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Chapter 1

Diffusion, SDE models and
fluctuation theorems

Excellent reviews of the topics discussed in this chapter can be found in Refs. [CPB08,
HTB90, GHIJM98, HM09].

1.1 Random walks

1.1.1 Unbiased random walk (RW)

Consider the one-dimensional unbiased RW (fixed initial position Xy = 9, N steps of
length /)

N
Xy=a0+0Y 5 (1.1)

i=1

where S; € {£1} are iid. random variables (RVs) with P[S; = +1] = 1/2. Noting that !

1 1
1 = —1.Z= P 1.2
E[Si] 1 2+1 5 0, (1.2)
1 1
E[SiS;) = 0;E[S7] = dy l(—l)Q 5+ ()7 5] = 0y, (1.3)
we find for the first moment of the RW

N
E(Xy] = o+ E[S)] = (1.4)

=1

!By definition, for some RV X with normalized non-negative probability density p(x) = %]P’[X < xl,

we have E[F(X)] = [dzp(z)F(z). For discrete RVs, we can think of p(z) as being a sum of suitably
normalized J-distributions.



and for the second moment

E[X3] = E[(QJOJJZS@'V]

N N N
= E[zj + 2$0£Z S; + ¢ Z Z Si5;]
i=1

i=1 j=1

N N
= 20+ 210 0+ 07 Y E[SiS)]

i=1 j=1

N N

i=1 j=1

= a2+ (*N. (1.5)
The variance (second centered moment)

E[(Xy —E[Xy))?] = E[X} - 2XNE[XN] +E[XN]?]
= E[X?%] - 2E[XN]E[XN] + E[XN]%]
= E[X}] - E[Xn]? (1.6)

therefore grows linearly with the number of steps:

E[(Xy — E[Xy])?] = 2N. (1.7)

Continuum limit From now on, assume xy = 0 and consider an even number of steps
N =t/7, where 7 > 0 is the time required for a single step of the RW and ¢ the total time.
The probability P(N, K) := P[Xy/¢ = K] to be at an even position z/¢ = K > 0 after N
steps is given by the binomial coefficient

o - (2)' (2

1\~ N!
. (_) | (1.8)
2 (N +K)/2)! (N - K)/2)!
The associated probability density function (PDF) can be found by defining
P(N,K) P(t/t,z/()
t = = 1.
p(t, z) 57 57 (1.9)
and considering limit 7,¢ — 0 such that
f2
D := 5 = const, (1.10)



yielding the Gaussian

[ 1 x?
t o~ - 1.11

Eq. (1.11) is the fundamental solution to the diffusion equation,
8tpt = Daxa:pa (112)

where 0y, 0;, Oz, . . . denote partial derivatives. The mean square displacement of the con-
tinuous process described by Eq. (1.11) is

E[X (£)?] = / dz 22 p(t,x) = 2D, (1.13)
in agreement with Eq. (1.7).

Remark One often classifies diffusion processes by the (asymptotic) power-law growth
of the mean square displacement,

E[(X () — X(0))%] ~ t~. (1.14)

1 =0 : Static process with no movement.

0 < pu < 1 : Sub-diffusion, arises typically when waiting times between subsequent
jumps can be long and/or in the presence of a sufficiently large number of obstacles
(e.g. slow diffusion of molecules in crowded cells).

i =1 : Normal diffusion, corresponds to the regime governed by the standard Central
Limit Theorem (CLT).

1 < p < 2 : Super-diffusion, occurs when step-lengths are drawn from distributions
with infinite variance (Lévy walks; considered as models of bird or insect movements).

w1 = 2 : Ballistic propagation (deterministic wave-like process).



1.1.2 Biased random walk (BRW)

Consider a one-dimensional hopping process on a discrete lattice (spacing ¢), defined such
that during a time-step 7 a particle at position X (¢) = ¢j € ¢Z can either

(i) jump a fixed distance ¢ to the left with probability A, or
(ii) jump a fixed distance ¢ to the right with probability p, or
(iii) remain at its position x with probability (1 — A — p).

Assuming that the process is Markovian (does not depend on the past), the evolution of
the associated probability vector P(t) = (P(t,x)) = (P;(t)), where x = ¢j, is governed by
the master equation

Pt+r1,2)=(1—-X=p)P(t,x)+pPlt,x — L)+ XP(t,z+{). (1.15)

Technically, p, A and (1 — A\ — p) are the non-zero-elements of the corresponding transition
matrix W = (W,;;) with W;; > 0 that governs the evolution of the column probability
vector P(t) = (P;(t)) = (P(t,y)) by

P(t+ 1) =W,;;P;(t) (1.16a)
or, more generally, for n steps

P(t+nt) =W"P(t). (1.16b)
The stationary solutions are the eigenvectors of W with eigenvalue 1. To preserve normal-

ization, one requires ) . W;; = 1.

Continuum limit Define the density p(t,z) = P(t,x)/¢. Assume 7, ¢ are small, so that
we can Taylor-expand

p(t+1,2) =~ p(t,z)+ 7Op(t, x) (1.17a)
2
p(t,x £0) ~ p(t,x) £ 00.p(t, x)+ %&mp(t, ) (1.17Db)

Neglecting the higher-order terms, it follows from Eq. (1.15) that

p(t,x) +7op(t,x) ~ (1—A—p)p(t,z)+

p Ip(t,2) — (0uplt, ) + 5 Duep(t, 2)] +
Nplt ) + (0,p(0,2) + 5 0uep(t )] (1.18)

Dividing by 7, one obtains the advection-diffusion equation

Op = —udyp + D Opup (1.19a)
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with drift velocity u and diffusion constant D given by?

14 2

u:=(p—N) D:=(p+ /\)Z (1.19Db)

; )
We recover the classical diffusion equation (1.12) from Eq. (1.19a) for p = A = 0.5. The
time-dependent fundamental solution of Eq. (1.19a) reads

p(t,x) = \/%exp (—%) (1.20)

Remarks Note that Egs. (1.12) and Eq. (1.19a) can both be written in the current-form
Op+ 02J =0 (1.21)
with
Ja = up — DO,p, (1.22)
reflecting conservation of probability. Another commonly-used representation is
O = Lp, (1.23)
where £ is a linear differential operator; in the above example (1.19b)
L:=—u0y+ D Oyy. (1.24)

Stationary solutions, if they exist, are eigenfunctions of £ with eigenvalue 0.

1.2 Brownian motion

1.2.1 SDEs and discretization rules

The continuous stochastic process X (t) described by Eq. (1.19a) or, equivalently, Eq. (1.20)
can also be represented by the stochastic differential equation

dX(t) = udt + V2D dB(t). (1.25)

Here, dX(t) = X(t 4+ dt) — X (¢) is increment of the stochastic particle trajectory X (t),
whilst dB(t) = B(t + dt) — B(t) denotes an increment of the standard Brownian motion
(or Wiener) process B(t), uniquely defined by the following properties®:

2Strictly speaking, when taking the limits 7,¢ — 0, one requires that p and A change such that u and
D remain constant. Assuming that p + A\ = const, this means that (p — ) ~ £.

3Note that, since X has dimensions of length and D has dimensions length? /time, the Wiener process
B in Eq. (1.25) has units time!/2.



(i) B(0) = 0 with probability 1.

(ii) B(t) is stationary, i.e., for t > s > 0 the increment B(t) — B(s) has the same
distribution as B(t — s).

(iii) B(t) has independent increments. That is, for all ¢, > t,1 > ... > to > ty,
the random variables B(t,) — B(t,_1),..., B(t2) — B(t1), B(t1) are independently
distributed (i.e., their joint distribution factorizes).

(iv) B(t) has Gaussian distribution with variance ¢ for all ¢ € (0, 00).
(v) B(t) is continuous with probability 1.

The probability distribution P governing the driving process B(t) is commonly known as

the Wiener measure.
Although the derivative £(t) = dB/dt is not well-defined mathematically, Eq. (1.25) is
in the physics literature often written in the form

X(t) =u+ V2DE(R). (1.26)

The random driving function £(t) is then referred to as Gaussian white noise, characterized

by
() =0, (§(t)E(s)) = o(t — s), (1.27)

with (-) denoting an average with respect to the Wiener measure.

Ito’s formula Note that property (iv) implies that E[dB?| = dt. This justifies the
following heuristic derivation of Ito’s formula for the differential change of some real-valued
function F'(x)

dF(X (1)) = F(X(t+dt)) — F(X(t)

= F(X(t)dX + %F”(X(t)) dX*+ ...

= F’(X(t))dXJr%F”(X(t)) [udt+\/ﬁd3 e

= F'(X(t))dX + DF"(X(t)) dB* + O(dt*/?); (1.28)
hence, in a probabilistic sense, one has to leading order in dt
dF(X(t)) = F'(X()dX + DF"(X(t))dt
= [wF'(X(t)+ DF"'(X(t)]dt+ F'(X(t)) V2D dB(t).
(1.29)
It is crucial to note that, due to the choice of the expansion point, the coefficient F’(X) in
front of dB(t) is to be evaluated at X (¢). This convention is the so-called Ito integration

rule. In particular, it is important to keep in mind that nonlinear transformations of Ito
SDEs must feature second-order derivatives.



Discretization dilemma To clarify the importance of discretization rules when dealing
with SDEs, let us consider a simple generalization of Eq. (1.25), where drift « and diffusion
coefficient D are position dependent. Adopting the Ito convention, the corresponding SDE
reads

dX (1) = w(X) dt + /2D(X) * dB(t), (1.30a)

where from now on the x-symbol signals that D(X) is to be evaluated at X (¢). The simplest
numerical integration procedure for Eq. (1.30a) is the stochastic Euler scheme

X(t+dt) = X(t) +u(X (1)) dt + /2D(X () Vdt Z(t), (1.30b)

where, for each time step dt, a new random number Z(t) is drawn from a standard normal
distribution®. If the driving process B(t) is Eq. (1.30a) were a regular deterministic func-
tion, such as for example B(t) = /7 sin(t), then Eq. (1.30a) would reduce to a standard
inhomogeneous ordinary differential equation (ODE). For ODEs, it typically does not mat-
ter whether one computes the coefficients® u(x) and D(z) at the start point X (¢) or the end
point X (¢ + dt). Mathematically, this is due to the fact that, for well-behaved determin-
istic driving functions, upper and lower Riemann sums yield the same value when letting
dt — 0. If, however, B(t) is a rapidly varying stochastic process, such as the Brownian
motion, then the corresponding lower and upper Riemann sums in general do not converge
to the same value anymore. Therefore, when dealing with SDEs of the type (1.30a), it is
important to explicitly specify the integration convention.

For instance, the so-called backward Ito SDE with coefficients ug and Dpg, denoted by

dX (t) = up(X)dt + \/2Dp(X) e dB(1), (1.31a)

is defined as the upper Riemann sum®

X(t+dt) = X(t) +up(X(t+dt)) dt + /2Dg(X (t + dt)) Vdt Z(2). (1.31b)

Unlike Eq. (1.30b), the backward Ito scheme (1.31b) is implicit. To reemphasize, for same
functions u = ug and D = Dp, Eqgs. (1.30) and (1.31) produce trajectories that follow
different statistics”. The analog of the Ito formula (1.29) for a nonlinear transformation of
the backward-Ito SDE reads simply

dF(X) = F'(X)edX — Dy F"(X)dt
— |up F'(X) — Dp F"(X)]dt + F'(X) /2D e dB(t).
(1.32)

4That is, a Gaussian distribution with mean y = 0 and variance 0% = 1.

5 Assuming the functions u and D are sufficiently smooth.

®Note that instead of up(X(t + dt)) in (1.31b) we could in fact also have written up(X(t)), because
the deterministic part of the SDE has identical lower and upper Riemann sums for dt — 0.

"Except, of course, when D = Dg = const.



For sufficiently smooth coefficient functions, it is straightforward to transform back and
forth between different types of SDEs (see Appendix A). That is, a given backward Ito
SDE with coefficients (up, Dp) can be transformed into a stochastically equivalent Ito SDE
by adapting the coeffficients (u, D) accordingly. More precisely, by fixing

UZUB“‘a:cDB, D:DB (133)

one obtains an Ito SDE that is stochastically equivalent to Egs. (1.31).
Another discretization convention, that is popular in the physics literature is the
Stratonovich-Fisk discretization, denoted by

dX(t) = ug(X) dt + 1/2Dg(X) o dB(t), (1.34a)

and defined as the mean value of lower and upper Riemann sum®

uS(X(t)) + US(X(t + dt))

X(t+dt) = X(t)+ 5 dt +
V2Ds(X (t)) + \2/2DS(X(t + dt)) N (1.34b)
Similarly to Eq. (1.34), by fixing
U= ug + %&EDS, D = Dy (1.35)

one obtains an Ito SDE that is stochastically equivalent to Eqgs. (1.31).

From a numerical perspective, the non-anticipatory Ito scheme (1.30b) is advantageous
for it allows to compute the new position directly from the previous one. For analytical
calculations, the Stratonovich-Fisk scheme is somewhat preferable as it preserves the rules
of ordinary differential calculus,’

dF(X) = F'(X) o dX () (1.36)

whilst the backward Ito rule bears certain conceptual advantageous from a physical point of
view [DHO09]. However, as mentioned before, in principle one can transform back and forth
between the different types of SDEs, i.e., neither of the different discretization schemes is
intrinsically superior.

Various transformation formulas and their generalizations to higher space dimensions
can be found in Appendix A.

8Note that instead of up(X(t + dt)) in (1.31b) we could in fact also have written ug(X(t)), because
the deterministic part of the SDE has identical lower and upper Riemann sums for dt — 0.
Intuitively, this follows from Eq. (1.32) and (1.32).
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1.2.2 Fokker-Planck equations

Since other types of SDEs can be transformed into an equivalent Ito SDE, we shall focus
in this part on discussing how one can derive a Fokker-Planck equation (FPE) for the
probability density function (PDF) p(¢, z) for a process X (t) described by the Ito SDE

dX(t) =u(X)dt +/2D(X) *dB(t). (1.37)
The PDF can be formally defined by
p(t,z) = E[6(X () — z)]. (1.38)

To obtain an evolution equation for p, we consider

d

—4(X(t) — x)]. (1.39)
To evaluate the rhs., we apply Ito’s formula to the differential d[d(X (t) — «)]] and find

E[d(X —2)]] = E[(0x0(X —z))dX + D(X)9%6(X(t) — x) dt]
= E[(0x6(X — 2)) u(X) + D(X) 0%6(X (t) — z)] dt.

Here, we have used that E[g(X(¢)) * dB] = 0, which follows from the non-anticipatory
definition of the Ito integral. Furthermore, by recalling that

Ox0(X —x) = —0,0(X — ), (1.40)
we may write

E[d[6(X —2)]] = E[(=8:.0(X —2))u(X) + D(X)876(X (t) — )] dt
= —0,E[0(X — z)u(X)]dt + O2E[D(X) 6(X(t) — )] dt.

Using another property of the -function

fW)oly —x) = f(x)d(y — x) (1.41)
we obtain
E[d[§(X —x)]] = —0,E[6(X —x)u(z)]dt + P E[D(x)6(X (1) — x)] dt
= —0.{u(z)E[ ( — x)]} dt + { D () E[0(X (t) — )]} dt
= 0, {u(x)p — 3, [D(x)p]} dr.

Combining this with Eq. (1.39) yields the Fokker-Planck (or Smoluchowski) equation

Orp = —0x {u(z) p — 0:[D(x)p]} . (1.42)

11



For comparison, an analogous calculation for the backward-Ito SDE

dX(t) =ug(X)dt ++/2Dg(X) e dB(t), (1.43)
gives
Op = —0, [ug(z)p — Dp(x) 0.p]. (1.44)
Compared with the Ito FPE (1.42), the diffusion coefficient Dg now enters in front of the
gradient d,p. Note, however, that the two different FPEs coincide if one identifies the
coefficients as in Eq. (1.33).
A summary of Fokker-Planck equations for the three different stochastic integral con-

ventions (Ito, Strantonovich-Fisk and backward-Ito) in arbitrary space dimensions can be
found in Appendix A.

1.3 Dilute microbial suspensions

A minimalist model for the locomotion of an isolated microorganism (e.g., alga or bac-
terium) with position X (¢) and orientation unit vector IN (¢) is given by the coupled system
of Ito SDEs

dX = VNdt++\/2D; % dB(t), (1.45a)
AN = (1—d)DgNdt+ /2D (I — NN) % dW (t). (1.45D)

Here, V is the self-swimming speed of the organism, Dy the translational diffusion coef-
ficient, and Dy the rotational diffusion coefficient, (I — NIN) is an orthogonal projector
with d-dimensional unit matrix I, and B and W are two independent d-dimensional Brow-
nian motion processes. Eq. (1.45a) describes locomotion due to translational diffusion and
self-swimming in the direction of the orientation IN, and Eq. (1.45b) models changes in
orientation as diffusion on the d-dimensional unit sphere.

To confirm that Eq. (1.45b) conserves the unit length of the orientation vector, [N |* = 1
for all ¢, it is convenient to rewrite Egs. (1.45) in component form:

dX; = VNt + /2Dy % dB;(t), (1.46a)

For the constraint [IN]* = 1 to be satisfied, we must have d|N|> = 0. Applying the d-
dimensional version of Ito’s formula, see Eq. (A.12), to F(IN) = |IN|?, one finds indeed
that

d|]\7|2 = QN] * de + (8N18N]Nka) DR((S’LJ — NZN]) dt
— 2N [(1 — d)Dyp N;dt + \/2Dg (8;5 — N;Ny) * dWi ()] +
— 2(1—d)Dgdt +
(060i + dirdjr) Dr(d;j — N;N;) dt
~ 0. (1.47)
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To understand the dynamics (1.46), it is useful to compute the orientation correlation,
(N(t) - N(0)) = E[N(t) - N(0)] = E[N(1)], (1.48)
where we have assumed (w.l.0.g.) that N(0) = e,. Averaging Eq. (1.46b), we find that

CEN(0)] = (1~ d)DREIN. (1)), (1.49)

implying that, in this model, the memory loss about the orientation is exponential
(N(t)- N(0)) = et=DPrt, (1.50)

which is approximately true for many microorganisms. Another relevant quantity is the
mean square displacement E[X (#)?], assuming that X (0) = 0. Using Ito’s formula,

dX|? = 2X;*dX;+ (0x,0x,X3Xx) Drdy; dt
= 2X;*dX; + (0;50u + 6id5) Drdyjdt
— 92X, +dX, +2d Dpdt

averaging and dividing by dt, gives
%E[XQ] = 2V E[X(t)N(t)] + 2d Dr. (1.52)

The expectation value on the rhs. can be evaluated by making use of Eq. (1.50):
E[X(1)- N(t)] — EU; X (s) - N(t)]
= VE{/Otds N(S)N(t):|
=V /Otds (N(t)-N(s))

t
_ V/ ds 6(l—d)DR(t—s)
0

v
- (1—d)Dgt )
(d—1)Dg [1-e }
By inserting this expression into Eq. (1.52) and integrating over ¢, we find
E[X?] = v [(d — 1)Dgt + e =DPrt 1] 4 2d Dyt (1.53)
(d—1)2Df : ' '

If Dy is small, then at short times t < D,}l the motion is ballistic

E[X?] ~ V*? + 2dDrt, (1.54)

13



At large times, the motion becomes diffusive, with asymptotic diffusion constant

. E[X?] 212
1 = 2dDr. 1.
N CISET)> M (1.35)

Inserting typical values for bacteria, V' ~ 10um/s and Dgr ~ 0.1/s, and comparing with
Dy ~ 0.2um? /s for a micron-sized colloids at room temperature, we see that active swim-
ming and orientational diffusion dominate the diffusive dynamics of microorganisms at
long times.

Concentration profile between two walls An interesting question that is relevant
from a medical perspective concerns the spatial distribution of bacteria and other swimming
microbes in the presence of confinement. Restricting ourselves to dilute suspensions'®, we
may obtain a simple prediction from the model (1.45) by considering the FPE for the
associated PDF p(t,x,n). Given p and the total number of bacteria N, in the solutions,

we obtain the spatial concentration profile by integrating over all possible orientations
c(t,x) = Nb/ dnp(t,n,x). (1.56a)
Sa
The associated mean orientation field reads
u(t,x) = Nb/ dnp(t,n,z)n. (1.56b)
Sa

The FPE for the Ito-SDE (1.45) can be written as a conservation law

Op = —(0p,Ji + 0n,S), (1.57a)
where
Ji = (Vn; — Droy,)p (1.57b)

Focusing on the three-dimensional case, d = 3, we are interested in deriving from Eq. (1.57)
the stationary concentration profile ¢ of a suspension that is confined by two quasi-infinite
parallel walls, which are located z = +H. That is, we assume that the distance between
the walls is much smaller then their spatial extent in the (x,y)-directions, 2H < L,, L,,.
To obtain an evolution equation for ¢, we multiply Eq. (1.57a) by IV, and integrate over n
with

/ dn 9,8 = 0. (1.58)

Sq

10The simplifying assumption that microbes can be considered as non-interacting is usually justified
when their volume filling fraction is less than 1%.

14



This yields the mass conservation law
oc = =V -(Vu— DrVe). (1.59)
To obtain also an evolution equation for w, we multiply Eq. (1.57a) by ny,
Oi(ngp) = =0, (ngJ;) — nyOp, ;. (1.60)
and note that
NkO0n, Qi = On, (Ni€2i) — (O, 1) Qi = O, (M) — 93 (1.61)
This allows us to rewrite (1.60) as

Oi(nkp) = =0 (niJs) + Qe — O, (n282;)
=0y, [Vngnip — Dr0,, (nyp)] +
Dg {—anp — On, [(65 — nknj)p]} — O, (ni€Y;)
= =0y, [Vnpngp — DrOy,(nip)] — 2Dgnip —
On,; (M2 + (O — nem)p). (1.62)

Multiplying by N, and integrating over n with appropriate boundary conditions gives
O = —0q,[VNy(ngn;)p — DrOy,ui] — 2D guy,

where we have abbreviated

(ning - -+) = / dn p(t,n,x)n;ng--- . (1.63)
Sq

To obtain a closed linear system of equations for the fields (¢, u), we neglect!! the higher-
order moments Ny(ngn;) in (1.63) and find

u ~ —2Dpu+ DrViu. (1.64)

To find the stationary density and orientation profiles, we look for solutions of the form
c = p(z) and u, = uy, = 0,u, = u(z). According to Egs. (1.59) to (1.63), the functions p
and u, must satisfy

0 = Vu-— Drd, (1.65)
0 = —2DRU+DTUH, (166)

1 Ad hoc simplifications of this type are usually referred to as ‘truncation (of the moment hierarchy)’ or
‘closure conditions’ - they are (almost) always unavoidable when one tries to derive continuum equations
from ODEs, SDEs or FPEs. Closure conditions are not unique, for example, we could also have adopted
the mean field approximation NZ(ngn;) ~ ugu;, which leads to a nonlinear set of equations for (c,u).
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and it is physically plausible that they also fulfill the symmetry'? requirements p(z) =

p(—z) and u(z) = —u(—=z). Hence, solution takes the form
u(z) = Asinh(z/A), (1.67a)
o(z) = AE—A rcosh(z/A) — 1] + po, (1.67b)
T

where A = \/DJ_/(2DR).

The cosh-profile (1.67b) agrees qualitatively with experimental measurements for dilute
bacterial suspensions [BTBLO8, LT09].

1.4 Escape problem

Escape problems are ubiquitous in biological, biophysical and biochemical processes. Promi-
nent examples include, but are not restricted to,

e unbinding of molecules from receptors,

e chemical reactions,

e transfer of ion through through pores,

e evolutionary transitions between different fitness optima.

Their mathematical treatment typically involves models that are structurally very similar

to the one-dimensional examples discussed in this section!s.

1.4.1 Generic minimal model

Consider the over-damped SDE
dz(t) = —0,Udt + V2D % dB(t) (1.68a)
with a confining potential U(z)

lim U(x) — o0 (1.68Db)

r—+oo

that has two (or more) minima and maxima. A typical example is the bistable quartile
double-well
a4 by

Ux) = —5t gt a,b>0 (1.68c)

12Neglecting gravity is valid approximation, provided the density of the microbes roughly matches that
of the surrounding fluid (which is approximately try for bacteria in water).
13 Although things usually get more complicated in higher-dimensions.
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with minima at j:\/a_/b.

Generally, we are interested in characterizing the transitions between neighboring min-
ima in terms of a rate k (units of time™') or, equivalently, by the typical time required for
escaping from one of the minima. To this end, we shall first dicuss the general structure of
the time-dependent solution of the FPE! for the corresponding PDF p(t, x), which reads

and has the stationary zero-current (j = 0) solution
~U(z)/D +00
ps(x) = S , 7 = / dx e V@/D. (1.69)
To find the time-dependent solution, we can make the ansatz
plt, x) = o(t,x) e”7/P), (1.70)
which leads to a Schrodinger equation in imaginary time
—00 = [—DO2 + W (z)] 0 =: Ho, (1.71a)
with an effective potential

W(x 0,U)* — %agU. (1.71b)

1
) =7
4D
Assuming the Hamilton operator H has a discrete non-degenerate spectrum, A\g < A\; < ...,
the general solution p(t,z) may be written as

p(t,x) = e V@/ED) Z Cn P () 7, (1.72a)
n=0
where the eigenfunctions ¢,, of H satisfy

/ 0z 6% (2) b(T) = S, (1.72b)

and the constants ¢, are determined by the initial conditions
Cp = /dx o5 () V@D b0, ). (1.72¢)

At large times, ¢ — oo, the solution (1.72a) must approach the stationary solution (1.69),
implying that

1 o~U@)/(2D)

Ao =0, Co= —F= do(x) = \/2

MFPEs for over-damped processes are sometimes referred to as Smoluchowski equations.

(1.73)
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Note that A\g = 0 in particular means that the first non-zero eigenvalue A\; > 0 dominates
the relaxation dynamics at large times and, therefore,

mo=1/\ (1.74)

is a natural measure of the escape time. In practice, the eigenvalue \; can be computed
by various standard methods (WKB approximation, Ritz method, techniques exploiting
supersymmetry, etc.) depending on the specifics of the effective potential WW.

1.4.2 Two-state approximation

We next illustrate a commonly used simplified description of escape problems, which can
be related to (1.74). As a specific example, we can again consider the escape of a particle
from the left well of a symmetric quartic double well-potential

U(z) = —ga:Z + Zx‘* . p(0,2) =z — ) (1.75a)

where
x_=—/a/b (1.75b)

is the location of the left minimum, but the general approach is applicable to other types
of potentials as well.

The basic idea of the two-state approximation is to project the full FPE dynamics onto
simpler set of master equations by considering the probabilities Py (t) of the coarse-grained
particle-states ‘left well’ (—) and ‘right well’ (4), defined by

P (t) = / dx p(t,x), (1.76a)

P.(t) = / dx p(t, ). (1.76b)
0
If all particles start in the left well, then
P (0)=1, P,(0) =0. (1.77)

Whilst the exact dynamics of Py(t) is governed by the FPE (1.68d), the two-state approx-
imation assumes that this dynamics can be approximated by the set of master equations®®

P =—k. P +k_-P., P.=k P —k_P,. (1.78)

For a symmetric potential, U(x) = U(—x), forward and backward rates are equal, k, =
k_ =k, and in this case, the solution of Eq. (1.78) is given by

11
P.(t) = 5F5 e 2kt (1.79)

5Note that Eqs. (1.78) conserve the total probability, P_(t) + P_(t) = 1.
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For comparison, from the FPE solution (1.72a), we find in the long-time limit
p(t,x) = py(x) + c1e V@2Pg (1) e~ M, (1.80)

Due to the symmetry of p(x), we then have

1
P_(t) ~ 3 + Cpe ™Mt (1.81a)

where

0
C) = cl/ e V@2Dg (2 e = ¢t (x_) eVe-)/2D), (1.81b)

—0o0

Since Eq. (1.81a) neglects higher-order eigenfunctions, C) is in general not exactly equal
but usually close to 1/2. But, by comparing the time-dependence of (1.81a) and (1.79), it
is natural to identify

A1 1

k~—= )
2 2T,

(1.82)

We next discuss, by considering in a slightly different setting, how one can obtain an
explicit result for the rate k in terms of the parameters of the potential U.

1.4.3 Constant-current solution

Consider a bistable potential as in Eq. (1.75), but now with a particle source at zop < x_ < 0
and a sink!® at z; > x, = 0. Assuming that particles are injected at xy at constant flux
j(t,z) = J = const, the escape rate can be defined by

= — 1
k=5 (1.83)

with P_ denoting the probability of being in the left well, as defined in Eq. (1.76a) above.
To compute the rate from Eq. (1.83), we need to find a stationary constant flux solution
ps(z) of Eq. (1.68d), satisfying p;(z1) = 0 and

J = _(axU)pJ - Daa:pJ (184)

for some constant .J. This solution is given by [HTB90]

J n
pala) = Se VP / dy VWD, (1.85)

16The source could be a protein production site and the barrier could present a semi-permeable mem-
brane.
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as one can verify by differentiation

J @
—(0,U)ps — Ddwpy = —(0.U)ps — DO, {5 ~U(@)/D / dy eU(y)/D]
= —(0,U)ps—J [— (a;)U>eU(x)/D /m1 dy VWD _ 1}
=/ (1.86)

Therefore, the inverse rate k! from Eq. (1.83) can be formally expressed as

TR R / " gy e—U@/D / "y VWD (1.87)
J DJ . . ’

and a partial integration yields the equivalent representation

! — %/zl de V@D /I dy e VWD (1.88)

—0o0

Assuming a sufficiently steep barrier, the integrals in Eq. (1.88) may be evaluated by
adopting steepest descent approximations near the potential minimum at x_ and near the
maximum at the barrier position x,. More precisely, taking into account that U'(z_) =
U'(xp,) = 0, one can replace the potentials in the exponents by the harmonic approximations

Ur) ~ Uz )— QLTb(x—a;_)Q, (1.892)
Uly) = Ulw)+gly—o ) (1.89D)

where
o= —U"20) >0, m=U"(x)>0 (1.90)

carry units of time. Inserting (1.89) into (1.88) and replacing the upper integral boundaries
by +00, one thus obtains the so-called Kramers rate [HTB90, GHJM9S]

o—AU/D
~— = AU = — _). 1.91
= . % U=U(zy) — Ulx_) (1.91)

This result agrees with the well-known empirical Arrhenius law. Note that, because typi-
cally D o kgT for thermal noise, binding/unbinding rates depend sensitively on tempera-
ture — this is one of the reasons why many organisms tend to function properly only within
a limited temperature range.
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1.5 Stochastic resonance

Noise typically impairs signal transduction, but under certain conditions an optimal dose
of randomness may actually help to enhance weak signals [GHJM98]. This remarkable
phenomenon is known as stochastic resonance (SR). Whilst SR was originally proposed as
a possible explanation for periodically recurring climate cycles [NN81, BPSV83], experi-
ments suggest [FSGBT02] that some organisms like juvenile paddle-fish might exploit SR
to enhance signal detection while foraging for food.

The occurrence of SR requires three main ‘ingredients’

1. a nonlinear measurement device!”,
2. a periodic signal weaker than the threshold of measurement device,

3. additional input noise, uncorrelated with the signal of interest.

To provide some intuition, assume that a weak periodic signal (frequency §2) is detected
by a particle that can move move in the bistable double well-potential (1.75). For weak
noise, the particle will remain trapped in one of the minima and we will be unable to
infer the signal from the particle’s motion. Similarly, not much information about the
underlying signal can be gained if the noise is too strong, for in this case the particle will
jump randomly back and forth between the minima. If, however, the noise strength is
tuned such that the Kramers escape rate (1.91) is of the order of the driving frequency,

ki ~ Q, (1.92)

then it is plausible to expect that the particle’s escape dynamics will be closely correlated
with the driving frequency, thus exhibiting SR.

1.5.1 Generic model

To illustrate SR more quantitatively, consider the periodically driven SDE
dX(t) = —0,U dt + Acos(Qt)dt + v2D x dB(t), (1.93a)

where A is the signal amplitude and

b
U(z) = — 222 4 2o (1.93D)
2 4
a symmetric double-well potential with minima at +z, = 4+/a/b and barrier height

AU = a*/(4b). Introducing rescaled variables

¥ =x/r,, t'=at, A'=A/(ax,) , D' = D/(az?) , ' =Q/a.

"That is, the input-output relationship between the input signal and the observable must be nonlinear
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and dropping primes. we can rewrite (1.93a) in the dimensionless form
dX (1) = (x — 2%) dt + Acos(Qt) dt + V2D = dB(t), (1.93¢)
with a rescaled barrier height AU = 1/4. The associated FPE reads
Op = —0{[—(0.U)+ Acos(2t)|p — DOyp}. (1.94)
For our subsequent discussion, it is useful to rearrange terms on the rhs. as
Op = 0.[(0:U)p + DOyp| — A cos(Qt)0,p. (1.95)

To solve Eq. (1.95) perturbatively, we insert the series ansatz

plt,x) =) A'pu(t,x), (1.96)
n=0
which gives
> Apn = {A0[(0.U)pn + Dapn) — A™" cos(Qt)Dypn } (1.97)
n=0 n=0

Focussing on the liner response regime, corresponding to powers A° and A!, we find

0o = 0:[(0.U)po + DOypo] (1.98a)
o1 = 0.[(0:U)p1 + DOyp1] — cos(Qt)Oppo (1.98b)

Equation (1.98a) is just an ordinary time-independent FPE, and we know its stationary
solution is just the Boltzmann distribution

e_U(:D)/D

po(x) = ~Z Zy = /di e~U@/b (1.99)

To obtain a formal solution to Eq. (1.98b), we make use of the following ansatz

pit, ) = e VDN " q (8) g (), (1.100)
m=1
where ¢, (x) are the eigenfunctions of the unperturbed effective Hamiltonian, cf. Eq. (1.71),
1 1
Ho = —DI; + —(9,U)* — =02U. 1.101
o= ~D + T (D,U) — Lo (1.101)

Inserting (1.100) into Eq. (1.98b) gives

Z A Pm = — Z Am@1m Om — cos(Q2t) U@/ED) g po. (1.102)
m=1

m=1
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Multiplying this equation by ¢, (z), and integrating from —oo to 400 while exploiting the
orthonormality of the system {¢,,}, we obtain the coupled ODEs

alm = _)\malm — Mmg COS(Qt), (1103)

with ‘transition matrix’ elements
M0 = / dz ¢y, U@/ 2P . (1.104)

The asymptotic solution of Eq. (1.103) reads

Q Am
apm(t) = — [)\2 02 sin(Qt) + Mo cos(Qt) | . (1.105)
Note that, because 0,py is an antisymmetric function, the matrix elements M, vanish'®
for even values m = 0, 2,4, .. ., so that only the contributions from odd valuesm =1,3,5. ..

are asymptotically relevant.
Focussing on the leading order contribution, m = 1, and noting that po(z) = po(—x),
we can estimate the position mean value

E[X(t)] = /dxp(t,x)x (1.106)

=
Ja
2

A/d:cpl(t,x)a:
A/dxe U(x)/(2D) (111( )gbl( )

12

Q A1
= —AM L‘Q RE sin(Qt) + FEueH cos(Qt)} /d:ceU(‘”)/(QD)¢1(a:)x

Using A\; = 2kk, where kg is the Kramers rate from Eq. (1.91), we can rewrite this more
compactly as

E[X ()] = X cos(t — p) (1.107a)
with phase shift
© = arctan il (1.107b)
7o 2k '

18The potential U(z) is symmetric and, therefore, the effective Hamiltonian commutes with parity
operator, implying that the eigenfunctions ¢o) are symmetric under x +— —x, whereas eigenfunctions
¢or+1 are antisymmetric under this map.
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and amplitude

_ M v
X=-A 10 7z /dme U@)/C2D) g, (z) . (1.107¢c)

(4kf + Q2)

The amplitude X depends on the noise strength D through kg, through the integral factor
and also through the matrix element

My, = / dz ¢y eV @/CD)G p . (1.108)

To compute X, one first needs to determine the eigenfunction ¢ of H, as defined in
Eq. (1.101). For the quartic double-well potential (1.93b), this cannot be done analytically
but there exist standard techniques (e.g., Ritz method) for approximating ¢; by functions
that are orthogonal to ¢y = +/po/Zo. Depending on the method employed, analytical
estimates for X may vary quantitatively but always show a non-monotonic dependence on
the noise strength D for fixed potential-parameters (a,b). As discussed in [GHIM9S], a
reasonably accurate estimate for X is given by

— Aa 4k 12
X=~5 (m) ’ (1.109)

which exhibits a maximum for a critical value D, determined by

4k = QP (%U - 1) : (1.110)

*

That is, the value D, corresponds to the optimal noise strength, for which the mean
value E[X ()] shows maximal response to the underlying periodic signal — hence the name
‘stochastic resonance’ (SR).

1.5.2 Master equation approach

Similar to the case of the escape problem, one can obtain an alternative description of
SR by projecting the full FPE dynamics onto a simpler set of master equations for the
probabilities Py (t) of the coarse-grained particle-states ‘left well’ (—) and ‘right well” (+),
as defined by Eq. (1.76). This approach leads to the following two-state master equations
with time-dependent rates

P_(t) = —ky(t)P-+Fk_(t) Py, (1.111a)
P.(t) = ky(t)P. —k_(t) Py. (1.111b)

The general solution of this pair of ODEs is given by [GHJMO98]

Pi(t) = g(t) {Pi(to)—i-/t:ds kgi(is))}

(1.112a)
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where
o) = exp{— /totds[k+(s)+k_(s)}}. (1.112b)

To discuss SR within this framework, it is plausible to postulate time-dependent Arrhenius-
type rates,

ki(t) = kx exp {ﬁ:% COS(Qt):| : (1.113)

Adopting these rates and considering the asymptotic limit t, — —oo, one can Taylor-
expand the exact solution (1.112) for Az, < D to obtain

Az, Az, \?
P.(t)=kk |1£ % cos(Qt) + (%) cos?(Q) £ . .. (1.114)

These approximations are valid for slow driving (adiabatic regime), and they allow us to
compute expectation values to leading order in Axz,/D. In particular, one then finds for
the mean position the asymptotic linear response result [GHJM9S]

E[X ()] = X cos(2t — ) (1.115a)
where
Az [ 4k \Y? Q0
D (4/@ n Q?) ¥ arCtan(sz) (1.115b)

with kk denoting Kramers rate as defined in Eq. (1.91). Note that Egs. (1.115) are con-
sistent with our earlier result (1.107).

1.6 Brownian motors

Many biophysical processes, from muscular contractions to self-propulsion of microorgan-
isms or intracellular transport, rely on biological motors. These are, roughly speaking,
collections of proteins that are capable of rectifying thermal and other random fluctua-
tions to achieve directed motion. Here, we focus on a minimal mathematical model that
captures, in a simplified manner, the main building principles of Brownian motors:'

e a spatially periodic structure (ratchet potential) that violates reflection symmetry,
e thermal or non-thermal random fluctuations, and

e a deterministic or stochastic pumping process that drives the system away from
thermal equilibrium.

YFor further reading, we refer to the review articles [HM09, Rei02].
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Generally speaking, the combination of broken spatial symmetry and non-equilibrium driv-
ing is sufficient for generating stationary currents by means of a ratchet effect.

Most biological micro-motors operate in the low Reynolds number regime, where inertia
is negligible. A minimal model can therefore be formulated in terms of an over-damped
Ito-SDE

dX(t) = —U'(X)dt + F(t)dt + \/2D(t) * dB(t). (1.116)
Here, U is a periodic potential
U(x)=U(x+ L) (1.117a)
with broken reflection symmetry, i.e., there is no dx such that
U(—z) =U(x + dx). (1.117b)
A typical example is
U = Uyfsin(2mz/L) + Zllsin(zm;/L)]. (1.117¢)

The function F(t) is a deterministic driving force, and the noise amplitude D(t) can be
time-dependent as well.
The corresponding FPE for the associated PDF p(t, z) reads

Op=—0uj,  jlt,z) = —{[U' = F()lp+ D(t)0:p}, (1.118)

and we assume that p is normalized to the total number of particles, i.e.

Nu() = /OL de plt, ) (1.119)

gives the number of particles in [0, L]. The quantity of interest is the mean particle velocity
vy, per period defined by

op(t) = Nj(t)/o dz it ). (1.120)

Inserting the expression for j, we find for spatially periodic solutions with p(¢, z) = p(t,z + L)
that

1

0= /0 de [F(t) — U'(x)] plt, 2). (1.121)
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1.6.1 Tilted Smoluchowski-Feynman ratchet

As a first example, assume that F' = const. and D = const. This case can be considered
as a (very) simple model for kinesin or dynein walking along a polar microtubule, with the
constant force F' > 0 accounting for the polarity. We would like to determine the mean
transport velocity vy, for this model.

To evaluate Eq. (1.121), we focus on the long-time limit, noting that a stationary
solution p () of the corresponding FPE (1.118) must yield a constant current-density joo,
ie.,

Joo = _[(axq))poo + Dampm] (1'122)
where
O(z) =U(x) — aF (1.123)

is the full effective potential acting on the walker. By comparing with (1.85), one finds
that the desired constant-current solution is given by

1 x+L
Poo(z) = 7 e_q>(x)/D/ dy e®W/D. (1.124)

This solution is spatially periodic, as can be seen from

z+2L

po(r+ 1) — %6—[U(x+L>—<m+L>F}/D / dy U -vF1/D
z+L
1 z+L
= @A / s (UL~ L)FI/D
1 z+L
_ Ee—[U(m)—(JJ-&-L)F]/D/ dz U =(G+L)F]/D
= Poo(®), (1.125)

where we have used the coordinate transformation z = y — L € [z, 2 + L] after the first
line. Inserting poo(z) into Eq. (1.121) gives

1 /L
= —— d )
vy, NL/O 2 (0:P) Poo
1 L

z+L
_ di (8,0) e—2@/D / d e®(0)/D
v [ @ [y

D L x+L
= ZNL/ dz [0, e_q’(m)/D}/ dy e®W/D. (1.126)
0 T
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Integrating by parts, this can be simplified to

D L z+L
v = N /0 dx e_(}(x)/D@x/gc dy e*W/P
D (" e@/D [ e@i)/D _ @)D
= _ZNL/() dxe [e —e }
D [* [®(a+ L)~ B()]/D
_ d 1 — x —o(z
7N, /0 z{1-e }
D L
— d 1— —F|[(z+L)—=z]/D
7N, /0 z{1-e ;
DL
_ | _ o~FL/D 1.127
7N, (1—e ), (1.127)

where N, can be expressed as

1 L z+L
Ni=+ / d / dy e~ ®@-2WI/D. (1.128)
0 x

We thus obtain the final result

1 — ¢~FL/D
o | 1.129
- [ da [T dy e-l@@—2@)/D 129

which holds for arbitrary periodic potentials U(x). Note that there is no net-current at
equilibrium F = 0.

1.6.2 Temperature ratchet

As we have seen in the preceding sections, the combination of noise and nonlinear dynam-
ics can yield surprising transport effects. Another example is the so-called temperature-
ratchet, which can be captured by the minimal SDE model

dX(t) =[F = U'(X)]dt + \/2D(t) dB(t), (1.130a)
where D(t) = D(t+ T) is now a time-dependent noise amplitude, such as for instance
D(t) = D {1+ Asign[sin(2nt/T)]}, (1.130Db)

where |A| < 1. Such a temporally varying noise strength can be realized by heating
and cooling the ratchet system periodically. Transport can be quantified in terms of the
combined spatio-temporal average

(X) = %/tHTds/Odej(t,x)

1 t+T L ,
_ :F/t dS/O de [F — U'(2)] plt, ). (1.131)
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This choice is motivated by the fact that the equations of motions are periodic in space
and time, which suggests an asymptotically oscillating solution p(t,z) = p(t,x + L) =
p(t+T,L) = p(t + T,x + L) for the probability density. Equation (1.130) has been
studied numerically (see slide and Sec. 2.6 in Ref. [Rei02]), and was found to predict
an counterintuitive effect: In the presence of a small load force, optimally tuned periodic
thermal pumping allows particles to climb up-hill (see slides for an illustration).

1.7 Fluctuation-dissipation relation

Until now, we focused primarily on over-damped Brownian motion processes, as sufficient
to describe low-Reynolds number object. When inertia is not negligible, the above concepts
can be easily extended by adding friction and noise to the Hamiltonian equation of motions.

Considering a Hamiltonian H(zx1,...,xN,p1,...,pN), the corresponding system of SDEs
reads
0H
de; = dt 1.132

x o, ( a)
OH
Ty

where (By(t),..., By(t)) are standard Brownian motions, 7 is the Stokes friction coefficient

and D the diffusion constant in momentum space. The last two terms in Eq. (1.132b)
provide an effective description of the momentum transfer with a surrounding heat bath.
If the Hamiltonian has the standard form

2
Z D;
H = —~2m —f-U(ZL‘l,...,l'N), (1133)

corresponding to momentum coordinates p; = ma;, then the overdamped SDE is formally
recovered by assuming dp; ~ 0 in Eq. (1.132b) and dividing by my, yielding

1 oU [ 2D
dr;, = ——— dt —— dB,(t). 1.134
v mry 0x; + m2~? (*) (1.134)

We see that the spatial diffusion constant D and the momentum diffusion constant D are
related by

D
5

D=—""—
m2y

(1.135)

The Fokker-Planck equation (FPE) governing the phase space PDF f(t, z1,..., 2N, p1,. ..

of the stochastic process (1.132) reads
OH Of OHOf\ 0 of
W Ez: (apz' Ox;  Ox; (91%‘) N 2@: Opi (7pi i i)apz‘) N
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The lhs. vanishes if f is a function of the Hamiltonian H. The rhs. vanishes for the
particular ansatz

1 H
_ = 1.1
where T is the temperature of the surrounding heat bath. To see this, note that
0 1 0OH H 1 p
f_ exp - ) = == Piy (1.138)
8pi kBT 8pl k’BT kBT m

so that the components of the dissipative momentum current,

_ | ON_ (s Do N_ _(,__ D\
Ji——<7pzf+®5pi)— (szf k:BTm)_ (7 kaT)pzf (1.139)

vanishes if

kT

D = ymkgT & D .
ym

(1.140)
Equation (1.140) is the fluctuation-dissipation relation, connecting the diffusion constant

(strength of the fluctuations) and the friction coefficient (dissipation) through the temper-
ature of the bath.

1.8 Fluctuation theorems

20 Microbiological systems often perform ‘thermodynamic’ operations with a mesoscopic
number of degrees of freedom. To characterize biological motors, protein energetics, etc.
in terms of thermodynamic quantities (work, entropy, etc.), an extension of traditional
thermodynamic concepts to non-equilibrium processes is has been developed over the last
decade. Theoretical work in this direction was triggered by the development of new ex-
perimental techniques [BSLS00| that make it possible to probe the folding and twisting
characteristics of individual DNA molecules with the help of optical tweezers (see Fig. 1.1
for a simple schematic). These efforts led, amongst others, to the discovery of a number
of exact fluctuation theorems (FTs) for non-equilibrium systems, the simplest version of
which we will discuss below.

The total Hamiltonian comprising the system of interest, e.g. a DNA molecule described
by coordinates x(t)), its environment y and mutual interactions reads

H(w,y; AMt)) = H(@; A1) + Henv(y) + Hini (2, y) (1.141)

where A(¢) denotes one or more external control parameters (e.g., the force exerted by a
tweezer in a molecule pulling experiments, see Fig. 1.1). The function A(¢) defines the

20The discussion in this section closely follows that in the Christopher Jarzynski’s review article [Jar11].
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Position, A

Fixed wall

Figure 1.1: Schematic representation of a molecule pulling experiment (from Ref. [Jar11]).
The molecule is modeled by a collection of masses connected by springs. The tweezer acts
on one end of the molecule, e.g., via an attached gold bead (blue), whereas the other end
is attached to surface.

protocol of the control parameter variation and, for simplicity, we will assume that there is
only a single control parameter A from now on. For example, for the toy model in Fig. 1.1
we have @ = (21, 22, 23, p1, P2, p3) and

H(@ M) =3 20 15 e — z2) +u(A — z) (1.142)

i=1 k=0

where u is interaction potential and z(t) = 0 the position of the wall. The work performed
during an infinitesimal parameter variation d\ is defined by

0H
OW i=dX —(x; \). 1.14
W= dh 2@ ) (1143
For a given protocol A(¢) with initial condition A(0) = A¢ and final A(7) = A;, the total

work performed on the system is

W= /5W: /OT dt \(t) %—il(:n(t);)\(t)) (1.144)

where the integral is computed along the trajectory x(t) realized by the system. That
is, for a given realization W depends not only on the protocol but also on the initial
state oy of the system and the initial state y, of the environment, if we assume that
Hiy(x,y) > 0 during the process. If we repeat this process many times for the same
protocol, we will observe different values of work {W;, W, ..., } that will be governed by
a certain probability density p(W). FTs are exact equalities and inequalities for certain
expectation values

(G(W)) = / AW p(W) G(W), (1.145)
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that, under very general conditions, hold regardless of exact time dependence A(t).

To simplify the subsequent discussion, let us assume that we are able to decouple the
system from the environment?! at time ¢t = 0, and assume that at time ¢ = 0 the PDF of
the system state is given by a canonical distribution

f(@o; Ao, T') = 7 ! (1.146a)

|

exp|—
p[ kT
where T is the initial equilibrium temperature of system and environment at ¢ = 0, and

2007) = [ dayoo] A1)

the classical partition function. In this case, the initial free energy of the system is given

by

(1.146b)

F() = —]{?BTIDZ()\O,T) (1147)

Moreover, since the dynamics for ¢ > 0 is completely Hamiltonian, we have

dH oH . OH . oOH
= (2 OH) L O
Op;

dt l, 9z ot

B Z 0OH _aH n OH (O0H N Q_H)\

n p 8p2- 8zi 821 3]91' 8)\
0H .

= — 1.14
TR (1.148)

and, therefore,
T . aH T
W= / at 3 [ aH = H(@we ) — H(z: o) (1.149)
0 oA 0

where x(7) = .. Now consider the expectation value of the function G(W) = e="W/(ksT)

which can be expressed as
(e”W/tkoT)y - = /da:o f@o; o, T) W/ kD)
= /dwo f(a:(]a )\07 T) e*[H(mﬂ';Ar)*H(mOQ\O)V(kBT)

_ 1 ) / dzg exp [_H (wo;Ao)} o [H (@A)~ H(woiho))/ (ks T)

Z(>\07T kBT
1
_ dae ¢~ H@iAn)/(kpT) 1.150
Z00.T) o o

21Similar results hold for more complex dynamical models where the system remains coupled to the bath
throughout the process; see discussion in Ref. [Jar11] and references therein.

32



Changing the integration variable from x( — x,, we can write this as

1 ox
“WiksT)y L[ g 9%
<6 > Z()\(),T>/ Lr 8330
1

= —— | de, e H@rA)/(ksT)
Z(o. T) / Tr e
Z(\,T)

- oo (1.151)

—1
e*H(mﬂ)‘T)/(kBT)

Here, we have used Liouville’s theorem, which states that the phase volume is conserved
under a purely Hamiltonian evolution xy — x(7),

‘&BT —1 (1.152)

(9:1:0

Rewriting further

(e W/ksT)) kT . [Z(A:, T)] }

- eXp{kBT H[Z(AO,T)

— exp {_kBLT [—kgTIn Z(\., T) — (=kgT)In Z ()Xo, T)]}

one thus finds the FT
(e7WIteT)) = o= AF/(knT) (1.153a)
where
AF =F(\.,T)—F(X,T) (1.153b)

The FT (1.153) states that, in principle, one can estimate free energy differences by measur-

ing work W. In this context, it should be noted however that, in practice, the exponential

average <6*W/ (kBT)> is difficult to sample as direct estimators suffer from slow convergence.
Furthermore, using Jensen’s inequality??

(%) > e (1.154)

22 Jensens’s inequality states that, if ¢(z) is convex then

E[¢(X)] > ¢(E[X])
Proof: Let L(z) = a + bz be a line, tangent to ¢(x) at the point =, = E[X]. Since ¢ is convex, we have

¢(x) > L(x). Hence
E[¢(X)] > E[L(X)] = a + bE[X] = L(E[X]) = ¢(E[X])
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we find

o AF/(kpT) _ <€7W/(kBT)> > o(~W/(kBT))

which is equivalent to the Clausius inequality

AF < (W), (1.155)

i.e., the average work provides an upper bound for the free energy difference.
Finally, we still note that

AF—e¢
PIW < AF — = / AW p(W)

[e.9]

AF—e¢
/ AV p(W7) e(AF—e=W)/(ksT)

[e.e]

IN

(AF=0)/(k5T) / T AW (W) e W)

[e.e]

e(AF=0)/ (k5T (=W/(hsT)
e~/ (k5T) (1.156)

IA

That is, the probability that a certain realization W violates the Clausius relation by an
amount € is exponentially small.
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1.9 Problems (due Tuesday, Oct 21)

1. Provide and explain rough order-of-magnitude estimates.

(a) How heavy is a bacterium?
(b) How fast must a bacterium swim so that swimming makes sense?

(c) How large is the effective diffusion constant of bacteria that perform run-and-
tumble motion with run periods 1s?

(d) How large are the self-propulsion force and the torque generated by a bacterial
motor?

2. Brownian motion

(a) Show that the probability density of the classical one-dimensional RW ap-
proaches a Gaussian PDF in the continuum limit ¢,7 — 0 such that D =
0%/(27) = const.

(b) Compute the mean square displacement of the n-dimensional BM.

(c) Using heuristic arguments, estimate the return probability of a classical RW in
n = 1, 2,3 dimensions.

(d) The Geometric BM is defined by the Ito SDE
dY = pYdt + oY «dB(t). (1.157a)

where © and o are constant parameters. Use Ito’s formula to show that

Y(t) = Y(0) exp K“ - C’;) t+ aB(t)} . (1.157b)

Determine mean value and variance of Y (¢).
3. Microcanonical fluctuation theorem

(a) Consider a Hamiltonian system H (x; A(t)) with protocol A(t) such that \(0) =
Ao and A(1) = A.. For the forward process (+), \g — A,, assume that the
system is initially, at time ¢ = 0, in the microcanonical state H(x;\y) = Ejo,
corresponding to the PDF

5(ED — H(w, /\0)
W(EQ,)\Q)

p(x; No) = (1.158a)

Define the corresponding microcanonical PDF for the backward process (—),
Ar — Ao, and determine the work W, performed during each realization of the
forward/backward process.
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(b) Using Liouville’s theorem, show that the associated work PDFs py(w) satisfy
the relation

p-(—w)  w(Ep, Ao)

pi(w)  w(Ey+w, ) (1.158b)

(c) Express equation (1.158b) in terms of the Boltzmann entropy Sg = Inw of the
final and initial state, and also in terms of the Gibbs entropy Sg = In{2 and the
Gibbs temperature T = Q/w.
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Chapter 2

Polymers

2.1 Persistent random walks

2.1.1 von Mises-Fisher (vMF) distribution
The PDF of the vMF distribution on the unit sphere n € S reads
f(n|p) = Coe™™H, (2.1)

The parameter g € S determines the mean direction and k the spread, with x = 0
corresponding to a uniform distribution and x — oo to a d-distribution at m = p. Assuming
w.l.o.g. p=(0,0,1) and using spherical coordinates n = (cos ¢ sin 6, sin ¢ sin 0, cos ) with
(¢,0) € [0,27) x [0, 7], the normalization constant Cy can be computed from

2m s
1 = 02/ dqb/ df sinf f(n|w)
0 0

2 ™
= Cg/ d(b/ df sin @ e 50
0 0

47 sinh
_ 02 T S1n KJ’ (22)
K
yielding
K
Co= ——. 2.3
> 4drsinh s (23)
Similarly, one finds for the mean
1 1
— K- p — — — =
E[n|y] C’g/dnn e <tanh/<o m) w=:opm, (2.4a)
where the scale-factor o (k) exhibits the following limiting behaviors
limo(k) = 0, (2.4b)
k—0
lim o(k) = 1. (2.4c)

K—00
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2.1.2 vMF polymer model

Consider an idealized polymer consisting of ¢ = 1,..., N segments of length A. FEach
segment has an orientation u,, so that the vector connecting the two polymer ends is given

by

R(N) = ZRi = AZM. (2.5)

The total length of the polymer is L = N and w.l.o.g. we choose R(0) and p; = (0,0, 1).
We assume that the conditional PDF of u, for a given p, ;, is a vMF-distribution with
spread parameter k,

f(,u’i’u‘i—l) = CoeHikti—1, (2-6)

We would like to compute correlation functions and statistical moments of R(N) in
the limit of large N. Of particular interest are the mean end-position

E[R(N)|p,] = AZE[NTJIM]; (2.7a)

n=1

the squared end-to-end distance
D(N) =E[R(N) - R(N)], (2.7b)
and the excursion PDF

pn(Tr) = IE[(S(T — R(N))} (2.7¢)

Mean end-position and persistence length

To compute the mean end-position E[R(N)|u,] for a given initial condition p,, let us first
note that the conditional expectation value E[u, |p,] can be computed as

— P DTINTY -
Bl = €5 [y e =enn Lan
=2
. n—1
— 5 C;—z/unl e iza Hiki Hdﬂi
=2
= 0"_1M17 (28)
yielding
N N-1 1 _ N
E[R(N)|m] = )\Zgn_l le/\zan By = A 1—o K- (2.9)
n=1 n=0
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In the limit case of a uniform distribution, k — 0, we find at fixed N
E[R(N)|p1] = Ay (2.10a)
whereas for an infinitely stiff polymer with x — oo
E[R(N)|p] = AN py, (2.10b)

illustrating that the vMF-model interpolates between undirected random walking and bal-
listic motion.

An important quantity that characterizes the stiffness of a polymer is the persistence
length Lp, intutively defined in terms of the asymptotically exponential decay of the ori-
entation correlation function

(cosOy) = Elpy - py] ~ e L/LP (2.11)
for large polymer length L = NA. Noting that

Elpy - p] = Elpy|pg] - py, (2.12)

we can obtain Lp from (2.8) by

1 .1
Lr = —Lh_{gozanN'Mﬁ
_ . 1 N-1
= AR
1
= —Xlna. (2.13)

Inserting the explicit expression o(x) from (2.4a), we find for k < 1

A
Lp~—— 2.14
"= n(3/k)’ (2.142)
whereas for k > 1
Lp >~ Ak. (2.14b)
Squared end-to-end distance
To compute the squared end-to-end distance
N
D(V) = E[R(N)-R(V)] =X 3 Bl - ). (2.15)
ij=1

we may use that the orientation correlation is translation-invariant
Elp; - py] = o, (2.16)
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Computing the double sum (2.15), one obtains
N—0(2—20" +0N)

D(N) = N? 2.1
(¥) e (217)
and from this the limiting behaviors
. _ . _ 2
Ll_r%(D(N) = il_)n%D(N) = \°N, (2.18a)
lim D(N) = lim D(N) = \*N?, (2.18b)
K—00 o—1

corresponding to normal diffusion and ballistic growth. Conversely, when keeping x < oo
fixed but letting the number of monomers N — oo, then

) (2.18¢)

This means that, for finite s, the end-to-end distance increases with N/? corresponding
to normal diffusion. For floppy polymers with x — 0, one finds that D — A%, whereas for
large k

D
lim — = 2)\% (2.19)

K—00 K

That is, for long stiff polymers with x > 1, we have
D ~2)\*k = 2\Lp. (2.20)

Excursion PDF & thermodynamics

Unfortunately, it is not possible to compute the excursion PDF (2.7c) exactly for the
vMF model'. However, the central limit theorem combined with (2.18c) implies that, for
large N, the excursion PDF will approach a Gaussian

3\ e
p(r):(ZWDN) e~3r/(2DN), (2.21)

For the remainder of this section, we will assume that the end-points of the polymer are
fixed at 0 and . To make the connection with thermodynamics, we may consider r
as a macroscopic state-variable, that can be realized by a number of different polymer
configurations referred to as microstates. If no other constraints are known, it is plausible
that each microstate is equally likely and, for large N, the number of microstates realizing
a specific the macrostate r is A3p(r), assuming the spatial resolution is of the order of the
segment length A\. The corresponding microcanonical entropy is given by

3r?

S ~ I{JB 111[)\3]9(7’)] = SO — kBQDN

(2.22)

!The vMF polymer model is equivalent to a classical Heisenberg spin model [Fis64].
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To obtain a prediction for the mean force f required to stretch the polymer by a small
amount dr, we can exploit the general thermodynamic relation

dE = W +0Q), (2.23a)
where work and heat increments are defined as usual by
oW =—f-dr, 0Q =1TdS, (2.23b)

with T" denoting temperature. If one neglect self-avoidance interactions, which are present
in real polymers, the energy remains constant during a change of conformation, dE = 0.
Hence,

I

ds = 7 -dr (2.24)

and the stretch force components are obtained as

[0S\ 3kgT
fi—T(aTi)— N (2.25)

Thus far, our calculations implicitly assumed a microcanonical setting, since we focussed on
an isolated polymer. In most experiments, polymers are surrounded by liquid molecules
that may act as a canonical bath. If the polymer is sufficiently long (thermodynamic
limit) and if the coupling between polymer and bath is sufficiently weak, then one can
safely assume that microcanonical and canonical ensembles become equivalent. In this
case, —f is the force needed to stretch a polymer in a solvent bath of temperature 7'
Furthermore, it is also instructive to compute the corresponding free-energy

372

F=FE-TS=FE—-TSy+ kgT . 2.26
0ot ~B SDN (2.26)
This is essentially a thermodynamic version of Hooke’s law
K 3kgT
F=F+—r° K= : 2.2

For long stiff polymers we have DN ~ 2AN Lp = 2LLp, we find for the spring-constant

 3kpT

= . 2.2
2LLp (2.28)

This means, for example, that the persistence length L, can be inferred from force mea-
surements if temperature 7" and polymer length L are known.
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Self-avoidance (Flory’s scaling argument)

The simplest way of accounting for self-avoidance is to include in Eq. (2.27) a free-energy
contribution F, that accounts for excluded volume effects. Consider a polymer consisting of
N > 1 monomers of volume vy with fixed end-to-end distance r. Flory’s scaling argument
assumes that for a fixed |r|, the N monomers may (very roughly) explore a volume of |r|¢,
where d is the space dimension. The overlap probability for a single monomer is given by
the volume filling fraction ¢ = vyN/|r|?. Assuming short-range repulsion, so that F is
extensive, we have for N particles

UdN

F, ~ NkgT ¢ = NkpT ——
|7

(2.29)

where kgT accounts for the thermal kinetic energy. Adding F, to Eq. (2.27), we find in d
dimensions

UdN |r|2d ) (230)

F = Fy+ NkgT +

0 b ( r|? " 2D N?
To obtain the equilibrium distance r,, we must minimize this expression with respect to
r = |r|, which gives

dF UdN d
V= T e T o (231
and therefore
7y = (Dgug)/4H2N3/(@+2), (2.32)
Thus, explicitly
d=1: re X N (2.33a)
d=2: e o< N3/, (2.33b)
d=3: r, oc N3/5, (2.33¢)

The result is trivial for d = 1, seems to be exact for d = 2 when compared to simulations,
and is very close to best numerical results N8 for d = 3.
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2.2 Bead-spring model

To obtain a simple dynamical model for the motion of a polymer in a solvent fluid, we
can consider a chain consisting of & = 1,..., N beads, representing monomers at posi-
tions X ,(t). Neglecting inertial effects and hydrodynamic interactions, we may assume
that the dynamics of a single bead is governed by the over-damped Langevin equation

dXo(t) = =V U X o)) dt + V2D % dB, (1), (2.34)

where D is the thermal diffusion constant of a bead. The potential U contains contributions
from elastic nearest neighbor interactions U,, from bending U, and, to implement self-
avoidance, steric short-range repulsion U:

U=U,+U,+U, (2.35)

Defining (N — 1) chain link vectors R, and their orientations p, by
R,

R,=X.,1—X., Uy = ——— (2.36)
' || Rall
the potentials can be written as sums over 2-body and 3-body interactions
N-1
Ueo = Y u(l|Ral)), (2.37a)
a=1
N-2
Uy = b(Ba * Basr): (2.37b)
a=1
N N
U = > Y s(l|Xa—Xsl). (2.37¢)
a=1 f=1,#«a

Specifically, the elastic spring potential u(r) and the steric repulsion potential s(r) en-
code 2-body interactions, whereas the bending potential b(g) involves 3-body interactions.?
Plausible choices are

e—r/o
wr) =S -N Ma=Sa-17, ) ="

for some v > 1. Although (2.34) can only be solved numerically, we know that the associ-
ated stationary equilibrium distribution is given by

(2.38)

TV

pu((ea) = 5 exp |- LT, (239

where
ZN—/ (H d%a) exp[ ({w“})} (2.40)

2In principle, one could still include a potential contribution U, that penalizes twisting, which would
have to involve 4-bead interactions, for defining ‘twist’ requires three subsequent vectors {4, _1, fo, Boy1}-
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2.3 Continuum description

2.3.1 Differential geometry of curves

Consider a continuous curve r(t) € R?, where ¢t € [0,7]. Assume that the first three

derivatives 7(t), #(t), 7 (t) are linearly independent. The length of the curve is given by

L:/O dt || ()] (2.41)

where 7(t) = dr/dt and || - || denotes the Euclidean norm. The local unit tangent vector
is defined by

T
t=——. (2.42)
Ll

The unit normal vector, or unit curvature vector, is

([ —tt) -7
n= Tt 7 (2.43)

~

Unit tangent vector ¢(¢) and unit normal vector n(t) span the osculating (‘kissing’) plane
at point ¢. The unit binormal vector is defined by
(I —tt)-I—mn)-7
(T —tt) - (I —mn) - 7|

(2.44)

The orthonormal basis {t(t),n(t),b(t)} spans the local Frenet frame. For plane curves,
7(t) is not linearly independent of # and #. In this case, we set b =t A n.
The local curvature £(t) and the associated radius of curvature p(t) = 1/ are defined
by
t-n
7]

and the local torsion 7(t) by

(t) = . (2.46)

For plane curves with constant b, we have 7 = 0.
Given ||7|], k(t), 7(t) and the initial values {¢(0),n(0),b(0)}, the Frenet frames along
the curve can be obtained by solving the Frenet-Serret system

L[t 0 x 0\ [t
|| =|-x 0 7 n|. (2.47a)
LRV 0 —7 0/ \b
The above formulas simplify if ¢ is the arc length, for in this case ||7|| = 1.
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2.3.2 Stretchable polymers: Minimal model and equipartition

As a simple example, consider a polymer confined in a plane. Assume the polymer’s end-
points are fixed at (z,y) = (0,0) and (z,y) = (0, L), respectively, and that the ground-
state configuration corresponds to a straight line connecting these two points. Denoting
the tension® by ~, adopting the parameterization y = h(z) for the polymer and assuming
that the bending energy is negligible, the energy relative to the ground-state is given by

EZVUOLde—L], (2.48)

where h, = h/(z). Restricting ourselves to small deformations, |h,| < 1, we may approxi-
mate

v L
B~ —/ dx h?. (2.49)
2 0

Taking into account that h(0) = h(L) = 0, we may represent h(z) and its derivative
through the Fourier-sine series

h(z) = gAnsm(?) (2.50a)
ho(z) = ;}Ann%cos(?). (2.50D)

Exploiting orthogonality

L nwr Mmnx L
dx sin| — | si = — 0pm 2.51
/0 T sm( 7 ) sm( 7 ) 5 (2.51)

we may rewrite the energy (2.49) as

E

[2
DO [ 2
=[]
:[~]
o\
h

oW
=
s

3
N

3
3
| §
N—
3
E
N——
o
o
n
A~
‘3
~_
o
A
SE
&
~_

= XS4 () () 3w
= iEn (2.52a)
n=1

where the energy FE, stored in Fourier mode n is

2.2
E,=A2 (1T ) 9.52
= (T (2.520)

34 carries units of energy/length.
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Now assume the polymer is coupled to a bath and the stationary distribution is canonical

A = Zexp(—5E)
_ %exp {_52142 (%)} (2.53)

with 3 = (kgT)~'. The PDF factorizes and, therefore, also the normalization constant

Z =1] % (2.54a)

i=1

where
0o 2 92 1/2
B a2 (ntT B 4L

Zn —/Oo dAneXp{ ﬂAn( 1L )] = (—B’yn%ﬂ) . (2.54b)

We thus find for the first to moments of A,
E[A,] = 0 (2.55a)

2kgTL

E[AZ] = —ngﬂ , (2.55b)

and from this for the mean energy per mode

E[E,] = <722L”2) E[A2] = %kBT. (2.56)

That is, each mode absorbs the same amount of thermal energy, which is just a manifestion
of the canonical equipartion theorem for harmonic degrees of freedom.

We may use the equipartition result to compute the variance of the polymer at the
position x € [0, L]

n=1 m=1
= ; n; E[AZ],m sin (?) sin (mzx)
2kpTL <~ sin®(nmz/L)
= _ 2.57
( ym? ) ; n? (257)
If we additionally average along x
kpTLY o= 1 kgTL\ n*  kgTL
E[h(z)?]) = — = — = : 2.58
By = (2 )Y o= () 5 =5 (2:58)

n=1

Thus, by measuring fluctuations along the polymer we may infer ~.
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2.3.3 Rigid polymers: Euler-Bernoulli equation

Consider a rigid polymer whose motion is confined to the (z,y)-plane, with one end fixed
at (z,y) = (0,0) and the other moving freely. As before, we adopt the parameterization
h(z) and assume that the energy is can be expressed in terms of fundamental geometric
properties. At zero-temperature and in the absence of other forces, the groundstate of the
polymer is a straight configuration along the positive the z-axis, i.e., ho(z) = 0,z € [0, L].

Since one end of the polymer can move freely, tension is negligible, and the main
contribution to the polymers energy comes from curvature x,

A L
E~= [ drk? (2.59)
2 0

where A is the bending modulus (units energy xlength). For plane curves h(z), the curva-
ture can be expressed as

hwz

Focussing on the limit of weak deformations, h, < 1, we may approximate k =~ h,,, and
the energy simplifies to

A [F )
E~= [ dz(hg)? (2.61)
2 Jo

The exact form of the boundary conditions depend on how the polymer is attached to the
plane x = 0. Assuming that polymer is rigidly anchored at an angle 90°, the boundary
conditions at the fixed end at x = 0 are

h(0) =0, h.(0) = 0. (2.62a)
At the free end, we will consider flux conditions
hex(L) =0, haze (L) = 0. (2.62b)

Intuitively, because of k = hg,, these last two conditions mean that the polymer tries to
maintain minimal absolute curvature at the free end. By means of the BCs (2.62) and two
partial integrations, we may rewrite (2.61) as

L L
2| o Jo
A r L
2 L 0
A [ L L A L
= — | —hhge +/ dx hhypee | = = / dx hhygee | - (2.63)
2 L 0 0 2 0
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If the polymer is surrounded by a viscous solvent, an initial perturbation h(0,z) will
relax to the ground-state. Neglecting fluctuations due to thermal noise, the relaxation
dynamics h(t,z) will be of the over-damped form*

oE
hy = —— 2.64
N Sh ) ( 6 )
where 7 is a damping constant, and the variational derivative is defined by
SE()) _ | Blh(@) + ed(e = y)] - Blh(x)] 265
h(y) =0 €

Keeping terms up to order €, we find for the energy functional (2.61)
A [t 5
Elh(z) +ed(z —y)] — E[h(z)] = B dx [(h + €0)za(h + €6)ee — (haz)”]
0

A L
- = / A [2€h42050 + O(€%)]
2 Jo
Using the integral identity

9(x) 970(x —y) = (=1)"d(z — y) I7g(x) (2.66)

for any smooth function g, one obtains

OE[h(z)] / -
— = =A Adr hppre (1) (2 — Y) = Ahgrez(y), 2.67
=4 ()8~ 1) (v) (2.67)
so that Eq. (2.64) becomes a linear fourth-order equation
A
hi = —ahgpre o= —. (2.68)
n
Inserting the ansatz
1
h = eit/T(ZS(x) ) ht = __eit/‘r(ﬁ ) hx:r:m: = eit/T(z)zx:m:a (269)
T

gives the eigenvalue problem

1
TQ
for the one-dimensional biharmonic operator (92)2, which has the general solution

¢(x) = By cosh(x/\) + Bysinh(z/\) + Bscos(x /) + Bysin(x/\) (2.71a)

41f inertia is important then one would need to term of the form phy; on the lhs. of Eq. (2.64).
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where
A = (ar)4, (2.71Db)
From the boundary conditions (2.62), we have
O == Bl + Bg
0 = By+ By
0 = Bjcosh(L/A) + Bysinh(L/\) — Bz cos(L/A\) — Bysin(L/\)
0 = Bjsinh(L/\) 4+ Bycosh(L/A) + Bssin(L/A) — Bycos(L/))

Inserting the first two conditions into the last two, we obtain the linear system
0 = Bifcosh(L/A) + cos(L/X)] 4+ Ba[sinh(L/A) + sin(L/\)] (2.73a)
0 = By[sinh(L/A) —sin(L/\)] 4+ Ba[cosh(L/\) + cos(L/N)]. (2.73b)
For nontrivial solutions to exist, we must have

— de [cosh(L/A) + cos(L/A)]  [sinh(L/\) 4 sin(L/\)]
0 = det ([Sjnh(L//\) —sin(L/\)] [cosh(L/\) + cos(L/)\)}) (2.74)

which gives us the eigenvalue condition
0 = cosh(L/\) cos(L/\) + 1. (2.75)
This equation has solutions for discrete values A,, > 0 that can be computed numerically,

and one finds for the first few eigenvalues

L
oy = {0:94,2.35,3.93, 550, .. }. (2.76)

For comparison, for purely sinusoidal excitations of a harmonic string one would expect
that L/\, « n. The full time-dependent solution can thus be written as

h(t,x) = Z Bin e_t/T"{cosh(:E/)\n) —cos(z/A\,) +

cos(L/A,) + cosh(L/A,)
sin(L/A,) + sinh(L/A,)

[sin(x/A\,) — sinh($/)\n)]}, (2.77)

where 7,, = A} /a = A\ln/A, and the coefficients By, are determined by the initial condition.
To obtain an estimate for the energy per mode, let us consider the quasi-stationary
limit, which can be formally defined by  — oo. In this case, we have the mode-expansion

h(z) = Z By, {Cosh(x/)\n) —cos(z/\n) +

cos(L/A,) + cosh(L/A,)
sin(L/A,) + sinh(L/A;,)

[sin(x/\,) — sinh(a://\n)]}. (2.78)
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This expression can be inserted into (2.63), and after exploiting orthogonality of the bi-
harmonic eigenfunctions

AL _,
E~) E,, E,= 5 B (2.79)
n=1 n

i.e., the energy per mode is proportional to the square of the amplitude, just as in the
stretching case discussed in Sec. 2.3.2. It is therefore possible to compute thermal expec-
tation values exactly from Gaussian integrals. In particular, from equipartition

AL 1
E[E,] = 5}\—4E[Bfl] = §kBT. (2.80)

If we combine this with the (crude) harmonic approximation \,, & n, then

kT

E[B?] x T (2.81)

whereas in the stretching case we had found that E[B?| o< kT /n?.

2.4 Problems

1. Implement the torsion-free bead-spring model from Sec. 2.2 in MATLAB.

(a) Explain your choice of the discretization time-step.

(b) Compute, for suitable parameter choices/combinations, the orientation correla-
tion functions and the mean squared end-to-end distance.

(¢) How do your results compare with the theoretical predictions (2.33)7
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Chapter 3

Membranes

The discussion in this section builds on the review article [Sei97] and the textbook [OLXY99].

3.1 Reminder: 2D differential geometry
We consider an orientable surface in R®. Possible local parameterizations are
F(s1,s) € R? (3.1)

where (s1,52) € U C R2  Alternatively, if one chooses Cartesian coordinates (sy, sp) =
(x,y), then it suffices to specify

z=f(z,y) (3.2a)
or, equivalently, the implicit representation
O(z,y,2) =2z — f(x,y). (3.2b)

The vector representation (3.1) can be related to the ‘height’ representation (3.2a) by

x
Fz,y)=1| (3.3)
f(z,y)
Denoting derivatives by F'; = 0,, F, we introduce the surface metric tensor g = (g;;) by
9ij = Fi- Fy, (3.4a)
abbreviate its determinant by
|g[ := det g, (3.4b)

and define the associated Laplace-Beltrami operator V? by

1
VZh = —=0,(g;;' V/|910;h), (3.4c)

Val

51



for some function h(si, s2). For the Cartesian parameterization (3.3), one finds explicitly

1 0
Ju Ty
and, hence, the metric tensor
FzFa: Fsz 1+f2 fzfy)
= (9ij) = = v 3.6a
g (91) <Fy-Fx Fy-Fy) (fyfx 1+f5 ( )
and its determinant
gl =1+ f7 + £}, (3.6b)

where f, = 0,f and f, = 0,f. For later use, we still note that the inverse of the metric

tensor is given by
- - 1 L+ f) —fof
L .41 - — Y zJY
g (gzj ) 1+ f2 +fy2 (_fyfx 1"‘]3 : (3.6¢)

Assuming the surface is regular at (si, $2), which just means that the tangent vectors F';
and F'5 are linearly independent, the local unit normal vector is defined by

F\\NF
= 172 (3.7)
|| F'1 A Fo|
In terms of the Cartesian parameterization, this can also be rewritten as
Vo 1 —Ja
N —fy |- (3.8)

BN A

Here, we have adopted the convention that {F';, F5, N} form a right-handed system.

To formulate ‘geometric’ energy functionals for membranes, we still require the concept
of curvature, which quantifies the local bending of the membrane. We define a 2 x 2-
curvature tensor R = (R;;) by

Rij =N - (Fy) (3.9)
and local mean curvature H and local Gauss curvature K by
1
H= §tr (g' R), K =det(g”" - R). (3.10)

Adopting the Cartesian representation (3.2a), we have

0 0 0
F,=|(0), F,=F,=(0]|, F,=1]0 (3.11a)
f:c:p fwy fyy
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yielding the curvature tensor

(Ryj) = <NF N F) BV ESE (fyx fyy> (3.110)

L' R by k; and ks, we obtain for the mean

Denoting the eigenvalues of the matrix ¢~

curvature
H:—(H1+@):< J)] foyny 3/<2 Jo) o (3.12)
2 200+ f2+ f2)
and for the Gauss curvature
)
K =Ky kg = Josfon = Ty (3.13)

(L+ f2+f2)*

An important result that relates curvature and topology is the Gauss-Bonnet theorem,
which states that any compact two-dimensional Riemannian manifold M with smooth
boundary M, Gauss curvature K and geodesic curvature k, of M satisfies the integral
equation

/ KdA—i—% ky ds = 2m x(M). (3.14)
M oM

Here, dA is the area element on M, ds the line element along OM, and x(M) the Euler
characteristic of M. The latter is given by (M) = 2 —2g, where g is the genus (number of
handles) of M. For example, the 2-sphere M = S? has g = 0 handles and hence x(S?) = 2,
whereas a two-dimensional torus M = T? has g = 1 handle and therefore x(T?) = 0.

Equation (3.14) implies that, for any closed surface, the integral over K is always a
constant. That is, for closed membranes, the first integral in Eq. (3.14) represents just a
trivial (constant) energetic contribution.

3.2 Minimal surfaces
Minimal surfaces are surfaces that minimize the area within a given contour 0M,

A(M|OM) = / dA = min! (3.15)

M

Assuming a Cartesian parameterization z = f(z,y) and abbreviating f; = 0;f as before,

we have
dA = +/|g|dxdy = /1 + f2+ f2 dzdy =: £ dxdy, (3.16)

and the minimum condition (3.15) can be expressed in terms of the Euler-Lagrange equa-
tions
0A 0L
= — =—0,=—. 3.17
of ~ %r, (347
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Inserting the Lagrangian £ = 4/|g|, one finds

(3.18)

oo o (et g (s
VIH R+ VIH R+
which may be recast in the form

L+ [2) fow = 2 fy foy + (14 [2) foy
0= <1+§3fiff§>3/2( e o

Thus, minimal surfaces satisfy
H=0 4 K1 = —Ka2, (320)

implying that each point of a minimal surface is a saddle point.

3.3 Thermal excitations of almost flat membranes

Assuming that a quasi-infinite membrane prefers a flat configuration, we postulate the
energy functional

E = /dA fe f.= %(2[—1)2. (3.21a)

The constant k. is the bending rigidity and carries dimensions of energy. For an almost
planar membrane with |f,|, |f,| < 1, we may approximate

2H = fon + fyys (3.22)

which gives to leading order for the energy

ke
E ~ 5 /d:vdy (fox + fn)?- (3.23)

Similar to our earlier discussion of polymers, we would like to express the energy in terms
of contributions from elementary excitations. To this end, we abbreviate & = (x,y) and
consider the Fourier ansatz

d*q .

f(z) = / gz fo exotia ). (3.24)
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demanding f,q = f; to ensure real-valued solutions. Inserting the Fourier expansion

into (3.23) gives
/ / il /dxdy (i9)*(ia')* fofo explila +4) - ]

_ ke / o / @q(a*)(@*) fofy 3(a+ )
_ _/ WEmrE S

S A (3.25)

We see that each bending mode contributes an energy F(q) o |q|* to the total bending
energy, in agreement with our results for the bending of rigid polymers. Using standard
Gaussian path integral formulas, we can compute the thermal correlation function®

E

12

P O x €_ﬂE
Fafi) = /foqfq
= l/quff* efﬁﬁiiﬂfdzqd%' s(a—a")lal*faf}
_ e

kT

— L - ) (3.27)

This result can be used to calculate the thermal mean squared deviations of the derivatives

2o = - [ o [ @ i)

) _/ (;752/ (021;,)/2 (q'q/)kifj4(2ﬂ>25(q—q’)
[
(27)2 k.|q|?

/ dlal ksT (3.28)

27 kelq|’

'Recall that for a d-dimensional Gaussian integral with positive-definite diagonal matrix A =
diag(An, ey Add) = (A“(S”)

1/2
/dd (detA) o imAw  _ (3.26a)
ANV -
/dd (det ) hede jf-]-' (3.26b)

Eq. (3.27) is the infinite-dimensional generalization of this relation, obtained by rewriting the complex
path integral in terms of real and imaginary part and by noting that [ dq' (¢ —¢') (¢’ —¢") = (¢ —¢"),
hence 6! = § in this sense.
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where we have transformed to polar coordinates in the last step. To obtain a meaningful
result, we need to specific upper and lower bounds for the |g|-range. These bounds are
provided naturally by the molecular length scale a and the linear extension L > a of the
membrane, yielding

kT [®™/%d|lq|  kgT
2 2y = — = In(L/a). 3.29
R R A e S (3.29)

Recalling our initial assumption |f;|,|f,| < 1, we see that the notion of planar membrane
is only meaningful as long as (f2 + f;) < 1, or equivalently if

L < Lp = ae*™ke/(ksT) (3.30)

where Lp is the persistence length, defined by the condition (f2? + f5> =1

3.4 Helfrich’s model

Assuming that lipid bilayer membranes can be viewed as two-dimensional surfaces, Hel-
frich [Hel73] proposed in 1973 the following geometric curvature energy per unit area for
a closed membrane

ke
fo=5(2H - co)? + ke K, (3.31)

where constants k., kg are bending rigidities and c¢g is the spontaneous curvature of the
membrane. The full free energy for a closed membrane can then be written as

Fc:/dA fc+a/dA+Ap/dV, (3.32)

where o is the surface tension and Ap the osmotic pressure (outer pressure minus inner
pressure). Minimizing F' with respect to the surface shape, one finds after some heroic
manipulations the shape equation?

Ap — 20H + k. (2H — o) (2H? + coH — 2K) + k.V*(2H — ¢y) = 0, (3.33)

where V2 is the Laplace-Beltrami operator on the surface. The derivation of Eq. (3.33)
uses our earlier result

0A
— = —2H 3.34
5.](' ) ( )
and the fact that the volume integral may be rewritten as®
1
V:/dV:/dAgF-N, (3.35)

2The full derivation can be found in Chapter 3 of Ref. [OLXY99).
3Here, we made use of the volume formula dV = %h dA for a cone or pyramid of height h = F - N .
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which gives
8V _
5f

For open membranes with boundary M, a plausible energy functional is given by

FO:/dAfC+J/dA+774 ds, (3.37)
oM

where ~ is the line tension of the boundary. In this case, variation yields not only the
corresponding shape equation but also a non-trivial set of boundary conditions.

1. (3.36)
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Chapter 4

Pattern formation

4.1 Warm-up
Consider a scalar density p(t,x), governed by the simple diffusion equation
pr = Dpyy
with reflecting boundary conditions on [0, L],
p=(t,0) = po(t, L) = 0.

This dynamics defined by Eqs. (4.1) conserves the total ‘mass’

L
M) = [ do plta) = Mo,
0
and a spatially homogeneous stationary solution is given by
Lo = M(]/L
To evaluate its stability, we can consider wave-like perturbations
p(t,x) = po+op(t,x),  dp=ee”

Inserting this perturbation ansatz into (4.1) gives

o(k) = —Dk* >0

(4.1a)

(4.1b)

(4.2)

(4.3)

(4.4)

(4.5)

signaling that pg is a stable solution, because all modes with |k| > 0 become exponentially

damped.
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4.2 Swift-Hohenberg model

As a simple generalization of (4.1), we consider the simplest isotropic fourth-order model [DHBG13]
for a non-conserved scalar or pseudo-scalar order-parameter ¢ (¢, x), given by

O = F (1) + 1A — 1A%, (4.6)

where 0; = /0t denotes the time derivative, and A = V2 is the d-dimensional Laplacian.
The force F' is derived from a Landau-potental U (1))

ou a b c
F=—— U() = 4% + -¢° + = 4.7
90 () = 59"+ 0" + ¥, (4.7)
where ¢ > 0 to ensure stability.
The derivative terms on the rhs. of (4.6) can also be obtained by variational methods
from a suitably defined energy functional,!

0F
where
L1 1
30l = [ ata | 30(90) - (0) + (b0 + U W) (4.11)

In the context of active suspensions, ¥ could, for example, quantify local energy fluctua-
tions, local alignment, phase differences, or vorticity. In this case, the transport coefficients
(a,b,c,v1,72) in Equations (4.6) and (4.7) will contain passive contributions due to steric or
other physical interactions as well as active motility-related contributions. In general, it is
very challenging to derive the exact functional dependence between macroscopic transport
coefficients and microscopic interaction and motility parameters for active non-equilibrium
systems. With regard to practical applications, however, it is often sufficient to view
transport coefficients as purely phenomenological parameters that can be determined by
matching the solutions of continuum models, such as the one defined by Equations (4.6)

!To see this, consider a functional F that depends on some real-valued fields ¢y (x1,...,24),k =
1,..., N, and their first and second derivatives, and can be written as
Flo] = /dd@"F(%ﬁNﬁk,@z‘j%), (4.8)

where ¢ = (¢1) and 0; = 9/0z;, 0;; = 32/8xi8xj. Assuming F'(nx, &k, Gijx) is a quadratic polynomial in
&ir and (i, the functional derivative of F with respect to ¢y is given by

0F oF oF OF

727—81'74'81‘* ’ 4.9

o0 Oy, 0(0;pr.) 7 0(85¢r,) (4.9)
with a summation convention for identical indices 7,5 = 1,...,d.
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and (4.7), to experimental data. This is analogous to treating the viscosity in the clas-
sical Navier-Stokes equations as a phenomenological fit parameter. The actual predictive
strength of a continuum model lies in the fact that, once the parameter values have been
determined for a given set-up, the theory can be used to obtain predictions for how the
system should behave in different geometries or under changes of the boundary conditions
(externally imposed shear, etc.). In some cases, it may also be possible to deduce qualita-
tive parameter dependencies from physical or biological considerations. For instance, if ¥
describes vorticity or local angular momentum in an isolated active fluid, say a bacterial
suspension, then transitions from a > 0 to a < 0 or 79 > 0 to 79 < 0, which both lead to
non-zero flow patterns, must be connected to the microscopic self-swimming speed vy of
the bacteria. Assuming a linear relation, this suggests that, to leading order, ag = § — avy
where 6 > 0 is a passive damping contribution and avy > 0 the active part, and similarly
for 79. It may be worthwhile to stress at this point that higher-than-second-order spa-
tial derivatives can also be present in passive systems, but their effects on the dynamics
will usually be small as long as 7y > 0. If, however, physical or biological mechanisms
can cause 7y to become negative, then higher-order damping terms, such as the ,-term
n (4.6), cannot be neglected any longer as they are essential for ensuring stability at large
wave-numbers.?

4.2.1 Linear stability analysis

The fixed points of (4.6) are determined by the zeros of the force F(1), corresponding to
the minima of the potential U, yielding

Yo =10 (4.13a)

2For completeness, one should also note that in the case of a conserved order-parameter field o the
field equations would either have to take the current-form 9,0 = —V - J(p) or, alternatively, one can also
implement conservation laws globally by means of Lagrange multipliers. To illustrate this briefly, let us
consider a system that is confined to a finite spatial domain Q C R? of volume

0] = / iy (4.12)
Q
and described by a density o that is subject to a global ‘mass’ constraint
M = / diz o = const.
Q

Assuming the dynamics of p is governed by an equation similar to (4.6), the Lagrange-multiplier approach
yields the non-local equation

0o = 0) + 7000 — 1A% — Ay,
Moo= |Q|/dd 0) + 7000 — 12 A%] .
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and

b b  a 5
LAY A . 4
(1 o + 2w if b* > 4dac (4.13b)

Linearization of (4.6) near vy for small perturbations

0 = €gexp(ogt — ik - X) (4.14)
gives
ao(k) = —(a + 70lk]* + 72[k[*). (4.15)
Similarly, one finds for
=1y + ey exp(ost — ik - x) (4.16)
the dispersion relation
ox(k) = — [ (2a + b ) + Yolk[* + 2 [k[*] . (4.17)

In both cases, k-modes with ¢ > 0 are unstable. From Egs. (4.15) and (4.17), we see
immediately that v5 > 0 is required to ensure small-wavelength stability of the theory and,
furthermore, that non-trivial dynamics can be expected if @ and/or 7 take negative values.
In particular, all three fixed points can become simultaneously unstable if v5 < 0.

4.2.2 Symmetry breaking

With regard to microbial suspensions, the minimal model (4.6) is useful for illustrating how
microscopic symmetry-breaking mechanisms that affect the motion of individual organisms
or cells [DTM 105, LTT08, EKG10, DMCS12] can be implemented into macroscopic field
equations. To demonstrate this, we interpret 1 as a vorticity-like 2D pseudo-scalar field
that quantifies local angular momentum in a dense microbial suspension, assumed to be
confined to a thin quasi-2D layer of fluid. If the confinement mechanism is top-bottom
symmetric, as for example in a thin free-standing bacterial film [SAKGO07], then one would
expect that vortices of either handedness are equally likely. In this case, (4.6) must be
invariant under ¢» — —1, implying that U(y)) = U(—%) and, therefore, b = 0 in (4.7).
Intuitively, the transformation ¢» — —1 corresponds to a reflection of the observer position
at the midplane of the film (watching the 2D layer from above vs. watching it from below).

The situation can be rather different, however, if we consider the dynamics of microor-
ganisms close to a liquid-solid interface, such as the motion of bacteria or sperms cells in
the vicinity of a glass slide (Fig. 4.2). In this case, it is known that the trajectory of a
swimming cell can exhibit a preferred handedness [DTM™05, LTT08, EKG10, DMCS12].
For example, the bacteria Escherichia coli [DTM™05] and Caulobacter [LTTO08] have been
observed to swim in circles when confined near to a solid surface. More precisely, due to an
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x/L

Figure 4.1: Numerical illustration of structural transitions in the order-parameter v for
symmetric (a) mono-stable and (b) bi-stable potentials U() with b = 0; for details see
Ref. [DHBG13]. (c) Snapshots of the order-parameter field ¢ at ¢t = 500, scaled by the
maximum value 1,, for a mono-stable potential U(¢)) and homogeneous random initial
conditions. (b) Snapshots of the order-parameter at ¢ = 500 for a bi-stable potential.
For vy < —(2m)%y/L?, increasingly more complex quasi-stationary structures arise; see
References [AT06, POS97] for similar patterns in excited granular media and chemical
reaction systems.

intrinsic chirality in their swimming apparatus, these organisms move on circular orbits in
clockwise (anticlockwise) direction when viewed from inside the bulk fluid (glass surface).
Qualitatively similar behavior has also been reported for sea urchin sperm swimming close
to solid surfaces [Gib80).

Hence, for various types of swimming microorganisms, the presence of the near-by no-
slip boundary breaks the reflection symmetry, 1) 4 —. The simplest way of accounting
for this in a macroscopic continuum model is to adapt the potential U(v)) by permitting
values b # 0 in (4.7). The result of a simulation with b > 0 is shown in Fig. 4.2a. In
contrast to the symmetric case b = 0 (compare Fig. 4.1c), an asymmetric potential favors
the formation of stable hexagonal patterns (Fig. 4.2a) — such self-assembled hexagonal
vortex lattices have indeed been observed experimentally by Riedel et al. [RKHO05] for
highly concentrated spermatozoa of sea urchins (Strongylocentrotus droebachiensis) near a
glass surface (Fig. 4.2b). 3

3Note that although (4.6) can serve as a heuristic model for vortex formation it is not a conservation
law, implying that angular momentum must be exchanged with a background medium and/or with the
boundary.
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Figure 4.2: Effect of symmetry-breaking in the Swift-Hohenberg model. (a) Stationary
hexagonal lattice of the pseudo-scalar angular momentum order-parameter ¢, scaled by
the maximum value 1, as obtained in simulations [DHBG13] of Egs. (4.6) and (4.7) with
b > 0, corresponding to a broken reflection symmetry ¢ /4 —1. Blue regions correspond
to clockwise motions. (b) Hexagonal vortex lattice formed spermatozoa of sea urchins
(Strongylocentrotus droebachiensis) near a glass surface [RKHO05]. At high densities, the
spermatozoa assemble into vortices that rotate in clockwise direction (inset) when viewed
from the bulk fluid.

4.3 Vector model for an incompressible active fluid

We now generalize the preceding considerations to identify a minimal vector-field model
for dense bacterial suspensions [WDH"12, DHD*13]. Popular continuum theories [Ram10,
TTRO5, TT98, Wol08, BM09, Ped10, SR02, SS08] of microbial fluids typically distin-
guish solvent concentration, bacterial density, solvent velocity, bacterial velocity, and
various orientational order-parameter fields (polarization, Q-tensors, etc.). Aiming to
identify a minimal hydrodynamic model, we construct a simplified higher-order theory
by focussing exclusively on the dynamics of the mean bacterial? velocity field v(¢,x)
and restricting ourselves to the incompressible limit. By construction, the resulting v-
only theory, which is essentially a minimal Swift-Hohenberg-type [SH77] extension of the
Toner-Tu model [TTR05, TT98], may not be applicable to swarming or flocking regimes,
where density fluctuations are dominant, but it can provide a useful basis for quantita-
tive comparisons with experiments and simulations on highly concentrated active suspen-
sions [WDH*"12, DHD*13]. Another assumption implicit to the vector model below is
that the energy input, required to maintain non-zero velocity patterns, is quasi-stationary.

4Whilst the joint momentum of a bacteria-solvent mixture is conserved, the dynamics of the active
(bacterial) component alone, as considered here, does not satisfy such a conservation law.
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Relaxation of this assumption would imply the need for additional energy balance equa-
tions that account for spatial and temporal variations in the conversion of chemical into
kinetic energy of motion. In other words, the v-only theory formulated below only applies
to situations where concentrations of nutrients, oxygen, etc. in a microbial suspension are
approximately constant during the observation period. In practice, v can be determined
applying suitable coarse-graining procedures (PIV algorithms, local averaging, etc.) to
discrete experimental or numerical velocity data [WDH"12, HGBHO03].

4.3.1 Model equations

Postulating incompressibility, which is a good approximation for sufficiently dense suspen-
sions [WDH*12],°

V-v= 811)1' = 0, (418)

we assume that the dynamics of the bacterial mean velocity-field v is governed by the
generalized Navier-Stokes equation

(O, +v-V)v=-Vp—(A+Clv))v+ V- E. (4.19)

The pressure p(t,x) is the Lagrange multiplier for the incompressibility constraint. Similar
to the scalar case, (4.7) above, the (A, C)-terms in Equation (4.19) represent a quartic
Landau velocity potential [Ram10, TTR05, TT98|

C o
Z|V] : (4.20)
Physically, the inclusion of a polar ordering potential accounts for the fact that microorgan-
isms typically exhibit head-tail asymmetries that may favor polar alignment, as manifested
in the ‘bionematic’ jets that form in bacterial suspensions [CCDT07, CKGG11]. For A > 0
and C' > 0, the potential is mono-stable and the fluid is damped towards a disordered
state with v = 0. By contrast, for A < 0, (4.20) describes a d-dimensional mexican-hat
(sombrero) potential with fixed-points |v| = \/—A/C corresponding to global polar order.
However, the fact that polar ordering appears only locally but not globally in suspen-
sions of swimming bacteria [DCC*04, CCD'07, CKGG11] suggests that other instability
mechanisms must be at work [SR02]. To capture this mathematically, one must either
introduce additional order parameters [Ram10, TTR05, TT98] or destabilize the theory by
identifying a suitable phenomenological ansatz for the effective stresses [SH77].

Adopting the latter approach, we postulate that the components of the symmetric and
traceless rate-of-strain E tensor are given by

Eij = Fo(aﬂ}j + 3jvi) — FQA (d-'uj + aj’l}i) + Sqij, (421)

5We adopt a summation convention for equal indices throughout.
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where

qi; = VU5 — % V|2 (422)
is a d X d-dimensional mean-field approximation to the Q-tensor, representing active ne-
matic stresses [SR02, BMO08] due to swimming (J;; is the Kronecker tensor). Although
the S-term does not affect the linear stability of the model, general hydrodynamic argu-
ments [Ped10] imply that S < 0 for pusher-swimmers like E. coli [DDC*11] or B. subtilis,
whereas S > 0 for puller-type microswimmers such as Chlamydomonas algae [DGM™10].
The I'p-term in (4.21) is dictated by the requirement that the model contains the Navier-
Stokes equations as a limit case, and the [';-damping term is motivated by generic stability
considerations, as recent experiments [WDH"12, DHD*13] suggest that 'y can become
negative in dense bacterial suspensions. Inserting Equations (4.21) and (4.22) into (4.19),
and defining

N=1-5 M\ =-5/d, (4.23)
we obtain
(0 + AV - V)V ==Vp+ VvV’ — (A+ C|v]*)v + TiAv — T A%v. (4.24)

The standard Navier-Stokes equations for a passive fluid are recovered for S = A = C' =
ngOandF0>0.

For 'y > 0 and I'y = 0, (4.24) reduces to an incompressible version of the classical
Toner-Tu model [Ram10, TTRO05, TT98]. It is, however, the combination of the two I'-
terms with the non-variational convective derivative that turns out to be crucial for the
formation of self-sustained quasi-chaotic flow patterns. The linear I'-terms are reminis-
cent of the higher-order spatial derivatives in the classical Swift-Hohenberg theory [SH77],
see (4.6), and (4.24) with 'y < 0 and I's > 0 yields a simple — if not the simplest — generic
continuum description of turbulent meso-scale instabilities observed in dense bacterial sus-
pensions [WDH"12]. More generally, (4.24) can provide a satisfactory phenomenological
model whenever interaction terms in more complex field theories, that lead to instabili-
ties in the v-field, can be effectively approximated by a fourth-order Taylor expansion in
Fourier space. This is likely to be the case for a wide range of active systems. Phrased
differently, the last two terms in (4.24) may be regarded as the Fourier-space analogue of
the Toner-Tu driving terms, which correspond to a series expansion in terms of the order-
parameter. Hence, similar to the higher-order gradient terms in the scalar theory from
(4.6), the (I'g, I'y)-terms in (4.24) describe intermediate-range interactions, and their role
in Fourier-space is similar to that of the Landau potential in velocity space.

4.3.2 Linear stability analysis

To support the qualitative statements in the preceding paragraph, we now perform a
stability analysis for the 2D case, assuming I'y < 0 and C' > 0, I'y > 0.
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The fixed points of Equations (4.18) and (4.24) are given by the extrema of the quartic
velocity potential U(v). For arbitrary values of A, Equations (4.18) and (4.24) have a
fixed point that corresponds to a disordered isotropic state (v,p) = (0, py) where pq is a
constant pressure. For A < 0, an additional class of fixed points arises, corresponding to
a manifold of globally ordered polar states (v,p) = (vo,po), where v is constant vector
with arbitrary orientation and fixed swimming speed |vo| = y/—A/C =: vy.

Linearizing Equations (4.18) and (4.24) for small velocity and pressure perturbations
around the isotropic state, v = € and p = pg + n with |n| < |po|, and considering pertur-
bations of the form

(777 E) = (ﬁv @) eXp(O'()t —ik- X): (425)

we find
0 = k-é (4.26)
oot = ink — (A+Tolk|* + Ia|k[*)e. (4.27)

Multiplying the second equation by k and using the incompressibility condition implies
that n = 0 and, therefore,

oo(k) = — (A+ Tolk|> + T2 k") . (4.28)

Assuming I'y < 0 and T'y > 0, and provided that 44 < |[g|?/T3, we find an unstable band
of modes with oy(k) > 0 for k? < |k|* < k3, where

To| (1 1 Al
=Dl (1 1 . 4.2

For A < 0 the isotropic state is generally unstable with respect to long-wavelength (i.e.,
small-|k|) perturbations.

We next perform a similar analysis for the polar state (vg,pp), which is energetically
preferred for A < 0 and corresponds to all active particles swimming in the same direction
(‘global order’). In this case, when considering small deviations

vV =V + €, p=po+n, (4.30)

it is useful to distinguish perturbations perpendicular and parallel to v(, by writing € =
€| + €1 where v - €, = 0 and vq - € = voe;. Without loss of generality, we may choose vg
to point along the z-axis, vo = voe,. Adopting this convention, we have ¢ = (¢,0) and
€. = (0,€,), and to leading order

IV|* ~ vg + 2vpe. (4.31)
Linearization for exponential perturbations of the form
(n, €, €) = (1,€,€1) exp(ot — ik - x) (4.32)
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yields

0 = k-é (4.33a)
o = i(i— 2uhié) )k + Mé, (4.33D)

where
M — ( 251 8 ) — (TolkP? + TalK|* — iAokyuo)T (4.34)

with I = (;;) denoting the identity matrix. Multiplying Equation (4.33b) with ik, and
using the incompressibility condition (4.33a), gives

. k- (Me
n= 2’1)0)\16” + ’l%. (435)
Inserting this into Equation (4.33b) and defining M, = II(k)M, where
kik;
IT;(k) = 6;; — @ (4.36)
is the orthogonal projector of k, we obtain
cée=M, e (4.37)
The eigenvalue spectrum of the matrix M is given by
k2
O'(k) € {O, 1 AoVoky — (F0’k|2 + F2|k|4 —2A ’kTZ) } . (438)

The zero eigenvalues correspond to the Goldstone modes. The non-zero eigenvalues have
eigenvectors (—ky, k), implying that, for I'y < 0, there will be a range of exponentially
growing modes in the direction perpendicular to k.

Equations (4.28) and (4.38) predict that, when A < 0 and T’y < 0, isotropic and polar
fixed points become simultaneously unstable, thereby signaling the existence of spatially
inhomogeneous dynamic attractors. More generally, within the class of standard PDEs,
the two [-terms in (4.24) appear to provide the simplest ‘linear way’ of obtaining a v-
only theory that exhibits non-trivial stationary dynamics. In principle, one could also try
to model instabilities by combining odd or fractional powers of |k| in Equations (4.28)
and (4.38); this would be analogous to replacing the quartic Landau potential by a more
general function of |v|. However, when considering eigenvalue spectra based on odd or non-
integer powers of |k|, the underlying dynamical equations in position space would become
fractional PDEs. Such fractional models could potentially be useful for describing active
suspensions with long-range or other types of more complex interactions.
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4.4 Reaction-diffusion systems (RDSs)

RDSs constitute a class of generic mathematical models of structure formation, which can
represented in the form

dq(t, ) = DV’q + R(q), (4.39)
where

e ¢(t,x) as an n-dimensional vector field describing the concentrations of n chemical
substances, species etc.

e D is a diagonal n x n-diffusion matrix, and

e the n-dimensional vector R(q) accounts for all [ocal reactions.

4.4.1 One-dimensional examples

Assuming q(t, ) = u(t, z), the class of one-dimensional RDSs
us = Dug, + R(u), (4.40)
includes the following well-known models:
(i) Fisher’s equation [Fis30]
R(u) = au(ug — u) , a>0,uy >0 (4.41a)
originally proposed to describe the spreading of biological species.
(ii) The Newell-Whitehead-Segel equation
R(u) = Bu(uj — u?) , B8 >0, (4.41D)
which provides an effective description of Rayleigh-Benard convection.
(iii) The Zeldovich equation
R(u) = Bu(ug — u)(u —a) , B> 0,up>a>0, (4.41c)
which arises in combustion theory.

A rather generic feature of RDSs is that they admit wave-like solutions when complemented
with suitable boundary conditions. As an example, consider the Fisher equation (4.41a),
which after rescaling of (¢, z,u), can be rewritten as

Up = Ugy + u(l — u). (4.42)
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Looking for travelling wave solutions

u(t,x) = w(z), z=u1x—ct, (4.43a)
and using
dw dz , dw dz , y
“TEa s T YT T (4.43b)
we may rewrite (4.42) as
w” 4+ cw' + w(l —w) = 0. (4.44a)

One can show [AZ79] that, for every wave-speed ¢ > 2, Eq. (4.44a) possesses solutions
w(z) that satisfy

le)r_noow(z) =1, Zggrnoow(z) = 0. (4.44D)

Note that these solutions interpolate between the two fixed points © = 1 and v = 0. No

such solution exists for ¢ < 2, and for ¢ > 2 the exact shape of the wave depends on the

value of ¢. Closed analytical solutions can be found for the particular value ¢ = 5/+/6; in
this case [AZT9]

1
w(z) = 5 (4.44c¢)
[1+7 exp(z/\/é)}

for all » > 0.

4.4.2 'Two species in one space dimension

As a slightly more complex case, let us now consider q(t,x) = (u(t,z),v(t,z)), D =
diag(D,, D,) and R = (F(u,v),G(u,v)), then

u = Dyug, + F(u,v) (4.45a)
vy = Dyvg, + G(u,v) (4.45b)

In general, (F, G) can be derived from the reaction/reproduction kinetics, and conservation
laws may impose restrictions on permissible functions (F,G). The fixed points (u.,v.)
of (4.45) are determined by the condition

R(u,,v,) = (ggzzg) 0. (4.46)

Expanding (4.45) for small plane-wave perturbations

(Zgg) - (Z,t)“(t’l’) (4.47a)
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with
€ = éeatfikx — (g) ectfik:a (447b)

we find the linear equation

. KD, 0 \. (F F\._ ..
ae——( 0 kQDv)e+(G* G*)e:Me, (4.48)

where

Er = 0,F (us,v.) , Fr = 0,F (g, v4) G = 0,G (U, vy) G, = 0,G (U, vy).

u

Solving this eigenvalue equation for o, we obtain

1
0s =3 {—(Du £ DY+ (F + G3) £ 4Gy + [Fy — G + (D, - Du>k2]2}  (4.49)
which gives

det M = o,0. = (F— D,*)(G:— D,k*) — F*G, (4.50a)
trM = o, +o0_= F'+G:— (D, + D,)k> (4.50b)

In order to have an instability for some finite value k, at least one of the two eigenvalues
must have a positive real part. If the eigenvalues are real, this means that either the
condition

det M <0, (4.51a)
or the conditions
detM >0 A trM>0 (4.51Db)

must be satisfied. These criteria can be easily tested for a given reaction kinetics (F, G).
We briefly summarize two popular examples.

Lotka-Volterra model This model describes a simple predator-prey dynamics, defined
by

F(u,v) = Au— Buwv, (4.52a)
G(u,v) = —Cv+ Fuw (4.52b)

with positive rate parameters A, B, C, E > 0. The field u(¢, z) measures the concentration
of prey and v(t, z) that of the predators. The model has two fixed points

(uo,v9) = (0,0) (us,ve) = (C/E, A/B), (4.53)
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with Jacobians

(G &)= ) o

and

Fu(u*,v*) Fv(u*,v*) . A — % —A
(Gu(u*,v*) Go(us,ve)) C —C AL ) (4.54b)

It is straightforward to verify that, for suitable choices of A, B, C, D, the model exhibits a
range of unstable k-modes.

FitzHugh-Nagumo model This model aims to describe the propagation of an action
potential through nerve cells, and is defined by

F(u,v) = Mu— pu® —nu+ &, (4.55a)
G(u,v) = %(u — ) (4.55b)

with positive parameters A, u, 7,7, 5. The field u(t, z) measures the membrane voltage, and
v(t,x) is a slower gate voltage that controls relaxation of u. The parameter k represents
external currents that cause an increase of u. Similar to the Lotka-Volterra model, the
FitzHugh-Nagumo model exhibits a range of unstable k-modes for biologically relevant
parameters choices.
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Chapter 5

Microbial locomotion

Microswimmers are tiny devices (e.g., bacteria or eukaryotic cells) that achieve locomotion
in a fluid through a self-induced change of shape. Biological examples are manifold: Some
bacteria like Escherichia coli propel themselves by rotating helically shaped bundle of
flagella, much like a corkscrew penetrating into a cork. Sperm cells move by inducing a
wave-like deformation in a thin flagellum or cilium, whereas organisms move by beating
two or more cilia in a synchronized manner (Fig. 5.1).

Because of their tiny size, the microswimmers operate at low Reynolds number, i.e.,
inertial and turbulent effects are negligible!. In this regime, swimming mechanisms are
very different from employed by humans and other animals. In particular, any microbial
swimming strategy must involve time-irreversible motion. Whilst moving through the
liquid, a swimmer modifies the flow of the surrounding liquid. This can lead to an effective
hydrodynamic interactions between nearby organisms, which can be attractive or repulsive
depending on the details of the swimming mechanism. However, such deterministic forces
are usually perturbed by a considerable amount of thermal or intrinsic noise.

Figure 5.1: (left) Chlamydomonas alga with two cilia. (middle) A multicellular Volvox
colony swims by beating several hundreds of cilia on their surface in synchronized manner.
(right) Flow field created by a Volvox when held fixed with a pipette (photos: Knut
Drescher).

!This is equivalent to larger animals swimming through a bath of treacle.
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5.1 Navier-Stokes equations
Consider a fluid of conserved mass density o(¢, x), governed by continuity equation
dho+ V- (ou) =0, (5.1)

where wu(t,x) is local flow velocity. According to standard hydrodynamic theory, the
dynamics of w is described by the Navier-Stokes equations (NSEs)

ol + (u-Viul=f-Vp+V-T, (5.2)

where p(t, ) the pressure in the fluid, 7(¢,«) the deviatoric? stress-energy tensor of the
fluid, and f(¢,x) an external force-density field. A typical example of an external force f,
that is also relevant in the biological context, is the gravitational force

=09, (5.3)

where g(t, x) is the gravitational acceleration field.
Considering a Cartesian coordinate frame, Egs. (5.1) and (5.2) can also be rewritten in
the component form

Qo+ Vi(ou;) = 0, (5.4a)
% ((9tuz + ujﬁjui) = E — &-p —+ a]T’]Z (54b)

To close the system of equations (5.4), one still needs to

(i) fix the equation of state
p=rlo,-. ],

(ii) choose an ansatz the symmetric stress-energy tensor

~

T = (Tylou,...),

(iii) specify an appropriate set of initial and boundary conditions.

2tdeviatoric:= without hydrostatic stress (pressure); a ‘full’ stress-energy tensor & may be defined by

045 = —p(sij + Tij.
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Simplifications In the case of a homogeneous fluid with 3
00=0 and Vo =0, (5.5)
the associated flow is incompressible (isochoric)
V-u=0. (5.6)

A Newtonian fluid is a fluid that can, by definition, be described by

~

where A the first coefficient of viscosity (related to bulk viscosity), and p is the second
coefficient of viscosity (shear viscosity). Thus, for an incompressible Newtonian fluid, the
Navier-Stokes system (5.4) simplifies to

0 = V-u, (5.8a)
ol0u+ (u-Vu] = —Vp+uViu+ f. (5.8b)

Dynamic viscosity The SI physical unit of dynamic viscosity p is the Pascal xsecond
u] =1Pa-s=1kg/(m-s) (5.9)

If a fluid with a viscosity u = 1 Pa-s is placed between two plates, and one plate is pushed
sideways with a shear stress of one pascal, it moves a distance equal to the thickness of
the layer between the plates in one second. The dynamic viscosity of water (T" = 20°C) is
p=1.0020 x 1073 Pa -s.

Kinematic viscosity Below we will be interested in comparing viscous and inertial
forces. Their ratio is characterized by the kinematic viscosity v, defined as

—E l/ZmQS .
,,_97 V] / (5.10)

The kinematic viscosity of water with mass density ¢ = 1g/cm?® is v = 107%°m?/s =
1mm?/s = 1cSt.

3By virtue of the conservation law (5.1), a homogeneous material is always incompressible, but in
general the converse is not true.
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5.2 Stokes equations

5.2.1 Motivation

Consider an object of characteristic length L, moving at absolute velocity U = |U| through

(relative to) an incompressible, homogeneous Newtonian fluid of constant viscosity p and

constant density o. The object can be imagined as a moving boundary (condition), which

induces a flow field w(t, ) in the fluid. The ratio of the inertial (dynamic) pressure oU?

and viscous shearing stress uU/L can be characterized by the Reynolds number?
e+ (u-V)u)| oU?/L  ULp UL

R ~ = 11
v’ pU/L? p v (5:11)

For example, when considering swimming in water (v = 107®m?/s), one finds for fish or
humans:
L~1m, U~1m/s = R~ 10°,

whereas for bacteria:
L~1pm, U~10 pm/s = R~ 107",

If the Reynolds number is very small, R < 1, the nonlinear NSEs (5.8) can be approx-
imated by the linear Stokes equations®

0 = V-u, (5.12a)
0 = uVu—Vp+ f. (5.12b)
The four equations (5.12) determine the four unknown functions (w,p). However, to

uniquely identify such solutions, these equations must still be endowed with appropriate
initial and boundary conditions, such as for example

u(t,x) =0,

(t.2) as lz| — oo. (5.13)
p(t, CL‘) = DPoos

Note that, by neglecting the explicit time-dependent inertial terms in NSEs, the time-

dependence of the flow is determined exclusively and instanteneously by the motion of the

boundaries and/or time-dependent forces as generated by the swimming objects.

4Actually, the (local) Reynolds number is defined in terms of the fluid velocity u relative to an ‘appro-
priately’ chosen reference frame (e.g., the restframe of a confining body). Eq. (5.11) implicitly assumes
that w ~ U on the surface of the object. Moreover, the value of the Reynolds number depends on the
choice of a — somewhat arbitrary — characteristic length scale L, sometimes expressed through the notation
Rr. Specifically, one uses the approximations |(u - V)u| ~ |U - U/L| and, similarly, |0;u| ~ U /7 with a
characteristic timescale 7 = L/|U]|, yielding |(u - V)u| =~ |9yu| ~ U?/L.

®More precisely, by replacing Eq. (5.8) with Eq. (5.12), it is assumed that for small Reynolds numbers
R(t,z) = |o(u - V)u|/(uV?u) ~ UL(p/1) < 1 one can approximate

00+ (u- V)u] — uViu ~ —uViu

The consistency of this approximation can be checked a posteriori by inserting the solution for w into the
lhs. of Eq. (5.8) .
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5.2.2 Special solutions

Oseen solution Consider the Stokes equations (5.12) for a point-force
f(x)=Fi(x). (5.14)

In this case, the solution with standard boundary conditions (5.13) reads®

where the Greens function G;; is given by the Oseen tensor

1 T2 5
Gii = |6 + =2, 5.15b
o) = e (55 27 (-150)
which has the inverse
-1 _ LjLk
G5 (@) = smule] (0 - 5725, (5.16)

as can be seen from

_ T, X5 LTk

S — TiTk TiT} _ TiXj TjTg
T2l (x (2 2lzf?
T;T TiLk
*2a T 2
= dik. (5.17)

Stokes solution (1851) Consider a sphere of radius a, which at time ¢ is located at the
origin, X (t) = 0, and moves at velocity U(t). The corresponding solution of the Stokes
equation with standard boundary conditions (5.13) reads’

B 3 a ;T 1 a® T;T

|2

Uz,
pt,x) = —pa |;’; + Poo- (5.18b)

If the particle is located at X (), one has to replace x; by x; — X;(¢) on the rhs. of
Egs. (5.18). Parameterizing the surface of the sphere by

a = asint cosgpe, +asinf singpe, +acosbe, = ae;

SProof by insertion.
"Proof by insertion.
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where 0 € [0, 7], ¢ € [0,27), one finds that on this boundary

u(t,a(0,¢)) = U, (5.19a)
§t.al0,0) = SLU; 6(6,0) + b (5.19)

corresponding to a no-slip boundary condition on the sphere’s surface. The O(a/|x|)-
contribution in (5.18a) coincides with the Oseen result (5.15), if we identify

F =6mpalU. (5.20)

The prefactor v = 67 pa is the well-known Stokes drag coefficient for a sphere.
The O[(a/|z])®]-part in (5.18a) corresponds to the finite-size correction, and defining
the Stokes tensor by

1 a2 T
Sy= Gy + —— L (g, - 320 5.21
j J+ZMMWP(] uP) (5:21)

we may rewrite (5.18a) as®

5.3 Golestanian’s swimmer model

This part is copied (with very minor adaptations) from the article of Golestanian and
Ajdari [GAOT], for their excellent discussion is difficult, if not impossible, to improve.

5.3.1 Three-sphere swimmer: simplified analysis

As a minimal model of a low Reynolds number swimmer, consider three spheres of radii
a; (i = 1,2,3) that are separated by two arms of lengths L; and L,. Each sphere exerts
a force F; on, and experiences a force —F; from, the fluid that we assume to be along the
swimmer axis. In the limit a;/L; < 1, we can use the Oseen tensor (5.15) to relate the
forces and the velocities as

F1 F2 F3
= 5.23
vy Gmpas " mnn T a(T 1 L)’ (5.23a)
Fy E F;
= 5.23b
2 Al * 67 sy * ALy’ ( )
F F F.
vy = ! 2 > (5.23¢)

Ap(Ly + Lo) * Ay Lo * 6mpas

8For arbitrary sphere positions X (t), replace  — © — X (t).
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Note that in this simple one dimensional case, the tensorial structure of the hydrodynamic
Green’s function (Oseen tensor) does not enter the calculations as all the forces and veloc-
ities are parallel to each other and to the position vectors. The swimming velocity of the
whole object is the mean translational velocity, namely

1
% = g(Ul + vy + 'U3). (524)

We are seeking to study autonomous net swimming, which requires the whole system to
be force-free (i.e. there are no external forces acting on the spheres). This means that the
above equations are subject to the constraint

Fi+ Fy+ F;=0. (5.25)

Eliminating I using Eq. (5.25), we can calculate the swimming velocity from Eqgs. (5.23a),
(5.23b), (5.23¢), and (5.24) as

v 1 1 1 n 3 1 1 F n
0= 3 aq a9 2 L1 + L2 L2 67TM
1 1 1 3 1 1 F:
=== ]+z —— (=), (5.26)
3 as (45} 2 L1 + L2 Ll 6’7TILL
where the subscript 0 denotes the force-free condition. To close the system of equations,
we should either prescribe the forces (stresses) acting across each linker, or alternatively

the opening and closing motion of each arm as a function of time. We choose to prescribe
the motion of the arms connecting the three spheres, and assume that the velocities

Ly = wy—uy, (5.27a)
LQ = Uz — Vg, (527b)
are known functions. We then use Eqs. (5.23a), (5.23b), (5.23c), and (5.25) to solve for Iy
and Fj3 as a function of L; and Ls. Putting the resulting expressions for F} and Fj back

in Eq. (5.26), and keeping only terms in the leading order in a;/L; consistent with our
original scheme, we find the average swimming velocity to the leading order.

5.3.2 Swimming velocity

The above calculations yield a lengthy expression summarized in Eq. (B.1) of the Appendix.
This result (B.1) is suitable for numerical studies of swimming cycles with arbitrarily large
deformations. For the simple case where all the spheres have the same radii, namely
a = a; = ay = az, Eq. (5.26) simplifies to

Ly— Ly L L
yo[2_2
(L1+L2) (Lz Ll)
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plus terms that average to zero over a full swimming cycle. Equation (5.28) is also valid
for arbitrarily large deformations.

We can also consider relatively small deformations and perform an expansion of the
swimming velocity to the leading order. Using

L1 = €1+U1<t), (529)
L2 = €2+U2(t>, (530)

in Eq. (B.1), and expanding to the leading order in u;/¢;, we find the average swimming
velocity as

‘/0 = 5 (Ul’UQ — 'LL1U2), (531)

where
3 ajasas 1 1 1

(CL1 + as + CL3)2 f% + E% (51 + 62)2 ’
In the above result, the averaging is performed by time integration over a full cycle. Note
that terms proportional to uity, uste, and uqts + 1 us are eliminated because they are full
time derivatives and they average out to zero in a cycle. Equation (5.31) shows that the
average swimming velocity is proportional to the enclosed area that is swept in a full cycle
in the configuration space [i.e. in the (uj,us) space]. This result, which is valid within
the perturbation theory, is inherently related to the geometrical structure of theory the
low Reynolds number swimming studied by Shapere and Wilczek [SW87]. Naturally, the
swimmer can achieve higher velocities if it can maximize this area by introducing sufficient
phase difference between the two deformation cycles (see below).

(5.32)

5.3.3 Harmonic deformations

As a simple explicit example, consider harmonic deformations of the two arms, with iden-
tical frequencies w and a mismatch in phases,

uq(t) = dy cos(wt + 1), (5.33)
ug(t) = dg cos(wt + ). (5.34)

The average swimming velocity from Eq. (5.31) reads

K .
Vo = b dydaw sin(p; — o). (5.35)
This result shows that the maximum velocity is obtained when the phase difference is
7/2, which supports the picture of maximizing the area covered by the trajectory of the
swimming cycle in the parameter space of the deformations. A phase difference of 0 or m,
for example, will create closed trajectories with zero area, or just lines.
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5.3.4 Force-velocity relation and stall force

The effect of an external force or load on the efficiency of the swimmer can be easily studied
within the linear theory of Stokes hydrodynamics. When the swimmer is under the effect
of an applied external force F'; Eq. (5.25) should be changed as

Fi+F,+F;=F. (5.36)

Following through the calculations of Sec. 5.3.1 above, we find that the following changes
take place in Eqgs. (5.23a), (5.23b), (5.23c), and (5.24):

v v — %, (5.37)
Vg > Uy — 67r},;a2’ (5.38)
V3 > Uz — ﬁ, (5.39)
Ve Ve % (6#1@2 * 4wiL1 * 4W;L2> k. (5.40)

These lead to the changes

. . 1 1
i — Li— — F 541
! ! (67ma2 47T,uL1) ’ ( )

Amplo B 67 pag

in Eq. (B.1), which together with correction coming from Eq. (5.40) leads to the average
swimming velocity

F
18mpag’

V(F)=Vy+ (5.43)

to the leading order, where ag is an effective (renormalized) hydrodynamic radius for the
three-sphere swimmer. To the zeroth order, we have ar = %(al + ay + ag) for the general
case and there are a large number of correction terms at higher orders that we should
keep in order to be consistent in our perturbation theory. Instead of reporting the lengthy
expression for the general case, we provide the expression for a; = ay = as = a, which

reads
1 1 1 1 1 a/1 1\* a 1
— = -4 — + — —_ =] - =——. 5.44
aRr a + L1 * L2 + L1 +L2 2 (L1 LQ) 2 (Ll +L2)2 ( )

The force-velocity relation given in Eq. (5.43), which could have been expected based
on linearity of hydrodynamics, yields a stall force

F, = —18mpagVj. (5.45)

Using the zeroth order expression for the hydrodynamic radius, one can see that this is
equal to the Stokes force exerted on the three spheres moving with a velocity V.
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5.3.5 Power consumption and efficiency

Because we know the instantaneous values for the velocities and the forces, we can easily
calculate the power consumption in the motion of the spheres through the viscous fluid.
The rate of power consumption at any time is given as

iP = F1U1 + FQUQ =+ FgUg = Fl(—Ll) + Fg(Lg), (546)

where the second expression is the result of enforcing the force-free constrain of Eq. (5.25).
Using the expressions for F} and F3 as a function of Ly and L, one finds for a; = ay =
as = a

P = Adrpa |1+ — —-—+

F .
AT pa 1——1—1—1—1— ? 1[@—1—

[ 1a 1a 5 a ..
4 - 4= LiL,. 5.47
TR TS, 2L2+2L1+LJ L2 (5.47)
We can now define a Lighthill hydrodynamic efficiency as
—2
18 Ve
piy, = %’ (5.48)

for which we find to the leading order

)
9 K2 . _ .
ML = o 5 <UIu2— U1U2>—. —> (5.49&)
8 a Cl U%—FCQ U%—FCg UiUs

where
a la a
_ 4,0 _1a 49b
= AR YA (5.49b)
1
Cy = 1—-— 424 1 (5.49¢)

24 E+€1+f27

la la 5 a
S [ A . 49d
Cs 2/, 2@‘+2£1+£2 (5-49d)

It is interesting to note that for harmonic deformations with a single frequency, Eq. (5.49a)
is independent of the frequency and scales like a?d?/¢*, which reflects the generally low
hydrodynamic efficiency of low Reynolds number swimmers. In this case, it is possible to
find an optimal value for the phase difference that maximizes the efficiency.
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5.4 Dimensionality

We saw above that, in 3D, the fundamental solution to the Stokes equations for a point

force at the origin is given by the Oseen solution
ui(x) = Gij(x) Fj p(®) =~ + Poo,

where

1 T
Gij(x) = c—— |0y + = |,
(@) 8m|w|(f+|w|2)

It is interesting to compare this result with corresponding 2D solution

Fix;
ui(x) = Jyj () F; P=r

= 8oo ) = &4

where

1 || i,
o) = o (o) + B

(5.50a)

(5.50D)

(5.51a)

(5.51b)

with a being an arbitrary constant fixed by some intermediate flow normalization condi-
tion. Note that (5.51) decays much more slowly than (5.50), implying that hydrodynamic

interactions in 2D freestanding films are much stronger than in 3D bulk solutions.

To verify that (5.51) is indeed a solution of the 2D Stokes equations, we first note that

generally
Ojle| = 0(ww:)'? = aj(wswy) ™V = EB_]|
—n —-n —(n €X;
;|| = Oj(wgws) ™2 = —na; (i) "2 = — |a:\i+2'
From this, we find
-Fi Fjl’jl’i F} X
0P = 5wl 22nlaf  2nfaf? ( i 2
and
1 || T,
OJi; = —O0 |—0;In| — —-
s = gt [ (5) < 5

. 1 1 Xyl
= I { i Okl O (W)]

1 T €T z; T;T;T
— |:—5”’—k—|— (6Zk’_]2+5jk -2 J k):| .

drp x| | |z? ||
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(5.52b)
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(5.54)



To check the incompressibility condition, note that

1 €, €Ts €T, Tl s
OiJij = —0ij Ojim—t= + 0ji—s — =
) 47w{ w*( )2 " 2rw\4)]
1 x; € €Ts T
— _ 2 J J _2 J
m( EENETTEREFE |w|2)
= 0, (5.55)

which confirms that the solution (5.51) satisfies the incompressibility condition V - u = 0.
Moreover, we find for the Laplacian

Ok TiXiT
OpOLJ;; = —— |: (5 —|—5zk + 0ig -2 J :|
’ drp |V |z |2 ks |2 T |2 Eds

- L _ g, (Tt
- 4w[ W(y \2>+5k5’“(| \)+5k6’“(1 \2) 28’“( 2’ >]

- _51"(__2— + Ok Ik J + 0 [ —= —2 _
AT { SANE R [zl el SN

5 dik Ty, n Tk, N i O, B 4xixjxkxk
||* ||* ||* EdR

1 2 1 0 T:Ts 0 TiTi
= s (2o O _ ot O _ gty ) _
m[ f<|as|2 |a:|2> " <|m|2 |w|4> " (|a:|2 |as|4)

9 (I‘jl’i I XTiZj i zl‘ix]‘ _ 4I‘Z$]>:|

2l el el el
1 d;j T,
N i 5T 5.56
2w(|w|2 |a:|4> (5:56)

Hence, by comparing with (5.53), we see that indeed

The difference between 3D and 2D hydrodynamics has been confirmed experimentally
for Chlamydomonas algae [GJG10, DGM™*10].

5.5 Force dipole and dimensionality

In the absence of external forces, microswimmers must satisfy the force-free constraint.
This simplest realization is a force-dipole flow, which provides a very good approximation
for the mean flow field generated by an individual bacterium [DDC*11] but not so much
for an alga [DGM™10].

To construct a force dipole, consider two opposite point-forces F* = —F~ = Fe,
located at positions &7 = +fe,. Due to linearity of the Stokes equations the total flow at
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some point x is given by

ui(x) = Dy(x—ax)F +Tyjx —x7) F;
= [y —a*)—Ty(x—a)] F}

= [[y(x —le,) —Tyj(x + le,)| FF (5.58)

J

where I';; = J;; in 2D and I';; = Gy; in 3D. If |x| > ¢, we can Taylor expand I';; near
¢ =0, and find to leading order

u(@) =~ {[ly(x) — Ty )]— [ OxTij(@) — 2y O Ty(x)] }
=2 [0y ()] F (5.59)

2D case Using our above result for 0yJ;;, and writing ** = ¢n and F'™ = Fn with
In| =1, we find in 2D

£L‘+ T ;X ;T
uz(a:) = k. [ 52—+((5zk +5k -2 ket ):| F~+
2mp | P EEa—- |2 ||* ’
Ft ( TRk Tin; T nkxixjxknj>
= —— |- +n; + npng —
2T p || ||? ||? ||*
and, hence,
4
_ ’Wn-2)2 — 1] a 5.60
u(e) = g2 - 1)a (5.60)

where & = x/|x|.

3D case To compute the dipole flow field in 3D, we need to compute the partial deriva-
tives of the Oseen tensor

Defining the orthogonal projector (I1;) for Z by

we have
x “
Oplz| = ﬁ = iy, (5.63)
. Oi vy 1y
Opli = — — = 5.63b
T el T Tl e (563b)
1
Ol = Tzl (Zillng + 241L5) (5.63c)
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and from this we find

T K N .
——kGij + W (Hikl‘j + ijl‘i)

8kGij =

||

K N N N A Ao
= W(_$k5ij + $j5ik + $i5jk — 31’kl'1$]) (564)

Inserting this expression into (5.59), we obtain the far-field dipole flow in 3D

FY
irpla]?

u(x) = [3(n-z)* —1] . (5.65)
As shown in Ref. [DDCT11], Eq. (5.65) agrees well with the mean flow-field of a bacterium.

Upon comparing Egs. (5.60) and (5.65), it becomes evident that hydrodynamic inter-
actions between bacteria in a free-standing 2D film are much longer-ranged than in a 3D
bulk solution. This is a nice illustration of the fact that the number of available space
dimensions can have profound effects on physical processes and interactions in biological

systems.

5.6 Boundary effects

5.6.1 Hagen-Poiseuille flow

Many swimming cells and microorganisms operate in the vicinity of solid boundaries that
can substantially affect the self-propulsion and the hydrodynamic interactions of the or-
ganisms. To illustrate the effects of no-slip boundaries on the fluid motion, let us consider
pressure driven flow along a cylindrical pipe of radius R pointing along the x-axis. As-
sume that the flow is rotationally symmetric about the z-axis and constant in z-direction,
u = u,(r)e,, where r = /y? + 22 is the distance from the center. For such a flow, the
incompressibility condition V -u = 0 is automatically satisfied, and the Stokes equation in
cylindrical coordinates (r, ¢, z) reduces to

0=—8,p+ Lo, (rouy). (5.66)
r
Integrating twice over x, the general solution wu, of this equation can be written as

1
ug(r) = @(dﬁp)r? +alnr 4 e, (5.67)

where ¢; and ¢y are constants to be determined by the boundary conditions. For a no-slip
boundary with u,(R) = 0 and finite flow speed at r = 0, one then finds

Uy (1) = —i(@xp)(Rz 1), (5.68)
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If we assume a linear pressure difference AP = P(L) — P(0) over a length L, then simply

x P(0) — P(L
pe) =[PL) - PONE = ap=-TUZ ) (5.60)
The flow speed is maximal at center of the pipe
P(0) — P(L)
+ _ 2
u; = L R (5.70)
and the average transport velocity is
1 R
ug(r) 2rdr = 0.5u) . (5.71)

U, = ——

* 7R? J,
Note that, for fixed pressure difference and channel length, the transport velocity u, de-
creases quadratically with the channel radius, signaling that the presence of boundaries can
substantially suppress hydrodynamic flows. To illustrate this further, we next consider a

useful approximation that can help to speed up numerical simulations through an effective
reduction from 3D to 2D flow.

5.6.2 Hele-Shaw flow

Consider two quasi-infinite parallel walls located at z = 0 and z = H. This setting is
commonly encountered in experiments that study microbial swimming in flat microfluidic
chambers. Looking for a 2D approximation of the Stokes equation, we may assume constant
pressure along the z-direction, p = P(z,y), and neglect possible flow components in the
vertical direction, u, = 0. Furthermore, using the above results for Hagen-Poiseuille flow
as guidance, we can make the ansatz

62(H — 2) 62(H — z)
H? H?
corresponding to a parabolic flow profile in the vertical direction that accounts for no-slip

boundaries at the walls; in particular, in the mid-plane

u(x,y,2) = Us(z,y)e, + Uz(z,y)e,] = Ulx,y), (5.72)

w(z,y, h)2) = gU(:c,y). (5.73)

We would like to obtain an effective equation for the effective 2D flow U (x, y). This can be
achieved by inserting ansatz (5.72) into the Stokes equations and subsequently averaging
along the z-direction, yielding

0=V-U, 0=-VP+uVU-xrU (5.74)

where xk = 12u/H? and V is now the 2D gradient operator. Note that compared with
unconfined 2D flow in a free film, the appearance of the k-term leads to an exponential
damping of hydrodynamic excitations. This is analogous to the exponential damping in the
Yakawa-potential (mediated by massive bosons) compared to a Columb potential (mediated
by massless photons). That ist, due to the presence of the no-slip boundaries, effective 2D
hydrodynamic excitations acquire an effective mass oc 1/H?.
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B Shear flow

-

-~ A
Wall 3mPa's, y=2.6s""

Figure 5.2: Sperm rheotaxis [KDBG14]. (A) Track of a sperm cell swimming upstream on
a helical trajectory against a Pouiseuille flow. (B) Schematic of shear flow and sperm close
to a planar surface. (C) Tracks of sperms cells swimming near a planar surface (flow in
negative y-direction).

5.7 Rheotaxis and resistive force theory

The results in Sec. 5.6.1 show that the presence of a boundary typically induces a flow
gradient. Many swimming cells, like sperm or bacteria, tend to accumulate at surfaces
due to their approximately conical or rod-like body geometry and, hence, can be strongly
affected by such flow gradients. In this section, we derive simplified 2D equations of motion
governing the reorientation sperm swimming under shear flow close to a solid surface. It is
useful to consider non-chiral particles first. Corrections due to chirality will be discussed
subsequently.

5.7.1 Non-chiral swimmer

We assume a geometry as depicted in Fig. 5.2B and shear-flow near the boundary given by

0
u=|oyz|, (5.75)
0

where 4 > 0 is the shear rate and ¢ = £1 depending on flow direction. The corresponding
vorticity pseudo-vector w and rate-of-strain tensor & read

1 X {000
w=Vxu=—0y|0], E=>(Viu+vu)=2L|0 0 1 (5.76)
0 2 2\o0 10
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We describe the orientation of the cells by the 3D orientation vector m = (n,, ny,n,) and
denote the associated orthogonal projector by

P(n) =7 —nn, (5.77)

where J is the 3 x 3 unit matrix. According to Eq. (2.4) of Pedley and Kessler [PK92],
reorientation of elliptical (or rod-like) particles in shear flow u is governed to leading order
by

n=awxn-+2bn-&- P(n), (5.78)

where a = 1/2 and b = 0 for spherical particles. Note that the structure of Eq. (5.80) is
such that it conserves the length of n.

Moreover, we may identify the cross-product w x n with a matrix multiplication W-n,
where the components of the antisymmetric matrix W are given by

W = —(WX)mn
= —Gmm(Ez‘jkajuk) = Eimn(Eijkajuk) = (5mj5nk - 5mk5nj)ajuk
= Oty — Oplly, (5.79)
using a component notation with sum convention for repeated Latin indices 4, j, ... = 1,2, 3.

This allows us to rewrite Eq. (5.78) as
’n:z‘ = QCLWZ‘J'TL]' + 2bnm8mj ((5] - njnz) (580)

For the flow field in (5.75) we find

0 2ngnyn;
n = —aoy | —n. | —boy | (2n) — )n. |, (5.81)
Ty (2n? — D)n,

with a, b encoding information about the cell-shape.

Now assume that after a collision with the boundary and subsequent alignment, the
sperm points into the wall due to steric contact interactions between surface and flagellum,
so that n, = const < 0. This means that the wall must exert a balancing torque such that
(i) 7. = 0 and (i) n2 +n) = (1 —n?) is conserved. Assuming cylindrical symmetry of
the swimmer around its axis of swimming, the contact interaction leads to rotation of the
swimmer in the plane spanned by m and the wall normal e, = (0,0,1). The change in
orientation per unit time due to wall interactions can therefore be written as cn + de,,
which needs to be added to the rhs. of Egs. (5.78), (5.80) and (5.81), if the sperm is
contact with the surface. The coefficient d can be fixed by condition (i), but is not relevant
for the motion in the (z,y)-plane parallel to the surface, which becomes governed by

Ng\ . 0 . 2ngny Ng
(hy) = —aoyn, <_1) — boin, <2n3 B 1) +c (ny) . (5.82)
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Condition (ii) then gives

- ny. (5.83)

Keeping in mind that n, and n2 + nzzl are constant, we thus find the reduced 2D equations
of motion

(i) = =it 0575 (g6 ) o4
The fixed point criterium (n,,n,) = 0 gives
ng = 0, n, = +/1—n2, (5.85)
This result implies that, depending on the effective shape parameter
a=—(a+bn,, (5.86)

the combination of shear flow and wall interaction aligns the swimmer either parallel or
anti-parallel to the flow direction. This result also indicates that, to explain the transverse
velocity component observed in the experiments (Fig. 5.2A,C), we have to account for the
chirality of the flagellar beat, which has been neglected so far. Before discussing chiral
effects in the next section, let us still note that we may rewrite Eq. (5.84) in terms of the
2D unit vector

v ()= () o

N.\ . [ N.N,
(3) - (3%)

where o = +1 accounts for the flow direction and constant geometric prefactors have been
absorbed in the ‘shape’ coefficient

as

a=—(a+b)n,. (5.89)

Note that « is positive for sperm-type swimmers that point into the surface, for in this
case one has n, < 0.

5.7.2 Chiral swimmers

To identify how chirality of the flagellar beat might affect the reorientation rate of sperm
in shear flow, we consider as a simplified sperm model a rigid 3D conical helix C(s) in
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x=+1, ¢=0 x=+1, ¢=n/2 x=+1, ¢=n x=+1, ¢=3n/2

Figure 5.3: Rigid conical helices, as defined in Eq. (5.90), for different handedness y = +1
and different ‘initial’ phases ¢ in their body-fixed frames, where the head rests at the origin.
Colors encode windings. Parameters: S = 4w, e; = €3 = 0.1, A = bum.

contact with a wall that defines the (z,y)-plane of the lab frame ¥ = {e,, e,, €.}, which
is again chosen as in Fig. 5.2B.

We denote by n = (n,,ny,, n.) the orientation of the conical helix in the lab frame X.
The head position is identified with tip of the cone. In the body-fixed frame 3 =
{é,. e, e.}, the head rests at the origin and the tail points in the —e,-direction (Fig. 5.3).
Specifically, we assume that, in the body-fixed frame 3, the helix is described by the curve

(W et cos(s — o)
Cs)=|Y(s) | =As -1 : s €10,5]. (5.90)
Z(s) —éz8in(s — @)

The length parameter A scales the size of the flagellum. The parameters ¢; > 0 and
€ > 0 determine the lateral shape of the helix, and they can also be used to interpolate
between helical and planar beat patterns. The phase angle ¢ sets the ‘initial’ direction
of the flagellum relative to the head. The chirality parameter y = £1 determines the
handedness, defined here such that y = +1 corresponds to a right-handed spiral when
viewed from the head (Fig. 5.4).

o XZr1,0=0 o XZ71,020
6 6 ]
af 4! ]
2 ﬁ 2 h ]
\% 0t o \%. o} P ]
N _of N o 1
—4 4t
-6 _6l
6420 2 4 6 6420 2 4 6
X (um) X (um)

Figure 5.4: Rigid conical helices from Fig. 5.3 as viewed from the head, using the same
color coding as in Fig. 5.3.
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Figure 5.5: Body-centered frame 3 and tilted body-centered frame 3, are related by a
rotation about the x-axis. After alignment with the wall, which is assumed to lie in the
(z = 0)-plane of 3., the orientation of the sperm in the lab frame 3. (not shown) is obtained
by an additional rotation of 3. about the vertical axis .

To simplify calculations, we henceforth focus on symmetric spirals with ¢; = €5 = €. In
this case, the enveloping cone is given by

R € COS ¢
C(s,d) = As —1 , s €0,5], ¢ €0,2m) (5.91)
—esin ¢
with half-opening angle
. = arctane. (5.92)

Assume that the spiral is in contact with the surface along its envelope. By rotating
through —6 about the é,-axis, we obtain the tilted body-centered frame 3, (Fig. 5.5) which
is defined such that the channel surface is located at z = 0 in both 3, and the lab frame.
In f]e, the helix is given by

1 0 0
C.(s) =R, (0.) - C(s), Ro(0.) =10 cosb. siné, | . (5.93)
0 —sinf. cosb,

Using x? = 1, the tangent vectors in the body-fixed frame 3 are found as

t(s) = —d(;(s)/ds
1dC (s)/dsl|
1 ex[cos(s — @) — ssin(s — ¢)]

_ 1 , (5.94)
VI+ 0+ €\ _lscos(s — ¢) +sin(s — ¢)]

and, accordingly, after alignment with the wall in S, as
t(s) = R.(6.) - t(s). (5.95)
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Due to our chosen parameterisation (5.90), the tangent vectors point away from the head.
The length A of the curve C(s) is obtained as

dC(s)

ds

s
A:/ds
0

_ /0 s VX /(52 + V()2 + 21(s)2

= S\ [1 + %(3 + 52)} + O(eh). (5.96)

Thus, to leading order, one can identify A ~ S\ with the length of a flagellum, and A = Ae
with the beat amplitude.

After averaging over all initial conditions ¢, the mean geometric center of the helix in
the body-fixed frame 3, is found as

= 17 11 % |ldC(s)|| -
CY6 = % ; d¢ X/O ds ds C€<S)
0
= % —1| +0(e). (5.97)
€

The orientation n, in the wall-aligned body-fixed frame 3. is defined by

= 0
R = — E = 1] +0(), (5.98)
ICl \~e

which is normalised up to terms of order O(e?). Recalling that the z-axes of 5 and lab-
frame ¥ coincide, the negative z-component means that the swimming direction points
into the wall.

Let us assume, as before, that the shear fluid flow in the lab frame X is along the
e,-direction,

u = oyze,, (5.99)

where 4 > 0 is the shear rate and ¢ = +1 determines the flow direction. Measuring the

orientation angle v of the swimmer wrt. e, in counterclockwise direction, we obtain the
coordinates C(t, s) of the helix with head position R(t) = (X (¢),Y(¢),0) in the lab frame
> by

C(t,s) = R(t) + R((t)) - C.(s), (5.100)
where
costy —siny 0

R(p) = | sinyy  cosyp 0 (5.101)
0 0 1
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represents a rotation about the e.-axis. By applying the rotation matrix R(¢)) to the
orientation vector mn, in Y., we find that, to leading order in €, the 3D orientation vector
n in the lab frame ¥ is given by

n = (J_VE) +0(&), N = (%ﬂyﬁ) - (_(jzisnwd’) , (5.102)

where N is the normalised (projected) 2D orientation vector in the (z,y)-plane. This
allows us to rewrite the rotation matrix as

N, N, 0
Rv=|-N, N, 0]. (5.103)
0 0 1

The tangent vectors of C in X are given by t(s) = Ry - Ra(6,) - t(s) with #(s) from
Eq. (5.94).

Assuming that the head position R(t) of the helix performs a quasi-2D motion along
the surface, R(t) = X(t)e, + Y (t)e,, we are interested in obtaining simplified effective
equations for the mean drag velocity R = U(IN) and the change in the orientation N (t)
due to the action of the flow gradient on the rigid helical curve C. As we shall discuss
next, such equations can be derived from resistive force theory (RFT).

From Eq. (5.100), the velocity of some point s € [0,.5] on the helix can be decomposed

as’

Cs)=R+Rn-C.=U +Ry-C.. (5.104)

Given the shear flow profile w, RFT assumes that the force line-density (force per unit
length) can be split as

fs) = ¢ {[uc(s) - )| - ts)} tls) +
A u(Cs) - C)] - T - ts)t(s)] | (5.105)

where (| and (| are tangential and perpendicular drag coefficients. The drag ratio

g, <
Gl
which equals 2 for rigid rods, takes values k >~ 1.4 — 1.7 for realistic flagella. Combining

the RFT ansatz (5.105) with the zero-force and zero-torque conditions of the over-damped
Stokes-regime

(5.106)

0 = E:/Sds dgis) £i(s), (5.107)
. .
0 = Ti:/o ds %is) eklCi(s) — X1 fi(s), (5.108)

9For quasi-2D motions along the surface, the contact angle . remains constant and, hence, wa =0.
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with X™ denoting the center of rotation, yields a 6 x 6-linear system which could be solved
to obtain exact RFT- results for U and N. However, the resulting expressions are very
complicated and do not offer much insight. Fortunately, it is possible to obtain simple
analytical formulas for U and N, that capture the essential parts of their dynamics,
by focussing on the two limit cases U > Ry - C (translation-dominated regime) and
U < RnC (rotation-dominated regime).

To estimate U, note that steric interactions between flagellum and channel wall compen-
sate drag forces in vertical directions, so that only the (x,y)-components of the velocity are
non-zero. Considering the translation-dominated regime U > Ry - C, the zero-force con-
ditions (5.108) in the (z,y)-directions, F; = 0 and F, = 0, can be solved for U = (U,, U,).
After averaging over ¢ with a uniform angular distribution, we find for ¢ < 1 and xk ~ 1
to leading order'?

b 0 X o R 0
U~ 3¢ aFAS (1) G (k —1)0YAS NN, ) (5.109)

where A ~ S\ is the approximate length of the flagellum. The first term is the mean drag
on the geometric center of the conical helix, and the second is an orientation-dependent
drag contribution due to chirality y. For passive chiral objects, such as dead bacterial
cells, both terms can be important, although the first term is likely more relevant for self-
swimming sperm cells. For completeness, we mention that the leading-order transverse-
drag term (not shown) appears at next order in (x — 1) and is found to be proportional
to —xo(k — 1)262524)\.

Guided by Eq. (5.109), we simulate the position dynamics of sperm cells that swim
at self-swimming speed V' in the direction of their 2D orientation IN by implementing a
minimal dynamics of the form

R=VN+U=VN + c¥en ((1]) (5.110)

where 77 > 0 is a geometric prefactor with dimensions of length. Neglecting the translational
chirality-effects in Eq. (5.110) is indeed a reasonable approximation since, for sufficiently
fast sperm cells, the beat chirality acts predominantly through the rotation dynamics of IV,
which becomes amplified by multiplication with V' in Eq. (5.110).

To obtain an equation of motion for N, we first remark that due to conservation of
|N'|? = 1, the dynamics of the components N, and N, are coupled by

0=|N|? = 2(N,N, + N,N,). (5.111)
0The first term in Eq. (5.109) could also have been obtained by simply computing the mean drag
velocity
1 7T 1[5 |[dC(s)
U—%/O d¢ X/o ds s u(C(s))] -
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Thus, only one of the three zero-torque conditions (5.108) is needed to determine both N,
and Ny. For sperm swimming next to a solid surface, only rotations parallel to the surface
are possible and, therefore, the relevant condition is 73 = 0. Whilst a passive helix would
rotate around its center of mass, the rotation axis is shifted towards the head position R
for real sperm cells due to the presence of the cell head, which has been omitted thus far
in our discussion of the rigid-spiral model. To account at least partially for the influence
of the head on the rotation dynamics, we approximate X* ~ (R,0) in Eq. (5.108) and
focus on the rotation dominated regime, U < Ry -C. Adopting these simplifications and
averaging over ¢, one finds for small € < 1 from the vanishing 73-component of Eq. (5.108)
the leading order result

Y = eyosiny + %62 i Yo S cos . (5.112)

K

Recalling that N = (N,, N,) = (—sin, cosv), this can be rewritten as

. [ NyN, X ok—1, N2 -1
N—076<N;_1>+Z€ T’)/O'S NN, ) (5.113)

The first term represents alignment against the low due to the conical shape of the flagellar
envelope, in agreement with Eq. (5.88). The second term describes chirality-induced devia-
tions from exact anti-alignment, leading to a non-vanishing transversal velocity component,
as observed in the experiments.

We may now summarize the quasi-2D model. Assuming as before that the shear flow
is along the y-axis (Fig. 5.2B), Egs. (5.110) and (5.113) imply the following minimal 2D
model for the quasi-2D motion of a sperm with position R(t) = (X (¢),Y (¢)) and orienta-
tion IN(t) = (N,(t), Ny(t)) in the vicinity of the surface

R = VN +oUe,, (5.114a)
2

N = oia ( ]@IJ_Vyl) + o (jyv Nyl) + (2D)2(I = NN)-£(t). (5.114b)

Here, V' > 0 is the self-swimming speed, 0 = +1 defines the flow direction, ¥ > 0 is the
shear rate, U > 0 the mean flow speed experienced by the cell, and x € {0, %1} the beat
chirality. The dimensionless geometry parameters a > 0, 8 > 0 encode details of the shape
of the flagellar beat, and the coefficient D determines the strength of the two-dimensional
Gaussian white noise &, interpreted here in the Stratonovich-sense and included to account
for variability in sperm swimming.

Clearly, the model of a rigid conical helix, as discussed here, is a relatively crude
approximation to the full swimming dynamics of a sperm cell, for it neglects dynamical
aspects of the flagellar beat (exact wave form, etc.) as well as hydrodynamic effects due
to translation and rotation of the cell’s head. Notwithstanding, on time scales larger
than the typical beat period, Eqgs. (5.114) provides a useful coarse-grained description
of sperm swimming near a surface, as the model captures the main symmetries of the
problem [KDBG14].
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Chapter 6

Network models

6.1 Graphs

Many biological systems and their interactions can be represented through graphs. Ex-
ample include, but are not restricted to, gene regulatory networks, phylogenetic trees,
cytoskeletal networks, mucus, neuronal networks and hydrodynamic transport systems in
plants and mammals. In this part, we survey basic mathematical concepts to describe
and characterize graphs and transport on them. A main idea is to represent a network
through suitable matrices and to relate their spectral characteristics to the properties of
the underlying graph.t

6.1.1 Basic definitions

A graph is collection § = (V, E) of vertices V' = {v1,v2} and edges F = {ey,es,...}.
We denote by |V| and |E| the number of vertices and edges, respectively. Undirected
edges can be identified with disordered pairs of vertices, e.g., e; = (v1,v2) = (vg,v1). A
simple graph is an undirected graph that has no loops and at most one edge between
any two vertices (Fig. 6.1a,b). A simple undirected graph with |V| vertices can have at
most |E| = |[V|(|V] — 1)/2 edges; in this case the graph is called complete (Fig. 6.1b).
A directed graph or digraph is collection § = (V, E) of vertices V = {v;,v5} and ordered
edges E = {é1,é, ...}, such that for example & = (v, v3) # (va,v1) (Fig. 6.1¢).

A planar graph is a graph that can be embedded in the plane in such a way that its
edges intersect only at their endpoints. That is, a planar graph can be drawn in such a way
that no edges cross each other (Fig 6.2). The dual graph G* of a plane graph G is a graph
that has a vertex corresponding to each face of G, and an edge joining two neighboring
faces for each edge in § (Fig 6.2d). If G is connected and G* is dual to G, then G is also
dual to §%, (9*)* = G.

'For a more detailed introduction, we refer to Dan Spielman’s course on Spectral Graph The-
ory http://www.cs.yale.edu/homes/spielman/561/.
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Figure 6.1: (a) Graph with six vertices and 7 edges. (b) Complete undirected graph.
(c) Directed graph. Image source: wiki.

(a) N (b) @ (©) W @

Figure 6.2: Planar, non-planar and dual graphs. (a) Plane ‘butterfly’graph. (b, ¢) Non-
planar graphs. (d) The two red graphs are both dual to the blue graph but they are not
isomorphic. Image source: wiki.

Given a graph G, its line graph or derivative £[G] is a graph such that (i) each vertex
of L[G] represents an edge of § and (ii) two vertices of £[G] are adjacent if and only if
their corresponding edges share a common endpoint (‘are incident’) in § (Fig. ??). This
construction can be iterated to obtain higher-order line (or derivative) graphs.

6.1.2 Adjacency and incidence

Adjacency matrix Two vertices v; and vy of a graph are called adjacent, if they are
connected by an edge. The adjacency matrix A(G) = (A;;) is a |V| x |V |-matrix that lists
all the connections in a graph. If the graph is simple, then A is symmetric and has only
entries 0 or 1. For example, for the graph in Fig. 6.3a, we have

01110
10001

A=|10010 (6.1)
10101
010710

If the graph is simple, then the diagonal elements of A are zero.
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The column (row) sum defines the degree (connectivity) of the vertex
deg (v;) = > Ay (6.2)
J
and the volume of the graph is given by

vol(§) =) deg (v;) = Z Ajj (6.3)

The degree matrix D(9) is defined as the diagonal matrix
D(G) = diag (deg(v1), . . ., deg(vjv|)) (6.4)

For the graph in Fig. 6.3a, one has

30000
02000

D=|00200 (6.5)
00030
0000 2

The degree distribution is an important characteristics of random graphs, and we will
return to this topic further below.
If the graph is directed, we may still define a signed adjacency matrix A with elements

—1, if edge goes from v; to v,
Ajj = < +1, if edge goes from v; to v; (6.6)
0, otherwise

D~ @ (\
M P N e
’ @B'P Ay . "@ﬁ @ " 4 j,;. \

Figure 6.3: Construction of a line graph. These figures show a graph (a, with blue vertices)
and its line graph (d, with green vertices). Each vertex of the line graph is shown labeled
with the pair of endpoints of the corresponding edge in the original graph. For instance,
the green vertex on the right labeled 1,3 corresponds to the edge on the left between the
blue vertices 1 and 3. Green vertex 1,3 is adjacent to three other green vertices: 1,4 and 1,2
(corresponding to edges sharing the endpoint 1 in the blue graph) and 4,3 (corresponding
to an edge sharing the endpoint 3 in the blue graph). Image and text source: wiki.
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The characteristic polynomial of a graph is defined as the characteristic polynomial of
the adjacency matrix

p(G;x) = det(A — xI) (6.7)
For the graph in Fig. 6.3a, we find
p(G;z) = —2(4 — 220 — 62% + 2*) (6.8)

Characteristic polynomials are not diagnostic for graph isomorphism, i.e., two noniso-
morphic graphs may share the same characteristic polynomial.

Incidence matrix The incidence matrix C' of graph § is a|V| x | E|-matrix with Cjs = 1
if edge v; is contained in edge e, and C;; = 0 otherwise. For the graph in Fig. 6.3a, with

1=1,...,5 vertices and s = 1,...,6 edges, we have
111000
100100
cC=|010010 (6.9)
001011
000101

The incidence matrix C(9) of a graph G and the adjacency matriz A(L[S]) of its line
graph L[§] are related by

AL =C(9)"-C(9) —2I & A(L[G))rs = CirCis — 20, (6.10)

For the example in Fig. 6.3, we thus find

011100

101010

110011
A(L[9]) = L0000 1 (6.11)

011001

001110

yielding the characteristic polynomial

p(L[G;z) = (z+2) (2 + 2 — 1) [(z — 3)2® — x + 2] (6.12)

Directed incidence matrix In addition to the undirected incidence matrix C', we still
define a directed |V| x |E|-matrix C as follows

—1, if edge e, departs from v;
Cis = +1, if edge e, arrives at v; (6.13)

0, otherwise

99



For undirected graphs, the assignment of the edge direction is arbitrary — we merely have

to ensure that the columns s = 1,...,|E| of C sum to 0. For the graph in Fig. 6.3a, one
finds
-1 -1 -1 0 0 0
1 0 0 -1 0 0
C=[0 1 0 0 -1 0 (6.14)
0 O 1 0 1 -1
0O 0 O 1 0 1

6.1.3 Laplacian

The |V| x |V|-Laplacian matrix L(G) of a graph G, often also referred to as Kirchhoff
matrix, is defined as the difference between degree matrix and adjacency matrix

L=D-A (6.15a)
Hence

deg(v;), ifi=j
L =4 -1, if v; and v; are connected by edge (6.15b)

0, otherwise

As we shall see below, this matrix provides an important characterization of the underlying
graph.

The |V| x |V|-Laplacian matrix can also be expressed in terms of the directed incidence
matrix C , as

— - T —

For the graph in Fig. 6.3a, one finds

3 -1 -1 -1 0
~1 2 0 0 -1

L=|-1 0 2 -1 0 (6.17)
-1 0 -1 3 -1
0 -1 0 -1 2

Properties We denote the eigenvalues of L by
Ao <A << Ay (6.18)

The following properties hold:

(i) L is symmetric.
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(ii) L is positive-semidefinite, that is A; > 0 for all 4.

(iii) Every row sum and column sum of L is zero.?

(iv) Ao = 0 as the vector vo = (1,1,...,1) satisfies L - vy = 0.
)

(v) The multiplicity of the eigenvalue 0 of the Laplacian equals the number of connected
components in the graph.

(vi) The smallest non-zero eigenvalue of L is called the spectral gap.

(vii) For a graph with multiple connected components, L can written as a block diagonal
matrix, where each block is the respective Laplacian matrix for each component.

Normalized Laplacian The associated normalized Laplacian E(S) is defined as

L=D'"?.L.-D'?=1-D'?.A.D7'? (6.19a)
with elements
1, if i = j and deg(v;) #0
Lij = < —1/4/deg(v;) deg(v;), ifi+# j and v; and v; are connected by edge (6.19b)
0, otherwise

One can write L(§) as, cf. Eq. (6.16),

— T

LS =B-B (6.20a)
where B is an |V| x | E|-matrix where

—1/4/deg(v;), if edge es departs from v;
Bis = +1/4/deg(v;), if edge e, arrives at v; (6.20b)
0, otherwise

A ‘O-chain’ is a real-valued vertex function g : V' — R, and a ‘l-chain’ is a real-valued
edge function £ — R. Then B = (B;) can be viewed as boundary operator that maps

1-chains onto 0O-chains, while the transposed matrix BT = (ész) is a co-boundary operator
that maps 0-chains onto 1-chains. Accordingly L can be viewed as an operator that maps
a vertex functions g, which can be viewed as |V|-dimensional column vector, onto another
vertex function L - g, such that

T v _ 9(v))
(L)) = \/degvz ZN: \/deg (vi)  +/deg(v)) 840

2The degree of the vertex is summed with a -1 for each neighbor
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where v; ~ v; denotes the set of adjacent nodes.
We denote the eigenvalues of L by

O — XO S Xl <... S X|V|—1 (622)

Abbreviating n = |V|, one can show that
(i) > iXi < n with equality iff § has no isolated vertices.
(i) Ay < n/(n — 1) with equality iff G is the complete graph on n > 2 vertices.
(iii) If n > 2 and G has no isolated vertices, then \,_; > n/(n — 1).
If G is connected, then A\; > 0.

(v

(vi

)
)
)
(iv) If G is not complete, then 2 <1.
)
) If \; = 0 and A\;; > 0, then G has exactly ¢ + 1 connected components.
)

For all i < n — 1, we have \; < 2, with \,_1 = 2 iff a connected component of G is
bipartite and nontrivial.

(vii

(viii) The spectrum of a graph is the union of the spectra of its connected components.

See Chapter 1 in [Chu97| for proofs.

Examples:

e For a complete graph K,, on n > 2 vertices, the eigenvalues are 0 (multiplicity 1) and
n/(n — 1) (multiplicity n — 1)

e For a complete bipartite graph K,,, on m + n vertices, the eigenvalues are 0 and 1
(multiplicity m +n — 2) and 2.

e For the star S, on n > 2 vertices, the eigenvalues are 0 and 1 (multiplicity n — 2)
and 2.

e For the path P, on n > 2 vertices, the eigenvalues are A\, = 1 — cos[rk/(n — 1)] for
k=0,...,n—1.

e For the cycle C,, on n > 2 vertices, the eigenvalues are \, = 1 — cos[27k/n] for
k=0,...,n—1.

e For the n-cube Q,, on 2" vertices, the eigenvalues are \, = 2k /n, with multiplicity

n
(k> for k=0,...,n.
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6.2 Trees and Kirchhoff’s theorem

Definitions and basic properties A tree is connected undirected simple graph without
cycles. Nodes with only one adjacent vertex are called leaves. A star graph is a tree which
consists of a single internal vertex (and n?1 leaves), i.e., a star graph is with as many leaves
as possible. A forest is a disjoint union of trees. A directed tree is a directed graph that
would be a tree if edge directions are dropped.

Cayley’s formula states that there are

t(n) =n""? (6.23)
trees on n labeled vertices. For n unlabeled vertices only asymptotic estimates exist
tu(n) = Ca™n™>/% n — 00 (6.24)

where C' ~ 0.5349 ... and a ~ 2.9557...
We summarize a few properties:

e Every tree is a bipartite graph.

e Every connected graph G admits a spanning tree, which is a tree that contains every
vertex of G and whose edges are edges of G.

e Every finite tree with n > 1 vertices has at least two terminal vertices (leaves).

e For any three vertices in a tree, the three paths between them have exactly one vertex
in common.

Kirchhoff’s theorem A spanning tree is a tree that contains every vertex of G and whose
edges are edges of §. That is, spanning trees are obtained by successively deleting edges
from a graph in such a manner that all cycles are resolved but the connectivity remains
intact. Kirchhoff’s theorem answers the question how many spanning trees a given graph
G permits. Specifically, the theorem states that, for a simple connected graph with n = |V/|
vertices and non-zero Laplacian eigenvalues Ay, ..., A,_1, the number ¢(n) of spanning trees
is given by the normalized product of those eigenvalues

Finding an optimal spanning tree for a weighted network is a commonly encountered
optimization problem, e.g., if one wants to lay pipes or communication cables along a

preexisting road network such that all vertices are connected at a minimal cost. Note,
however, that trees are not robust as deleting a single edge disconnects the tree.
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6.3 Transport

6.3.1 Max-Flow Min-Cut

Capacity and flow Consider a directed network § = (V, E) with |V| = n + 2 vertices
labelled vy, ..., v,. We identify the first node as a source, s = vy, and the last node as the
‘terminal’ sink t = v,,.

The edge capacity is a map c : E — R, corresponding to an |E|-dimensional vector
c = (¢.) = (c(vi,v;)). Similarly, the flow is a map f : E — R, corresponding to an
| E|-dimensional vector f = (f,) = (f(v;,v;)).

We assume that transport through the network satisfies the capacity constraint

fr <en, Vr=1,...,|E| (6.26a)
as well as the flow (‘mass’) conservation constraint
> fluww)y= D flou), Ve {v, .. v} (6.26D)
u:(uw)eE u:(v,u)eE
The wvalue of flow is defined as the total input entering through the source
IFl= > [f(s,u) (6.27)
u:(s,u)eE
where s = g is the source.

Max-Flow problem Maximize |f| for a given a capacity ¢; that is, to route as much
flow as possible from source s to sink t.

Min-Cut An s-t cut C' = (Vi, V}) is a partition of V such that s € V; and t € V;. The
cut-set of C'is the set of edges connecting from V; to V;

Eo={(vi,v;) €E : v; €V, v; €V} (6.28)

These are the edges that are deleted during the cutting procedure.
The capacity of the s-t cut is defined as

Cst = Z c(vi,vj) (6.29)

E,

Min-Cut problem Minimize c,; that is, to determine V; and V; such that the capacity
of the cut is minimal.

Max-Flow Min-Cut Theorem The maximum value of an s-t flow is equal to the
minimum capacity over all s-t cuts.
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Appendix A

Stochastic integrals and calculus

This appendix summarizes the most commonly considered stochastic integral definitions
and the corresponding rules of stochastic calculus. For a more rigorous and comprehensive
introduction, we refer to, e.g., Refs. [KS91, Gri02, Gar02, RF96].

We consider a Wiener process (standard Brownian motion) B(t) as defined in Sec-
tion 1.2.1; i.e., the increments dB(t) := B(t + dt) — B(t) are stochastically indepen-
dent [KS91, Gri02] and characterized by the Gaussian distribution

P{dB(t) € [y, y + dy]} = (2mdt) /" exp[—y?/(2dt)] dy. (A1)

We are interested in defining integrals of the form

= /0 F(Y(s)) © dB(s), (A.2)

where f(y) is some real-valued function, Y(s) a real-valued time-dependent process, and
© signals different discretization rules to be discussed below. If B(s) were some ordinary
differentiable function of s € [0,¢], then the integral in Eq. (A.2) would simply be given
by!

1:/0 f(Y(s)) B(s) ds, (A.3)

where B = dB/ds. Unfortunately, B(s) is not well-defined for the Wiener process [Gar02,
KS91], but it is possible to generalize the concept of integration to also include the Wiener
process as well as other stochastic processes [KS91, Gri02, Gar02]. However, in contrast
to the standard Riemann-Stieltjes integral (A.3), the integral with respect to a stochastic
process may depend on the choice of the discretization scheme ® and, in particular, also
require modifications of differential calculus.

1By writing Eq. (A.3), it is implictly assumed that f(y), Y and B are sufficiently smooth functions so
that this integral exists in the sense of Riemann-Stieltjes; in this case, the value of the integral (A.3) is
independent of the underlying discretization scheme [Gri02].
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To illustrate these aspects for the most commonly considered stochastic integral defini-
tions, we will always consider the following equidistant partition {¢g,t; ..., ¢y} of the time
interval [0, ¢]:

At=t,—t,_1=t/N, k=1,...,N, t, =0, ty="°t (A.4)

A.1 Ito integral

We first summarize the properties of Ito’s stochastic integral [Ito44, Ito51]. Its relationship
to other stochastic integrals is discussed in Section A.4.

A.1.1 One-dimensional case

The Ito stochastic integral of some real-valued function f(Y'(¢)) with respect to a standard
Brownian motion process B(t) over the time-interval [0,¢] can be defined by

[ H0r ) s aB) = Jim SO0 Blt) = B, (A5)

where the partition {to,...,tx} is given by (A.4). The peculiar, defining feature of this
integral is that, on the rhs. of Eq. (A.5), the argument of the function f must be evaluated
at the lower boundary points ¢, of the discrete intervals [tg, t;41]; i.e., the definition of the
Ito integral is non-anticipatory. Accordingly, the Ito discretization scheme is also known
as the pre-point rule.

Now consider a stochastic process Y (t) which, for two given functions A(y) and C(y),
is defined by

Y(t) =Y(0) +/0 A(Y (s))ds +/0 C(Y(s)) *dB(s), (A.6)

and where the last term is interpreted as an Ito integral (A.5). Stochastic integral equations
like Eq. (A.6) are usually abbreviated by rewriting them as an Ito stochastic differential
equation (I-SDE)

dY (t) = A(Y) dt + C(Y) = dB(t), (A7)

complemented by the initial condition Y'(0). From the non-anticipatory definition (A.5) of
the Tto integral and the properties of the Wiener process it follows that [Gar02]?

E[C(Y)*dB(t) | Y(t) =y] = 0. (A.8)

2E[ - | Y(t) = y] denotes the conditional expectation with respect to the Gaussian measure of the
Wiener process B(t).
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The Fokker-Planck equation for the PDF f(¢,y) of the stochastic process defined by
Eq. (A.7) reads

Of 0| _4p: 19
5 = o Af+28y(0f), (A.9)

where A = A(y) and C' = C(y). A deterministic initial condition Y'(0) = yo translates into
f(0,y) = d(y — wo).

Finally, an important peculiarity arises when one considers nonlinear transformations
G of the stochastic process Y (f). More precisely, assuming that Y is defined by the I-
SDE (A.7), then the differential change of the process Z(t) := G(Y (t)) is given by (see,
e.g., Section 4.3.2 in [Gar(02])

QZ(t) = G(Y)+dY + % CY) G'(Y) dt
— |aw) e + % CYY G'(Y)| dt + C(Y) G'(Y) % dB(2),

where G'(y) = dG(y)/dy and G"(y) = d*G(y)/dy?. Within ordinary differential calculus,
the term containing G” is absent. Equation (A.10) is usually referred to as [Ito formula.

A.1.2 The n-dimensional case

Consider the n-dimensional stochastic process Y (t) = (Y(¢),...,Y"(t)), defined by the
following n-dimensional generalization of Eq. (A.7):

dY'(t) = A(Y) dt + C".(Y) * dB"(t), (A.10)

where i =1,...,nand r =1,..., K. In Eq. (A.10), the Wiener processes B"(t) represent
K independent noise sources, and each term C%.(Y) x dB"(t) symbolizes an Ito integral.
The Fokker-Planck equation for the PDF f(t,y',...,y") reads

of 0 | iy, 1 O i
E‘ayi[ Af + (C",C rf)] (A.11)

2 Oy’
The generalized Ito-formula reads (see, e.g., Section 4.3.2 in [Gar02])

dG[Y ()] = {Ai G + % ', @aja} dt + C", 0;,G x dB" (t), (A.12)

where 0; := 9/0y".

A.2 Stratonovich-Fisk integral

Next, we summarize the properties of an alternative stochastic integral definition pro-
posed by Stratonovich [Str64, Str66, Str68] and Fisk [Fis63, Fis65]. In contrast to the
non-anticipatory Ito integral, the Stratonovich-Fisk (SF) integral is semi-anticipatory, but
satisfies the rules of ordinary stochastic calculus.
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A.2.1 One-dimensional case

The SF stochastic integral of some real-valued function f(Y'(¢)) with respect to a standard
Brownian (Wiener) motion process B(t) over the time-interval [0,¢] can be defined by

N-1

| H0 ) edBls) = Jim 37 U0 )+ AV (00)]

[B(ter1) — B(ta)]. (A.13)

where the partition {to,...,tx} is given by (A.4). In contrast to Ito’s integral (A.5), the
SF definition (A.13) uses the mean of the boundary values of f on the intervals [tg, tx41];
i.e., the definition of the SF integral is semi-anticipatory. This discretization scheme is also
known as the mid-point rule.

Similar to Eq. (A.6), we may consider a stochastic process Y (t) defined by

Y(t) = Y(0) + /0 A(Y (s)) ds + /O C(Y (s)) 0 dB(s), (A.14)

where now the last term is interpreted as an SF integral (A.13). The integral equa-
tion (A.14) can be abbreviated in terms of the equivalent SF stochastic differential equation
(SF-SDE)

dY (t) = A(Y) dt + C(Y) o dB(t), (A.15)

with initial condition Y (0). From the semi-anticipatory definition (A.13) of the SF integral
and the properties of the Wiener process it follows that [Gar(2]

E[C(Y)odB(t) | Y(t)=y] = 5C(y)C'(y)dt, (A.16)

DO | —

where C'(y) = dC(y)/dy. The Fokker-Planck equation for the PDF f(¢,y) of the stochastic
process (A.15) reads

o0

)
5= o €5, (C1) (A.17)

1
2
where A = A(y), and C' = C(y). The deterministic initial condition Y (0) = y, translates
into f(0,y) = d(y — vo)

It can be shown [Gar02, Gri02] that the SF integral definition preserves the rules of
ordinary stochastic calculus; i.e., if Y (¢) is defined by the SF-SDE (A.15), then the dif-
ferential change of the process Z(t) := G(Y(t)) is given by (see, e.g., Section 4.3.2 in
[Gar02])

dZ(t) = G'(Y)odY
= A(Y)G(Y)dt+C(Y)G(Y)odB(t), (A.18)
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where G'(y) = dG(y)/dy.

However, as will be discussed in Section A.4, for a given SF-SDE with sufficently smooth
coefficient functions A and C, one can always find an [-SDE that yields the same Fokker-
Planck equation. Hence, in order to describe a certain physical process, one may choose
that integral definition that is most convenient for the problem under consideration.

A.2.2 The n-dimensional case

Consider the n-dimensional stochastic process Y (t) = (Y*(¢),...,Y"(t)), defined by the
following n-dimensional generalization of Eq. (A.15):

dY'(t) = AY) dt+ C'.(Y) o dB"(t), (A.19)

where i =1,...,nand r =1,..., K. In Eq. (A.19), the Wiener processes B"(t) represent
K independent noise sources, and each term C*.(Y') o dB"(t) symbolizes an SF integral.
The Fokker-Planck equation for the PDF f(t,y',...,y") reads

af 0
ot oy

1 .0 . 10 o
_ KA - ¥ T _ (A ¥
{ (A +5C T_aijT) f+ 20y (C.C )], (A.20)

and the transformation rules of ordinary differential calculus apply.
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A.3 Backward Ito integral

We still consider a third stochastic integral definition which is also known as the backward
Ito (BI) integral [KS91, Jr.69]. Its relationship to the other stochastic integrals is discussed
in Section A .4.

A.3.1 One-dimensional case

The BI stochastic integral of some real-valued function f(Y'(¢)) with respect to B(t) over
the time-interval [0,¢] can be defined by

/0 f(Y(s) @dB(s) = lim > f(Y (1)) [Bltesr) = B(ti)], (A.21)

where the partition {to,...,tx} is given by (A.4). On the rhs. of Eq. (A.21), in contrast
to the Ito and SF integrals, the argument of the function f must be evaluated at the upper
boundary points t;; of the discrete intervals [tg, tx41]; i.e., the definition of this integral
is anticipatory. This discretization scheme is also known as the post-point rule.

Similar to above, we may consider a stochastic process Y (¢) which, for two given func-
tions A(y) and C(y), is defined by

Y(t) = Y(0) + /0 A(Y () ds + /0 C(Y(s)) » dB(s), (A.22)

and where the last term is now interpreted as a Bl integral (A.21). Equation (A.6) can be
abbreviated by rewriting it as a backward Ito stochastic differential equation (BI-SDE)

dY (t) = A(Y)dt+C(Y)edB(t), (A.23)

complemented by the deterministic initial condition Y'(0). From the anticipatory defini-
tion (A.21) of the Bl integral and the properties of the Wiener process it follows that [Gar02]

E[C(Y)edB(t) | Y(t)=y] = C(y)C'(y)dt. (A.24)

The Fokker-Planck equation for the PDF f(t,y) of the stochastic process defined by
Eq. (A.23) reads

af o

1,0

where A = A(y) and C = C(y). The deterministic initial condition Y (0) = y, translates
into f(0,y) = d(y — yo)-
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It can be shown that, similar to the Ito integral, also the BI integral requires a mod-
ification of differential calculus. More precisely, assuming that Y is defined by the BI-
SDE (A.23), the differential change of the process Z(t) := G(Y (t)) is given by

dZ(t) = G'(Y)edY — % C(Y)*G"(Y) dt

~ Ay ay) - % CY)Y G"(Y)| dt+ C(Y) G'(Y) e dB(#),
(A.26)

where G'(y) = dG(y)/dy and G"(y) = d*G(y)/dy>.

A.3.2 The n-dimensional case

Consider the n-dimensional stochastic process Y (t) = (Y(¢),...,Y™(t)), defined by the
following n-dimensional generalization of Eq. (A.23):

dY'(t) = A(Y) dt + C",.(Y) e dB"(t), (A.27)

where i =1,...,nand r =1,..., K. In Eq. (A.27), the Wiener processes B"(t) represent
K independent noise sources, and each term C*,.(Y') edB"(t) symbolizes a BI integral. The
Fokker-Planck equation for the associated PDF f(t,y',...,y") reads

of 0
ot Oy

A - 10
[— (AZ+CJT6_;/J'CZ’“> [+ 55,7 (CHC D] (A.28)

The generalized backward [to-formula reads
) 1 . ) .
dG[Y (t)] = {Al 0,G — 3 c'.cv, &ajG} dt + C*,. 0;G e dB"(t), (A.29)

where 0; := 0/0y".

A.4 Comparison of stochastic integrals

As anticipated in the preceding sections, the three different stochastic integrals/SDEs may
be transformed into each other. In particular, a given Fokker-Planck equation can usually
be realized by any of three SDE types, upon choosing the coefficient functions appropriately.
To illustrate this by example, we reconsider the n-dimensional SDEs from above, assuming
identical noise coefficients C*, but different drift coefficients A%,_ (Y'), respectively, i.e.

*|o|e

dY'(t) = ALUY)dt+ C'(Y)*dB'(t), (A.30a)
dY'(t) = AY)dt+C(Y)odB (t), (A.30Db)
dY'(t) = ALY)dt+C'.(Y)edB (t), (A.30c)
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where ¢ = 1,...,nand r = 1,..., K. We would like to determine the drift coefficients
such that these three different types of SDEs describe the same n-dimensional stochastic
process Y (t) = (Y(¢),...,Y™(t)) on the level of the Fokker-Planck equations®, which can
be compactly summarized as follows

ofs

T 0 | — (A% + Ao ¢7,0,C%) fo + Eaj(olrcjrf(i) ) (A.31)

where 0; := 9/0y*, and A\, = 0, A\, = 1/2, and A\, = 1. We distinguish three cases:

(i) Eq. (A.30a) is given. In this case, Eq. (A.31) implies that Egs. (A.30b) and (A.30c)
describe the same process as Eq. (A.30a), if we fix

Ay = A - SO, A=A - OO0, (A.32)

(ii)) Eq. (A.30b) is given. In this case, Egs. (A.30a) and (A.30c) describe the same
process as Eq. (A.30b), if we fix

. . 1 . . . ) 1 . .
AL= AL+ S CL0,Ch A= AL - S 019,00, (A.33)

(iii) Eq. (A.30c) is given. In this case, Egs. (A.30a) and (A.30b) describe the same
process as Eq. (A.30c¢), if we fix

A=A+ 09,0, A=A+ 5000, (A.34)

To summarize, by means of Egs. (A.32), (A.33) and (A.34) one can change between the
different forms of stochastic integration and stochastic differential calculus, respectively.
Each SDE type has advantages and disadvantages: The Ito formalism is well suited for
numerical simulations [RF96, KP06, Gla04] and yields a vanishing noise contribution to
conditional expectations of the form (A.8). The Stratonovich-Fisk approach is more dif-
ficult to implement numerically, but preserves the rules of ordinary differential calculus
(in contrast to Ito/backward Ito integration). Finally, within the backward Ito scheme,
fluctuation dissipation relations may take a particularly elegant form (cf. Section 6.2 in
Ref. [HT82], and Ref. [K1i94]).

A.5 Numerical integration

A detailed introduction to the numerical simulation of SDEs can be found in [RF96, KP0G,
Gla04]. A simple Monte-Carlo algorithm for numerically integrating Eqgs. (A.30) follows

3For most practical purposes, two Markovian stochastic processes can be considered as physically
equivalent if their PDFs are governed by the same Fokker-Planck equation.
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directly from the definition of the stochastic integrals. The corresponding discretization
scheme, which works sufficiently well for many purposes, reads

Yit+At) = Yit) = ALY () At+C'(Y (1)) AB"(t), (A.35a)

Yit+At) =Y (t) = ALY (1)) At + (A.35b)
SO (Y (4 AD) + O (Y (1) ABT(0),

Yit+At) = Y'(t) = ALY (1)) At + O (Y (t + At)) AB"(t). (A.35¢)

Here, the AB"(t) are random numbers, sampled from a Gaussian normal distribution with

density
PIAB"(1)] = <ﬁ) v exp{—%}. (A.36)

As evident from Egs. (A.35), for given functions A’ and C?,, the discretized I-SDE (A.35a)
allows for calculating the values Y(t + At) directly from the preceding values Y*(¢). By
contrast, the discretized SF-SDEs (A.35b) and BI-SDEs (A.35¢) are implicit equations,
which must be solved for Y(t + At). The latter difficulty can be avoided by transforming
a given SF/BI-SDE to the corresponding I-SDE by means of Egs. (A.32), (A.33) and (A.34).

113



Appendix B

Swimming Velocity for Arbitrary
Deformations

For the general case of a three-sphere swimmer based on the schematics in Fig. 1 of
Ref. [GA07], Golestanian and Ajdari obtain the average swimming velocity to the leading
order as

Vi — ((11 — ag)(az + CL3) 1+ § a10a9 1 _ i _3 aoQ3 i
0 3a2(a1 + as + CL3) 2 Ao — aq L1 + L2 L2 as + as Lg
3 203 a10a9 aszay .
+ - - L
ap + as + as < L, Ly L1+L2>} '
PP Y (ECh R B PPN
3as(ay + as + az) 2 \ax —ay Li+ Ly Ly 2\Li1 Ly Li+ 1Ly

3 203 a1a9 as3aq ):| .
+——+ L
a1+a2+a3<L2 Ll L1+L2 2

4 al(ag — ag) |:1 i 3 ( asas > < 1 1 ) 3 (CLQ i (05} (05} )
3&2((11 + as + (13) 2 ao — as Ll + L2 L1 2 L1 L2 Ll + LQ
3 o3 ai1as asay ) .
- + 4+ L
a1+a2—|—a3(L2 Ly Ly + Ly !
((12 — (l3)(CL1 + CLQ) 1+ § Qa203 1 _ i _3 a1a9 i
3a2(a1 + as + CL3) 2 o — as L1 + L2 L1 aj + ao L1

3 <a2a3 4 a1Qa9 I aszay >:| L2, (Bl)

a1 + as + ag LQ L1 L1 + L2

This expression can be used in numerical studies of the swimming motion for arbitrarily
large deformations and geometric characteristics.
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