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Calculus IIT and Stokes’ Theorem

Let A be a real affine space of dimension n and C*°(A) the ring of real valued
functions on A. All the tangent spaces of A are isomorphic as real vector spaces and
we write T'A for a representative of this isomorphism class. Let A*(T'A)Y denote
the exterior algebra of the vector space dual of T'A. Then the tensor product

C=(A) @z \*(TA)Y

is a differential graded algebra, which we call the de Rham complex of A and denote
Q*(A). We refer the ith graded piece Q¢(A), (0 < i < n), of the de Rham complex
as the module of i-forms of A.

Ezample 0.1. Suppose A = R3. Then Q°(A) is the DGA
CoR3 L 0°R3(dz, dy, dz) % C°R3(dzAdy, dyAdz, dzAdz) < C°R3(dzAdyndz).

The chain complex axiom that d?> = 0 corresponds to the calculus fact that
Curl(Vf)=0 and Div(CurlF’) = 0 for a function f and a vector field F. Since
Q°(A) is the de Rham complex, a student of differential geometry knows that
H(Q*(A)) = 0 if A is simply connected; this is theorem 10.3.6 in Stewart. Such a
student also knows that H%(A) = R? where i is the number of connected components
of A. This corresponds to the Calculus fact that the gradient of a function f is
zero if and only if f is locally constant; if A has ¢ connected components, then the
R-module of locally constant functions on A is clearly R

The above discussion holds for the category of affine spaces, but to delve more
deeply into the connection between differential geometry and Calculus III, we choose
a Euclidian metric g and an orientation on T'A.

The metric g : TA x TA — R induces a map ¢* : TA — (T A)" (where (TA)V is
the vector-space dual of T'A and called the cotangent space of A) via the adjunction
Homg(TA ®@r TA,R) = Homg (T'A, Homg (T'A,R)). The fact that the g is positive
definite (by virtue of being a metric) implies that g* is an isomorphism. Thus we
may identify T'A with (T'A)Y given our choice of g. For simplicity, we write g to
denote g¢f, which will cause no confusion since we will never again need to refer to
the function TA x TA — R.

Consider the C°° A-module isomorphism h;(A) : Qi(A) — Q" (A) which sends
the basis vector b € €2 to the unique basis vector ¢ € Q"% such that b A ¢ is the
basis vector of unit length and positive orientation in Q"(A).
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Ezample 0.2. In the case A = R?, the De Rham complex Q®A is isomorphic to the
DGA

CoR> L C=R3(i, j, k) <L CFR (i, j, k) 2% C°R?,
which we denote Calc®(A4). The differentials in Calc®(A) are given by V = gd,
Curl = ghydg™!, and Div = hgdg_lhgl. The reader should check these maps, as
they are easier to understand than it may appear at first sight.

It is clear that the first differential in Calc®(A) relies only on the metric g,
whereas the last two rely on the orientation (in order to form the h;.) In Calculus
III, we have chosen a metric and orientation of R? without expressing it, and we
therefore simply identify Q2 with Q', and Q3 with Q°. Hence, there is no way to
tell in which graded piece a given scalar field or vector field lives.

We end this example with a calculation of Curl. A 1-form in Calc®(R?) is of the
form o = fi1i+ foj + f3k, and we have

g 'a = fidx + fody + fzdz € Q' A.

Applying the differential, we get
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Finally we get to the statement of Stokes’ theorem. Consider first the “smooth
singular” chain complex Ce M for a manifold M: the chain groups are

——dy A dz)

C;M = R<H0msm(Ai, M)>a

i.e. C;M is the free R-module generated by the smooth functions from the manifold
with corners A’ to M. The inclusion OA? — A? induces a map of free modules

R(@*} : CzM — Oi_lM,

which we denote simply by 0.
Let C*M denote the dual cochain complex with cochain groups

C'M = Homg(C; M, R)

and differential operator d’ : C*~*M — C*M given by (d¢)(a) = ¢(da), for ¢ €
C*'M and a € C;M. We denote this differential operator by d’ so as not to
confuse it with the differential in the De Rham complex.

There is a map of cochain groups [ : Q*A — C®A4; i.e. a form a € Q°A induces
a cochain a — fa a € R for a € C;A. Stokes’ theorem simply says that these maps
induce a map of chain complexes

A —C*A
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That is, for any a € Q°A and any a € C;;1 A, Stokes’ theorem states that the
proposed equation

e (fa)r=re (f2) o= ()=

holds.



