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Swimming at low Reynolds nhumber

Navier - Stokes :

-vp + 77 ? =>§§{+ PW
/

Time doesn't matter. The pattern of

Geoffrey Ingram Taylor

motion I the Same, whether slow or fasp -
whether Forward or backward in 1ime,

t
—_—

The Scallo p Theorem

\_

0 = uViu—Vp+ f,
0 = V-u.

+ time-dependent BCs

J

American Journal of Physics, Vol. 45, No. 1, January 1977

Shapere & Wilczek (1987) PRL

James Lighthill

Edward Purcell



Superposition of singularities
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Effect of dimensions
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Hydrodynamic pair scattering ?

dipole flow v ~ %

vorticity w=V XV~ %

encounter time T~ LV

HD rotation (|AG?) ~ (wT)? ~ (

rotational diffusion (|AG|?) ~ D, 1 D, = 0.057 rad?/s
balance TEH ~ (§T>1/6 3.3 um for E. coli
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E.coli (non-tumbling HCB 437)
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... hitting the wall
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Experiment

Bacterial [ S Mineral

suspension oil

100x
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Stable bacterial spiral vortex

Vortex life time ~ minutes
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Vortex characterization

_ il til/Zj ”V]” — 2/

()
1 =2/
(¢) .. o}é‘giwi 39?0 | | (e) 40 — Experinllent
o1 0" 1 .’ - = Simulation
0.5h..! . F 130
IR S L.
O ! I . 5 20
20 40 60 80 100 g 10
1 1 1 T =
(d) , = ol 0N
d 0.5 ’% —— h ~ 25 um 10 Counter-rotating
-8~} ~15 um boundary layer
20 30 40 50 0 5 10 15 20
Drop diameter d (um) Distance to center » (um)

... bacteria create their own BCs !

I I I N .
Wioland et al (2013) PRL I I



‘Weak’ vortex-coupling:
Anti-Ferromagnetic order

Wioland 2014




‘Strong’ vortex-coupling:
Ferromagnetic order

Wioland 2014




Rectification of prokaryotic locomotion

Galadja et al (2009)
] Bacteriology

Austin lab, Princeton, 2009 |||i|-



Swimming near surfaces
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Scattering analysis

Probability
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‘Application’
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Control of algal locomotion

Kantsler, Dunkel, Polin, Goldstein (2012) PNAS

experiment
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‘Application’

Aousioiye uoneslosy
< ™

| Experiment

o
o

o
<t

™

50
(pm)

40

30
Gap size d

20

o o
o o

(6ap) 0 9|bue Buwadp

Simulation

o
o

D -
4

50

40

30
Gap size d (um)

20

o o
o o

(Bap) o o|bue Buuadp

o)

n> 100,000 |

10

y

Time (s)

A o
3 - B LI
1..._.._. _unn_ x - . - g ..._... ._r-t. ]
5 ' i . 4 e B
" - 7 o & oy -.,..-
. = ¥ L
___.._.__. --._-- ._.__.___..-_.._.. v . ._-“ e i
o i 4- R .4 e
v ettt Sty
= - —.I '“-.I bt n”lil -.' ‘ ' ‘ . “
iy DN -
B, # ._w P .t .4..- A as -_..t_
o s ._......,., ¢
KQCJ‘({{{{C%{{;
- “.. g .-. _.. ..._ I-\ : ...___
¢ R A L nleeien
N . - el el e
Tk . i * )
.- £ e -.-.3-_ "a s & ay v
§TS o SR (I
. s
h T K
- -

-l .ﬂ_ - - &, .. 3
Mﬁwﬁ{g{{{{({{%x

A.-..,._ LTt
Yo
b _..u..f -__..-_
e o =
. e rw g e . "
Pe o - - .
e - L
= 7 e L
: o4
= -
% G -
- - -
a 5.... * .y 5 qo "
- A . o= -
oF S * :
O ._..-

1 TS -l
o Eas ..m
-, .._.u- ..- ‘-E
A s Rger =o'

PNAS 2013



4. Sperm navigation

- chemotaxis ?
- thermotaxis ?
~ contractions !

photo credit: Jeff Guasto (Tufts) 5 r,h e OtaX|S ?




Sperm near surfaces
sperm T=10C




What happens in 3D ?
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What happens in 3D ?




Viscosity & shear dependence

Upstream velocity ©
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Rheotaxis
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Hagen-Poiseuille flow

10 r?)u; _1op B 13])12 e
ror or - 7 0z U, = 4# 827 +ciInr + ¢y
_ lap,. o
U, = —Tﬂd_Z(R — 7 )
o R?' dp 1 R
U rnar — 4[1, (—()Z) . u:avg — ',T_Rz ‘/D U. - Vrrdr = 0'5u$maX'
dp _ Ap 32uL .y,
—a = AP = 5
f)z L Or DQ



2D minimal model

B Shear flow e
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S n=awxn-+2bn- & Pn)

2Win = —(WX)mn
= —€min(€ijk0juk) = €imn(€ijk0jur) = (OmjOnk — dmkOnj)Ojur

— a’mun — 8fn,’U“rrLa

7?:7; = ZaWijnj + 2bnm8mj (5] — njnz)

0 2NNy,
n = —aocy | —n, | —boy (2n§ —1)n, |,
Thy (2712 o 1)ny

For the flow field in (1) we find

Steric wall effect
2

(i) n, = 0 and (ii) ns +n; = (1 —n2) is conserved



Steric wall effect

(i) n, = 0 and (ii) n,+n; =(1—n

Ny \ : 0 : 2N My
(i) = e (5] i (™)

Condition (ii) then gives

Ny
Ny

)

2
z

) is conserved

Keeping in mind that n, and n2 + ni are constant, we thus find the reduced 2D equations of motion

Ny ) Ny NN
! - — b Yy
(ny> 07(61 + )nzgc n n?QJ (ng o (1 . ,ng)

The fixed point criterium (74, 7,) = 0 gives
ng = 0, ny = £4/1 —n2,
This result implies that, depending on the effective shape parameter

a=—(a+0b)n,,

)

(10)

(11)

(12)



u,=-yz

Rewrite in terms of 2D orientation = U9 4

N= () = o ) 19

Nx> . (NxNy )
(Ny Ny —1

Y

as

where ¢ = £1 accounts for the flow direction and constant geometric prefactors have been absorbed in the ‘shape
coefficient

a=—(a+0bn,. (15)

Note that « is positive for sperm-type swimmers that point into the surface, for in this case one has n, < 0.

Chirality effects?



Spiral model

Y€1 COS(s — @)

(s)
(s) | = As —1 , s €10,5].
(s)

—eg sin(s — ¢)



Spiral model
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(s X€1 Cos(s —

(s) ) ( s € [0, 5].
(s) —€g sin(s —

) € COS @

Cs,)=As| -1 |, se[0,.8], ¢elo,2m)

—€sin @

with half-opening angle

0. = arctane.



0 —sinf,. cosf,

1 0 0
C.(s) = R (0.) - C(s), R.(0:) = (O cosf. sin 96> : (19)

Using x2 = 1, the tangent vectors in the body-fixed frame 3 are found as
t(s) = d(}'(s)/ds
1dC(s)/ds|]
1 (ex[cos(s — @) — ssin(s — ¢)]>

_ 1
V1t (1+s2)€e? —e[scos(s — ¢) + sin(s — @)]

(20)

and, accordingly, after alignment with the wall in 5. as

A

te(s) — :Rx(ee) ) i(S) (21)



—esin ¢

. €COS ¢
e(sv¢) = As -1 ) s € [07 S]v (b € [07271-)

Due to our chosen parameterisation (16), the tangent vectors point away from the head. The length A of the curve
C(s) is obtained as
2

= S\ [1+ %(3+52)] + O(e*). (22)

dC(s)

Thus, to leading order, one can identify A ~ SA with the length of a flagellum, and A = Ae with the beat amplitude.
After averaging over all initial conditions ¢, the mean geometric center of the helix in the body-fixed frame 3. is

found as
= 1 [ 1 % ||dC(s)|| -
€ :: - d - d €
0
A
= 57 —1| +0O(e%). (23)

The orientation n. in the wall-aligned body-fixed frame 3. is defined by

= 0
o= ——2t =1 ] 1o, (24)
[Ce||  \—e




Let us assume, as before, that the shear fluid flow in the lab frame Y is along the e,-direction,
u = oyze,, (25)

where ¥ > 0 is the shear rate and ¢ = +1 determines the flow direction. Measuring the orientation angle 1 of the
swimmer wrt. e, in counterclockwise direction, we obtain the coordinates C(t,s) of the helix with head position
R(t) = (X(¢t),Y(t),0) in the lab frame X by

A

C(t,s) = R(t) + R(1(t)) - Cc(s), (26)
where
cosy —siny 0
R(p) = | sinyy cosyp 0 (27)
0 0 1

represents a rotation about the e,-axis. By applying the rotation matrix R(1) to the orientation vector n. in ie, we
find that, to leading order in €, the 3D orientation vector m in the lab frame X is given by

e (Do e (8)- ()

where N is the normalised (projected) 2D orientation vector in the (x, y)-plane. This allows us to rewrite the rotation
matrix as

N, N, 0
0 0 1

Goal: find equation for R(t) and N (t)



Resistive force theory (RFT) — 27

From Eq. (26), the velocity of some point s € [0, S] on the helix can be decomposed as*
C(s)=R+Rn-C.=U+Rn-C.. (30)
Given the shear flow profile u, RFT assumes that the force line-density (force per unit length) can be split as
fs) = G {|w(Cs) ~ C(s)] - t(s)} () +
A u(Cs) - Cs)] - 11 - ts)t(s)] | (31)

where (j| and ¢, are tangential and perpendicular drag coeflicients. The drag ratio

CL
_ oL 32
"= (32)

which equals 2 for rigid rods, takes values kK ~ 1.4 — 1.7 for realistic flagella. Combining the RFT ansatz (31) with
the zero-force and zero-torque conditions of the over-damped Stokes-regime

o

0= Fi= [ as |52 o (33)
o

0 = = [ s | 52 eniCse) - X1t (34)




Translational motion

U > Ry - C (translation-dominated regime)
C(s)=R+Rn - C. =U+:iz}/ée

To estimate U, note that steric interactions between flagellum and channel wall compensate drag forces in vertical
directions, so that only the (z,y)-components of the velocity are non-zero. Considering the translation-dominated

regime U > Ry - C, the zero-force conditions (34) in the (z,y)-directions, F; = 0 and F» = 0, can be solved for
U = (U,,U,). After averaging over ¢ with a uniform angular distribution, we find for e < 1 and k ~ 1 to leading

order?

1

: 0 X : 0
U ~ 560‘7)\;9 (1> — §62 (k — 1) 04AS? (NxN?) : (35)

weak
chirality dependent
advection




Rotational motion

rotation dominated regime, U < Ry - C

C(s)=R+szN-é€=/lﬁrij-ée

Kk —1

@&:ef'yasimpjt%e vo S cos . (38)

Recalling that N = (N,, N,) = (—sint, cos ), this can be rewritten as

.. [ NN, X2/<:—1 NZ -1
N = o¢ <N5—1)+4 Yo S NN (39)

0= |N|]2 = 2(N,N, + N,N,,).



2D minimal chiral model

Resistive force theory

0 - - [ Cas || C9 | ), £5) = ¢ {[u(C(s) - €] -t0s) t(s) +
2 (L g |u(C(s)) = C(s)| - [T —t(s)t(s)]
0 = 7= /O " ds dif) eik[Cy(s) — X3 fu(s) { | j

+ some approximations + noise gives to leading order

R = VN +oUe,,
N = oo (5™ ) 4o (T ) + D)2 - N g0

LY

Kantsler et al 2014 (elife) I I I o -
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experiment
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Switch: low viscosity




Switch: high viscosity

Human sperm, vi§cosity 12 mPas




Flow switch
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experiment

vs theory
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