IAS TALK: ON THE FUNDAMENTAL LEMMA FOR WEIGHTED
ORBITAL INTEGRALS

DAVID WHITEHOUSE

ABSTRACT. The first half of this talk will be devoted to describing Arthurs
variant of the fundamental lemma for weighted orbital integrals. The second
half will describe, in detail, a proof of the weighted fundamental lemma for
the group Sp(4).

This talk will consist of two parts.

(1) Statement of the weighted fundamental lemma.
(2) Proof of the weighted fundamental lemma for Sp(4).

In the first we will give the statement of the weighted fundamental lemma. The
previous lectures have been devoted to the (unweighted) fundamental lemma which
is required to stabilize the elliptic part of the trace formula. The weighted variant
of it is conjectured by Arthur and is required for the stabilization of the full trace
formula.

In the second part of this talk we will present a proof of the weighted fundamental
lemma for Sp(4). We note that Sp(4) is one of the first groups for which the
extension of the fundamental lemma to weighted orbital integrals is non-trivial.

Notes for this talk can be found online at www.math.ias.edu/"dw.

1. THE WEIGHTED FUNDAMENTAL LEMMA

We begin by fixing some notation.

F local nonarchimedean field

OpF ring of integers in F'

| | the multiplicative valuation on F

q the cardinality of the residue field of F'

G/F an (unramified) connected reductive group

K a hyperspecial maximal compact subgroup of G(F)

1.1. Weight functions. We begin with the definition of Arthur’s weight functions.
We fix a Levi subgroup M of G which is in “good position” relative to K; see [Art81,
Section 1] for the definition. Arthur defines a weight function

vy G(F) - R

which we will now describe.
We denote by P(M) for the (finite) set of parabolic subgroups P of G with Levi
component M.
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Let Aps denote the split component of the center of M. Let X(M)p denote the
group of characters of M defined over F' and set

an — I‘IOHl(.X(]\f)F,I{)7
a real vector space of dimension equal to the dimension of Ay;. By restriction we
have
apr — Apg,
We fix a Weyl invariant Euclidean metric on apy,, the restriction of this metric

provides a Euclidean metric on any subspace.
By restriction to Aj; we have a canonical identification

ay = HOHl(X(AM), R)

We set aj;, = X(M)r ®z R = X(An) @z R. Then a}; is the dual vector space of
aps in the natural way.

We note that we have Ag C Aps and by restriction we have a map X (Apy) —
X (Ag), which yields a surjection a}, — af, and hence an embedding ag — ax.
On the other hand, since M C G we have by restriction an injection ag — aj,.
This gives rise to canonical splittings

ay =ag D a%’}
and
aj = ag; ® (afy)".
We have a homomorphism
Hy : M(F) — ay
defined by
(Har(m), x) = log [x(m)|
form € M(F) and x € X(M)p. Let P € P(M) then using the Iwasawa decompo-
sition
G(F) = Np(F)M(F)K,
where Np denotes the unipotent radical in P, we can extend Hj; to a map
Hp :G(F) — ay

by taking Hp to be zero on Np(F') and K.

We then define for g € G(F), va(g) to be the volume of the convex hull of the
projection of

{Hp(g): P € P(M)} Cay

onto a§;.

Equivalently one can define vy in terms of a (G, M )-family, which we now de-
scribe. Let P € P(M) and let Ap C a} denote the simple roots of (P, Apyr). We
have the set of “coroots”

Ap={B"€af,:BeAp}.

We recall the definition of these coroots from [Art78, Section 1]. Let Py be a
minimal parabolic subgroup of G contained in P. Each 5 € Ap is the restriction
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to ag of a unique root 8; € Ap,. We then define 3V to be the projection onto aIGD
of B € af,. Let ayc = ay ®r C, then for X € a}; ¢ we define

Op(\) = vol(afy/ZIAY) ™" TT ABY).
BEAP
We define, for A € a}, ¢ and g € G(F),

vp(A, g) = exp(=A(Hp(g)))-

We now set
o (A, g) = Z vp(A,2)0p(\) 7"

PeP(M)
By [Art81, Lemma 6.2] for each g € G(F') this function extends to a smooth function
on ia},. We define vps(g) to be the value of the function vy (A, g) at A = 0.
Remark 1.1. We note that vy (mgk) = var(g) for m € M(F) and k € K.
Example 1.2. (Weight functions for GL(2).) We take M to be the diagonal torus
in GL(2).

In order to compute vps(g) it is sufficient to consider the case that g is upper
triangular unipotent. We take
(1 =z
7=\o 1)-

Of course in this case P(M) = {P,Q} where @ denotes the lower triangular Borel
subgroup. We need to write

o 1) =0 1G5

with k € GL(2, Op).

First of all we clearly have |b| = |a|~!. Next we apply the row vector (1,0) to
this identity. Applying it to the right hand side gives
a(1,0)k.

On the other hand applying it to the left hand allows us to deduce that
la| = max {1, |z|}.
Hence we obtain
v (g) = vol(a$,/Z[AY]) log max {1, |z} .

Example 1.3. As an example of a weight function for a non-maximal Levi sub-
group we take the following from [Whi05, Corollary 4.8]. Let B denote the upper
triangular Borel subgroup in Sp(4) and let M denote the diagonal torus. Then we
have for

1 X1 i) -+ X1T4 T3

. 1 T4 To
n = 1 -z GNB(F)7
1

vol(af/Z(A))

5 (—(A? +2B* 4+ 2C? + D* + 2E* + F?) + 2(AB + AE + BD + CD + EF)),

3

vy (n) =



where

A =logmax{l,|xal, |24, |23 — T122], |23 — 324 + 21T074]}
B = logmax{1,|z1]|, |2 + x124], |23]}

C =logmax{l, |z1|}

D =logmax{l,|z1|?, |z3 + z120 + x2x4|}

E =logmax{l, |xa|, |z4|}

F =logmax{1, |z4]}.

1.2. Weighted orbital integrals. Suppose now we take f € C°(G(F)) and an
element v € M(F'). We assume that 7 is strongly G-regular, i.e. 7 is a semisimple
element of M such that G, is a torus. Then we define the weighted orbital integral
of f at the element v by

Ju(, f) = [Da()]2 / flg™"v9) vml(g) dg.

G (F\G(F)

We note that this is well defined since G, = M., C M by the assumption that vy is
strongly G-regular and vy is left M (F)-invariant.

In the special case that f = 1k we define
rir(7) = T (7, 1).

1.3. Statement of the weighted fundamental lemma. Suppose further now
that G is unramified. Let M be a Levi subgroup of G. Suppose now we take an
unramified elliptic endoscopic datum (M’, M’,s),,&},) for M. Here,

(1) M’ is an unramified group defined over F,
2) M =tM' ctM,
(3) sy is a semisimple element in M such that M’ = Z53(sh,)°,
(4) &), is the inclusion of M’ in LM.
The datum (M',M’, S'M,fgw) satisfies the conditions of [LS87, (1.2)].

We note that M C G as a Levi subgroup in a canonical way.
We define £y (G) to be the set of endoscopic data for G of the form

(G/7 g’) 8/7 gl))
where
(1) ¢’ lies in S’MZ(Z/W\)F,

(2) ' = M'G’, where G’ = Zg(s')°,
(3) ¢ is the identity embedding of G’ into LG,
(4) LG/ — g/.
The elements in £y (G) are taken up to translation of s’ by Z(G)T.

We note that for each G € &y (G) we have a well defined (up to G'(F)-
conjugacy) embedding M’ — G’.

For G’ € &y (G) we set

wr(G,G') = |2/ Z(M)T||2(G)/2(G) I

where I' = Gal(F/F).



Conjecture 1.4. (The weighted fundamental lemma.) For each G and M there is
a function s§;(¢) defined on G-regular stable conjugacy classes in M(F) satisfying
the following property: For any G, M and M' as above and for any element { €

LG_reg(M'), the strongly G-regular conjugacy classes in M'(F'), we have

S AunxC RSk = Y wn(G.G)sS(W).
kEFG-'r‘eg(M(F)) G/eghl/(G)

1.3.1. Remarks on the statement of the weighted fundamental lemma.

e The sum on the left is over I'g.reg(M(F')) the set of strongly G-regular
conjugacy classes in M (F).

e The factor Ay (¢, k) is the Langlands-Shelstad transfer factor normal-
ized relative to the maximal compact subgroup M N K of M and deprived
of term Ay .

e The left hand side is independent of the choice of the maximal compact
subgroup K of G(F).

e The term ¢y (G, G’) vanishes unless the endoscopic datum G’ is elliptic for
G. Moreover it is non-zero for only finitely many G’ € &y (G).

e The functions s§,(¢) are uniquely defined by taking M’ = M above. In this
case we clearly have G € £3/(G) and we obtain an inductive definition for
5§ (¢) by the formula

s§i(0) = 1§ (0) — Yoo (G650
G'e€€ i (G)G'#G

where

() = > i (k).

k€Tl Greg (M (F)) kel

e Thus the point of the weighted fundamental lemma is to prove the identities
when M’ # M.

e If we take M = G then from the definition above we see that s&(¢) is equal
to stable orbital integral of 1k along the stable conjugacy class £. Moreover
if we take G’ to be an endoscopic group for G then clearly ¢/ (G) = {G'}
and so the weighted fundamental lemma reduces to the standard invariant
fundamental lemma conjectured by Langlands.

e If we take M to be a minimal Levi subgroup then the weighted fundamental
lemma is trivial.

1.3.2. What’s known about the weighted fundamental lemma. It’s clear from the
statement that the weighted fundamental lemma asserts something non-trivial about
the pair (G, M) precisely when the Levi subgroup M has proper elliptic endo-
scopic groups. Thus for certain groups the extension of the fundamental lemma to
weighted orbital integrals is trivial. This is the case for example when G = GSp(4),
SO(5) or SL(p) with p prime. In each of these cases the fundamental lemma for
invariant orbital integrals is known. One of the first groups where something extra
is needed in the case of weighted orbital integrals is for Sp(4).

1.3.3. Statement of the weighted fundamental lemma for SO(2n + 1). The dual
group of SO(2n + 1) is Sp(2n, C). The elliptic endoscopic groups are obtained by
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taking elements of the form

I,
s = —Iop, € Sp(2n,C)
I,

with n1+ny = n. Then the centralizer of s in Sp(2n, C) is isomorphic to Sp(2n;, C) x
Sp(2n2, C). Hence we get

Et(SO(2n + 1)) = {SO(2n1 + 1) x SO(2n2 + 1) : ny +ng =n}.
Suppose now we take a Levi subgroup M of SO(2n + 1). Then we have

k
M =S0(2mg + 1) x [ GL(m,)
i=1
for integers m; > 0 with
k
S i
i=0

We assume that m; > 0 for 1 < i < k. We view
M = {diag(Ag, ..., A1, Ao, "ATY, ..., TAY) ) C G
‘We have

M= Sp(2myg, C) x HGL m;, C) — Sp(2n, C)

via the analogous embedding.

Let M’ be an elliptic endoscopic group for M. Then, by the arguments above,
we can take

k
M’ =S0(2m{ + 1) x SO(2mg +1) x [ [ GL(m)
i=1

for integers m(J{ ,mg > 0 with m(J{ +my = mg. This elliptic endoscopic group is
given by the element

shy = diag(Lnr- s Iy Lty =Dy Lyt Ty Iony) € M,

2mg ’ Tmg
In order to determine the set £y (G) we need to look at endoscopic data coming
from elements of the form

shy = diagMe Ly s MLy Lyt s =L Ly AT oy, A i, ) € G

m 2mg ’ Tmg
We get elliptic endoscopic data if and only if A; € {£1} for all ¢ with 1 < ¢ < k.
Write [1,k] = It I1 I~ then we get the group
SO(2nI+ =+ 1) X SO(2TLI— + 1),
where
nr+ = m% + Z m;
iel+

and with M’ embedded as

My, x M- = (so 2m§ +1) x [ GL(m; > X (SO(ng +1)x [] GL(mQ) .

el iel—
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If we assume first that mg = mg and my = 0 then we get the definition
SO(2n+1 SO(2n+1 SO(2n ;1 +1 SO(2n,_ +1
PV =P - ST S s O ),
[1,k]=I+11I—,I—#0
if mg > 0 and

SO(2n SO(2n 1 $S0(@n 4 +1 SO(2n,_ +1
Shy (2 +1)(€) =y (2 +1)(€)_7 Z Suf (+"1+ )(ZIJr)SMI(, 'y )(£17>7
[L,k]=I+11I— I+, I-#£0

here £;+ denotes the projection of ¢ to Myx.

If on the other hand we have m§ > 0 and m; > 0 then the weighted fundamental
lemma asserts that for ¢ a stable conjugacy class in M’(F) we have, for a strongly
SO(2n + 1)-regular stable conjugacy class in M'(F),

3 Anirie (6 R)ryy @ (k)
k€ls0(2n + 1)-reg (M (F))

equal to

SO(2 +1) SO(2 —+1)
Yo smn sy ),

(1,k]=I+111~

2. THE WEIGHTED FUNDAMENTAL LEMMA FOR Sp(4)

We now take G = Sp(4) the symplectic group of rank 2, explicitly given as
Sp(4) = {g € GL() : J'g~ 1" = g}

where

Up to conjugacy there are four parabolic subgroups of Sp(4). Taking those which
contain the upper triangular matrices they are of the form

* ok ok X * ok kX
* % kX * ok ok
G, , , B.
* ok * ok ok
* ok *

In each of these cases the Levi components are isomorphic to
G, GL(2), SL(2) x GL(1), GL(1)%.
Thus only one proper Levi subgroup possesses proper elliptic endoscopic groups.
This is
a
M = g ca € GL(1),g9 € SL(2)

a—l

The dual group of M is M = SO(3, C) x GL(1, C) which sits inside G = SO(5, C)
as

M = g :a € C*,geS0(3,C)
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Let E/F denote the unramified quadratic extension of F. The group M has
a unique proper unramified elliptic endoscopic group, namely M’ with M'(F) =
E' x F* where E' denotes the group of elements in EX with norm 1.

To obtain the endoscopic group M’ we take the element

s = diag(1,—1,1,—1,1) € M.

The connected component of the centralizer of s in M is the diagonal torus and the
action of Gal(E/F) on this torus is given by

o : diag(a,b, 1,0~ a™ )  diag(a, b= ", 1,b,a™ ")
which is given by conjugation by the element

1

which commutes with s. . R
In order to compute the set £y (G) we need to consider elements in sZ(M) C G.
Thus we need to look at elements of the form

diag(a, —1,1,—-1,a7 1) € G.

We get elliptic endoscopic data if and only if we have a = +1.
When a = —1 we have the connected component of the centralizer of such an
element equal to SO(4, C). We have

SO(4,C) = (GL(2,C) x GL(2,C))' /C*

where the prime denotes the subgroup of pairs with equal determinant, and the
C* is embedded diagonally. The group Gal(E/F) acts by permuting the factors.
Consider the group G; = (GL(2) x GL(2))’/ GL(1) over E, then we have

Hi(F) ={(91,92) € G1(E) : (91,92) = (92, 91)} -

When a = 1 we have the connected component of the centralizer of such an

element equal to
SO(3,C) x SO(2,C)

with a Galois action on SO(2,C). Hence we get the group Hs with Hy(F) =
SL(2,F) x E'.

For H € &Ey/(Sp,) we have, by definition,

Z(MNGAE/F) 170
o S, ) — LZET)E) ZRT)
| Z(H)Gal(E/F) |

Thus ¢p(Spy, H1) = 2 and ¢y (Spy, Ha) = 1.

We let D € F be such that E = F(v/D). We assume, as we may, that D € Ox.
For a € F* and 8 = (8, + f2VD € E', with §; € F, we write

a

v(a, ) = g; %ID € M(F).
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The stable conjugacy class of v(a, 3) in M (F') is a union of two conjugacy classes,
with
a

w’l
Vam=| o5 T e

representing the other conjugacy class.
Under the norm map, the stable conjugacy class of v(a, 3) is sent to the conjugacy

class of
wad = () (" 5)) emer e mep

nam=((* ,1)8) €M c )

In our case the transfer factor Axnps is computed in [LS87, Section 1.1]. And
we have

and to

Axnn(vi(a, B),v(a, B)) = (—1)(%2)
and
Axan (vi(a, B),7' (a, B)) = (—=1)?F2)+1,

2.1. How to compute weighted orbital integrals. Suppose we take M as above
and fix a parabolic subgroup P with Levi component M. Let Np denote the
unipotent radical of P. For a strongly G-regular element a € M (F') we define

UP(CL) = /NP(F)QK UM(SOa(n)) dn

where ¢, : Np(F) — Np(F) is the inverse of the map
Np(F) — Np(F):n—a 'n"tan.
Then we have the following Lemma.

Lemma 2.1. With notation as above we have
1 _ _
500 = 10wl [ Liey (m~4m) op(m™"ym) dm.
My (F)\M(F)
Proof. Use the Iwasawa decomposition to write the Haar measure on G(F) as
dg = dm dn dk. O

2.2. Statement of the weighted fundamental lemma for Sp(4). We can use
the previous Lemma, together with the calculations of weighted functions on GL(2),
to readily compute the weighted orbital integrals on Hy(F') and Hs(F'). Thus the
statement of the weighted fundamental lemma is given by the following.

Theorem 2.2. For all a € Up \ {£1} and § = B + foV/D € (Ug N EY)\ {£1} we

have
(=17 (13 (1@, 8)) = 13 (7' (a, 8)) )

equal to

\a571|E/ logmax{1, |z|g} dx+|a271| log max{1, |y|} dy.
|zl p<|aB—1|5" ly|<|a®—1|-1
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2.3. Proof of the Fundamental Lemma. It remains to compute the weighted
orbital integrals on Sp(4).

We take P to be the upper triangular parabolic in Sp(4) with Levi component
Np. Then we have

One can compute, as in the case of GL(2), that we have

v (g) = logmax{1, [z1],[v2], [3]}

for g € Np(F') as above.
Suppose now that we take

v = B € M(F)

a1

bi1 b2
B = .
(b21 b22>

n~lyn is given in the coordinates (1,22, x3) by

() u-an(2)

T3 — (1 — a_2)x3 + a_l (blg.’)’}% + (bgg — b11)$1$2 — bgll’%) .
Using the fact that op is invariant under conjugation by an element of Ky, we
have, as in [LL79, (2.1)],

and write

Then the map n +— !

and

v(B2)
it (v(a, B)—rart (7' (a, ) = op(y(a, 8)+(g+1) Y (~1)*¢* Lop(z; "y (a, B)z)
k=1
where
1
1
Zk = k

1
One can compute this expression and prove the identity above.
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