ON THE STABLE TRACE FORMULA FOR Sp,

DAVID WHITEHOUSE

ABSTRACT. For many applications of the trace formula to problems in the
theory of automorphic forms one needs to stabilize the trace formula. Such a
stabilization has been achieved by Arthur, building on work of Langlands and
Kottwitz, subject to conjectures for orbital integrals known as fundamental
lemmas. For the group Sp, the standard invariant fundamental lemma has
been established by Hales. However, for the stabilization of the full trace for-
mula one needs to prove a fundamental lemma for weighted orbital integrals on
Sp,. We prove this weighted fundamental lemma and thereby make Arthur’s
stabilization of the Sp, trace formula unconditional.

1. INTRODUCTION

The stabilization of the global trace formula for a connected reductive group has
been achieved by Arthur in a series of papers [4], [3] and [5] subject to certain local
conjectures for orbital integrals; see [4, Assumption 5.2(i)].

Let G be such a group defined over a number field F'. For each nonarchimedean
place v of F' such that G is unramified over F, Arthur defines a family of groups
U(Gy, Fy); see [4, pg 222]. This set consists of groups defined over F,, or some
unramified extension thereof, and contains G over any finite unramified extension
of F, together with groups of dimension strictly smaller than dim G. In order to
stabilize the trace formula Arthur requires [4, Assumption 5.2] that for almost all
v the weighted fundamental lemma [4, Conjecture 5.1] and the fundamental lemma
for the Lie algebra hold for all groups in U(G,, F,).

Suppose now that F' is a local nonarchimedean field of characteristic zero. We
consider the symplectic group Sp, over F'. The groups G in U(Sp,, F) with dim G <
dim Sp,, are closely related to GLa, SLy and GL; and the necessary fundamental
lemmas can be established from results already in the literature.

For Sp, /F the standard fundamental lemma has been by Hales in [7]. The
Lie algebra form of the fundamental lemma for Sp, follows from this. Thus one
is left with proving the weighted fundamental lemma for Sp,. This fundamental
lemma applies to a pair (M, M') where M is a Levi subgroup of Sp, and M’ is a
proper unramified elliptic endoscopic group for M. Taking M = Sp, we recover
the fundamental lemma proven by Hales. However, Sp, also has a proper Levi
subgroup which possesses proper elliptic endoscopic groups. This is the Klingen
Levi subgroup which is isomorphic to SLy x GL;.

1.1. Statement of theorem. We now describe the statement of the weighted
fundamental lemma for the Klingen Levi subgroup of Sp,. We continue with F' a
local field of characteristic zero and residual characteristic p > 0. We let O denote
the ring of integers in F.
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We let

and
Spy = {g €CQLy: Jig7tut = g}.

We let P denote the Klingen parabolic subgroup of Sp,; that is the upper trian-
gular parabolic in Sp, with Levi subgroup

a
M = g ZQESLQ,GGGLl
a1
We let K = Sp,(Op) and denote by 1x the characteristic function of K. For
v € M(F') which is strongly Sp,-regular (i.e. for which Sp, ., is a torus) we let

S 1 _
() = [Da(v)]2 / 1k (97 vg)var(g) dg
Spy, (F)\Sp, (F)
as in [4, §5].
The group M has a unique proper unramified elliptic endoscopic group

M’ =1U; x GLy

where U; denotes the unitary group in one variable attached to the unramified
quadratic extension of F'.

The theorem we prove in this paper is the following, which is Conjecture 5.1 of
[4] for the pair (Sp,, M).

Theorem 1.1. Assume that F' has odd residual characteristic. For each strongly
reqular stable conjugacy class ¢! € M'(F) we have

o AremC Rt k) = Y e (Spa G)sfin(0).
kel (M(F)) G'€E )7 (Spy)

The left hand side is a sum over conjugacy classes in M (F'). The term Agnps
is the transfer of Langlands and Shelstad [10] for the pair (M, M") deprived of the
term Ajy. It is normalized as in [6] relative to the maximal compact group K N M
of M(F).

The set €/ (Sp,) consists of endoscopic groups for Sp, which contain M’ as
a Levi subgroup; see [2, Section 4]. The coeflicient ¢ps(Spy, G’) is defined for
G’ € Ear(Spy) and vanishes unless G is elliptic. The terms s§;,(¢) are defined in
[4, §5].

This paper is organized as follows. In Section 2 we determine the various terms
appearing in the statement of Theorem 1.1. We then give an explicit statement of
Theorem 1.1 in Section 3. We prove this statement in Section 4.

1.2. Acknowledgment. Thanks are due to the Clay Mathematics Institute for
their support through a Liftoff fellowship.
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2. PRELIMINARIES

In this section we compute the various terms which appear in the statement of
Theorem 1.1.

2.1. Notation. In addition to the notation introduced above we use the following
notation throughout this paper.

We let pr denote the maximal ideal of Op. We fix a uniformizer 7w of F' and let
| | denote the multiplicative valuation on F normalized such that || = ¢!, where
q denotes the cardinality of the residue field of F. We let Up denote the group of
units in O and set U = 1+ pp C Up. We take v to be the additive valuation on
F normalized such that v(m) = 1. We fix the additive measure on F' to give Op
volume 1.

We let E denote the unramified quadratic extension of F. We use the same
notation for £ as we do for F', with the addition of a subscript E. We let o denote
the non-trivial element of Gal(E/F) and for z € E we sometimes use Z to denote
o(x). We let E! denote the subgroup of E of elements of norm one.

For ay,...,a, € F we let diag(ay, ..., a,) denote the diagonal matrix in GL,, (F)
with the entries aq,...,a, along the diagonal. Throughout we denote by log the
logarithm to the base q.

2.2. Endoscopic groups. The dual group of M is M = SO3(C) x C* which sits
inside Sp, = SO5(C) as the Levi subgroup

b
h :h € S0O3(C),be C*
b—l

The unique proper unramified elliptic endoscopic group for M is M’ = Uy x GL;
where U; denotes the unitary group in one variable attached to E/F. To obtain
this endoscopic group we take the element

s = diag(1,—1,1,—1,1) € M.

The connected component of the centralizer of s in M is the diagonal torus and the
action of Gal(E/F) on this torus is given by

o : diag(a,b,1,b7 ', a™!) s diag(a, b ', 1,b,a7").

We now determine the elliptic endoscopic groups in the set €y (Sp,) which ap-
pears in the statement of Theorem 1.1. We recall from [2, Section 4] that the groups
in £31/(Sp,) are given by elements in SO5(C) of the form diag(a, —1,1,—1,a~!) to-
gether with the Galois action coming from that on M'. We get elliptic endoscopic
groups if and only if a? = 1.

When a = —1, the connected component of such an element is isomorphic to

S04(C) 2 (GLy(C) x GLy(C))'/C*

where the prime denotes the subgroup of pairs with equal determinant, and C* is
diagonally embedded in the product. The group Gal(E/F) acts by permuting the
GL2(C) factors. We let Hy denote the endoscopic group for Sp, obtained in this
way. Thus if we let G; = (GLy x GL2)’/ GL; over E, then we have

Hl(F) = {(glaQQ) € Gl(E) : (91792) = (927§1)} .
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When a = +1, the connected component of such an element is isomorphic to
SO3(C) x SO5(C)
with Gal(E/F) acting on the SO2(C) factor. Hence we get
Hy =SLy x Uy .

For the groups H; and Hs we take M’ sitting inside as the diagonal torus. For
H € &y/(Sp,) we have, by definition,

| Z(AL) S0 /2 (A |
| Z(ﬁ)Gal(E/F) |
Thus ¢pr (Spy, H1) = 2 and ¢pr (Spy, H2) = 1 (and ¢pr (Spy, H) vanishes otherwise).

LM'(Sp4aH) =

2.3. Norm maps. We take T to be the diagonal torus inside Sp, and T; = M’
to be the diagonal torus inside H;. In this section we work over the quadratic
extension E of F. L
We have T' C SO5(C) and T; C H; C SO4(C) both sitting inside SO5(C) as the
diagonal torus. This gives rise to an isomorphism N; : T "= T;. One can readily
check that the norm maps NN; are given by
N, : diag(a,b,b™*,a™") = (diag(ab, 1), diag(a,b)) € H;

and
N, : diag(a,b,b7 1, a71) (diag(a,ail),b) € H,.

2.4. Transfer factor. We let D € F be such that E = F(v/D). We assume, as we
may, that D is a unit in Op. For a € F* and # = 1 + f2VD € E', with 3; € F,

we write
a

wam=| 5B emm),

a1

The stable conjugacy class of v(a, 3) is a union of two conjugacy classes, with

a

-1
Ve =| TP € M(F)

representing the other conjugacy class.
Under the norm map, the stable conjugacy class of y(a, ) is sent to the (stable)
conjugacy class of

wawn = ()" 5)) emrw cme

and to
Y2(a, B) = (<a a—1> ,ﬂ) € M'(F) C Hy(F).
In our case the transfer factor Agnps is computed in [10, Section 1.1]. We have
Axnn(vi(a, B),7(a, B)) = (=1)"%2),
and

Agnm(vi(a, 3),7'(a,3)) = (—1)v(B2)+1,
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2.5. Weight functions. For a reductive group G defined over a nonarchimedean
local field F' and a Levi subgroup L of G Arthur defines a weight function

vt G(F)— R

in [1, Section 1]. Since vy, is left invariant under L(F') and right invariant under
K, a fixed hyperspecial maximal subgroup, it suffices to know v, on the unipotent
radical of a parabolic subgroup with Levi component M. For each pair (G, L)
appearing in the statement of the fundamental lemma we compute this function on
such a unipotent radical.

The definition of the weight functions involve a choice of measure on the spaces

ar = HOIII(X(L)F, R)

where X (L) denotes the group of characters of L defined over F. The norm maps
of Section 2.3 allow us to relate the measure on this space when L = M and the
measure on the corresponding space for M’. We fix measures on these spaces such
that they are related in this way.

For Sp, we compute the weight function vys on N, the unipotent radical of the
upper triangular Klingen parabolic subgroup. We write an element of N(F') as

1 =1 zo 3
1 T2
1 —T1

1

n(x1,$27$3) =

with z1, 29,23 € F.
Lemma 2.1. For n(xy,z2,23) € N(F) we have
vy (n(xy, xe, x3)) = logmax{1, |z1|, |z2|, |3}
Proof. This can be computed for Sp, as it is for GSp, in [11, Lemma 4.12]. O
For H; and H; the calculation of the weight functions can be deduced from the
calculation for GLy found in [11, Lemma 4.15].

We let N7 denote the unipotent radical of the upper triangular Borel subgroup
of Hy. So we have

wie~{oio= () ) wes}

We now compute the weight function v}, on Nj.
Lemma 2.2. For x € E we have
1
vip(na(z)) = 3 logmax{1, |z|g}.

We let Ny denote the unipotent radical of the upper triangular Borel subgroup
of Hy. So we have

No(F) = {ng(y) _ ((1 3{) ,1> Ly € F}

We now compute the weight function UJQW on Ns.
Lemma 2.3. Fory € F we have

v3(na(y)) = logmax{1, |y|}.



3. EXPLICIT STATEMENT OF THE FUNDAMENTAL LEMMA

We now give an explicit statement of Theorem 1.1. We take v(a, 3) € M(F) to
be G-regular. This is equivalent to demanding that a # £1 and § # +1.

The Iwasawa decomposition allows us to write the integrals on H; and Hs as
integrals on the torus M’; see [11, Lemma 4.16]. We have

253 (1(a. 8)) = 2r3ii (1 (a, B)-
And by [11, Lemma 4.16] we have

2ri (y1(a, B)) = |aB — 1| /wE(aBil) logmax{1, |z|g} dx
Pe

if a € Ur and 8 € Ug; and vanishes otherwise.
Similarly we have

sar (v2(a, 8)) = 1y (12(a. 5))
which equals, by [11, Lemma 4.16],

la® — 1] /_7,@2_1) log max{1, |y|} dy
Pr )

if a € Up and B € Ug; and vanishes otherwise.

Since the left hand side of Theorem 1.1 also vanishes unless a € Ur and § € Ug
the statement we wish to prove is given by the following.
Theorem 3.1. Assume that the residual characteristic of F is odd. Then for all
a € Up\{£1} and B = p1 + f2v'D € (Ug N EY) \ {£1} we have

(=17 (13 (1(a, 8) = 13 (7' (a, 8)) )

equal to

laB — 1| log max{1,|z|g} dz + |a® — 1] log max{1, |y|} dy.
p;vEmﬂ—l) p;v(a271)

4. PROOF OF THE FUNDAMENTAL LEMMA

We now prove Theorem 3.1 using the topological Jordan decomposition. We
take a and 3 as in the statement of the theorem. We let K; = K N M. By the
topological Jordan decomposition we can write v(a, 3) uniquely as

'7(0'7 B) = u(a, ﬁ)s(a, /8) = S(CL, ﬁ)u(a7 ﬁ)
with s(a, 3) € K absolutely semisimple (of finite order prime to ¢) and u(a, 3) €
K s topologically unipotent, that is u(a,ﬁ)qn converges to the identity in K as
n — oo. It’s clear that if we write a = a,as and 8 = (5,0, in their topological
Jordan decompositions then we have

u(a,ﬁ) = 7(auvﬂu)
and
s(a, B) =(as, Bs).
Having fixed a and § we set s = s(a, 3) and u = u(a, 3). We let G| = Zgp,, (s),
My = Zy(s), Ny = Zn(s), PL = Zp(s) and Ky, = K N My (F).
If g € Sp,(F) is such that

g '(a,B)g € K
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then we have g € G1(F)K; see [8]. Using this and the Iwasawa decomposition for
G1(F) we can write 7“?/?4 (v(a,B)) as an integral on M7 (F') as in [11, Lemma 4.17].

Lemma 4.1. For a € My(F) strongly Gy-regular let @, : N1 — Ny denote the

inverse of the bijection Ny — Ny :n+— a~‘n~"tan and define

or@) = [ uuealn)) do
N1 (F)NK
Then we have

rS24(1(a, 6)) = | Das, ()] /M oy L () o) i
1,u 1

We have the following possibilities for s = s(a, ).

1. s lies in Z(Spy),
2. s lies in Z(M) but not in Z(Sp,),
3. s does not lie in Z(M).

We now prove Theorem 3.1 in each of these cases.

4.1. Proof of Theorem 3.1 when s is central in Sp,. First we suppose that
s is central in Sp,. So we have v(a, ) = fu(a,3) and hence, since scaling by —1
does not alter any of the terms in the statement of Theorem 3.1, we may assume
that v(a, 3) is topologically unipotent.

In [11, Section 7.2.1] certain twisted weighted orbital integrals on GL4 x GL;
were computed by writing them as weighted orbital integrals on Sp,. If we set

G = GLy x GLy
and let a denote the automorphism of G given by
a:(g,e)— (Jtg7lJ ! edetyg).
Then in the notation of [11, Section 7.2.1] we have

S

ra (7(a, 8)) = 1 5.0 (@, B), D)
and

S

rart (7 (a,8)) = 1 20 ( (@, 8), Dev).

Here rﬁ 9 1)('ya) denotes the a-twisted weighted orbital integral on G with respect
to the Levi subgroup of G whose projection onto the first factor is the (1,2,1) Levi
in GL4. The proof of Theorem 3.1 in this case then follows from [11, Proposition
7.1], together with the observations made at the beginning of [11, Section 7.2].

4.2. Proof of Theorem 3.1 when s is central in M. In this case we may
assume that
s = diag(as, 1,1,a; ') € M(F)

s Ly Uy

with a5 # 1. Then we have the following.

Lemma 4.2. We have Ny = {I} unless as = —1 in which case we have
1 T3
1
Ny = .
1



First we suppose that a; # —1. Then we have

rart(v(a,3) =0
and
(Y (a, 8)) = 0.
On the other hand since as # 1 we must have v(a? — 1) = 0 and since 8 € U, so

we have vg(af — 1) = 0. Thus Theorem 3.1 is proven in this case.
Now we assume that a;, = —1. For ease of notation we set

I(a) = |a® — 1|/ oy logmax{1, |z|} dz.
pr T

Then we have ri};“ (v(a, B)) equal to

[yl vol{g € Mo p(F)\ M(F) : g "4(a, )g € K} I(a)
and r?})“ (¥'(a, B)) equal to

[yl vol{g € Mys(a,p)(F)\ M(F) : g~ (a, f)g € K} I(a).
Using the double coset decompositions for SLy from [9, Section 2] we get

[ 252 ]
PR (e, 8) = ¢ |1+ @+ 1) Y @t | 1)
m=1

and
Lv(ﬁg)*lj

rt (V@) =g P g+ | D ¢ | Ia)

m=0

Hence we get
s s
rart (V@ B)) =yt (7 (a, 8)) = (=1)"P I (a).
On the other hand since 8 € U} we have vg(a — 1) = 0 and hence Theorem
3.1 is proven in this case.

4.3. Proof of Theorem 3.1 when s is elliptic. In this case we have s = vy(as, 85)
with G5 € F. One can readily check that we have the following.

Lemma 4.3. We have N1 = {I} unless as = £1 in which case we have
1 T3
Ny =
1
First we assume that as # £1. Then in this case we have
rirt(1(a. ) =0
and
rhrt (¥ (a. 5)) = 0.
On the other hand, since 85 ¢ F we have vg(af — 1) = 0 and since as # +1 we

have v(a? — 1) = 0. Hence Theorem 3.1 is proven in this case.
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Now we assume that ay, = £1 then we have

s
ot (v(a, B)) = a® — 1] /ﬂ(azfl) logmax{1, |z|} dx.
br

Since we must have v(f82) = 0 it follows that

S
(7 (a, 8)) = 0.
Again since s € F so we have vg(a — 1) = 0 and the proof of Theorem 3.1 is

complete.
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