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1. Introduction

The purpose of this short note is to lay out some definitions for symbolic presen-
tation of information. Information may exist ideally in some Platonic realm, but
in practice it must always be “put on paper.” But what does this mean exactly?

Suppose one has a set of messages to be conveyed. The person receiving this in-
formation must understand the same symbol set as the person sending the information—
they must have an agreement or convention. However note that one cannot guar-
antee they will be able to reproduce the symbols precisely on the nose. Instead,
anything that is “close enough” will do. Moreover, moving a symbol to the right
should not change the symbol (however, if the symbol is found in a block of text
then moving it to the right without moving the block of text may very well change
the message). In other words, we may have to take group actions into account.

It is the purpose of this document to lay out some possibilities for how this story
should go. Scribbles should be anything one can draw. Symbols should be open
sets of scribbles, i.e. sets of scribbles that “count as” the symbol. Given a set of
messages, we need a symbol for each one, but we need to be careful that they don’t
overlap, even after application of some group action.

2. Definitions

Definition 2.1. Let R denote a topological space. An R-scribble is a pair (k, f)
where k ∈ N is a natural number and f : k ∗ I → R is a continuous function. Here
I = [0, 1] ⊆ R is the closed unit interval and

k ∗ I := I q I q · · · q I

is the k-fold disjoint union of intervals.
The set of R-scribbles has a natural topology as the disjoint union of function

spaces. This may or may not be the “correct” topology, but let’s use it for now.
We denote the space of R-scribbles by ScribR.

Example 2.2. Anything that can be drawn in R2, including this document, is an
R2-scribble, and this is the intention of Definition 2.1. Perhaps one might object
that the lines in this document are not “infinitely thin”. In this case, we could
consider a scribble f to instead be a representative for the equivalence class of all
tubular neighborhoods of f .

However, if some other space would serve our intention better, then we should
Definition 2.1 accordingly.

Proposition 2.3. The map Scrib(−) : Top→ Top is functorial.
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Proof. Obvious.
�

Lemma 2.4. Let R denote a topological space. The natural map R → ScribR,
given by sending r to the function f : [0, 1]→ R given by f(x) = r, is continuous.

Proof. Obvious.
�

Definition 2.5. Let R denote a topological space. An R-symbol (or simply a
symbol if R is clear from context) is a path-connected open subset of ScribR. We
define SymR to be the set of R-symbols. If U ⊆ ScribR is a symbol, we call each
scribble s ∈ U an instance of U .

Remark 2.6. The idea is that a scribble S will never be reproduced exactly. We
define an open neighborhood U of S to serve as the set of scribbles that are “close
enough.” If this is the intention, then it may be clear why U should be path-
connected, and it should also be clear that every scribble in U should have a small
enough open neighborhood also contained in U .

Lemma 2.7. Let R be a topological space, G a group, and let • : G×R→ R be a G-
action on R. This action extends to a G-action on ScribR by “post-composition”:
for any f : k ∗ I → R and g ∈ G, take g • f to be

k ∗ I f−→ R g−→ R.

This action further extends to a G-action on SymR, sending an open subset U ⊆
ScribR to its pointwise image.

Definition 2.8. A presentation medium is a sequence (R,G, •), where R is a topo-
logical space, G is a group, and • : G×R→ R is a continuous G-action on R. We
also denote by • the corresponding extension to ScribR. We say that two scribbles
x, y ∈ ScribR are G-equivalent if there exists an element g ∈ G such that g •x = y.

Example 2.9. Let n ∈ N be a natural number. Consider the group An of affine
transformations of Euclidean space Rn; there is a canonical action of An on Rn.
This action clearly extends to an action of An on Scribn by “post-composition,”

k ∗ I f−→ Rn a−→ Rn.

It thus extends to an action of An on Symn, acting point-wise on each open set,
as above.

The A2 action on R2 is a natural choice for presentation mediums.

Definition 2.10. Let X be a set, let P := (R,G, •) be a presentation medium.
An symbol denotation strategy for X in P is a function Σ: X → SymR with the
property that for all elements x, y ∈ X and all g ∈ G we have

∅ = Σ(x) ∩ g • Σ(y) ⊆ ScribR.

We call each element x ∈ X a message and we call Σ(x) the symbolic denotation
of x. We refer to any scribble s ∈ Σ(x) as a denotation instance of x.

The idea is that if two scribbles are G-equivalent then they cannot be denotation
instances of two different messages.
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Remark 2.11. Suppose we take as our presentation medium (R2, A2, •) as defined
in Example 2.9. Notice that if Σ: {1, . . . , 26} → SymR2 is anything like the “lower-
case English alphabet” function, then it is not a symbol denotation strategy, because
turning “d” upside-down gives “p”.

One solution would be to restrict our group G2 to a smaller group, say the
translations of the plane, (given by the abelian group underlying R2).

Another solution would be to recognize that in fact Σ should not be a denotation
strategy because writing “d” on a piece of paper and handing it to someone can
fail at conveying the message. However, if instead X is the set of words, then
perhaps the lower-case English alphabet would suffice: perhaps no two words can
be denoted by lower-case letters are A2 equivalent.

Proposition 2.12. Suppose that X is a set and P = (R,G, •) is a presentation
medium. Any symbol denotation strategy Σ: X → SymR induces an equivalence
relation on ScribR: two scribbles f, g are equivalent if either of the following hold:

• there exists a message x ∈ X such that f, g ∈ Σ(x) are both denotation
instances of x, or

• there does not exist a message of which either f or g is a denotation in-
stance; i.e. ∀x ∈ X we have f, g 6∈ Σ(x).

The equivalence classes for this relation are in one-to-one correspondence with the
set X q {∗}; we call {∗} non-sense.
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