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RATIONAL POINTS ON MODULAR CURVES
§1. Introduction

In the course of preparing my lectures for this conference, I found a proof

of the following theorem, conjectured by Ogg (conjecture 1 [17b ]):

THEOREM 1. Let & be the torsion subgroup of the Mordell-Weil group of an

elliptic curve E, over Q. Then & is isomorphic to one of the following 15

groups:
Z/m « Z for m<10 or m=12

Z/2Z x Z/2v +Z for v<4

This proof will be presented here (see also [ 14a]).
The above 15 groups do indeed occur, for their "associated” moduli problems
are of genus 0 with known rational parametrizations. b

Theorem 1 fits into a broader conjecture, attributed by Cassels ([ 3]

p. 264 ; cf. also bibliography) to the "folklore™:

b The equations are collected in ([ 10}, Table 3, page 217) , and were known for

the most part to Fricke. It is amusing to consider, however, that, in disguised form,
some of these parametrizations may have been known far earlier than that. Griffiths
pointed out to me that the data of the classical Poncelet theorem (an n-gon inscribed
in one conic and circumscribed about another) provides one with an elliptic curve and
a point of order n on that elliptic curve. (As was known, in effect, to Jacobi. See
[71814d.)

But judging from the hints given in [6 ], the mathematician Nicolaus Fuss (1755-
1826 ; a friend and student of Euler) may have found rational parametrizations of
Poncelet quadrilaterals, pentagons, hexagons, heptagons and octagons (Nova Acta
Petropol. XIII 1798, which I have not been able to track down).
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Conjecture A

If K isa number field, there is a positive integer B(K) such that for

elliptic curve E over K, the torsion subgroup of E(K) (the Mordell-Weil

group of E over K) isoforder < BK).

Theorem 1 also fits into a general program:

o
B. Given a number field K and a subgroup H of GLZZ =1 GL2 Zp classify
p

all elliptic curves E /K whose associated Galois representation on torsion points

— A
maps Gal(K/K) into HCGL2 Z .

Concerning conjecture A one has very little general information except
for the case K=Q@® . Forno K#Q isthe conjecture proved, nor does one even
possess any serious lower bounds for B(K) .

One has, however, partial information of two sorts., Firstly, for a given
number field K, and prime number p, there is a finite power of p,q= pe(p, )
such that no elliptic curve defined over K possesses a K - rational point of order
(divisible by) q . This follows from a more general theorem of Manin (using the
theory of heights and methods of Demjanenko [13] [22b]). The exponents e(p, K)
have recently been made effective by Berkovic [ 1] (using the descent techniques of
[14a]).

Secondly, there is an extremely intriguing technique of associating to a

K - rational torsion point on any elliptic curve over K (which is required to be

'rigidified' over K by extra data) K - rational points of some specific algebraic
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curve V of genus > 1 over K. Inthis way one obtains uniform bounds for the
order of the torsion parts of the Mordell-Weil groups of those elliptic curves over
(certain fields) K which possess the requisite rigidification over K, provided
V(K) is finite (more precisely: the bound is in terms of the cardinality of V(K)). D

These techniques occur in the work of Demjanenke [5] in which further
claims are made which are, it seems, unjustified. See [10] for a rigorous
development and broadening of these methods. For a relationship between the problem
of existence of rational 2 N - torsion in elliptic curves over K and K - rational
points on the Fermat curve XN + YN =1 see [11]. The paper of Kubert [10]
should be consulted for its close study and ingenigus use of these (and other) methods
to obtain a number of specific applications.

Concerning the general program (B) , a theorem of Serre [22a] assures us
that, if we ignore elliptic curves of complex multiplication, we may take H tobea
subgroup of finite index in GL 9 i . As we shall see below, a diverse range of
diophantine questions are embraced by program (B) (See [14a]). Included, in
particular, is the problem of classifying elliptic curves over K possessinga
K - rational N -isogeny (N a given integer > 1), or equivalently, a

K - rational cyclic subgroup of order N . This problem, moreover, is also

1 This is reminiscent of a method introduced by Hellegouarch [8] where he related
the existence of a @ - rational point of order ph (p aprime number > 13,

h > 1) to the existence of systeﬁs of é;_)}ll - 1)/2 rational points of an appropriate
(generalized) Fermat variety: X ij =0 where N is an integer independent

j=1
of p and h.
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equivalent to the problem of determining the X - rational points of the modular
curve XO(N) . Although our knowledge of isogenies is not as sharp as that of rational
torsion, the theory of the Eisenstein ideal provides much information when K =@. b
[Ogg and 1 expect to find no @ - rational N - isogenies when N > 163 J For

K#@®, again, very little is known. To be sure, elliptic curves possessing complex

multiplication must be treated specially when studying isogenies: if E /K is such an

]

elliptic curve, for any rational prime N which splitsin R = EndK(E) (N=g oq

with neither 7 nor # wunitsin R) multiplicationby # in E provides us

with a K - rational N - isogeny . 2
Let us say, provisionally, that an isogeny is large if it isan N - isogeny

for an integer N such that genus XO(N) > 2 (equivalently: N> 21 and

N # 24, 25, 27, 32, 36, 49) . It is tempting to ask

Question C: Is it true that for a given number field K, there are only a finite

such that if E is an elliptic curve

number of values jl’ j2’ e, jC(K) /%

possessing a large K - rational isogeny, then the elliptic modular invariant

H(E) = jm for some m < C(K) ?
It would be interesting to make empirical investigations in this area. At the

moment, one lacks sufficient experience to make any conjectures for K# @ .

1
) Surveys of some of the results of this theory occur in [14b], [16], [17b] and
the complete details will appear in [14a]. See also §4 below.
2
) If N does not split in the complex quadratic field K= Q(/- d), see §4 cor. 2
below,
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Notational conventions: If X is a schemeoverabase S and T-+S a

morphism of schemes, we shall indicate the pullbackof X to T (X x S T) by

X/T . If T=Spec A, we may also write X/A . The T -valued pointsof X

we denote X(T), andagainif X =Spec A we may also denote it X(A). If X

is a scheme over the field of complex numbers €, then XC denotes the under-

lying analytic space.
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§2. Modular curves

Let H Dbe the upper half-plane regarded as homogeneous space under

az+b

, Toapoint zeH wema
cz +d p y

; ab
PSL2 R Dby the usual action <c d)' z &
associate a lattice /\Z = Z+z+Z c C and an elliptic curve EZ =/ /\Z . The
lattice does not change under modification of z by any element of (1) = PSL2 Z

and one has the one-to-one correspondences

elliptic curves glattices in € :
over C, upto), <—> up to <> I‘(1)\H+_> C
isomorphism l homothety
where the analytic isomorphism j is the elliptic modular invariant.
Let E be an elliptic curve defined over a field K and N an integer
> 1. Let E[N] denote the kernel in E of muitiplicationby N. If N is
prime to the characteristic of K, weview E[N] as Gal(f/K) - module . Itis
a free Z/N module of rank 2 and the classical e, - pairing provides us witha

N

canonical isomorphism

/\2 E(N]5—= My ( = Gal(X/K) - module of N-th roots of 1). b

Thus the determinant of the representation of Gal(f/ K) on E[N] (viewed

as a 2 - dimensional representation over Z/N) is equal to the standard character

1 . ; - .

) There are, indeed, two canonical isomorphisms, which differ by sign. A
convention we make below will stipulate which of these two we are choosing but this
choice is irrelevant for our considerations.
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x(o)

Xt GaI(E/ K) —> (Z/N)* defined by the rule o(2) = where ¢ ¢ Gal(E/ K)

and Ze /y,N(E) . In particular, note that the image of the determinant,
det(Gal(f/K)) , isequal to (Z/N)*.

o
Any isomorphism E[N]—i> Z/N x Z/N is called a level N - gtructure .

To alevel N structure o Wemay associate an N-th rootof 1,
C(QN) = OLN—l(l, ) WA al\;l(O, 1) e /u,N(E) where the wedge denotes the
ey~ pairing .
If E isdefinedover €, we shall say that oy is a canonical level N
structure provided C(QN) = exp(2mi/N) .
If zeH, thelevel N structure oy EZ[N]?—> Z/N x Z/N
obtained by sending a/N+z.b/N in EZ[N] = %/\Z//\Z to (a,b) in
Z/N x Z/N 1is seen to be canonical (which pins down our choice of sign for the
ey~ pairing) .
I (E, aN) is any pair consisting of an elliptic curve E /T and a
canonical level N structure oy E[N]—> Z/Nx Z/N then (E, ozN) is

isomorphic to a pair (EZ , OLN) and the set of z for which this is true forms a

single orbit under

T(N) ={g er(l) | g = <é 2) modulo N}

(the principal congruence subgroup of level N). One compactifies the open

Riemann surface F(N)\H (of iso. classes of elliptic curves over € with

"canonical" level N structures) by adjunction of a finite set of points (cusps) which
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may be identified with r (N)\ IPI(CD) to obtain the compact algebraic curve X(N) /e

(the modular curve of level N):

XN = o VH I g\ PH@

T(N)

See ([4]11) for an interpretation of the cusps of X(N) in terms of
degenerate forms of elliptic curves (C* x Z/N) with canonical level N structure.
The curve X(N) is a Galois covering of X(1)=C U «» (via the elliptic modular
function j), with Galois group T(1)/T(N) (= PSL2Z/NZ , if N isa
prime). If Hc GL2 Z/NZ , set Ho =Hn SL2 Z/NZ , and let XH denote

is given either

the intermediate covering H \ X(N) . A non-cuspidal point of XH
o

by a € - isomorphism class of pairs consisting in an elliptic curve E and an
H - orbit of level N structureson E , or equivalently, an H0 - orbit of

canonical level N structures. Asacurveover €, X is dependent only on the

H
subgroup H0 ; however XH admits a natural structure over the field
Q(exp(27i/ N))det H , the fixed field under the action of det H< (Z/N)* = Gal((l)((jN)/G)),

where det H denotes the image of the determinant. (See [4 ]IV 3. 20.4)

In particular, if det H=(Z/N)*, then X _ is defined over Q.

H

If H= {(é :) e GL2 Z/N} , the standard notation for X is Xl(N) and

H

its non-cuspidal points correspond to elliptic curves with a chosen point of order N.

*
If H= {(8 RE: GL2 Z/N}, the standard notation for X . is XO(N) and

H
its non-cuspidal points classify N - isogenies.

More systematically, if N > 5 is a prime number, any proper subgroup
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Ha GL2 Z/N is conjugate to a subgroup of one of the entries of the following table,

in which Jn denotes the symmetric group on n letters, Gn the alternating

2mi/N

group and (D(XN) denotes the quadratic subfield of @(e ).

(N = prime > 5)

H Notation for XN Field of definition

(a) The Borel
subgroup Xy (N) Q

L 3

(5 )

(b) The normalizer

of & split Cartan (N) Q

X .
split
* 0 0 =

2 UG

(c) The normalizer

of a nonsplit Cartan
subgroup IF*_ cGL_Z/N
N2 2

(N) Q

X -
nonsplit

(d) The inverse image in X, (N) @ if N=4+3 mod 8
GL2 Z/N of J4CPGL2 Z/N 4 Q(XN) if NA+3 mod8.

(e) The inverse image in
GL, Z/N of G PGL, Z/N

(possible only if N =+ 1 mod 5)

X, (N) Q)

(f) The inverse image in X _(N) Q(XN)
GL2 Z/N of G,4CPGL2 Z/N 4
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Remarks:

1. The normalizer of Cartan subgroups.

If N>35 isaprime number, one has these formulae for the genus of

Xsplit(N) and Xnonsplit(N) respectively:

11 +(N-8) «N- 4('13)
24

23 -+ (N - 10) -N+6(-1\1])+4(-1\3])

g (N) = n

nonsplit

where <§) denotes the Legendre symbol.
It is immediate that Xsplit(N) corresponds to the problem of classifying
elliptic curves endowed with an unordered pair of independent N - isogenies, and

Xnonsplit(N) corresponds to the problem of classifying an elliptic curve together

with a chosen subfield of order N2 in the endomorphism ring of E[N]

(equivalently: an IF 5 T vector space structure on E[N] determined up to the
N
conjugation in IF 2) .

N

One sees easily that the curve X (N) is isomorphic (over @) to

split

2
XO(NZ)/W where w is the canonical involution (induced from zk - 1/Nz in

H). In contrast, the family of curves X (N) does not seem to be directly

nonsplit

related to any of the more "familiar" modular curves.
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2. N - adic points of the modular curves associated to exceptional subgroups.

Serre has proved the following local result for elliptic curves (which Ribet

and I have checked remains valid for abelian varieties of arbitrary dimension):

Let K be a finite extension of (DN of ramification index e. Let E

be an elliptic curve over K with a semi-stable Néron model over the ring of

integers @K . Let r: Gal(f/ K) - PGL(E[N]) denote the projective representation

associated to the action of Galois on N - division points of E . Then: if

2e < N -1, the image of the inertia subgroup under r contains an element of

> (N - 1)/e.

Using this local result, one obtains a bound c(K) such that XH
possesses no K - rational points, when H is an exceptional subgroup of
GL2 Z/N and N> c(K). Inparticular, Serre has shown that XJ (N) possesses

4
no points rational over QN if N>13.

3. 'Expected’ rational points on XH . b

Let N be a prime number and E be an elliptic curve with complex

multiplication over €. Let R = EndCE . Itis well known that E[N] is a free

R/N “R - module of rank 1. 2 Since R/N+R isan I - algebra of dimension

N

2, there are 3 possibilities:

D These are closely related to the Heegner points studied by Birch and Stephens.
Compare also [14a] Ch. III §2.

2) This follows e.g. from ([12] Ch. 8, §1 Cor. 1).
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(a) R/N+R has a nontrivial radical. In thiscase R/N«R = ]FN[ el,
where € is a nontrivial element in the radical, necessarily of square zero.
(b) R/N:+R is a product of two fields (each = IFN) . In this case we

have the equation 1 = h + €y in R/N+R where € s ¢, area pair of

orthogonal idempotents.

(c) R/N.R is a field.

In case (a), the kernel of ¢ in E{N] is a subgroup of order N, and
the pair (E, ker ¢) determines a point ag € XO(N) .

In case (b), the kernels of € and € in E[N] provide an

unordered pair of independent cyclic subgroups of order N, and thereby determines

apoint a_ e (N) .

E Xsplit
In case (¢) we obtain a point ag € Xnonsplit(N) .

Consequently, for each elliptic curve with complex multiplication E , we

obtain a (noncuspidal) point a_ = aE(N) € XO(N) i Xsplit(N) X (N) which, by

E nonsplit

the theory of complex multiplication (e.g. [12] part two Chapter 10) , is defined
over a subfield of index two in the ray class field of R ® @, with conductor equal to
the conductor of R.

Since there are 13 complex quadratic orders R with class number 1,
for each N we obtain 13 @ - rational points aE(N) in

XO(N) a Xsplit(N) oxX (N) (the "expected" rational points).

nonsplit

For R=% [l+T-E] , E=C/R, and N-=11, 19, 43, 67, 163, the point
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aE(N) lands in XO(N) . For all other cases (N > 11) the "expected” rational

points distribute themselves among Xsplit and Xnonsplit .

4.  The status of knowledge of @ - rational points of the modular curves.

If N isprime, and Hc GL2 Z/N is an entry of the above table,
such that 8y >0, and XH is defined over @, the following facts are known:
(a) X'H = XO(N) has only a finite number of @ - rational points. If p
denotes the number of noncuspidal rational points on XO(N) , then p is known for
all N< 250 except N =151 and 227 and v =0 in this range except for the

following values of N :

Nt 11 17 19 37 43 67 (151) 163 (227)
v 3 2 1 2 1 1 ? 1 ?

(besides the techniques of [ 14a], this tabulation makes use of calculations and
results due to Atkin, Brumer and Kramer, Ogg, Parry, Tingley and Wada. See
[ 14a .

(b) XH = Xsplit(N) has only a finite number of @ - rational points if
N # 13 . Since Xsplit(ls) is of genus 3, one expects that it, too, has only a finite
number of rational points. ([14a] Ch. I §6).

(c) For = (N) nothing is known.

Xnonsplit
(d) By remark3, X,; (N) has no rational points for N > 13. Serre,
4
however, has constructed a rational point on X , (11) andon X <, (13) using
4 4
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elliptic curves with complex multiplication by /- 3.
To be sure, the last two entries in the table are not defined over @, and

therefore can have no () - rational points.



Maz-16 122

§3. A proof of Theorem 1

Theorem 1 implies that if m < « is the order of a @ - rational torsion
point of an elliptic curve over @, then m < 10 or m=12. This statement is

equivalent to;

THEOREM 2, If the genus of Xl(m) is >0 (i.e. m=11 or m>13), then

the only @ ~ rational points on Xl(m) are the @ - rational cusps.

Kubert ([10] IV. 1.2) has shown that to prove Theorem 1, it suffices to
prove Theorem 2 for m a prime number > 23 ; this is what we shall do below.
The proof we shall give for Theorem 2 will in fact be valid for m =N,
a prime number such that either N =11, or N > 17 (i.e. such that the genus of
XO(N) is > 0). Since it may be of interest, at least for clarity of presentation, to
make essential ingredients of the proof explicit at the outset, we shall do this by
axiomatizing what is needed.

We shall prove:

PROPOSITION: Let (K,N) be a pair consisting in a number field K and a prime

number N, which satisfies Axioms 1,2, and 3 below.

Then the only K - rational points of Xl(N) are the K - rational

cusps.

b At present, I have no example of a number field K different from @ anda
prime number N suchthat (K,N) satisfies these axioms. But compare the next
footnote with §4 Cor. 1.
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Our first axiom is simply a bound:
Axiom 1: Let d=[K:Q]. Then N> 1+3d+2-3d/2.

Axiom 2: There is a nonconstant map (over Q)

f: XO(N) - A

where A is an abelian variety, such that:

(i) if 0 and = arethe cusps of XO(N), then f(g)#f(i).

(ii) The Mordell-Weil group A(K) is finite,

Remark: If K=@Q, then Axiom 2 is satisfied when A is taken to be the
Eisenstein quotient of ] = the jacobian of XO(N) provided N=11 or N=>17.
(cf. [14a] theorem 4 of introduction and §4 below).

For our third axiom, we need a definition. Let L/K be a Galois
extension such that CN (a primitive N-th rootof 1) liesin I and such that
V = Gal(L/ K([N)) is an abelian group killed by N.

L

v{ Ty

™~k

Suppose that the natural action of Gal(K(z;’N)/ K) on V (via conjugation
through Gal(L/K)) is given by multiplication by the j-th power of the standard
character ¥ . Thatis

Py = X(‘r)J 'y

where we recall that the standard character ¥ : Gal(K(CN)/ K) = (Z/N)*
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(1)

is defined by the rule: CN

=T CN , for Te¢ Gal(K(gN)/K) .
Here j may be taken to be an integer modulo N - 1.
If the above is the case, let us referto L asa XJ - extension of

K(gy) -

. . . -1 .
Axiom 3: There are no nontrivial everywhere unramified X = - extensions

of K(CN) .

Remark: When K =@, Axiom 3 is indeed valid, and follows from a theorem of

Herbrand, which is a sharpened version of Kummer's famous criterion. Explicitly, if

1

B denotes the 2k-th Bernoulli number (B 4 =30

2k
2<2k<N-1, write j=1-2k modN-1. Then:

B,=0, B

2:3’ 3 .-..) and

THEOREM (Herbrand-Kummer): If B2k isa N - adic unit, then there areno

nontrivial everywhere unramified X] - extensions of Q(CN) .

In particular, since B_=1/6, Axiom 3 follows for K=Q.

2

Further remarks: Ribet has recently shown [20b] that, under the same conditions

as above, sz is an N - adic unit if and only if there are no nontrivial everywhere

unramified x] - extensions , of (D(CN) .

Gilles Robert [21] has developed machinery for the study of unramified
xJ - extensions of K(CN) where K is a quadratic imaginary field. In particular
he has a generalization of the Kummer criterion to this case, where the Bernoulli

numbers are replaced by certain determinants of certain "Hurwitz numbers".
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)

However, the (conjectured) analogue of Herbrand's "sharpening” is not yet known.
We may now proceed with the proof of the above proposition. For the
remainder of the proof we shall let E /K denote an elliptic curve with a K - rational
torsion point of order N (equivalently: a Galois sub-module isomorphic to the
constant Gal(f/ K) - module Z/N) and we shall study the properties of such a
curve E, supposing that (K,N) satisfies our axioms. In the end we shall conclude
that E cannot exist.
The ey " pairing provides a self-duality of E[N] into Iy 5 and

therefore our K - rational point of order N gives us an exact sequence of

Gal(f/ K) modules:

() 0— Z/N—> E[N]—> g — 0

Choosing a Z/N - basis of E[N] (¥) compatible with this exact
sequence (i.e. such that the first member is a nontrivial K - rational point) enables
us to view the 2 - dimensional Gal(-IZ/ K) - representation over Z/N (the action of
GaI(E/K) on E[N] (f)) as a representation p: Gal(E/K) — GL2 Z/N of the
form ([1) ;) , where X is the standard character. Let L/K be the field
extension generated by the N - division points of E (i.e. the 'splitting field' of
the representation p). Itis evident that L/K is Galois. The field L contains
K(CN) , and from the exact sequence (*) one gets a natural injection
D It might nevertheless be of interest to have lists of (K,N) where K isa
quadratic imaginary field, and N is a rational prime, > 5 remaining prime in

K, suchthat N isa regular prime in X in the terminology of [21]. These
(K,N) would indeed satisfy Axiom 3. ([21] Cor. 2).
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(v2) Gal(L/K(gy) S Hom(p (), Z/N) (= puy, ()

To be sure, this shows that Gal(L/K((N)) is an abelian group killed by
N . But a simple calculation shows, further, that the natural action of GaI(K(z;’N)/ K)
on Gal(L/ K(CN)) is by multiplication by the character X_l . As Serre pointed out,
this calculation is particularly transparent if one views Gal(L/ K(zf’N)) as a subgroup
of ]p-l(f) using (**) above.

Thus: L/K(Z.,) isa X-l - extension .
IN

We shall prove the following

MAIN LEMMA: (a) L/K(CN) is everywhere unramified.

(b) E 1is not an elliptic curve of complex multiplication.

Proof of the proposition, granted the main lemma:

Since the X_l - extension L/ K(CN) is everywhere unramified, by
Axiom 3, it is trivial. It follows that the exact sequence (*) splits, giving a
GaI(E/K) - isomorphism E[N]= Z/N x IHN . That is, we may view the Gal(f(—/K)

module Z/Njx ][.LN as contained in E We may pass to the quotient

/K’
E'= E/I“N which is, again, an elliptic curve over K, and the image of the sub-
Galois module Z/N c E in E' is, again, a sub-Galois module isomorphic to
Z/N . Since Z/N c E' satisfies all the hypotheses that Z/N < E does, the

main lemma is applicable to it also. Proceeding as above, we get a sequence of

elliptic curves over K
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E - E = E" o «cvv = E(]) —ee
Ul Ul Ul Ui
Z/N Z/N Z/N Z/N

each obtained from the next by an N - isogeny , and such that the original subgroup

Z/N c E maps isomorphically into every E(J) .

Since all the curves E(J) will have good reduction outside a fixed finite

set of closed points of S = the spectrum of the ring of integers in K, it follows
from Shafarevic's theorem ([22c] Ch. IV 1.4) that among the set of E(J) 's

there can be only a finite number of K - isomorphism classes of elliptic curves

represented. Consequently, for some indices j > j' we must have

@ G9 )

E(J) == E(J ) . B by a nonscalar isogeny. Therefore E™ |

ut E maps to E
and hence E , is an elliptic curve of complex multiplication. But this contradicts

part (b) of the main lemma.

Remarks: . The above argument, using part (a) of the main lemma, shows that E
has a complex multiplication defined over K, which is impossible when K=Q.
So, in that case, one has a contradiction from part (a) alone.

2. Although Part (a) is an assertion which is 'local’ for every prime of

K, the essential step (2 below) in the proof of the main lemma is global.

Step 1: (The Néron model of E/K)
Let S be the spectrum of the ring of integers in X, and E/S the
Néron model of E,_ . By the universal property of Néron models the morphism

/K
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which maps to the Zariski

Z/ E extends to a morphism Z/N

Nk " P
closure in E/S of Z/N/K c E/K

([19] §2;[14a] Ch. 1(c).) This group scheme extension G/S isa

(separated) quasi-finite group scheme over S whose generic fibre is Z/N. Since,

/s " E/s

(the 'group scheme extension’ of Z/N

/K

however, it admits a map from Z/N which is an isomorphism on the generic

/S

fiber, it follows that G is a finite flat group scheme (of order N). Since, by

/S

Axiom 1, N>d+1, for each closed point s ¢S, the absolute ramification index

e (over Spec Z) is < N -1, and consequently, by a theorem of Raynaud

19]13.3.6) G,,=Z/N,_ .
(11913.3.6) G o= Z/N ¢
Therefore we shall identify G /s with Z/N /s and we obtain, therefore,
for each closed point s ¢S the subgroups Z/N /s c E /s in the Néron fibre over

s (the 'specializations’).

LEMMA 1: E/S is semi-stable. That is, for each se S, E/s is either an

. o s s :
elliptic curve, or its connected component (E S) is of multiplicative type.

/

Proof: Suppose that (E S)O is an additive group. Then the index of (E s)O in

/
o
S) . Let k(s)

/

E/s is <4 ([24 $6 Tablep. 46). It follows that Z/N/ /

denote the residue field of s. Since the additive group over k(s) is killed by

Sc:(E

multiplication by the characteristic of k(s) (= "char s") it follows that chars=N.

Now let KS denote the completion of K at s, and note that there is a field

b4

extension K'S/KS whose relative ramification index is < 6, and such that E/K'
s
possess a semi-stable Néron model 8/@, where @'S is the ring of integers in

S
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K' [23]. b ¥ E

s /6" denotes the pullback of E to @'s , we have a morphism
s

/S

E

5 .
/s, /o

which is an isomorphism on generic fibres, using the Universal Néron Property of

&, . . The mapping ¢ is zero on the connected component of the special fibre of

®

/ s

E /6 since there are no non-zero morphisms from an additive to a multiplicative
s

type group over a field. Consequently, the mapping ¢ restricted to the special

fibre of Z/N/Q, is zero. As in the discussion before the present lemma, one sees
S

that if G /6 is the'group scheme extension'in & of Z/N then there is a
s

/8 /X

morphism from %/N/S'

to Q/@' which is an isomorphism on generic fibres, and
s s

which is zero on special fibres.
Using Raynaud's Cor. 3.3.6 [19], again, one sees that this is impossible,
since the absolute ramification index of Ks is <6d and N-1>6d by

Axiom 1.

LEMMA 2: If seS isa point of characteristic 2 or 3, then E has bad (hence

multiplicative) reduction over s, and Z%Z/N

/s ead (Es)0 . (Recall that ®  denotes

connected component).

1
) Proof: apply §2 Corollary 3 of [23] with m =3 and 4, notingthat
N = char 8 is different from 2 and 3.
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Proof: Let d=[K:Q@]. If s hascharacteristic ¢ then the cardinality of

d d
k(s) is <t . If Es has good reduction at s, ithasatmost 1+ 4 +2«f

d/2
points by the "Riemann hypothesis” . Since Z/N c Es this contradicts Axiom 1
if 4=2 or 3. Thus E has multiplicative type reduction at the point s. Then
over the quadratic extension k’(\é) of k(s), we have an isomorphism

0
E,~) =G ~ 22c] IV A.1.1) and therefore N must divide the
cardinality of k’(\s). If card(k&)) = £2r with r<d, then N divides

2
2 S (zr - 1) (zr+ 1) which again violates Axiom 1, since N is prime.

Remark: We have established part (b) of the main lemma, since if E werea
complex multiplication elliptic curve, its Néron model could not have multiplicative

type reduction at any point s e S.
Step 2: (The Global Step).

LEMMA 3: If seS isany point of bad reduction for E then the 'specialization’

/S
Z /N /s is not contained in the connected component of the identity (E /S)o .
Proof: Let S, be a point of bad reduction such that Z/N /s < (E /s )0 . By
o o

Lemma 1, char Sy #N, andby Lemma 2, char s, #2,3. Let

T=28pec 6[1/N] where © is the ring of integersin K , and let XO(N)/T be the

modular curve over the indicated base. It is a smooth scheme over T . Let 1] /T

@

27 denote the cuspidal sections of XO(N) and let x denote the T - valued

/T
point of XO(N) determined by our couple (Z/N/T c E/T) . It is illuminating to

draw a scheme-theoretic diagram:
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X
| 0]
S, S3 SO
T * - > 3

Here s, is any point of T of characteristic 2 and 83 is any point of

characteristic 3 . Such points exist. We are justified in drawing the intersections

X/Sz = a_o_/sz and x/53 = 3/53 because, by ([4] VI §5) the modular interpre-

tation of O—D/s is the 'generalized elliptic curve' (Z/N c (Bm X Z/N) (i.e. the
cyclic subgroup of order N which gives the FO(N) - structure is not contained in
the connected component of the identity) while the interpretation of /s is the
'generalized elliptic curve’ (Ip,N c Gm X Z/N) (i.e. the cyclic subgroup of order
N which give the FO(N) - structure is contained in the connected component
containing the identity).

Let us consider, now, any abelian variety quotient B )/ of the jacobian J
of XO(N) /@ We assume therefore the existence of a homomorphism J—B defined
over Q. Since ] has 'good reduction' over Spec Z[1/N], by the Criterion of
Néron-Ogg-Shafarevic (cf. [23] §1) , the Néron model of B over Spec Z[1/N]
is an abelian scheme, and consequently so is its pultback B T We have a morphism

f . . . . L
XO(N)/T — B/T which sends =) to the zero-section. This morphism is simply

the composition of the natural morphisms XO(N) /T €. ] /T —> B where «

/T

sends a section =z to the divisor classof 2z -« .
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Claim: The image of the T - section x under f iseither O or of infinite

order in B(T).

The proof of the above claim is as follows: If f(x) were of finite order m,

since y(x) =0, m isapowerof 2(=char s ); but since y(x) =0,
/3, 2 /83

m is a power of 3 (= char 53) .
We are now ready to invoke Axiom 3. Applying the above Claim to the
abelian variety B=A of Axiom 3, we deduce that f(x) =0. Consequently

f(g/S »)=0 (in B, ) . Butsince f is defined over the base S' = Spec Z[1/N]

/s

) o
and 0 -~ isan S' - section of finite order # 0, one obtains by Oort-Tate [18]

or by Raynaud ([ 19 ] 3. 3. 6) that f(g/

characteristic # 2. Taking s’ to be the image of Sy in S', wearrive ata

S,) #0 for any point s ¢S’ of

contradiction, and we conclude the assertion of Lemma 3 .
Step 3: (L/ K(gN) is unramified)

Proof: We shall prove the above assertion for all closed points s e S:

(a) If E has good reductionat s, and chars#N then E[N] isan

étale finite flat group scheme in a Zariski open set about s. In particular, L/K is
unramified 'above' the point seS.

(b) If E has good reductionat s, and chars=N then E[N] isa

2

finite flat group scheme over SS , the completion of S atthe point s. Applying

o
the connected component of the identity functor (denoted ) to the exact sequence of

finite flat group schemes over Ss :0-Z/N-E[N]- g = 0, one sees that
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EIN ]o =y giving us a canonical splitting: E[N] = Z/N x N which shows,
again, that L/ K();N) is unramified 'above’ the point s ¢ S.

(¢) ¥ E has bad (hence multiplicative) reduction at s, we shall work,

)

asin (b), over the base Ss . The quasi-finite group scheme E[N ( = kernel

s

of multiplication by N in the group scheme ) fits into a short exact sequence

E
/S
of quasi-finite group schemes over Ss :0-Z/N-E[N]-G-0 where the generic
fibre of G is isomorphic to T - The point of Lemma 3 in Step 2 is to insure
that the special fibre of G is non-zero. Explicitly, since Z/N/S & (E/S)0 , we

have that the kernel of N in the multiplicative group (E s)0 maps injectively to

/
G/s . It follows that G, and hence E[N] is a finite flat group scheme over

SS . If char s#N then E[N] is an étale finite flat group scheme, and one
concludes as in (a) above. If char s=N, then letus note that G = i over

SS . (Here are two possible arguments for this: By Axiom 1 , the absolute ramification
index of Ks is <N -1, and therefore a finite flat group scheme over SS of
order N is determined by its generic fibre ([19] 3.3.6). Or, one can show
directly that E[N], beinga finite flat group scheme must be self (Cartier) dual,
using an autoduality formula for Néron models and 'Néron-connected’ models.

[15] Ch. I 5.1).

We thus have a short exact sequence of finite flat group schemes as in (b)

above, and we conclude the argument similarly.
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84. Eisenstein quotients.

Our presentation of the proof of Theorem 1 would be incomplete without
some account of the proof that the pair (®,N) satisfies Axiom 2 when N=11 or
N > 17 (i.e. when the genus of XO(N) is > 0). Two different proofs of this are
givenin [14a]. (Let us call these the easy and hard proofs. The 'easy’ proof is
also sketched in [16]. Ttisgivenin [14a] in Ch. III 83). Both proofs rely on
an argument of 'geometric descent’ using the 'Eisenstein ideal' in the Hecke algebra
of endomorphisms of ] the jacobian of XO(N) . The easy proof is an 'infinite
descent' (a more appropriate title would be: an 'indefinite descent') which uses
surprisingly little information concerning the Eisenstein ideal. The hard proof uses
the detailed study of the Eisenstein ideal given in Ch. 11 of [14a]. Itis a 'first
descent' and yields more precise information concerning the Shafarevic-Tate group.

Rather than repeat either of these proofs here, we shall adapt the hard proof
so as to make it yield information in the case where K is a quadratic imaginary
field. In particular, we shall prove that (K,N) satisfies Axiom 2 (ii) (i.e. the
Eisenstein quotient of ] has a nontrivial factor with finite Mordell-Weil group over
K) provided K is a quadratic imaginary field in which N does not split, and
N > N(K) where N(K) is an explicit constant, dependent upon K (Cor. 2 below).
The easy proof would not suffice for this application. The reader should easily be able
to reconstitute the hard proof for K =@ from the facts concerning the Eisenstein
ideal collected below, and the proof given.

We shall try to introduce the reader to the relevant parts of the theory of the
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Eisenstein ideal by presenting the needed definitions interspersed with results guoted
from [14a] (collected in the facts numbered 1 - 6 below). Having accumulated what
we need, it will be a relatively simple matter to 'perform the required descent'.

To begin, N will dencte a fixed prime number such that genus (XO(N)) >0
(ie. N=11 or N>17). Let ] be the jacobian of XO(N) over @, and

its Néron model over 7Z .

Vz
T: The Hecke algebra is the subalgebra of the endomorphism ring End C J
generated by the Hecke operators T 4 (¢ running through all rational prime

numbers # N) and by w (the canonical involution induced from z - 1/Nz on

the upper half plane H).
Fact 1 "11"=End®] ({1421 Ch. I 9.5).
I: The Eisenstein ideal is the ideal in T generated by the elements

n£=1+z-TL (¢ # N)

andby I1+w.

Fact 2: By ([14a] Ch. II 9.7) onehas T/I = Z/nZ where

N-1 . .
n = numerator (—-TZ——) . Let us reserve the letter p to denote a rational prime

number dividing n . The prime ideals of T which are in the support of 1

(called the Eisenstein primes) are in one-one correspondence with the prime divisors

p of n.

Let P be the (Eisenstein) prime generatedby I and p. Then

T/P = %/p .
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Fact 3: The Eisenstein ideal is locally principal in T ([I14a] Ch. II 18.10).

Explicitly we have the following criterion which furnishes us amply with local
generators of I at an Eisenstein prime P = (I,p):

Let (p,4) be a pair of rational primes # (2,2) suchthat p divides

n . Then the element m, = 1+4 - TZ is a generator of the ideal 1 locally at

P = (I,p) if and only if:

(i) £ isnota p-th power modN

(ii) 2"—%;&0 modp .

In the exceptional case (p,4) = (2,2) we have that Ny is a local

generator of 1 at P = ([,2) if and only if 2 is not a quartic residue modulo N.

C: the cuspidal subgroup. If c¢ is the class of the divisor of degree zero

0 -« in J(@), then ({17a], [14a] Ch. II 11.1) n = order (c). The

cuspidal subgroup C is the subgroup of ]J(Q) generatedby c. We use the

notation C /% to indicate the finite flat subgroup scheme over Z generated by

C in J/Z . By ([14a] Ch. II 11.1) C is annihilated by the Eisenstein ideal.

Jlt ]/Q : the kernel of the ideal 1 in the jacobian J/(D . Thisis, by
definition, the intersection of the kernels in ]| /Q of all (or of a generating system of)

elementsin I.

Fact4: By ([14a] Ch. II 16.4 and 17.9) JI1] q isof order n?. By

([14a] Ch. I 1.7) there is a Galois submodule Z c J[1 ]/CD

subgroup) such that X is isomorphic (as Gal(a/Q) - module) to by - I n is

(called the Shimura
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odd(i.e. N#1 mod38) then J[Il=C @& =. If, however, n is even, then

C N Z is a sub-Galois module of order 2 andthus C + X is of index two in

JLI]1. Only in certain cases (i.e. N =9 mod 16) have we given an explicit

construction of the 'remaining piece' in J[I].

Fact 5: (The fibre of Néron in characteristic N)

The 'bad’ Néron fiber ] /T has the following structure:
N

J,e =0, )’ xC
/e Yy

where C isa cyclic group of order n, which may be viewed as the specialization

to ]FN of the cuspidal group C, and (J

/E )o is a multiplication type group.
N

([ 14a1 Appendix) .

f -
]/02 — B/CD will be

called an optimal quotient if the kernel of f is an abelian subvariety of J (i.e.

Fact 6: (Quotients of J) An abelian variety quotient of J,

if it is connected). Clearly every quotient is isogenous to a unique optimal quotient.

The Q- simple quotients of ] are € - simple [20a].

The Hecke algebra T has the property that T ® Q =1 kj (***) where
J

kj are (totally real) algebraic number fields. One has the following natural one-one

correspondences:
simple optimal — factors k. _ irreducible
quotients of ] in  (skx) - components in Spec T

- minimal prime ideals
N of T
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If g isanyidealin T let < T be the ideal = N ar and
y ‘)’a Y 1
r=

(a)
U

abelian subvariety Yy ° J © J. Geometrically, we may view ]

the optimal quotient of ] obtained by passing to the quotient of ] by the
(@) as that optimal

quotient of ], which under the one-one correspondence above corresponds to the set

of all those irreducible components of Spec T which meet the support of ¢a .

™

T : The Eisenstein quotient; it is the optimal quotient J where 1 is

the Eisenstein ideal.

j(p) : The p - Eisenstein quotient, ](P) , where P = (I,p) .

One has that the Eisenstein quotient is that optimal quotient of ] comprising

(p)

all the simple quotients of T , P l n .

For a detailed study of these quotients and numerical data for N < 250 see

[14a].

4 : If W isafinite T - module, xP(W) is the P -length of
W. If W isa finite abelian group then LP(W) denotes its
p - length (i.e. logp of the order of the p - Sylow subgroup

of W).

Hi(S,E) :  will denote cohomology for the fppf site ([26] exp. IV 6.3)
over a scheme S, where & isan abelian Ippf - sheaf. The
reader will note that the only fppf sheaves we use explicitly are
flat group schemes over S (although & , which occurs below,

is an étale nonseparated group scheme). Moreover, the only
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0
dimensions i we consider are: H (S,IF) = group of S - valued

1
sections of I, and H (S, TF).

Conventions: Fix p a prime divisorof n, and n-= ”1, a local generator of I
at P=(,p) (See fact 3). Omne sces by an elementary argument that 7 isan
isogeny of ] (cf, [14a] Ch. II. proof of 16. 10).

Let A c Spec T be the closed subscheme (the finite set of closed points)
wheih is the complement of the point P in the support of the ideal (r) . We shall
work consistently modulo A . That is, we shall ignore finite T - modules
supported on A.

Let X be a quadratic imaginary field and S the spectrum of the ring of
integers in K.

Consider the exact sequence of abelian fppf sheaves over §S:
(the "descent sequence): 0 —> J[n]l—>] . J—&—0

Here J[n] is the kernel of n o in J /s° It is a quasi-finite (separated)
flat group scheme. The cokernel of 7, & , is a 'skyscraper sheaf' concentrated
at the points s of S of characteristic N . Its stalk at any such point is
isomorphic to c (fact 5) .

Now let pa denote the maximal power of p dividing n. Thus,

1O =1 (O =a. 1 p#2, Jlnl= /0% & o Todulo & (fact 4).
p

Let (K} denote the class number of K and B= ,ep(h(K)) . We make

the further hypothesis that o > 8 which will be strengthened later.
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The Mordell-Weil group of ] over K is the finitely generated group
HO(S,]) = J(S) = J(K) , which we view as a T - module (indeed: as a coherent sheaf
over Spec T'). Let M = J(K)/torsion.

Set y=0 if N doesnot splitin K, (i.e. ramifies or stays prime) ,
and py=1 if N splitsin K.

The descent estimate:

LP(M/n-M)§25+u-a if p#2, and
LM/« M) < 2 B+v o+ (1 +g+v) if p=2,

where g isthe 2-length of the subgroup of points of order two in the ideal class

group of K.

Proof: We indicate the proof in some detail when p#2. When p=2, we 'lose
the quantity (1 +g+v) in our estimate since we lack a complete description of the
P - primary component of J{I] and possess a description only 'up to a group of
order two'. D
Suppose, then, p#2.
Note that zP(W) depends only on W modulo A. The estimate is
established by first obtaining a bound for the P - length of J(K)/m +J(K), by

estimating the P - lengths of terms occuring in the long (fppf) - cohomological

exacts sequences arising from the "descent sequence"”. For this calculation one

D

To complete the argument for p=2 when K= Q4 -1) one must make use of
the explicit Galois module structure of the points of order 2 in J[I] ([14a]
Ch. II §12).
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must know that:
1 o
(a) /zp(H (S,Z/p)) =8,

for (since a> B) Hl(S, Z/pa) is isomorphic to the dual of the

p - primary component of the Hilbert Class Field of K.

®) L HSu D= B i (K F 6,003
p

B+1 if (p,K) = (3, Q(/-3)

Proof: By Kummer theory for H oo we have the short exact sequence:
p

o
0—> 575 —>H'(s,p ) —> H'(S,6_)[p*1—> 0
p

where S* denotes (Em(S) = Global units in K, and [pa] means, as usual, the
kernel of multiplication by pa .
If we recall that Hl(S,CGm) is the ideal class group of K, and, again,

that o> B, we obtain (b).

(c) HO(S,q:) C if N does not splitin X .

Ce®C if N doessplitin K .

LS, 8) = (14) -ar .

From the "descent sequence” and (a), (b), and (c) one may deduce that
£p0(K)/m +J(K)yis < (l+v)a+28+e where e=1 if (p,K)=(3, ®(+/ - 3)) and
¢ =0 otherwise. By applying the snake-lemma to the endomorphism v operating

on the short exact sequence O - torsion —J(K)»M ~0, one obtains the "descent
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estimate’ above.
If P< T isa prime ideal, let the subscript () denote localization at

.

PROPOSITION: Suppose

o> 28 if p#2

o> 28+(1+g+v) if p=2

Then there is a minimal prime ideal © < P« T such that the

T, . -rank of M is 0 if N doesnotsplitin K, andis <1 if N
@ e Ne =201 P ’ =

splits in K.

Proof: Comparing our hypotheses wtih the descent estimates we see that we have

(1 +v)a=1+v) 4 (T/n - T) > £5(M/m + M) . Consequently,

(LH0)  £p(Tpy/n » Tipy) > £pMpy/n M)

Claim: M does not contain a free T, . - module of rank 1+y.

(§9) (P)

Proof: If FcM issucha T
— (P) (P)

by F, apply the snake-lemma to the endomorphism mn operating on the exact

- module , and Q is the quotient of M(P)

sequence 0 =F - M(P) — Q-0 and one quickly deduces a contradiction to the
inequality displayed above.
Our proposition then follows from the claim, for if R is a commutative

noetherian local subring of R® Q@ = a product of fields, andif W isan

R - module of finite type, then W contains a free R - module of rank r if
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and only if W is free of rank >r over R for every minimal prime ¥

®) ®)

in R.

COROLLARY 1: If the inequalities of the previous proposition hold, and if, further,

N does not splitin K, then there is an (optimal) abelian variety quotient

'j'(p)

-+ A defined over @, suchthat A(K) is finite.
Proof: This follows directly from the proposition (cf. [14a] Ch. III 3.5).

Remarks: 1. If p#2, andinthe frequently encountered case B=0, the

{p)

above argument can be made to show that T itself has a finite Mordell-Weil group

over K. One has no reason to believe that this will continue to be true when

g=>0.

ﬁp)

Nevertheless it seems difficult to get examples where is not simple.

The only example of this when N < 250 isfor p=2, N=113 (See the table

in the introduction of [ 14a]). If one admits certain standard conjectures (of Weil,

and Hardy-Littlewood. [14a] Ch. III 87) one sees, however, that ?[{2) is not

simple for an infinite number of values of N .

2. It seems likely that, if N does splitin K, the T(P) rank of
1)

M is > 1 for every minimal prime P < P.

®)

)

If xe XO(N) is represented by an elliptic curve with complex multiplication by
the ring of integers in K, with N-isogeny given by one of its complex
multiplications, there is some evidence to support the hope that the trace to K of
the class x - » in ] generates a "11“( P)-Vectorspace of dimension one in M(P)
for every minimal prime Pc T .
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As a consequence of the proposition one would then have the existence of a minimal

rime § suchthatthe T -rank of M is precisely 1.
P ®) @ °FP y

3. For a fixed quadratic imaginary number field K, the inequalities

N-1
12

required by the proposition will hold for some prime divisor p of n = num( )
for all but a finite numbexr of valuesof N. (e.g. N > 48 -h(K)3 + 1 will certainly

insure the existence of sucha p.)

COROLLARY 2: If N> 48 -h(K)3 +1, and N does not split in the quadratic

imaginary field K, then XO(N) (K) is finite.

Proof: In this case Cor. 1 applies, giving a nonconstant map XO(N) —-f—> A
(defined over Q) where A is an abelian variety such that A(K) is finite. Since
XO(N) is of dimension one, the fibers of the mapping f are finite. Therefore

XO(N) (K) is also finite.

4. (Examples of isogenies over quadratic imaginary fields. )

Consider only prime numbers N such that genus XO(N) >1. Let X+ =X (N)+

denote the quotient of X = XO(N) by the canonical involution w . Since N is
prime, it is known that the real locus X(IR) consists in a single circle, and if
X—F(]R)0 is the connected components in X+(IR) containing the image of the cusps,
then the natural projection sends X(IR) to a proper arc in X+(1"R)O (since w has
a fixed point in  X(IR)) . Call the complement of this image the imaginary arc in
X+(]R)O . Any @ - rational point of X+ in this imaginary arc will provide (by

passing to the inverse imagein X) an N - isogeny , rational over some quadratic
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imaginary field. When are there an infinite number of (@ - rational points of X+

lying in the imaginary arc? This will certainly be the case when X+ is of genus 0

(N =23,29,31,41,47,59, and 71). This will also be the case when X" is of genus
1 (N=37,43,53,61,79,83,89,101, and 131). For, if ]  isthe jacobianof X',
it is proved in [ 14a] (introduction. Theorem 3) that if the genus of x is >0,
then the Mordell-Weil group of ]+ is a free abelian group of positive rank. Thus,
in particular, when X+ is an elliptic curve, its Mordell-Weil group is infinite b
and therefore its intersection with the circle group X+(1R)o (which is at most of
index 2 in X+(]R)) must likewise be infinite, hence dense.

It would be interesting to obtain N - isogenies (prime N) over quadratic
imaginary fields which do not arise from the above process nor from complex
multiplication. In this connection one might mention that there are four values of N
known (N = 389,419,479 and 491) such that XO(N) has only a finite number of
cubic points. That is, the totality of rational points of XO(N) in all cubic fields is a
finite set ([14a] Ch. III 4.6, using data provided by Atkin on New Year's eve

1975). Does this persist for larger values of N ?

Brumer and Kramer have shown it to be infinite cyclic.
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