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Genus 1 point counting in large characteristic
Let g > 3 be prime and let E/FF, be defined by
v =x>+ax+b.

We wish to compute #E(F,) =g+ 1—1t. Let n =logg.
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Let g > 3 be prime and let E/FF, be defined by

v =x>+ax+b.

We wish to compute #E(F,) =g+ 1—1t. Let n =logg.
Algorithm Time Space
Totally Naive O(e**¢) O(n)
Slightly Less Naive O(e"t¢) O(n
BSGS 0(611/4+e) O(En/4+e)
Pollard kangaroo O(e"/*+¢) 0o(n?)
Schoof O(n’ llog n) on?)
SEA (@, precomputed) O(n*llog n) o(n*)
SEA (@, via [Enge 2009]) O(n*log*nllogn) O(n®logn)
Today’s talk O(n*log®nllogn) O(n?)
Amortized O(n*llog n) 0(n?)

Andrew V. Sutherland (MIT) Genus 1 point counting 2 of 30



A quote from the 2007 record holder (2500 digits)

“Despite this progress, computing modular polynomials remains the
stumbling block for new point counting records. Clearly, to circumvent
the memory problems, one would need an algorithm that directly
obtains the polynomial specialised in one variable.”

INRIA Project TANC
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The Classical Modular Polynomial @,(X,Y)

@, € Z[X, Y] parameterizes pairs of £-isogenous elliptic curves.
It is symmetric, with degree £ + 1 in both X and Y.

( coefficients largest average total
127 8258 7.5kb 5.3kb  5.5MB
251 31880 16kb 12kb 48MB
503 127262 36kb 27kb  431MB
1009 510557 78kb 60kb  3.9GB
2003 2009012  166kb 132kb 33GB
3001 4507505  259kb 208kb 117GB
4001 8010005  356kb 287kb  287GB
5003 12522512  454kb 369kb 577GB
10007 50085038 968kb 774kb  4.8TB

Size of O, (X,7Y)

Andrew V. Sutherland (MIT)

Genus 1 point counting
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Plan of the talk

v

A quick review of the SEA algorithm and its complexity.

v

Instantiated modular polynomials using the CRT.

v

Modular polynomials via isogeny volcanoes.

v

Numerical results (5000+ digit record).
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The elliptic curve group law

Point addition may defined by as follows:
(x1, 1) + (2, 32) = (A —x1 —x2, (%1 —x3)A — y1),

where
A — (v2 = y1)/ (%2 — x1) if x| # x
(3X% + a)/(ZJ’l) if X1 = X2

Andrew V. Sutherland (MIT) Genus 1 point counting 6 of 30



The elliptic curve group law

Point addition may defined by as follows:
(x1, 1) + (2, 32) = (A —x1 —x2, (%1 —x3)A — y1),

where

A — (v2 = y1)/ (%2 — x1) if x| # x
(BX% +a)/(2)’1) if X1 = X2

We can use this to compute multiples of a point P = (x, y):

p— (x4 —2ax> — 8bx + a® x° + Sax* 4 20bx* — S5a*x* — 4abx — a® — 8b2>
(2y)? ' (2y)3
Ap— ( X —12ax" — - + 640  4x +92ax3 + - .. —2048175)
(3x* + 6ax? + 12bx — a?)?"  (3x* + 6ax2 + 12bx — a?)?

ap=...
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Division polynomials

In general, the {th multiple of P = (x, y) may be written as

P — ( 0¢(x,y) we(x,y)>
Polx,y)2 " Pelx, y)?

where 0,, w¢, P, are polynomials in x and y.

The {th division polynomial of E defined by

fom Py if £ is odd
T v, ifLiseven

is a univariate polynomial in x. It has degree O({?) and its
roots are the abscissa of the nontrivial points in E[{].
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Schoof’s algorithm

1. For sufficiently many primes ¢ (up to ~ n/2):
Determine whicht, =0, 1, ...,{ — 1 satisfies

7 — [tel7t + [g¢] = 0 mod (f¢, E),

where ¢, = ¢t mod ¢ and g; = ¢ mod .
7t is the Frobenius endomorphism: (x,y) — (x4, y?).

2. Use the CRT to determine r and #E(F,) = ¢+ 1 —1.
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Schoof’s algorithm
1. For sufficiently many primes ¢ (up to ~ n/2):
Determine which#, =0, 1, ..., ¢ — 1 satisfies

— [t + [g¢] = 0 mod (fe, E),

where ¢, = ¢t mod ¢ and g; = ¢ mod .
7t is the Frobenius endomorphism: (x,y) — (x4, y?).

2. Use the CRT to determine r and #E(F,) = ¢+ 1 —1.

The computation of (x?,y?) in IF,[x, y]/(fi, E) dominates:
Time = Z O(nM(£%n)) = O(r’ llog n)

Space = max o(%n) = 0(n?)
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SEA algorithm (Elkies version)

1. For sufficiently many primes £ (up to ~ n):
Compute @ (X,Y).
Evaluate ¢¢(Y) = @¢(j,Y), where j = j(E).
If ¢ has arootjinF,:
Compute a normalized isogeny to £/F,.
Compute a factor g, of f;.
Determine which A, =0,1, ..., { — 1 satisfies

7T— [A¢d =0 mod (g¢, E)

and set t; = Ap 4 q¢/A¢ mod L.
2. Use the CRT to determine r and #E(F,) =q+ 1 —1.
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SEA complexity

Task Time Space
Compute @, O(1og* IM(L))  O(£*logt)
Compute ¢, O(’M({ +n))  O(*logl)
Find a root O(nM({n) O({n)
Construct E O(*M(n)) O(n)
Compute g, O(£*M(n)) Oo(tn)
Compute mmod g¢, E  O(nM({n) O({n)
Find A, O(IM(Ln)) O({n)
Apply CRT O(M(n)logn) O(n

Total time is O(n*log® nllog n) using O(n? logn) space.
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Algorithms to compute @,

g-expansions:
(Atkin ?, Elkies 92, ’98, LMMS 94, Morain '95, Milller 95, BCRS '99)

@, mod p:  O(*+¢Llog' ¢ p) (p>t+1)
Dy o(**er) (via the CRT)
isogenies: (Charles-Lauter 2005)

@ mod p:  O(L* € log*" € p) (p > 120 + 13)
Dy or+e) (via the CRT)

evaluation-interpolation: (Enge 2009)
Dy O log*te ) (floating-point)
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Computing @, with the CRT

Strategy: compute @, mod p for sufficiently many primes p and
use the CRT to compute @, (or ®, mod g).
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Computing @, with the CRT

Strategy: compute @, mod p for sufficiently many primes p and
use the CRT to compute @, (or ®, mod g).

» For “special” primes p we can compute @, mod p in time
O(£%1og® pllog p) using isogeny volcanoes [BLS 2010].

» Assuming the GRH, we can efficiently find sufficiently many
such primes with logp = O(log{).

Computes @, in O(£3 log® t1log £) time and O(£3 log {) space.

We can directly compute @, mod ¢ using O(¢*(n + log{)) space.
But this is still bigger than we want (or need). ..
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Explicit Chinese Remainder Theorem
Suppose ¢ = ¢; mod p; for k distinct primes p;. Then

Cc = Z c,-a,-M,» mod M,

where M = l_[p,', M; = M/pl and a; = 1/Ml IIlOdp,'.
If M > 2|c|, we can recover c € Z.
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Explicit Chinese Remainder Theorem
Suppose ¢ = ¢; mod p; for k distinct primes p;. Then

Cc = Z c,-a,-M,» mod M,

where M = l_[p,', M; = M/pl and a; = 1/Ml IIlOdp,'.
If M > 2|c|, we can recover c € Z.

With M > 4|c|, the explicit CRT computes ¢ mod ¢ directly via

c= (Z cia;M; — rM) mod g,

where r is the closest integer to >_ a;c;/M;, computed using
O(logk) bits of precision.

Using an online algorithm, this can be applied to N coefficients c in

parallel, using O(log M + klog g+ N(log g +logk)) ~ O(N log ¢) space.

Montgomery-Silverman 1990, Bernstein 1995, S 2009.

Andrew V. Sutherland (MIT) Genus 1 point counting 13 of 30



Computing ¢¢(Y) with the explicit CRT (take 1)

Strategy: lift j = j(E) from F, to Z and then compute
Ge(Y) = D¢(j,Y) mod p

for sufficiently many (special) primes p and use the
explicit CRT to obtain ¢¢ mod 4.

This uses O({*M(log p)) time for each p, in O(£log p) space.
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Computing ¢¢(Y) with the explicit CRT (take 1)

Strategy: lift j = j(E) from F, to Z and then compute
Ge(Y) = D¢(j,Y) mod p

for sufficiently many (special) primes p and use the
explicit CRT to obtain ¢¢ mod 4.

This uses O({*M(log p)) time for each p, in O(£log p) space.

However, “sufficiently many” is O({n).
Total time is O(£nM(log £), using O(&n + Llog £) space.

In situations where n < { this may be useful, but not in SEA.
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Computing ¢¢(Y) with the explicit CRT (take 2)

Strategy: lift j, 2,33, .. ., jt*1 from F, to Z and then compute
Ge(Y) = D¢(j,Y) mod p

for sufficiently many (special) primes p and use the
explicit CRT to obtain ¢, mod 4.

This uses O({?log? p llog p) time for each p, in O({*log () space,
and this can be reduced to O(£?).
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Computing ¢¢(Y) with the explicit CRT (take 2)

Strategy: lift j, 2,33, .. ., i“1 from F, to Z and then compute
q
Ge(Y) = D¢(j,Y) mod p

for sufficiently many (special) primes p and use the
explicit CRT to obtain ¢, mod 4.

This uses O({?log? p llog p) time for each p, in O({*log () space,
and this can be reduced to O(£?).

Now “sufficiently many” is O(£ + n).
Total time is O({?nlog> L1log £), using O({n + (?) space.

This is perfect for SEA, and can also be applied to the partial
derivatives of ®,, which we need to construct E.
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Modified SEA complexity

Task Time Space
Compute ¢, O(1og? IM(L))  O(tn + £2)
Find a rootj O(nM(Ln) O({n)
Construct E O(2M(n)) O(tn)
Compute g; O(?M(n)) O(in)
Compute tmod g, E O(nM({n) O({n)
Find A, O(IM(Ln)) O({n)
Apply CRT O(M(n)logn)  O(n

Total time is O(n*log? nllog n) using O(n?) space.

We can simultaneously compute ¢, mod ¢ for O(log? n) curves
at essentially no additional cost.

Amortized complexity: O(n*1log n) time using O(n?) space.
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A 3-volcano of depth 2
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(-volcanoes

An {-volcano is a connected undirected graph whose vertices are
partitioned into levels Vg, ..., V,.

1. The subgraph on V; (the surface) is a regular connected graph of
degree at most 2.
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2. Fori > 0, each v € V; has exactly one neighbor in V;_;.
All edges not on the surface arise in this manner.

3. Fori < d, eachv €V, has degree {+1.
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(-volcanoes

An {-volcano is a connected undirected graph whose vertices are
partitioned into levels Vg, ..., V,.

1. The subgraph on V; (the surface) is a regular connected graph of
degree at most 2.

2. Fori > 0, each v € V; has exactly one neighbor in V;_;.
All edges not on the surface arise in this manner.

3. Fori < d, eachv €V, has degree {+1.

The integers ¢, d, and |V,| uniquely determine the shape.
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The (-isogeny graph

The modular polynomial @, € Z[X, Y] has the property

Q¢ (j(E1).j(E2)) =0 <= E; and E, are {-isogenous.
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The (-isogeny graph

The modular polynomial @, € Z[X, Y] has the property

Q¢ (j(E1).j(E2)) =0 <= E; and E, are {-isogenous.

The t-isogeny graph G, has vertex set {j(E) : E/F,}
and edges (ji,j») whenever @(j;,j») =0 (in F,).

The neighbors of j are the roots of ¢ (X) = O (X, j).

Andrew V. Sutherland (MIT) Genus 1 point counting 19 of 30



The (-isogeny graph G,

Some facts about G, (Kohel, Fouquet-Morain):

» The ordinary components of G, are {-volcanoes
(provided they don’t contain j = 0, 1728).

» Curves at level V; of an {-volcano have the same endomorphism
ring, isomorphic to an imaginary quadratic order O;.

» The order Oy is maximal at ¢, and ©; C O, has index £'.

» The depthisd = W (dlsc(g))'

Curves in the same {-volcano are necessarily isogenous, but
isogenous curves need not lie in the same {-volcano.
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The CM action

Let E/FF, be an ordinary elliptic curve with End(E) = O.

The class group cl(0O) acts on the set

{/(E/F,) : End(E) = O}.

Horizontal {-isogenies are the action of an O-ideal with norm £.
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Let E/FF, be an ordinary elliptic curve with End(E) = O.

The class group cl(0O) acts on the set
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The cardinality of V; is the order of the cyclic subgroup of cl(0)
generated by an ideal with norm £.
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sequence of isogenies of small degree, via relations in c1(Q).
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The CM action

Let E/FF, be an ordinary elliptic curve with End(E) = O.

The class group cl(0O) acts on the set
{/(E/F,) : End(E) = O}.
Horizontal {-isogenies are the action of an O-ideal with norm £.

The cardinality of V; is the order of the cyclic subgroup of cl(0)
generated by an ideal with norm £.

A horizontal isogeny of large degree may be equivalent to a
sequence of isogenies of small degree, via relations in c1(Q).

Under the ERH this is always true, and “small” = O(log” |D)).
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Running the rim

D,(X,Y) =X + Y3 — X2Y? + 1488X%Y — 162000X> + 1488XY? + 40773375XY
+ 8748000000X — 162000Y? + 8748000000Y — 157464000000000
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Mapping a volcano

Example General requirements
L =5 p=4451, D=—151 dp =2 —v?0’D, p=1mod!
t =52, v=2, h(D)=1 Ctv, (B)=1, nD)=t+2

N

1. Find a root of Hp (X)
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Mapping a volcano

Example General requirements
L =5 p=4451, D=—151 dp =2 —v?0’D, p=1mod!
t =52, v=2, h(D)=1 Ctv, (B)=1, nD)=t+2

1. Find a root of Hp(X): 901
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Mapping a volcano

Example General requirements

L =5 p=4451, D=—151 dp =2 —v?0’D, p=1mod!
t =52, v=2, h(D)=1 Ctv, (B)=1, nD)=t+2
=2 LA (L) =1

[

2. Enumerate surface using the action of o,
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L =5 p=4451, D=—151 dp =2 —v?0’D, p=1mod!
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Mapping a volcano

Example General requirements

L =5 p=4451, D=—151 dp =2 —v?0’D, p=1mod!
t =52, v=2, h(D)=1 Ctv, (B)=1, nD)=t+2
=2, as=0a3 5075’5,(@%):1,0(@:0(@0

Y 351 A 2215

2. Enumerate surface using the action of o,
901 —% 1582 252501 -2 351 -2, 701 - 2872 —%. 2215 2
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Mapping a volcano

Example General requirements

L =5 p=4451, D=—151 dp =2 —v?0’D, p=1mod!
t =52, v=2, h(D)=1 Ctv, (B)=1, nD)=t+2
=2, as=0a3 5075’5,(@%):1,0(@:0(@0

o0t 351 A 2215 201

2. Enumerate surface using the action of o,
901 - 1582 25 2501 -2 351 —2. 701 - 2872 —%. 2215 2
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Mapping a volcano

Example General requirements

L =5 p=4451, D=—151 dp =2 —v?0’D, p=1mod!
t =52, v=2, h(D)=1 Ctv, (B)=1, nD)=t+2
=2, as=0a3 ZU#E,(g])zl,ocg:ock@(]

2872
o0t 351 A 2215 201

2. Enumerate surface using the action of o,

901 —25 1582 —2 2501 —2 351 —2 701 —2 2872 —2 2215 —2»
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Mapping a volcano

Example General requirements

L =5 p=4451, D=—151 dp =2 —v?0’D, p=1mod!
t =52, v=2, h(D)=1 Ctv, (B)=1, nD)=t+2
=2, as=0a3 5075’5,(@%):1,0(@:0(@0

1582 2872

4 351 A 2215 20

2. Enumerate surface using the action of o,
901 —% 1582 252501 -2 351 —2. 701 - 2872 —2. 2215 2

Andrew V. Sutherland (MIT) Genus 1 point counting 23 of 30



Mapping a volcano

Example
¢ =5, p=4451, D= —151
t =52, v=2, h(D)=7

=2, as=0a3

701

General requirements

4p =1 —v’D, p=1mod?l
Ctv, (B)=1, nD)=t+2

Dy — — K
LA (R) =1, ar = o,

1582

[

N

2. Enumerate surface using the action of o,

901 —25 1582 —2 2501 —2 351 —2» 701 —2 2872 —2 2215 —2»
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Mapping a volcano

Example General requirements

L =5 p=4451, D=—151 dp =2 —v?0’D, p=1mod!

t =52, v=2, h(D)=1 Ctv, (B)=1, nD)=t+2

=2, as=0a3 5075’5,(@%):1,0(@:0(@0
1582 2872

701
o0t 351 A 2215 201

3. Descend to the floor using Vélu’s formula
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Mapping a volcano

Example
¢ =5, p=4451, D= —151
t =52, v=2, h(D)=7

=2, as=0a3

General requirements

4p =1 —v’D, p=1mod?l
Ctv, (B)=1, nD)=t+2

Dy — — K
LA (R) =1, ar = o,

1582

[

3188

N

3. Descend to the floor using Vélu’s formula: 901 2. 3188

Andrew V. Sutherland (MIT)
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Mapping a volcano

Example General requirements

L =5 p=4451, D=—151 dp =2 —v?0’D, p=1mod!

t =52, v=2, h(D)=1 Ctv, (B)=1, nD)=t+2

=2, as=0a3 5075’5,(@%):1,0(@:0(@0
1582 2872

701
oot 351 A 2215 201

3188

4. Enumerate floor using the action of B,
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Mapping a volcano

Example General requirements

{ =5 p=4451, D=—151 dp =2 —v?0’D, p=1mod!

t =52, v=2, h(D)=17 Crv, (2)=1, nD)=t+2

lo=2 as=od, B =Bl LA () =1, o = o, B =Bl
701 1582 2872

901

351 A 2215 ik

3188

4. Enumerate floor using the action of 3,
2

3188 % 945 % 3144 —} 3508 —§—> 2843 —§—> 1502 —z—> 676 —
2970 - 3497 2> 1180 — 2464 —» 4221 —2» 4228 2 2434
1478 2 3244 —2, 2055 —2 2976 —2 3345 —2 1064 —2 1868 —

3328 —2 291 — 3147 —2 2566 —— 4397 — 2087 — 3341 ——

Andrew V. Sutherland (MIT) Genus 1 point counting
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Mapping a volcano

Example
t =5,
t =52, v=2,

=2, os=a3,

701

901

3188 2970 1478 3328

4. Enumerate floor using the action of 3,

3188 % 945 % 3144 —} 3508 —§—> 2843 —§—> 1502 —z—> 676 —=
2970 —2 3497 25 1180 —2> 2464 —2» 4221 —2 4208 —> 2434 —>

p=4451, D= —151
h(D) =7

Bas = B}

General requirements
4p =1 —v¢’D, p=1mod?l
Crv, (2)=1, nD)=t+2

7
Lo # ¢, (%) =1 ¢ = 0(530, Bp= Bke()

1582 2872

351 A 2215

2
2

1478 % 3244 % 2255 7} 2976 {H 3345 7} 1064 7} 1868 %
3328 —25 291 —2 3147 —2 2566 —— 4397 — 2087 — 3341 ——
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Mapping a volcano

Example

L =5, p =4451, D= —151
t =52, v=2, h(D)=7
=2, as=0a3, PBos=0pH]

701

901

3188 2970 1478 3328

4. Enumerate floor using the action of 3,

3188 % 945 % 3144 —§—> 3508 —§—> 2843 —} 1502 —z—> 676 —=
2970 —2 3497 25 1180 —2> 2464 —2» 4221 —2 4208 —> 2434 —>

General requirements
4p =1 —v¢’D, p=1mod?l
Crv, (2)=1, nD)=t+2

7
Lo # ¢, (%) =1 ¢ = 0(530, Bp= Bke()

1582 2872

351 A 2215

3508 2464 2976 2566

2
2

1478 % 3244 % 2255 7} 2976 {H 3345 7} 1064 7} 1868 %
3328 —2 291 —25 3147 —2 2566 —— 4397 — 2087 — 3341 ——
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Mapping a volcano

Example

L =5, p =4451, D= —151
t =52, v=2, h(D)=7
=2, as=0a3, PBos=0pH]

701

901

3188 2970 1478 3328

4. Enumerate floor using the action of 3,
3188 —25 945 2 3144 —2 3508 —2 2843 —= 1502 —= 676 —

General requirements
4p =1 —v¢’D, p=1mod?l
Crv, (2)=1, nD)=t+2

7
Lo # ¢, (%) =1 ¢ = 0(530, Bp= Bke()

1582 2872

351 A 2215

3508 2464 2976 2566

676 2434 1868 3341

2

2970 —§—> 3497 % 1180 —Z—» 2464 —§—> 4221 —§—> 4228 —§—> 2434 —2—»
1478 2 3044 -2, 2255 2, 2976 2 3345 2 1064 —2» 1868
3328 —25 291 —2 3147 —2 2566 —2 4397 —2 2087 —2 3341 —
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Mapping a volcano

Example

L =5, p =4451, D= —151

t =52, v=2, h(D)=7

=2 as=o03, Pos=0PR]
701

901

3188 2970 1478 3328

4. Enumerate floor using the action of 3,

3188 % 945 % 3144 —} 3508 —§—> 2843 —§—> 1502 —z—> 676 —=
2970 —2 3497 25 1180 —2» 2464 —2s 4221 —2 4208 —2 2434 —>

General requirements
4p =1 —v¢’D, p=1mod?l
Crv, (2)=1, nD)=t+2

7
Lo # ¢, (%) =1 ¢ = 0(530, Bp= Bke()

1582 2872

351 A 2215

3508 2464 2976 2566

676 2434 1868 3341

2
2

1478 % 3244 % 2255 7} 2976 {H 3345 7} 1064 7} 1868 %
3328 —2 291 —2 3147 —2 2566 —— 4397 — 2087 — 3341 ——

Andrew V. Sutherland (MIT)
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Mapping a volcano

Example

L =5, p =4451, D= —151

t =52, v=2, h(D)=7

=2 as=o03, Pos=0PR]
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901

3188 2970 1478 3328

4. Enumerate floor using the action of 3,
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4. Enumerate floor using the action of 3,
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2970 —2 3497 25 1180 —2> 2464 —2s 4221 —2 4208 —2 2434 —>
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1582 2872

351 A 2215

3508 2464 2976 2566

676 2434 1868 3341

2
2

1478 % 3244 % 2255 7} 2976 {H 3345 7} 1064 7} 1868 %
3328 —2 291 —2 3147 —2 2566 —— 4397 — 2087 — 3341 ——

Andrew V. Sutherland (MIT)

Genus 1 point counting

3144 1180 2225 3147

23 of 30



Mapping a volcano

Example

L =5, p =4451, D= —151

t =52, v=2, h(D)=7

=2 as=o03, Pos=0PR]
701

901

3188 2970 1478 3328

4. Enumerate floor using the action of 3,

3188 % 945 % 3144 —} 3508 —§—> 2843 —§—> 1502 —z—> 676 —=
2970 —2 3497 25 1180 —2> 2464 —2» 4221 —2 4208 —> 2434 —>

General requirements
4p =1 —v¢’D, p=1mod?l
Crv, (2)=1, nD)=t+2

7
Lo # ¢, (%) =1 ¢ = 0(530, Bp= Bke()

1582 2872

351 A 2215

3508 2464 2976 2566

676 2434 1868 3341

2
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Mapping a volcano

General requirements
4p =1 —v’D, p=1mod?l
Ctv, (B)=1, nD)=t+2

WAL (L) =1 00 =, By

[

1582 2872

Example
L =5, p =4451, D= —151
t =52, v=2, h(D)=7
=2 as=o03, Pos=0PR]
701
901
3188 2970 1478 3328

Andrew V. Sutherland (MIT)

N

3508 2464 2976 2566

676 2434 1868 3341 3144

Genus 1 point counting
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Interpolation

701 1582 2872
0t 351 A 2215
3188 2970 1478 3328 3508 2464 2976 2566 676 2434 1868 3341
D5 (X, 901) = (X — 701) (X — 351) (X — 3188) (X — 2970) (X — 1478) (X — 3328)
D5 (X, 351) = (X — 901) (X — 2215) (X — 3508) (X — 2464) (X — 2976) (X — 2566)
D5 (X,2215) = (X — 351) (X — 2501) (X — 3341) (X — 1868) (X — 2434) (X — 676)
D5 (X,2501) = (X —2215) (X — 2872) (X — 3147) (X — 2255) (X — 1180) (X — 3144)
D5 (X,2872) = (X —2501) (X — 1582) (X — 1502) (X — 4228) (X — 1064) (X — 2087)
D5 (X,1582) = (X —2872) (X — 701) (X — 945) (X — 3497) (X — 3244) (X — 291)
D5 (X, 701) = (X — 1582) (X — 901) (X — 2843) (X — 4221) (X — 3345) (X — 4397)

Andrew V. Sutherland (MIT)
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Interpolation

701 1582 2872

4 351 A 2215 20

3188 2970 1478 3328 3508 2464 2976 2566 676 2434 1868 3341 3144 1180 2225 3147
D5 (X, 901) = X0 + 1337X5 + 543x% + 497x3 + 43912 + 3144X + 3262
@5 (X, 351) = X0 +3174x> + 1789X* + 3373%3 + 3972X2 + 2932X + 4019
@5 (X,2215) = X0 +2182X5 + 512x% 4 435%3 4+ 2844X2 4 2084X + 2709
@5(X,2501) = X0 + 2991X> + 3075X5 + 3918%3 + 2241X2 + 375X + 1157
@5 (X,2872) = X0 + 380X5 + 3200x4 + 3009x3 + 161X2 + 1003X + 2091
D5 (X, 1582) = X0 + 1803X5 + 794x4 4 3584x3 + 2252 + 1530X + 1975
@5 (X, 701) = X0 + 515%5 + 1419x* + 041x3 + 41452 4 2722% + 2754

Andrew V. Sutherland (MIT;] Genus 1 point counting



Interpolation

701 1582 2872

4 351 A 2215 20

3188 2970 1478 3328 3508 2464 2976 2566 676 2434 1868 3341 3144 1180 2225 3147

D5 (X,¥) = X0 4 (445075 + 3720¥%4 + 2433¥3 + 3499¥2 4 70Y + 3927)x°
(37207 + 36837% + 2348Y3 + 2808Y2 + 3745 + 233

(2433¥5 + 234874 + 2028Y3 + 20252 + 4006Y + 2211

(3499Y> + 2808Y4 + 2025Y3 + 4378¥2 + 3886 + 2050

( 70¥5 + 37457* + 4006Y3 + 3886Y2 + 905Y + 2091

(Y0 + 392775 4 2337% 4 221173 4 2050¥2 + 20917 + 2108)

4
3

)
)
) 2
)

b e e
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Computing @¢(X, Y) mod p

Choose a suitable D = 0(£?) and logp = O(log{).

1. Find a root of Hy(X) over F,. O(Llog>* € ()
2. Enumerate the surface(s) using cl(D)-action.  O({log*" {)
3. Descend to the floor using Vélu. O(Llog' "¢ ()
4. Enumerate the floor using cl(¢>D)-action. O log* ¢ )
5. Build each ®,(X,j;) from its roots. O(2log> ¢ 0)
6. Interpolate @(X,Y) mod p. O(log> ¢ 0)

Time complexity is O(£2log>™ ¢£).
Space complexity is O(¢*log £).
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Alternative modular polynomials

In practice, the modular polynomials @, are not used in SEA. There
are alternatives (due to Atkin, Mdller, and others) that are smaller by
a large constant factor (100x to 1000x is typical).

The isogeny-volcano approach of [BLS 2010] can compute many
types of (symmetric) modular polynomials derived from modular
functions other than j(z), but these do not include the modular
polynomials commonly used with SEA.

They do include modular polynomials CDIZ derived from the Weber

function f(z). These are smaller than @, by a factor
of 1728, but they have never (?) been used with SEA before.
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The Weber modular polynomials @)}

The Weber f-function is related to the j-function via

(74 — 16)°
)= Rz

Provided that End(E) has discriminant D = 1 mod 8 with 3 4 D,
the polynomial ¢} (Y) = ®}(f(E), Y) effectively parameterizes
(-isogenies from E.

This condition is easily checked (without knowing D), and if it fails,
powers of f, or other modular functions may be used.
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Numerical results: modular polynomial records

» { =10079: 120 cpu-days (2.4 GHz AMD) to compute
a Mdller polynomial of size 16GB [Enge 2007].

» (= 10079: 1 cpu-hour (3.0 GHz AMD) to compute
@} of size 3GB [BLS 2010].

» { =60013: 13 cpu-days (3.0 GHz AMD) to compute
@} of size 748GB [BLS 2010].

» { =100019: 100 cpu-days (3.0 GHz AMD) to compute
] mod (286243 — 1) of size 1GB [S 2010].

For ¢ = 100019, the size of @} is over 1TB and @ is over 1PB.
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Numerical results: 5011-digit point counting record

The number of points on the elliptic curve E defined by
y? = x* 4 2718281828x + 3141592653,

modulo the prime p = 16219299585 - 216612 — 1 is

41 74831 125548174433501
4000538839: 085921652538526785: 1450 85910365069362: 95¢ 102908
885662070661 416084069074836301903 81983798513562269371401 4047174078
470090179859044 1 159711 291947721784826992100016689607428! 42098735441112464897682811881029409157742; 1
82361 30269299941 12525989072405641659553 1398724332427935709677002908601694738: 505065832587533308670;
698390042713464578653244 5326810¢ 481916297348239030: 46043295502481 9574487888250634
839378780708735123886798805132703759033 4555086724374 127267380730950376658888626: 971055 1 19704356
263549436446848603965666427837093575009979091922302413453' 14320893731637296530257682556027 1 2323281562204811188
28153087049604418704163034575704801 11718650037 38001 7938646571605607395886 78866 173738434566579562979142309333771 136778;
253801663601524° 3067711612870475974728874060256 1538 12 104487087257820402756 763684
70462033277614427931026042988307328558959932 16333047147994546492842426742530314565704272126471147496267335652133743455000287920: 35127:
295073603477358589223431309277807734657260856177926792519303039018061981527 6361130528 wA73023638233A55202658040 53 7573270137A525945 19730
S07048y 776883045 75306909032006967 4377 15693650744099608411973081430390148262649852081364 4005404443107834285953988209092522350423727240 48811
43270022694783971162521206171333¢ 168849910978673768497963315 4692500231 1597415122276 761062286678900752200803665 295821 168236916513
59172724626618829733555769988656469: 8091626921818662 o861 39087316 860409064 74367067586843407055463402
189135839816572488543254133655111590963645670069347744986526036851104541120584703545306063648651258921793091452321 111295"4637984155 418991750541041378713
105362188790883183727300! 62717448016824877474558981852517722802 14779535554987684535229998681835176117651014 63441401085581041504
53207370935052150913863: 49804 19468961 126144564114585216077473899495865951 723630995676
1 4 5011201201511300712228666929950: 1076909338 603558710045399536 42080638952 43311641026894824
705851 8361778056561670358618600: 50257584 352428041311901722: 45716587 3049911956443052
1 1984377646508955766617133740: 13998; 98, 099695691493817145995186900066
914751 224479062512262684875301273349528920064 1795967 184561011226439252 78938510726596259437826466293
0256714749154770003140032780641 1025863588 821853412004266 1586 5842009365338
19714782372925 0292277961255490293815989577215748050074 2740183577851714893063771521660961
17245526322307 36693 14039160245658185874740143677240: 9580082555507952245836919025471 104
012000284 0125494269 49511548063640973305897987938517397615564158741334788986628702195063520 1937096525 783545292573171574068856
410570554618250845632120703674 148635468184175804925273259911659543081743640608001 13159189008286451312424 136613727149610470580974330215867510939!
8895 53367 157704126864 5079678739148622473 5120 6911 4331831468827642058975556924 92370638492569933497005
028: 8 48070476228332056433891007860217080915 5: 8701664730467 11600386184406005049008 1 41812073945776391634508349492676
877931947471390500544002215: 40443573810532&5572 30923329713 201534050157497 1 126269604744340474 76524973 1664806205766695327115242564334 17807 706 1
52364063530290 153 95349211 4688408: 4251711896591035794406728856602939161842221528770720582112364327
715631856765897848: 205 01804672901373090010418041 4000 7640010687 145000041 | 29627 7053005704 747738370057 120288710932706
3284624677436722012 '98168519A56077781400929|3366453555259624246454A3734m22223955

23
23

8

82
g3
4]

3
<
&3

58925287

a8
&
o

8
8
&

93¢
270
53

4
2

N
2o
8

'S
23
3

8
2
8
R
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Numerical results: 5011-digit point counting record

Task

Total CPU Time

Compute &)
Find a root j
Compute g,

Compute 7t mod g¢, E

Find A,

®}(Y) = @} (X,j(E)) was computed for { from 5 to 11681.
Exactly 700 of 1400 were found to be Elkies primes.

Atkin primes were not used.

32 days
995 days
3 days
326 days
22 days

The largest ¢} was under 20MB in size and took about two hours to

compute using 1 core.
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