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In [Spivak. Categories for Databases] and [Spivak. A simple model for databases],
I explained that a database schema is essentially a category. More precisely, it is a
sketch in the sense of [Makkai, Generalized sketches as a framework for complete-
ness theorems].

In this note I will show how to view a database in this way via a database
dictionary. In other words, I’ll give the schema for “categorical databases” in such
a way that loading data into this schema will amount to the same thing as creating
a categorical database.

1. A dictionary for reflexive graphs

If one does not want or need to impose commutative diagrams, then a database
schema is a reflexive graph G, and data loaded into that schema is a functor δ : G→
Sets. Thus the database dictionary for these kinds of databases begins with the
indexing category for reflexive graphs RG, which we draw as

RG := N
p // A

s

}}

t
aa

p.s = p.t = id N.

A functor σ : RG→ Sets is a reflexive graph. Here, σ(N) is called the set of nodes
of σ and σ(A) is called the set of arrows.

The point, however, is that a reflexive graph is the same as a database schema.
The nodes can also be called tables and the arrows are called columns. Each column
has a source table (where it is found) and a target table (to which it is referencing)
given by s and t. In the papers of mine referenced above, I explained that data
columns could also be considered foreign keys to 1-column tables.
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If one wants to include data in the database dictionary, one needs to add an
additional layer to RG. In this case the indexing category is:

Row
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p′
// Cell

g

��

s′

yy

t′
ee

Table
p // Column

s

yy

t
ee

p.s = p.t = id Table

p′.s′ = p′.t′ = id Row

p′.g = f.p

s′.f = g.s

t′.f = g.t

(Cell, s′, g) = (f×Table s)

Remark 1.1. The six requirements amount to the following. The source and target
table of a primary id column in a table T is T . Given a row R, its primary key cell
exists in R and references R. The column of the primary key cell of a row R is the
primary key column of the table that R is in. Given a cell C, it exists in a row and
a column that are both in the same table. Given a cell C, its target row is in the
foreign table referenced by the column that C is in. Given a row R and a column
C in the same table, there exists a unique cell with that row and column.

Not adding the last constraint would allow nulls.

2. Commutative diagrams

In order to allow the database administrator to enforce commutative diagrams,
we need to add to our database dictionary design. In this case the indexing category
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Table

p // Column
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ee Comm.
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d0
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ff

(1)

p.s = p.t = id Table(2)

p′.s′ = p′.t′ = id Row(3)

p′.g = f.p(4)

s′.f = g.s(5)

t′.f = g.t(6)

(Cell, s′, g) = (f×Table s)(7)

d1.s = d2.s(8)

d0.s = d2.t(9)

d1.t = d0.t(10)

d′
0.g = h.d0(11)

d′
1.g = h.d1(12)

d′
2.g = h.d2(13)

d′
1.s

′ = d′
2.s

′(14)

d′
0.s

′ = d′
2.t

′(15)

d′
1.t

′ = d′
0.t

′(16)

(Indirection, d′
0.s

′, h) = (f×Table d0.s)(17)

Remark 2.1. Constraints (2)-(7) are as above in Remark 1.1. One thinks of an
element of Comm as a triangle with three arrows and three vertices, say 0,1, and
2. There is an arrow d2 from 0 to 1, an arrow d1 from 0 to 2, and an arrow d0 from
1 to 2.

•2

•0
d2

//

d1

>>~~~~~~~
•1

d0

OO

So suppose that we have three tables T0, T1, and T2. Suppose d1 and d2 are
columns in T0, the first of which references T2 and the second references T1. Suppose
that d0 is a column in T1 referencing T2. Constraints (8)-(10) express these facts.

What the facts in (8)-(10) suggest is the following. Given a row R in T0, look
up its value in column d2. That will be a row in T1; look up its value in column
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d0. The answer to that indirect query should be the same as looking up the value
of R in column d1. Constraints (14)-(16) express these facts.

Constraints (11)-(13) merely express that the indirect references made in the
cells follow those established in the table schemas. Finally, constraint (17) says
that given a row and a commutativity constraint in the same table, the cells must
follow the rules of the above paragraph. Without it, we would be allowing for
reneging on the commutativity constraint.

3. Other commutativity constraints

In the previous section we showed that commutative triangles can be encoded in
the database dictionary. In fact, more complex paths can be equated. For example,
suppose we wanted to enforce that two paths through the database were equal, but
we didn’t want to name every composition along the way. Consider the graph

• g // • h
&&MMMM

•
f 88qqqq

i ))TTTTTTT •
• j

55kkkkkkk

We could encode this shape in the database dictionary as we added commutative
triangles in Section 2. We would add a new object pointing to column in 5 ways
and a new object pointing to Cell in 5 ways, and a map from the top to the bottom
making everything commute. We would also specify that the source of f was the
source of i and the target of f was the source of g, etc.
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