
SCHEDULABILITY OF AN OBLIGATION COMPLEX

1. Introduction

The situation being studied here is the following scheduling problem. Given a set
of people, various subsets need to meet for various amounts of time. For example,
out of people {A,B,C,D}, groups AB and BC need to meet for 1 hour, group
BCD needs to meet for 2 hours, and groups AD and ACD need to meet for 3
hours. How many hours would they need to schedule all the meetings? The answer
is 9 hours. This will be shown in Section 3.2.

This document reflects our quick thoughts and ideas, written down quickly. As a
result, the problem is phrased in a fairly different way, namely as fractions of a day.
If these ideas ever become worth publicizing, the document should be converted to
a duration-based format rather than a fraction-based format.

We begin by providing a convenient way to write down these scheduling prob-
lems, by way of a simplicial complex whose simplices are annotated with time
fractions (alternatively durations). We provide various propositions with which
to tackle the scheduling problem, the simplest given in Section 2. A very useful
technique is given in Section 3.2.

2. Obligation complexes

Recall that a finite simplicial complex consists of a pair S=(S1, |S|) where S1 is
a finite set, and |S| ⊆ P(S1) is a set of subsets of S1 with the following properties.

• for each x ∈ S1, the singleton set {x} ∈ |S|, and
• if s ∈ |S| and t ⊆ s then t ∈ |S|.

We call elements x ∈ S1 vertices of S and more generally elements s ∈ |S| simplices
of S, and we write Si to denote the set of simplices of cardinality i.

Definition 2.1. An obligation complex (S, f) consists of a finite simplicial complex
S and a function f : |S| → [0, 1]. We call f the obligation function for S, we call
the elements s ∈ |S| working groups, we call f(s) ∈ [0, 1] the meeting time obligated
for s, and we refer to vertices x ∈ s as members of s. For each vertex x ∈ S1 we
write Sx to denote subcomplex of S consisting of all simplices containing x, and
let fx : |S| → [0, 1] denote the restriction of f to Sx. We call (Sx, fx) the obligation
complex of x.

A schedule for an obligation complex (S, f) is a function m : |S| → P([0, 1]),
where P([0, 1]) denotes the set of measurable subsets of [0, 1], such that m satisfies
the following conditions

• for all simplices s, t ∈ |S|, if s ∩ t 6= ∅ then m(s) ∩m(t) = ∅.
• for all s ∈ |S| we have

f(s) = |m(s)|,
where |m(s)| is the measure of m(s) ⊆ [0, 1].

Thanks to Ian Shipman for a very useful conversation.
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Given a schedule m and a working group s ∈ |S|, we call the subset m(s) ⊆ [0, 1]
the meeting schedule for s. If s = {x} ∈ S1 consists of a single member, we call
f(s) the alone time obligated for s and m(s) the alone time schedule for s.

An obligation complex is called schedulable if there exists a schedule for it.

Proposition 2.2. Let (S, f) be an obligation complex. If it is schedulable, then for
any vertex x ∈ S1 we have ∑

s∈|Sx|

f(s) ≤ 1.

Proof. If (S, f) is schedulable, let m be a schedule for it. Then, for all s, t ∈ |Sx|
we have s ∩ t 6= 0; thus m(s) is disjoint from m(t). Thus we have∑

s∈|Sx|

f(s) =

∣∣∣∣∣ ⋃
s∈Sx

m(s)

∣∣∣∣∣ ≤ ∣∣[0, 1]
∣∣ = 1(1)

�

If (S, f) satisfies the conclusion (1) of Proposition 2.2, we say it satisfies the
finiteness of time requirement or simply satisfies FoT.

Proposition 2.3. Let (S, f) be an obligation complex and let f ′ : |S| → [0, 1] be
defined as follows:

• for i ≥ 2 and s ∈ |Si|, we have f ′(s) = f(s), and
• for s ∈ S1 we have f ′(s) = 0.

If (S, f ′) is schedulable and (S, f) satisfies FoT, then (S, f) is schedulable.

Proof. Suppose (S, f ′) is schedulable and that S satisfies FoT. Let m′ : |S| →
P([0, 1]) denote a schedule for (S, f ′). For each vertex x ∈ |S1|, we need to schedule
alone time for x. We may assume that f(x) is as large as possible such that FoT is
satisfied, i.e. that

f(x) = 1−
∑

s∈|Sx|−{x}

f(s).

Then we simply define m(x) to be the complement,

m(x) = [0, 1]−
⋃

s∈Sx

m′(s).

Then m will satisfy the required conditions of a schedule for (S, f).
�

Proposition 2.4. Let (S, f) be an obligation complex and let s ∈ |S| be a simplex
with the property that for all t ∈ |S|, if s ⊆ t then f(t) = 0. Let

|S′| = |S| − {t ∈ |S| : s ⊆ t}.

Let f ′ : S′ → [0, 1] denote the restriction of f to S′. Then (S, f) is schedulable
if and only if (S′, f ′) is, and given any schedule m : |S| → P([0, 1]) of (S, f), the
restriction m′ to |S′| is a schedule for (S′, f ′).

Proof. Obvious.
�
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Definition 2.5. If (S′, f ′) can be obtained from (S, f) by successive applications
of Proposition 2.4, i.e. by removing unobligated simplices s ∈ |S|, then we say that
(S, f) and (S′, f ′) are equivalent.

If (S′, f ′) can be obtained from (S, f) by successive applications of Proposition
2.3, i.e. by de-obligating alone time, then we say that (S′, f ′) is a brutalization of
(S, f).

We say that (S′, f ′) is reduced if it has no unobligated simplices and no obligated
alone time.

Together, Propositions 2.3 and 2.4 say that, for scheduling purposes, we may
always assume our obligation complex is reduced.

3. Less trivial results

3.1. Breaking up meetings eases schedulability.

Definition 3.1. Let S be a simplicial complex with vertices S1. Given simplices
s, t, u ∈ |S|, we say that s is the join of t and u, denoted s = t ∗ u, if as subsets of
S1 we have that s is the disjoint union of t and u

s = tq u ⊆ S1,

i.e. t ∩ u = ∅ and t ∪ u = s.

Definition 3.2. Let (S, f) be an obligation complex, let s ∈ |S| be a simplex, and
suppose s = t ∗ u for some t, u ∈ |S|. For any number p ≤ f(s), we define the
atomic breakup migration of p from s to (t, u) to be the obligation simplex (S, f ′)
defined as follows:

• for simplices r such that r 6= s, t, u, we have f ′(r) = f(r);
• f ′(s) = f(s)− p;
• f ′(t) = f(t) + p; and
• f ′(u) = f(u) + p.

A breakup migration of (S, f) is an obligation complex (S′, f ′) that can be ob-
tained from (S, f) by a sequence of atomic breakup migrations as above.

Proposition 3.3. Suppose that (S, f) and (S, f ′) are obligation complexes and that
(S, f ′) is a breakup migration of (S, f). If (S, f) is schedulable then so is (S, f ′).

Proof. It suffices to prove this in the case of an atomic breakup migration. Suppose
that (S, f) is scheduled by m : |S| → P([0, 1]), and suppose that (S, f ′) migrates p
from s to (t, u) for a number p ≤ f(s) and subsimplices t, u ⊆ s with s = t ∗ u. We
will show that one can choose an m′ : |S| → P([0, 1]) scheduling (S, f ′).

To do so, choose any subset P ⊆ m(s) such that |P | = p. Define m′(s) =
m(s) − P , define m′(t) = m(t) ∪ P , and define m′(u) = m(u) ∪ P . For all other
simplices r ∈ |S|, let m′(r) = m(r). It is clear from the definition (3.2, that for all
simplices q ∈ |S| we have f ′(q) = |m(q)|. Note that t∩u = ∅, so to check that m′ is
a schedule, it suffices to check that for all q ∈ |S|, if t∩q 6= ∅ then m′(t)∩m′(q) = ∅.
We may assume that q is neither s, t, or u, because the result is clear in those cases.
Suppose t ∩ q 6= ∅. It follows that m(s) ∩m(q) = ∅, and since P ⊆ m(s), we have
P ∩m(q) = ∅. Thus,

m′(t) ∩m′(q) = (m(t) ∪ P ) ∩m(q) = (m(t) ∩m(q)) ∪ (P ∩m(q)) = ∅,
proving the result.
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3.2. Component scheduling.

Definition 3.4. Let (S, f) denote a reduced obligation complex. Let G(S) =
(E,N) denote the undirected graph with nodes N ∼= |S|, the simplices of S, and
an edge between nodes v and w if the corresponding simplices contain no vertex
in common. Nodes n ∈ N are called working groups, and have members, just like
simplices s ∈ |S|. We elide the difference between N and |S|.

We define the simultaneity graph of (S, f) to be the pair (G(S), f) where G(S)
is as above and f : N → [0, 1] is the original obligation function. The simultaneity
graph is viewed as an undirected graph whose vertices are annotated with numbers
in [0, 1].

We refer to connected components of G(S) as simultaneity components. If G′ ⊆
G(S) is a simultaneity component, its set of nodes will correspond to a subcomplex
(S′, f ′) of (S, f), where S′ consists of all working groups in G′, and where f ′ the
restriction of f to S′.

Note that we can recover the obligation complex (S, f) from the associated si-
multaneity graph (G(S), f). The only difference between an obligation complex
and its associated simultaneity graph is in the presentation. Thus we may speak
of schedules for simultaneity graphs, just as we speak of schedules for obligation
complexes.

Remark 3.5. We refer to elements of N as nodes rather than vertices to stave off
confusion with the vertices in a simplicial complex. Thus a node can have member
vertices.

Proposition 3.6. Let (S, f) denote an obligation complex

Lemma 3.7. Let (S, f) denote a reduced obligation complex, and let (G(S), f) be
the simultaneity graph. Suppose that s, t are nodes in G(S) that occur in different
connected components. If m is a schedule for (S, f), then m(s) ∩m(t) = ∅.

Proof. Since nodes s and t are in different components, in particular there is no
edge connecting them. Thus they contain a common member vertex, and the result
follows by the definition of schedule.

�

Definition 3.8. Let (S, f) be an obligation complex, and let T ∈ [0, 1] be a real
number between 0 and 1. We define a T -schedule of (S, f) to be a function m : |S| →
P([0, T ]), where P([0, T ]) denotes the set of measurable subsets of [0, T ], such that
m satisfies the following conditions

• for all simplices s, t ∈ |S|, if s ∩ t 6= ∅ then m(s) ∩m(t) = ∅.
• for all s ∈ |S| we have

f(s) = |m(s)|,
where |m(s)| is the measure of m(s).

An obligation complex is called T -schedulable if there exists a T -schedule for it.

Proposition 3.9. Let (S, f) be a reduced obligation complex, and let (G(S), f)
denote its simultaneity graph. Let G1, G2, . . . , Gn denote its connected components.
Then (S, f) is schedulable if and only if there exist T1, T2, . . . , Tn such that for all
i, the graph Gi is Ti-schedulable, and

∑
i Ti ≤ 1.
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Proof. It is clear that if there exist T1, T2, . . . , Tn with the described property then
(S, f) is schedulable: we simply take the schedules mi for each Gi and define m′

for s ∈ Tk by m′(s) = m(s) +
∑

j≤k Tj .

Now suppose that (S, f) is schedulable, and let m : |S| → P([0, 1]) denote a
schedule for it. Let G1, G2, . . . , Gn denote its simultaneity components, and for
each 1 ≤ i ≤ n, let mi denote a schedule for Gi. Define Di ⊆ [0, 1] as follows:

Di =
⋃

s∈Gi

m(s).

Let Ti = |Di|. Then Gi is Ti-schedulable by basic measure theory, since Gi has a
finite set of nodes.

It remains to show that we have
∑

i Ti ≤ 1. For this it suffices to show that if
i 6= j then Di ∩Dj = ∅, for then

∑
i

Ti =

∣∣∣∣∣⋃
i

Di

∣∣∣∣∣ =

∣∣∣∣∣∣
⋃

s∈|S|

m(s)

∣∣∣∣∣∣ ≤ 1.

The result then follows from Lemma 3.7
�

Example 3.10. Go through the example from the introduction.

Finish by showing what to do when we have a large connected component in the
simultaneity graph for (S, f): try to remove a large complete subgraph H ⊆ G(S)
such that the difference maxx∈H f(x) − minx∈H f(x) is as small as possible, and
leaving as many connected components as possible. Of course, all three of these
constraints can’t necessarily be solved simultaneously. But, I believe they are listed
in order of importance: removing larger complete subgraphs is most important,
followed by minimizing the difference between max and min, followed by leaving
lots of connected components (whose only advantage is to simplify things, not to
actually decrease scheduling time).
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