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(a) (b) (c) (d)

Figure 15. Bundling of bacterial flagella. During swimming, the bacterial flagella are gathered in a tight bundle behind the cell as it moves
through the fluid ((a) and (d)). During a tumbling event, the flagella come out the bundle (b), resulting in a random reorientation of the cell
before the next swimming event. At the conclusion of the tumbling event, hydrodynamic interactions lead to the relative attraction of the
flagella (c), and their synchronization to form a perfect bundle (d).

necessary conditions for phase locking [243–246]. An early
study considered a regular lattice of cilia, where the direction
of the beating plane is assumed to obey a balance between
rotational Brownian motion and rotation induced by the flow
created by all other cilia. For small enough temperature, a
transition is observed between a state with no average net flow,
and a state where all cilia point in the same direction and drive
a net flow [245]. Further modeling is provided by considering
a simplified load-dependent internal molecular engine. In that
case, metachronal waves arise only if a constant phase shift is
assumed to exist between each cilium and its neighbor [245].

Motivated by nodal flows in development [242], a second
study considered cilia whose tips perform three-dimensional
trajectories over a surface. Each cilium is modeled by a sphere
subject to an active load-dependent force, and interacting
hydrodynamically with a second cilium. Depending on the
relative position and orientation of the two cilia models, in-
phase (φ = 0) or out-of-phase locking (φ = π ) arise
from random initial conditions [244]. A similar model
with two sphere-like cilia rotating due to an applied torque
near a wall was recently proposed. In that case, in-phase
locking is obtained provided that the circular trajectory of
each cilium is allowed to vary in response to hydrodynamic
interactions [246].

A recent table-top experiment has been used to examine
the physics of hydrodynamic synchronization [247]. In
this work, a pair of centimeter-sized rectangular paddles are
immersed in silicone oil with a viscosity 100 000 times that of
water. The paddles are rotated by motors that deliver constant
torque. In accord with the theoretical results of [246], a small
compliance was required for phase locking. The time scale for
synchronization was long compared with the paddle rotation
period, and is governed by the strength of the hydrodynamic
interaction between the paddles. To achieve steady phase
locking, the driving torques had to be closely matched.

7.3.2. Bacterial flagella. Hydrodynamic interactions
between flagella also play a pivotal role for bacterial
locomotion. In that case, the phenomenon of interest is
flagellar bundling [248, 249]. Wild-type swimming bacteria,
such as E. coli, typically display ‘run-and-tumble’ behavior
during their locomotion. During runs, the bacterium swims
along a roughly straight path, and its flagellar filaments

are bundled together tightly behind the cell (figure 15(a)
and (d)). Near the end of a run, one or more motors
reverses, and the corresponding filaments unwind from the
bundle (figure 15(b)). Viscous stresses lead to polymorphic
transitions, in which a flagellum changes from a left-handed to
a right-handed helix. There are also polymorphic transitions
between different right-handed helices. These transitions are
correlated with changes in swimming direction. Once the
motors reverse again, the full bundle forms (figure 15(c),
then (d)), and the cell heads off in a new direction [23]
(figure 15(d)). Since the flagella, which are randomly
distributed along the cell’s surface, do not communicate except
through the fluid, it has long been postulated that bundling
occurs because of hydrodynamic interactions.

During bundling, two different physical mechanisms are
involved: (1) the attraction between the rotating flagella and
(2) the phase locking of nearby flagella. Concerning the
attraction between the rotating flagella, two different scenarios
have been proposed, and both play a role. One is purely
kinematic, and relies on the simple observation that as the cell
starts swimming, the drag on all the flagella naturally sweeps
them behind the cell [248]. Under this scenario, the flagella are
not so much attracted by each other, but are simply passively
dragged behind the cell body. The wrapping of the filaments is
then achieved in a passive manner by the body rotation arising
from overall torque balance (see section 5.2) [248, 250]. The
second attraction scenario relies on hydrodynamic interactions
between the flagella, in which each helix induces a flow which
causes the other to bend and twist about its neighbors. Even
without the counter-rotation of the body, the flows induced
by rotating flexible helices can cause bundling [251]. The
geometry of the helices is critical for this scenario. The role of
this geometry has been studied with macro-scale experiments
using flexible helices in air [249]. In these experiments,
the bundling was forced by means of guides at the distal
ends of the helices. It was found that left-handed helices
rotating counter-clockwise as viewed from the distal end (the
same handedness and rotation sense as a bacterium on a run)
can maintain a steadily rotating bundle, without jams, when
the helices are wrapped around each other in a right-handed
sense. Later, macro-scale experiments using polymeric helices
in highly viscous silicon oil were developed to study how
hydrodynamic interactions could lead to bundling [251, 252].
There it was shown that induced flow from rotating helices
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1.3 Dilute microbial suspensions

A minimalist model for the locomotion of an isolated microorganism (e.g., alga or bac-
terium) with position X(t) and orientation unit vector N (t) is given by the coupled system
of Ito SDEs

dX = VNdt+
p
2D

T

⇤ dB(t), (1.45a)

dN = (1� d)D
R

N dt+
p
2D

R

(I �NN ) ⇤ dW (t). (1.45b)

Here, V is the self-swimming speed of the organism, D
T

the translational di↵usion coef-
ficient, and D

R

the rotational di↵usion coe�cient, (I �NN ) is an orthogonal projector
with d-dimensional unit matrix I, and B and W are two independent d-dimensional Brow-
nian motion processes. Eq. (1.45a) describes locomotion due to translational di↵usion and
self-swimming in the direction of the orientation N , and Eq. (1.45b) models changes in
orientation as di↵usion on the d-dimensional unit sphere.

To confirm that Eq. (1.45b) conserves the unit length of the orientation vector, |N |2 = 1
for all t, it is convenient to rewrite Eqs. (1.45) in component form:
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For the constraint |N |2 = 1 to be satisfied, we must have d|N |2 = 0. Applying the d-
dimensional version of Ito’s formula, see Eq. (A.12), to F (N ) = |N |2, one finds indeed
that
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To understand the dynamics (1.46), it is useful to compute the orientation correlation,

hN (t) ·N (0)i = E[N (t) ·N (0)] = E[N
z

(t)], (1.48)

where we have assumed (w.l.o.g.) that N (0) = e

z

. Averaging Eq. (1.46b), we find that

d

dt
E[N

z

(t)] = (1� d)D
R

E[N
z

(t)], (1.49)

implying that, in this model, the memory loss about the orientation is exponential

hN (t) ·N (0)i = e(1�d)DRt, (1.50)
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Mean square displacement

which is approximately true for many microorganisms. Another relevant quantity is the
mean square displacement E[X(t)2], assuming that X(0) = 0. Using Ito’s formula,

d|X|2 = 2X
j
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dt, (1.51)

averaging and dividing by dt, gives

d

dt
E[X2] = 2V E[X(t)N (t)] + 2dD

T

. (1.52)

The expectation value on the rhs. can be evaluated by making use of Eq. (1.50):

E[X(t) ·N (t)] = E
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By inserting this expression into Eq. (1.52) and integrating over t, we find

E[X2] =
2V 2

(d� 1)2D2
R

⇥
(d� 1)D

R

t+ e(1�d)DRt � 1
⇤
+ 2dD

T

t. (1.53)

If D
T

is small, then at short times t ⌧ D�1
R

the motion is ballistic

E[X2] ' V 2t2 + 2dD
T

t, (1.54)

At large times, the motion becomes di↵usive, with asymptotic di↵usion constant

lim
t!1

E[X2]

t
=

2V 2

(d� 1)D
R

+ 2dD
T

. (1.55)

Inserting typical values for bacteria, V ⇠ 10µm/s and D
R

⇠ 0.1/s, and comparing with
D

T

⇠ 0.2µm2/s for a micron-sized colloids at room temperature, we see that active swim-
ming and orientational di↵usion dominate the di↵usive dynamics of microorganisms at
long times.
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Cells swimming in confined environments are attracted by surfaces. We measure the steady-state
distribution of smooth-swimming bacteria (Escherichia coli) between two glass plates. In agreement with
earlier studies, we find a strong increase of the cell concentration at the boundaries. We demonstrate
theoretically that hydrodynamic interactions of the swimming cells with solid surfaces lead to their
reorientation in the direction parallel to the surfaces, as well as their attraction by the closest wall. A
model is derived for the steady-state distribution of swimming cells, which compares favorably with our
measurements. We exploit our data to estimate the flagellar propulsive force in swimming E. coli.
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The majority of swimming microorganisms involved in
human functions and diseases are found in geometrically
confined environments. Spermatozoa in the female repro-
ductive tract swim in constricted domains [1]. Bacteria
make their way through host cells and tissues [2] and
aggregate in antibiotic-resistant biofilms on surfaces [3].

Despite the ubiquitous nature of biological motility near
surfaces, not much is known about the physical consequen-
ces of locomotion in a confined environment [4,5]. Perhaps
the simplest observed effect of locomotion near walls is the
accumulation of swimming cells on surfaces. In 1963,
Rothschild measured the distribution of bull spermatozoa
swimming between two glass plates (separation 200 !m).
The cell distribution was nonuniform, with a constant
density in the center strongly increasing near the walls
[6]. Similar results were later obtained for human sperma-
tozoa in glass tubes [7]. Further studies for animal sperma-
tozoa pointed out the possible importance of three-
dimensional effects [8,9]. Numerical simulations of model
cells with two-dimensional beat patterns [10] supported an
explanation in terms of cell-surface hydrodynamic inter-
actions, a scenario confirmed by recent computations for
suspensions of simplified low-Reynolds number swimmers
[11]. More recent work focused on the change in swim-
ming kinematics near solid walls [12–15].

In this Letter, we study the attraction of swimming
bacteria by solid surfaces. We measure the distribution of
nontumbling E. coli [16] cells swimming between two
glass plates in a density-matched fluid and obtain results
qualitatively similar to that of Rothschild [6]. We demon-
strate theoretically that the origin for the cell profile is
purely hydrodynamical. Using physical arguments based
on long-range hydrodynamic interactions between swim-
ming cells and surfaces, we show that these interactions
induce a reorientation of the cells in the direction parallel
to the surfaces, independently of their initial condition
(position, orientation) and the subsequent attraction of

the cells by the closest wall. Our model allows us to predict
the resulting steady-state cell distribution and is exploited
to obtain an estimate for the flagellar propulsive force in
swimming E. coli.

Our experimental procedure is illustrated in Fig. 1.
E. coli (smooth-swimming strain HCB-437 [17]) is grown
to midexponential phase in T broth (1% tryptone, 0.5%
NaCl), washed 3 times by centrifugation (2200 g for
8 min), and then resuspended in a motility medium
(10 mM potassium phosphate, pH 7.0, 0.1 mM EDTA).
PVP-40 (polyvinylpyrrolidone) is added (0.005%) to pre-
vent adsorption of cells to glass, and the final suspension is
combined with Percoll (2:3 ratio) to match the medium and
cell buoyant densities [18]. A droplet of the cell mixture is
deposited between two glass cover slips, previously
cleaned in a mixture of ethanol saturated with potassium
hydroxide, rinsed with ultrapure filtered water, and allowed
to air dry. The cover slips are separated by a distance H,
controlled by layers of other cover slips (No. 1.5), and

H

y

(a)

(b)

(c) (d)

FIG. 1 (color online). Representation of the experimental pro-
cedure. (a) Smooth-swimming E. coli cells are mixed with a
density-matched fluid. (b) The cell mixture is deposited between
two glass plates (separation distance H). (c) The distribution of
swimming cells is imaged as a function of the distance y from
the lower surface. (d) Example of an image obtained from data
acquisition in the first layer above the glass surface.
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verified by caliper measurement. A phase-contrast micro-
scope (Nikon Optiphot-2) using 600! magnification
(depth of field 4:3 !m) and equipped with a shuttered
CCD video camera (Marshall Electronics V1070) set for
an exposure of 1 ms=frame is used to image the population
of swimming cells. The video signal is sent to a MacG4
equipped with an LG-3 frame grabber (Scion Image) and
IMAGEJ software [National Institutes of Health (NIH),
Bethesda, MD]. We capture 2-second movies at 20 frames
per second and measure the number of swimming cells by
counting cells swimming at speed faster than 1 body length
per second. We start 5 !m above the lower glass surface;
we then bring the plane of focus up 10 !m and repeat the
measurement until we reach within 5 !m of the upper
glass surface. Experiments are then repeated with other
cell samples and sets of cover slips.

In our protocol, two parameters can be varied: the dis-
tance H between the two cover slips (we chose H " 100 or
200 !m) and the cell density of the final mixture, i.e., the
size of the overall cell population (when H " 100 !m, we
performed additional experiments doubling the number of
cells). The experimental results are shown in Fig. 2; verti-
cal errors bars represent statistics on ten different experi-
ments and horizontal error bars the depth of field. As in
Ref. [6], we find that the cell profile peaks strongly near the
walls, with a nearly constant cell density about 20 !m
away from the walls; this is the main experimental result of
this Letter.

We now turn to the physical understanding of the attrac-
tion phenomenon. In order to provide a complete physical
picture, we need to identify the mechanism responsible for
the nonuniform cell distribution and predict the steady-
state profile observed experimentally.

The physical mechanism for the attraction is the hydro-
dynamic interactions between swimming cells and sur-
faces [10,11]. The flow around most flagellated swim-
ming organisms, including spermatozoa cells or bacteria
such as E. coli, is well approximated by a force dipole
(stresslet) [19]: The flagellar motion provides the propul-
sive force which is opposed by the drag on both the cell
body and flagella, corresponding to a force dipole in which
both the flagella and the body act on the fluid in the
direction away from the cell [represented in Fig. 3(a) by
two arrows pointing in opposite directions]. The fluid
velocity is given by u " p

8"#r3 #$1% 3 #r&e'2
r2 'r, where p >

0 is the dipole strength, e the swimming direction, # the
viscosity, and r the distance to the dipole; this far-field
model is valid for distances larger than the length L of the
swimming cells (body plus flagella), an approximation that
we will make in this Letter.

Near a wall, the flow field induced by the cell is a
superposition of that due to the force dipole, plus any
image flow field, located on the other side of the surface,
and necessary to enforce the correct surface boundary
condition (similar to the method of images in electrostatics,
only here the image is a vector field). The image system for

a force dipole parallel to a no-slip surface is known [20]
(force dipole, force quadrupole, and source quadrupole)
and is found to induce, at the location of the dipole, a
velocity component towards the solid surface of order
(p=#y2, where y is the distance to the surface
[Fig. 3(b)]; this wall-induced flow is the reason for the
attraction [11]. To gain physical intuition, it is easier to
picture a dipole near a free surface; in that case, the image
system is an equal dipole on the other side of the surface,
and two parallel dipoles attract each other. Physically, this
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FIG. 2 (color online). Experimental data: number of swim-
ming cells n as a function of the distance to the bottom cover
slip y when the distance between the surfaces is H " 100 !m
(top) and H " 200 !m (bottom). The lines are fits to the data
with the model of Eq. (6) with n0 " 1:5 and L? " 34:8 !m
(top, solid line), n0 " 0:3 and L? " 59:1 !m (top, dashed
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FIG. 3 (color online). Attraction of microorganisms to solid
surfaces. (a) The flow field around a swimming cell is well
approximated by a force dipole of strength p > 0, represented
by two arrows pointing in opposite directions. (b) Hydrodynamic
attraction of a force dipole by a no-slip surface due to the image
system on the other side of the surface (force dipole, force
quadrupole, source quadrupole). (c) Notations for the model.
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The majority of swimming microorganisms involved in
human functions and diseases are found in geometrically
confined environments. Spermatozoa in the female repro-
ductive tract swim in constricted domains [1]. Bacteria
make their way through host cells and tissues [2] and
aggregate in antibiotic-resistant biofilms on surfaces [3].

Despite the ubiquitous nature of biological motility near
surfaces, not much is known about the physical consequen-
ces of locomotion in a confined environment [4,5]. Perhaps
the simplest observed effect of locomotion near walls is the
accumulation of swimming cells on surfaces. In 1963,
Rothschild measured the distribution of bull spermatozoa
swimming between two glass plates (separation 200 !m).
The cell distribution was nonuniform, with a constant
density in the center strongly increasing near the walls
[6]. Similar results were later obtained for human sperma-
tozoa in glass tubes [7]. Further studies for animal sperma-
tozoa pointed out the possible importance of three-
dimensional effects [8,9]. Numerical simulations of model
cells with two-dimensional beat patterns [10] supported an
explanation in terms of cell-surface hydrodynamic inter-
actions, a scenario confirmed by recent computations for
suspensions of simplified low-Reynolds number swimmers
[11]. More recent work focused on the change in swim-
ming kinematics near solid walls [12–15].

In this Letter, we study the attraction of swimming
bacteria by solid surfaces. We measure the distribution of
nontumbling E. coli [16] cells swimming between two
glass plates in a density-matched fluid and obtain results
qualitatively similar to that of Rothschild [6]. We demon-
strate theoretically that the origin for the cell profile is
purely hydrodynamical. Using physical arguments based
on long-range hydrodynamic interactions between swim-
ming cells and surfaces, we show that these interactions
induce a reorientation of the cells in the direction parallel
to the surfaces, independently of their initial condition
(position, orientation) and the subsequent attraction of

the cells by the closest wall. Our model allows us to predict
the resulting steady-state cell distribution and is exploited
to obtain an estimate for the flagellar propulsive force in
swimming E. coli.

Our experimental procedure is illustrated in Fig. 1.
E. coli (smooth-swimming strain HCB-437 [17]) is grown
to midexponential phase in T broth (1% tryptone, 0.5%
NaCl), washed 3 times by centrifugation (2200 g for
8 min), and then resuspended in a motility medium
(10 mM potassium phosphate, pH 7.0, 0.1 mM EDTA).
PVP-40 (polyvinylpyrrolidone) is added (0.005%) to pre-
vent adsorption of cells to glass, and the final suspension is
combined with Percoll (2:3 ratio) to match the medium and
cell buoyant densities [18]. A droplet of the cell mixture is
deposited between two glass cover slips, previously
cleaned in a mixture of ethanol saturated with potassium
hydroxide, rinsed with ultrapure filtered water, and allowed
to air dry. The cover slips are separated by a distance H,
controlled by layers of other cover slips (No. 1.5), and
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y

(a)

(b)

(c) (d)

FIG. 1 (color online). Representation of the experimental pro-
cedure. (a) Smooth-swimming E. coli cells are mixed with a
density-matched fluid. (b) The cell mixture is deposited between
two glass plates (separation distance H). (c) The distribution of
swimming cells is imaged as a function of the distance y from
the lower surface. (d) Example of an image obtained from data
acquisition in the first layer above the glass surface.
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Concentration profile between two walls An interesting question that is relevant
from a medical perspective concerns the spatial distribution of bacteria and other swimming
microbes in the presence of confinement. Restricting ourselves to dilute suspensions10, we
may obtain a simple prediction from the model (1.45) by considering the FPE for the
associated PDF p(t,x,n). Given p and the total number of bacteria N

b

in the solutions,
we obtain the spatial concentration profile by integrating over all possible orientations

c(t,x) = N
b

Z

Sd
dn p(t,n,x). (1.56a)

The associated mean orientation field reads

u(t,x) = N
b

Z

Sd
dn p(t,n,x)n. (1.56b)

The FPE for the Ito-SDE (1.45) can be written as a conservation law
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Focusing on the three-dimensional case, d = 3, we are interested in deriving from Eq. (1.57)
the stationary concentration profile c of a suspension that is confined by two quasi-infinite
parallel walls, which are located z = ±H. That is, we assume that the distance between
the walls is much smaller then their spatial extent in the (x, y)-directions, 2H ⌧ L

x

, L
y

.
To obtain an evolution equation for c, we multiply Eq. (1.57a) by N

b

and integrate over n
with
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dn @

ni⌦i

= 0. (1.58)

This yields the mass conservation law
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10The simplifying assumption that microbes can be considered as non-interacting is usually justified
when their volume filling fraction is less than 1%.
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10The simplifying assumption that microbes can be considered as non-interacting is usually justified
when their volume filling fraction is less than 1%.
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Orientation (velocity) field

Concentration profile between two walls An interesting question that is relevant
from a medical perspective concerns the spatial distribution of bacteria and other swimming
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10The simplifying assumption that microbes can be considered as non-interacting is usually justified
when their volume filling fraction is less than 1%.
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Orientation (velocity) field

This allows us to rewrite (1.60) as
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To obtain a closed linear system of equations for the fields (c,u), we neglect11 the higher-
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To find the stationary density and orientation profiles, we look for solutions of the form
c = ⇢(z) and u
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= 0, u
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= u(z). According to Eqs. (1.59) to (1.63), the functions ⇢
and u
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and it is physically plausible that they also fulfill the symmetry12 requirements ⇢(z) =
⇢(�z) and u(z) = �u(�z). Hence, solution takes the form

u(z) = A sinh(z/⇤), (1.67a)
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[cosh(z/⇤)� 1] + ⇢0, (1.67b)

where ⇤ =
p
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).
The cosh-profile (1.67b) agrees qualitatively with experimental measurements for dilute

bacterial suspensions [BTBL08, LT09].
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Ad hoc simplifications of this type are usually referred to as ‘truncation (of the moment hierarchy)’ or

‘closure conditions’ - they are (almost) always unavoidable when one tries to derive continuum equations
from ODEs, SDEs or FPEs. Closure conditions are not unique, for example, we could also have adopted
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, which leads to a nonlinear set of equations for (c,u).
12Neglecting gravity is valid approximation, provided the density of the microbes roughly matches that

of the surrounding fluid (which is approximately try for bacteria in water).
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).
The cosh-profile (1.67b) agrees qualitatively with experimental measurements for dilute

bacterial suspensions [BTBL08, LT09].
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Ad hoc simplifications of this type are usually referred to as ‘truncation (of the moment hierarchy)’ or

‘closure conditions’ - they are (almost) always unavoidable when one tries to derive continuum equations
from ODEs, SDEs or FPEs. Closure conditions are not unique, for example, we could also have adopted
the mean field approximation N
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, which leads to a nonlinear set of equations for (c,u).
12Neglecting gravity is valid approximation, provided the density of the microbes roughly matches that

of the surrounding fluid (which is approximately try for bacteria in water).
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Focusing on the three-dimensional case, d = 3, we are interested in deriving from Eq. (1.57)
the stationary concentration profile c of a suspension that is confined by two quasi-infinite
parallel walls, which are located z = ±H. That is, we assume that the distance between
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10The simplifying assumption that microbes can be considered as non-interacting is usually justified
when their volume filling fraction is less than 1%.
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Wall accumulation of bacteria: a simulation study

H. H. Wensink1, ⇤

1Laboratoire de Physique des Solides, Université Paris-Sud & CNRS, UMR 8502, 91405 Orsay, France
(Dated: September 4, 2014)

We propose two simple statistical models to describe the density and orientation profiles of E. Coli
and other swimming bacteria near a flat hard wall. The models focus on purely Brownian dynamics

versus explicit ‘run and tumble’ (RT) dynamics of non-interacting bacteria near a flat structure-

less substrate. Using best fit values for the e↵ective translational and rotational di↵usivities both

models generate similar density profiles – all in quantitative agreement with the experimental ones

– but yield distinctly di↵erent stationary density fluxes with respect to the wall normal. In global

comparison, the RT dynamics provides a much more appropriate description of the non-equilibrium

structure of bacteria close to confining substrates. Compared to purely Brownian dynamics it turns

out that run-and-tumble dynamics generates qualitatively di↵erent stationary orientational wall or-

der with distinct anti-nematic features and a narrow boundary layer of bacteria swimming towards

the wall.

I. BROWNIAN DYNAMICS

Let us start with the coupled Langevin equations for
the center-of-mass position r and orientation vector û of
a swimming bacterium, linearized in time:

�r = DT · Fbw�t+ v0û�t+
p
2�tDT �rG

�û = DR(Tbw ⇥ û)�t+
p

2�tDR�ûG (1)

Mutual bacteria collisions are neglected and contribu-
tions of O(�t2) are negligible for small enough time dis-
cretizations �t. Fbw (Tbw) denotes the force (torque)
exerted by the flat, repulsive wall on the bacterium, v0
is the swim velocity and DR and DT = DT I are the ef-
fective rotational and translational bacterial di↵usivities
(ignoring the intrinsic k / ? contributions for simplic-
ity). �rG represents a random Gaussian displacement
in 3D Cartesian space whereas �ûG denotes a Gaussian
displacement of the orientational unit vector on the sur-
face of the unit sphere. Both stochastic variables have
zero mean and unit variance. It is expedient to use the

(typical) bacterium length ` to define the inverse Péclet
numbers P�1

T = DT /v0` and P

�1
R = DR`/v0 and rescaled

time ⌧ = tv0/` to recast the equations of motion in di-
mensionless form:

`

�1
�r = P

�1
T �`Fbw�⌧ + û�⌧ +

q
2�⌧P�1

T �rG

�û = P

�1
R (�Tbw ⇥ û)�⌧ +

q
2�⌧P�1

R �ûG (2)

with �

�1 = kBT the thermal energy. The bacterium-
wall forces emerge from a simple segment potential,

Fbw = �rr
P`/2

↵=�`/2 u(|r + ↵û|) with Yukawa form

u(x) = u0 exp(�x/�)/x. The amplitude u0 is immaterial
whereas the screening range � can be tuned to match the
peak position near the wall (zm ⇡ 1µm, `/� ⇡ 80�100).
Eq. (2) then permits a two-parameter (PT , PR) best fit
of the bacterial density profiles over the spatial range
zm < z < 10µm. Error-bars in the fitted density pro-
files are estimated from comparing results for the bare
bacterium aspect of the bacterial body to those of an ef-

fective hydrodynamic aspect ratio ae↵ based on the total
length of the body and the flagellum (see Table I).

TABLE I: Main bacterial parameters used for the fit.

culture ` (µm) a (ae↵) v0 (µm/s) ✓T �ttumble (s) �trun (s)
E. coli ⇠ 3 ⇠ 2(5.6) ⇠ 20 68� ⇠ 0.1 ⇠ 1

E. coli (smooth) ⇠ 3 ⇠ 2(5.6) ⇠ 20 0� 0 1
B. subtilis ⇠ 5 ⇠ 6(11.5) ⇠ 50 ⇠ 40� ⇠ 0.1 ⇠ 0.5

P. aeruginosa ⇠ 2 ⇠ 4(9.8) ⇠ 40 ⇠ 110� ⇠ 0.1 ⇠ 0.5

⇤ wensink@lps.u-psud.fr
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TABLE II: Best fit parameters for the intrinsic bacterial di↵usivities. Errors are estimated from di↵erent fit results
for a and ae↵

RT BD

rotation P

�1
R translation P

�1
T rotation P

�1
R translation P

�1
T

E. coli 0.04 ± 0.005 0.1 ± 0.01 0.11 ± 0.005 0.31 ± 0.005
E. coli (smooth) 0.02 ± 0.005 0.07 ± 0.005 0.07 ± 0.001 0.34 ± 0.001

B. subtilis 0.14 ± 0.05 0.02 ± 0.005 0.10 ± 0.001 0.09 ± 0.001
P. aeruginosa 0.02 ± 0.005 0.08 ± 0.005 0.04 ± 0.001 0.49 ± 0.005

II. RUN-AND-TUMBLE DYNAMICS

Let us define the polar deflection angle ✓ between the
old and new swimming direction of the bacterium during
a ‘tumbling’ event. In this study, we assume this angle
to be fixed at a value ✓T so that:

P (✓) = �(✓ � ✓T ) (3)

The delta distribution can be justified from observa-
tions of individual particle-tracking of tumbling bacte-
ria where the typical tumbling angle appears strongly
peaked around a finite mean value. In addition we draw
a random angle 'R from a uniform distribution on the
interval [0, 2⇡]. The post-tumbling bacterium unit vector
can then be defined in terms of the orthonormal frame
{e1, e2, û} of the old orientation:

ûnew = sin ✓T sin'Re1 + sin ✓T cos'Re2 + cos ✓T û (4)

whith ✓T the mean polar tumbling angle and 'R a ran-
domly distributed azimuthal fluctuation. Upon tumbling
each bacterium thus reorients in a foward-directed cone
whose width is determined by ✓T .

A basic run-and-tumble scheme can be devised from
the follow equations of motion for the ‘run’ stage with
time interval �trun:

`

�1
�r =

Fbw

Fa
�⌧ + û�⌧ +

q
2�⌧P�1

T �rG

�û = ⇠

✓
Tbw

Fa`
⇥ û

◆
�⌧ +

q
2�⌧P�1

R �ûG (5)

In the absence of Gaussian noise P

�1
R = P

�1
T = 0

and wall forces the bacterium swims in a straight line
along its main orientation û. Here, Fa is the active
force (used to normalize the bacterium-wall force) and
⇠ = ⇠T `

2
/⇠R = f(a) represents a friction ratio which

may be expressed in terms of a prescribed function f(a)
of the e↵ective hydrodynamic bacterium aspect ratio a

(lima!1 ⇠ = 6). During a ‘tumbling’ event with du-
ration �ttumble the bacterium performs a deterministic

rotation:

`

�1
�r =

Fbw

Fa
�⌧

�û = ⇠

✓
Tbw

Fa`
⇥ û

◆
�⌧ +

✓
û⇥ �û

�⌧tumble

◆
⇥ û

�
�⌧

(6)

with tumbling vector �û = ûnew(✓T ,'R) � û(0). Away
from the wall, each bacterium exhibits zero net transla-
tion and û reorients linearly towards a forward-directed
cone parameterized by (✓T ,'R). Near the wall the bac-
terial dynamics is governed by a nontrivial interplay be-
tween the torque Tbw exerted by the wall and a ‘tumbling’
torque Ttumble ⇠ ⇠R✓T /�ttumble.
The above scheme can be easily implemented for N in-

dependent bacteria with random initial conditions. Time
intervals for the ‘run’ stage are drawn from a Poisson
distribution with �⌧run = �⇤�1 ln(1�U) with U a ran-
dom number from a uniform distribution in the interval
[0, 1] and ⇤ = f`/v0 a dimensionless tumbling frequency.
The tumbling frequency and the duration of each tum-
bling event for each species are indicated in Table 1.
During the ‘run’ interval �trun the bacteria experience
solvent-induced Gaussian rotational fluctuations with in-
trinsic di↵usivity quantified by P

�1
R . Similar to the BD

scheme, a two-parameter best-fit of the experimental den-
sity profiles can be made based on P

�1
R and an e↵ective

translational noise P

�1
T ⌧ 1 within the spatial interval

zm < z < 10µm. Local density ‘fluxes’ with respect to
the wall normal can be defined from the local subpopu-
lation of bacteria swimming away from the wall, ⇢+, and
swimming towards the wall ⇢�.
Local nematic order can be inferred from the eigen-

properties of the matrix Q = 3(hûûi � 1)/2 with h·i
denoting a time or configurational average. For non-
interacting bacteria near a flat wall it is expedient to ex-
ploit the uniaxial symmetry of the bacterial phase space
around the wall normal n̂. The relevant orientational or-
der parameters Sn in a infinitely thin slab at [z, z + dz]
are given by:

S1(z) = hû · n̂iz
S2(z) =

3

2
h(û · n̂)2iz � 1

2
(7)

2
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tion and û reorients linearly towards a forward-directed
cone parameterized by (✓T ,'R). Near the wall the bac-
terial dynamics is governed by a nontrivial interplay be-
tween the torque Tbw exerted by the wall and a ‘tumbling’
torque Ttumble ⇠ ⇠R✓T /�ttumble.
The above scheme can be easily implemented for N in-

dependent bacteria with random initial conditions. Time
intervals for the ‘run’ stage are drawn from a Poisson
distribution with �⌧run = �⇤�1 ln(1�U) with U a ran-
dom number from a uniform distribution in the interval
[0, 1] and ⇤ = f`/v0 a dimensionless tumbling frequency.
The tumbling frequency and the duration of each tum-
bling event for each species are indicated in Table 1.
During the ‘run’ interval �trun the bacteria experience
solvent-induced Gaussian rotational fluctuations with in-
trinsic di↵usivity quantified by P

�1
R . Similar to the BD

scheme, a two-parameter best-fit of the experimental den-
sity profiles can be made based on P

�1
R and an e↵ective

translational noise P

�1
T ⌧ 1 within the spatial interval

zm < z < 10µm. Local density ‘fluxes’ with respect to
the wall normal can be defined from the local subpopu-
lation of bacteria swimming away from the wall, ⇢+, and
swimming towards the wall ⇢�.
Local nematic order can be inferred from the eigen-

properties of the matrix Q = 3(hûûi � 1)/2 with h·i
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Mutual bacteria collisions are neglected and contribu-
tions of O(�t2) are negligible for small enough time dis-
cretizations �t. Fbw (Tbw) denotes the force (torque)
exerted by the flat, repulsive wall on the bacterium, v0
is the swim velocity and DR and DT = DT I are the ef-
fective rotational and translational bacterial di↵usivities
(ignoring the intrinsic k / ? contributions for simplic-
ity). �rG represents a random Gaussian displacement
in 3D Cartesian space whereas �ûG denotes a Gaussian
displacement of the orientational unit vector on the sur-
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q
2�⌧P�1
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comparison, the RT dynamics provides a much more appropriate description of the non-equilibrium

structure of bacteria close to confining substrates. Compared to purely Brownian dynamics it turns

out that run-and-tumble dynamics generates qualitatively di↵erent stationary orientational wall or-

der with distinct anti-nematic features and a narrow boundary layer of bacteria swimming towards

the wall.

I. BROWNIAN DYNAMICS

Let us start with the coupled Langevin equations for
the center-of-mass position r and orientation vector û of
a swimming bacterium, linearized in time:

�r = DT · Fbw�t+ v0û�t+
p
2�tDT �rG

�û = DR(Tbw ⇥ û)�t+
p

2�tDR�ûG (1)

Mutual bacteria collisions are neglected and contribu-
tions of O(�t2) are negligible for small enough time dis-
cretizations �t. Fbw (Tbw) denotes the force (torque)
exerted by the flat, repulsive wall on the bacterium, v0
is the swim velocity and DR and DT = DT I are the ef-
fective rotational and translational bacterial di↵usivities
(ignoring the intrinsic k / ? contributions for simplic-
ity). �rG represents a random Gaussian displacement
in 3D Cartesian space whereas �ûG denotes a Gaussian
displacement of the orientational unit vector on the sur-
face of the unit sphere. Both stochastic variables have
zero mean and unit variance. It is expedient to use the

(typical) bacterium length ` to define the inverse Péclet
numbers P�1

T = DT /v0` and P

�1
R = DR`/v0 and rescaled

time ⌧ = tv0/` to recast the equations of motion in di-
mensionless form:

`

�1
�r = P

�1
T �`Fbw�⌧ + û�⌧ +

q
2�⌧P�1

T �rG

�û = P

�1
R (�Tbw ⇥ û)�⌧ +

q
2�⌧P�1

R �ûG (2)

with �

�1 = kBT the thermal energy. The bacterium-
wall forces emerge from a simple segment potential,

Fbw = �rr
P`/2

↵=�`/2 u(|r + ↵û|) with Yukawa form

u(x) = u0 exp(�x/�)/x. The amplitude u0 is immaterial
whereas the screening range � can be tuned to match the
peak position near the wall (zm ⇡ 1µm, `/� ⇡ 80�100).
Eq. (2) then permits a two-parameter (PT , PR) best fit
of the bacterial density profiles over the spatial range
zm < z < 10µm. Error-bars in the fitted density pro-
files are estimated from comparing results for the bare
bacterium aspect of the bacterial body to those of an ef-

fective hydrodynamic aspect ratio ae↵ based on the total
length of the body and the flagellum (see Table I).

TABLE I: Main bacterial parameters used for the fit.

culture ` (µm) a (ae↵) v0 (µm/s) ✓T �ttumble (s) �trun (s)
E. coli ⇠ 3 ⇠ 2(5.6) ⇠ 20 68� ⇠ 0.1 ⇠ 1

E. coli (smooth) ⇠ 3 ⇠ 2(5.6) ⇠ 20 0� 0 1
B. subtilis ⇠ 5 ⇠ 6(11.5) ⇠ 50 ⇠ 40� ⇠ 0.1 ⇠ 0.5

P. aeruginosa ⇠ 2 ⇠ 4(9.8) ⇠ 40 ⇠ 110� ⇠ 0.1 ⇠ 0.5
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E. coli

RT (χ2 = 0.018)

BD (χ2 = 0.021)

E. ecoli (smooth)

RT (χ2 = 0.016)

BD (χ2 = 0.026)

B. subtilis

RT (χ2 = 0.092)

BD (χ2 = 0.024)

P. aeruginosa

RT (χ2 = 0.074)

BD (χ2 = 0.13)

Need to include run & tumbling


