) = 2 and ιM ′(Sp4,H2) = 1.
We let D ∈ F be such that E = F (

√
D). We assume, as we may, that D ∈ O×F .

For a ∈ F× and β = β1 + β2

√
D ∈ E1, with βi ∈ F , we write

γ(a, β) =




a
β1 β2D
β2 β1

a−1


 ∈ M(F ).
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The stable conjugacy class of γ(a, β) in M(F ) is a union of two conjugacy classes,
with

γ′(a, β) =




a
β1 $−1β2D

$β2 β1

a−1


 ∈ M(F )

representing the other conjugacy class.
Under the norm map, the stable conjugacy class of γ(a, β) is sent to the conjugacy

class of

γ1(a, β) =
((

aβ
1

)
,

(
a

β

))
∈ M ′(F ) ⊂ H1(F )

and to

γ2(a, β) =
((

a
a−1

)
, β

)
∈ M ′(F ) ⊂ H2(F ).

In our case the transfer factor ∆K∩M is computed in [LS87, Section 1.1]. And
we have

∆K∩M (γi(a, β), γ(a, β)) = (−1)v(β2)

and
∆K∩M (γi(a, β), γ′(a, β)) = (−1)v(β2)+1.

2.1. How to compute weighted orbital integrals. Suppose we take M as above
and fix a parabolic subgroup P with Levi component M . Let NP denote the
unipotent radical of P . For a strongly G-regular element a ∈ M(F ) we define

σP (a) =
∫

NP (F )∩K

vM (ϕa(n)) dn

where ϕa : NP (F ) → NP (F ) is the inverse of the map

NP (F ) → NP (F ) : n 7→ a−1n−1an.

Then we have the following Lemma.

Lemma 2.1. With notation as above we have

rG
M (γ) = |DM (γ)| 12

∫

Mγ(F )\M(F )

1KM
(m−1γm) σP (m−1γm) dm.

Proof. Use the Iwasawa decomposition to write the Haar measure on G(F ) as
dg = dm dn dk. ¤

2.2. Statement of the weighted fundamental lemma for Sp(4). We can use
the previous Lemma, together with the calculations of weighted functions on GL(2),
to readily compute the weighted orbital integrals on H1(F ) and H2(F ). Thus the
statement of the weighted fundamental lemma is given by the following.

Theorem 2.2. For all a ∈ UF \ {±1} and β = β1 + β2

√
D ∈ (UE ∩E1) \ {±1} we

have
(−1)v(β2)

(
r
Sp4
M (γ(a, β))− r

Sp4
M (γ′(a, β))

)

equal to

|aβ−1|E
∫

|x|E≤|aβ−1|−1
E

log max{1, |x|E} dx+|a2−1|
∫

|y|≤|a2−1|−1
log max{1, |y|} dy.
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2.3. Proof of the Fundamental Lemma. It remains to compute the weighted
orbital integrals on Sp(4).

We take P to be the upper triangular parabolic in Sp(4) with Levi component
NP . Then we have

NP (F ) =








1 x1 x2 x3

1 0 x2

1 −x1

1


 : xi ∈ F





.

One can compute, as in the case of GL(2), that we have

vM (g) = log max{1, |x1|, |x2|, |x3|}
for g ∈ NP (F ) as above.

Suppose now that we take

γ =




a
B

a−1


 ∈ M(F )

and write

B =
(

b11 b12

b21 b22

)
.

Then the map n 7→ γ−1n−1γn is given in the coordinates (x1, x2, x3) by(
x1

x2

)
7→ (I − a−1tB)

(
x1

x2

)

and
x3 7→ (1− a−2)x3 + a−1

(
b12x

2
1 + (b22 − b11)x1x2 − b21x

2
2

)
.

Using the fact that σP is invariant under conjugation by an element of KM , we
have, as in [LL79, (2.1)],

r
Sp4
M (γ(a, β))−r

Sp4
M (γ′(a, β)) = σP (γ(a, β))+(q+1)

v(β2)∑

k=1

(−1)kqk−1σP (z−1
k γ(a, β)zk)

where

zk =




1
1

$k

1


 .

One can compute this expression and prove the identity above.
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