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Isogenies of elliptic curves

An elliptic curve E/k is a smooth projective curve of genus 1 with
a distinguished k-rational point 0.

An isogeny ¢: E; — E, is a morphism of elliptic curves,
a rational map that fixes the point 0. We shall assume ¢ # 0.



Isogenies of elliptic curves

An elliptic curve E/k is a smooth projective curve of genus 1 with
a distinguished k-rational point 0.

An isogeny ¢: E; — E, is a morphism of elliptic curves,
a rational map that fixes the point 0. We shall assume ¢ # 0.

The induced homomorphism ¢: E, (k) — E,(k) has a finite kernel.
Conversely, every finite subgroup of E; (k) is the kernel of an isogeny.

The degree of an isogeny is its degree as a rational map.
For nonzero separable isogenies, deg ¢ = | ker ¢|.

We are primarily interested in isogenies of prime degree ¢ # chark,
which are necessarily separable isogenies with cyclic kernels.



j-invariants

The k-isomorphism classes of elliptic curves E/k are in bijection
with the field k. For E: y> = x3 + Ax + B, the j-invariant of E is

443

I(E) =j(A,B) = 1728 ——== €k
JE) = JAB) = 1728 "

The j-invariants j(0,B) = 0 and j(A,0) = 1728 are special.
They correspond to elliptic curves with extra automorphisms.

Forj ¢ {0,1728}, we have j = j(A, B), where
A =3j(1728 — ) and B =2j(1728 —j)*.

Note that j(E:) = j(E2) does not necessarily imply that £, and £,
are isomorphic over k, only that they are isomorphic over k.
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The modular equation

Let j: H — C be the classical modular function.

For any 7 € H, the values j(7) and j(¢7) are the j-invariants of
elliptic curves E./C and E,, /C that are ¢-isogenous.

The minimal polynomial ®,(Y) of the function j(¢z) over C(j)
has coefficients that are integer polynomials in j(z).

Replacing j(z) with X yields the modular polynomial ®, € Z[X, Y]
that parameterizes pairs of ¢-isogenous elliptic curves E/C:

o (J(E1),j(E2)) =0 <= j(E;) and j(E,) are (-isogenous.

This moduli interpretation remains valid over any field whose
characteristic is not equal to /.

®,(X,Y) = 0is a defining equation for the affine modular curve Y, (¢) = Ty (¢)\H.



Isogenies make hard problems easier

Isogenies play a key role in many applications:

» The Schoof-Elkies-Atkin (SEA) point-counting algorithm.

» Computing the endomorphism ring of an elliptic curve.

v

The elliptic curve discrete logarithm problem (?).

v

Computing Hilbert class polynomials Hp(X).

v

Computing modular polynomials.



Isogenies make hard problems easier

Isogenies play a key role in many applications:

» The Schoof-Elkies-Atkin (SEA) point-counting algorithm.

» Computing the endomorphism ring of an elliptic curve.

v

The elliptic curve discrete logarithm problem (?).

v

Computing Hilbert class polynomials Hp(X).

v

Computing modular polynomials.

Modular polynomials ®,(X, Y) are used in all of these applications.
Given an elliptic curve E/F, the roots of the univariate polynomial
Gu(Y) = 4(§(E), Y) € F[Y]

that lie in F are precisely the j-invariants of the elliptic curves E/F
that are ¢-isogenous to E.



Modular polynomials are very large...

o, € Z[X, Y] is symmetric, with degree ¢ + 1 in both X and Y.
Asymptotically, its size is O(¢* log /) bits.

L coefficients largest average total
127 8258  7.5kb 5.3kb  5.5MB
251 31880 16kb 12kb  48MB
503 127262 36kb 27kb  431MB
1009 510557 78kb 60kb  3.9GB
2003 2009012  166kb 132kb  33GB
3001 4507505  259kb 208kb 117GB
4001 8010005 356kb 287kb  287GB

5003 12522512  454kb 369kb 577GB
10007 50085038 968kb 774kb  4.8TB

Size of ®,(X,Y)



. but instantiated modular polynomials are not.

For an elliptic curve E over a finite field FF,, the size of the
instantiated polynomial ¢,(Y) = ®,(j(E),Y) is only O(¢log q) bits.

Even if ¢ is quite large, say 4096 bits, for ¢ = 10007 the size of ¢,(Y)
is just 5MB, which is almost a million times smaller than ®,(X, Y).
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. but instantiated modular polynomials are not.

For an elliptic curve E over a finite field FF,, the size of the
instantiated polynomial ¢,(Y) = ®,(j(E),Y) is only O(¢log q) bits.

Even if ¢ is quite large, say 4096 bits, for ¢ = 10007 the size of ¢,(Y)
is just 5MB, which is almost a million times smaller than ®,(X, Y).

A quote from the former elliptic curve point-counting world record
holder (at 2500 decimal digits):

“Despite this progress, computing modular polynomials remains the
stumbling block for new point counting records. Clearly, to circumvent

the memory problems, one would need an algorithm that directly
obtains the polynomial specialised in one variable.”

INRIA Project TANC, 2007
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Results
Let E/IF, be an elliptic curve and let ¢ < ¢ be a prime (¢ # char F,).

Theorem

Under the generalized Riemann hypothesis (GRH), one can compute
the instantiated modular polynomial ®,(j(E),Y) using O(¢log q) space
in time quasi-linear in the size of ®, (quasi-cubic in ().
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Applying this to SEA, we can compute #E(F,) in O(n*) time and
O(n?logn) space (n = log g), under standard heuristic assumptions.
Previously, the SEA algorithm required Q(n* log n) space.

This has led to a new elliptic curve point-counting record modulo a
5011-digit prime (and improvements in the range of practical interest).



Results

Let E/IF, be an elliptic curve and let ¢ < ¢ be a prime (¢ # char F,).

Theorem

Under the generalized Riemann hypothesis (GRH), one can compute
the instantiated modular polynomial ®,(j(E),Y) using O(¢log q) space
in time quasi-linear in the size of ®, (quasi-cubic in ().

Applying this to SEA, we can compute #E(F,) in O(n*) time and
O(n?logn) space (n = log g), under standard heuristic assumptions.
Previously, the SEA algorithm required Q(n* log n) space.

This has led to a new elliptic curve point-counting record modulo a
5011-digit prime (and improvements in the range of practical interest).

The new algorithm is based on the isogeny volcano approach to
computing modular polynomials [Broker-Lauter-S 2012].
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A volcano
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/=-volcanoes

For a prime ¢, an ¢-volcano is a connected undirected graph whose
vertices are partitioned into levels Vy, ..., V; such that:

1. The subgraph on Vj (the surface) is a connected regular graph
of degree 0, 1, or 2.

2. Fori > 0, each v € V; has exactly one neighbor in V;_;.
All edges not on the surface arise in this manner.

3. Fori < d, eachv € V; has degree /+1.

We allow self-loops and multi-edges, but this can happen only on the surface.
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A 3-volcano of depth 2
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The graph of /-isogenies

Definition
The ¢-isogeny graph G.(k) has vertex set {J(E) : E/k} =k
and edges (ji,j») for each root j, € k of ®,(j;, ¥) (with multiplicity).

Except for j € {0, 1728}, the in-degree of each vertex of G,
is equal to its out-degree.

Thus Gy is a bi-directed graph on k\{0, 1728}, which we may
regard as an undirected graph.

It consists of ordinary and supersingular components.

We have an infinite family of graphs G, (k) with vertex set k,
one for each prime ¢ # char(k).

An elliptic curve E over a field of characteristic p > 0 is supersingular iff E[p] = {0}.
13/31



Endomorphism rings

Isogenies from an elliptic curve E to itself are endomorphisms.
They form a ring End(E) under composition and point addition.

We always have Z C End(E), due to scalar multiplication maps.
If Z C End(E), then E has complex multiplication (CM).

For an elliptic curve E with complex multiplication:

End(E) ~ order in an imaginary quadratic field (ordinary),
~ | order in a quaternion algebra (supersingular).

In characteristic p > 0, every elliptic curve has CM, since the p-power
Frobenius endomorphism (x,y) — (x”,y”) does not lie in Z.
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Horizontal and vertical isogenies

Let p: E; — E; by an ¢-isogeny of ordinary elliptic curves with CM.
Let End(El) ~0 = [1,7’1] and End(Eg) ~ 0, = [1,7‘2].

Then ¢ € Oy and 477 € O,.

Thus one of the following holds:
» O; = O,, in which case ¢ is horizontal,
» [0 : O] = ¢, in which case ¢ is descending;

» [0, : O] = ¢, in which case ¢ is ascending.

In the latter two cases we say that ¢ is a vertical isogeny.
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The theory of complex multiplication
Let E/k have CM by an imaginary quadratic order O.
For each invertible O-ideal a, the a-torsion subgroup

Ela) = {P € E(k) : o(P) =0forall a € a}

is the kernel of an isogeny ¢, : E — E’ of degree N(a) =[O : a].
We necessarily have End(E) ~ End(E’), SO ¢, is horizontal.

If a is principal, then E’ ~ E. This induces a cl(O)-action on the set
Ellp (k) = {j(E) : E/k with End(E) ~ O}.

This action is faithful and transitive; thus Ellp (k) is a principal
homogeneous space, a torsor, for cl(O).

One can decompose horizontal isogenies of large prime degree into an equivalent
sequence of isogenies of small prime degrees, which makes them easy to compute;
see [Broker-Charles-Lauter 2008, Jao-Souhkarev ANTS IX].
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Isogeny volcanoes

Theorem (Kohel)

LetV be an ordinary connected component of G,(FF,) that does not
contain 0,1728. Then V is an ¢-volcano in which the following hold:

(i) Vertices in level V; all have the same endomorphism ring O;.
(i) £1[Ok : Opl, and [O; : O] = L.
(iii) The subgraph on V, has degree 1 + (%), where D = disc(Oy).
(iv) If(2) > 0 then |Vy| is the order of [1] in cl(Oy).
(v) The depth of V is ord,(v), where 4q = t* —V?D.

The term volcano is due to Fouquet and Morain (ANTS V).
See http://arxiv.org/abs/1208.5370 for more on isogeny volcanoes.
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Modular polynomials via isogeny volcanoes [BLS]

Given an odd prime ¢, we may compute ®,(X, Y) as follows:
1. Select a sufficiently large set of primes of the form
4p = > — (*D with £ {v, p=1mod ¢, and k(D) > ¢ + 1.
2. For each prime p, compute ®,(X, Y) mod p as follows:
a. Compute Ellp(F,) using Hp(X) mod p.
b. Map the ¢-volcanoes intersecting Ello(IF,) (without using ).
c. Interpolate ®,(X,Y) mod p.

3. Use the CRT to recover &, over Z (or mod ¢ via the explicit CRT).

Under the GRH, the expected running time is O(¢> log*** ¢) using
O(*log ¢) space (or O(£*log q) space to compute &, mod g).

We can similarly compute modular polynomials for other modular functions.

One can also use a CRT approach to compute ®y for composite N [Ono-S in prog].
18/31



Explicit Chinese Remainder Theorem

Suppose ¢ = ¢; mod p; for k distinct primes p;. Then
c= Z ciaiM; mod M,

where M = Hp,', M; = M/p, and a; = 1/M, modpi.
If M > 2]|c|, we can recover ¢ € Z.

Montgomery-Silverman 1990, Bernstein 1995, S 2011.
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Explicit Chinese Remainder Theorem

Suppose ¢ = ¢; mod p; for k distinct primes p;. Then
c= Z ciaiM; mod M,

where M = [[pi, M; = M/p; and a; = 1/M; mod p;.
If M > 2]|c|, we can recover ¢ € Z.

With M > 4|c|, the explicit CRT computes ¢ mod ¢ directly via

c= (Z ciaiM; — rM) mod g,

where r = rnd(}_ a;c;/p;) is computed using O(log k) bits of precision.

Montgomery-Silverman 1990, Bernstein 1995, S 2011.
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Explicit Chinese Remainder Theorem

Suppose ¢ = ¢; mod p; for k distinct primes p;. Then
c= Z ciaiM; mod M,

where M = [[pi, M; = M/p; and a; = 1/M; mod p;.
If M > 2|c|, we can recover ¢ € Z.

With M > 4|c|, the explicit CRT computes ¢ mod ¢ directly via
c= (Z ciaiM; — rM) mod g,
where r = rnd(}_ a;c;/p;) is computed using O(log k) bits of precision.

Using an online algorithm, this can be applied to N coefficients c in
parallel, using O(log M + klog g + N(log g + logk)) ~ O(N log q) space.

Montgomery-Silverman 1990, Bernstein 1995, S 2011.
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Mapping a volcano

N AN
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Mapping a volcano

Example General requirements
£ =5, p=4451, D= —151 4p =12 —V2?D, p=1mod?/

N AN
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Mapping a volcano

Example General requirements
£ =5, p=4451, D= —151 4p =12 —V2?D, p=1mod?/
t =52, v=2, h(D)=7 Ctv, (2)=1, h(D)>1+2

N AN
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Mapping a volcano

Example General requirements
£ =5, p=4451, D= —151 4p =12 —V2?D, p=1mod?/
t =52, v=2, h(D)=7 ttv, (8)=1, nD)>r+2

N

1. Find a root of Hp(X)
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Mapping a volcano

Example General requirements
£ =5, p=4451, D= —151 4p =12 —V2?D, p=1mod?/
t =52, v=2, h(D)=7 ttv, (8)=1, nD)>r+2

N

1. Find a root of Hp(X): 901
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Mapping a volcano

Example

¢ =5, p=4451, D=—151
t =52, v=2, h(D)=7
by=2

General requirements

4p =1 —Vv?D, p=1mod/
ttv, (8)=1, nD)>r+2
by # ¢, (%) 1

N

2. Enumerate surface using the action of ay,
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Mapping a volcano

Example

¢ =5, p=4451, D=—151
t =52, v=2, h(D)=7

by = 2, a5:a%

General requirements
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Mapping a volcano

Example

¢ =5, p=4451, D=—151
t =52, v=2, h(D)=7

by = 2, a5:a%

General requirements

4p =12 —V2?D, p=1mod?/
ttv, (8)=1, nD)>r+2
by # £, ((L‘))) 1, ap aﬁ“

o 351 A 2215

2. Enumerate surface using the action of «ay,
901 25 1582 25 2501 —25 351 —25 701 —2» 2872 —25 2215 2>
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Mapping a volcano

Example

¢ =5, p=4451, D=—151
t =52, v=2, h(D)=7

by = 2, a5:a%

General requirements

4p =12 —V2?D, p=1mod?/
ttv, (8)=1, nD)>r+2
by # £, ((L‘))) 1, ap aﬁ“
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Mapping a volcano

Example

¢ =5, p=4451, D=—151
t =52, v=2, h(D)=7

by = 2, a5:a%

General requirements

4p =12 —V2?D, p=1mod?/
ttv, (8)=1, nD)>r+2
by # £, ((L‘))) 1, ap aﬁ“

2872

901 351 A 2215 2501

2. Enumerate surface using the action of «ay,
901 25 1582 25 2501 —25 351 —25 701 —2» 2872 —25 2215 —2»
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Mapping a volcano

Example

¢ =5, p=4451, D=—151
t =52, v=2, h(D)=7

by = 2, a5:a%

General requirements

4p =12 —V2?D, p=1mod?/
ttv, (8)=1, nD)>r+2
by # £, ((L‘))) 1, ap aﬁ“

1582 2872

901 351 A 2215 2501

2. Enumerate surface using the action of «ay,
901 25 1582 25 2501 —25 351 —25 701 —2» 2872 —25 2215 2>
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Mapping a volcano

Example

¢ =5, p=4451, D=—151
t =52, v=2, h(D)=7

by = 2, a5:a%

General requirements

4p =12 —V2?D, p=1mod?/
ttv, (8)=1, nD)>r+2
by # £, ((L‘))) 1, ap aﬁ“

1582 2872

701
9 351

/\ e P

2. Enumerate surface using the action of «ay,
901 25 1582 25 2501 —25 351 —25 701 —2» 2872 —25 2215 —2»
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Mapping a volcano

Example

¢ =5, p=4451, D=—151
t =52, v=2, h(D)=7

by = 2, a5:a§

701

General requirements

4p =12 —V2?D, p=1mod?/
ttv, (8)=1, nD)>r+2
by # £, (%) 1, ap aﬁ“

1582 2872

901

351

/\ e P

3. Descend to the floor using Vélu’s formula
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Mapping a volcano

Example

¢ =5, p=4451, D=—151
t =52, v=2, h(D)=7

by = 2, a5:a§

701

General requirements

4p =12 —V2?D, p=1mod?/
ttv, (8)=1, nD)>r+2
by # £, (%) 1, ap aﬁ“

1582 2872

901

351

3188

/\ e P

3. Descend to the floor using Vélu's formula: 901 —- 3188
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Mapping a volcano

Example

¢ =5, p=4451, D=—151
t =52, v=2, h(D)=7

by = 2, a5:a§

701

General requirements

4p =12 —V2?D, p=1mod?/
ttv, (8)=1, nD)>r+2
by # ¢, (%) 1, oy (1,2:0

1582 2872

901

351

3188

/\ e P

4. Enumerate floor using the action of g,
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Mapping a volcano

Example General requirements
¢ =5, p=4451, D= —151 4p =12 —Vv’D, p=1mod/
t =52, v=2, h(D)=7 ttv, (8)=1, nD)>r+2 /
=2, as=0a3, Pos=p] by # ¢, (:([»T),) L, ap = oy, B = By,
1582 2872
ﬁ ﬁ
3188

4. Enumerate floor using the action of B,
2

3188 — 945 —5 3144 — 3508 — 2843 — 1502 —+ 676 —
2970 2+ 3497 2 1180 — 2464 — 4221 —>5 4228 — 2434 —»

1478 25 3244 —5 2255 5 2976 — 3345 — 1064 —- 1868 —
3328 25291 25 3147 25 2566 — 4397 —25 2087 2+ 3341 5
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Mapping a volcano

Example General requirements

¢ =5, p=4451, D= —-151 4p =12 —Vv’D, p=1mod/

t =52, v=2, h(D)=7 ttv, (8)=1, nD)>r+2 /
ZO = 2, a5 = a%, ﬁZS = IB; (i() / (17 ((L)) 1, Qy (ktnf rif;j jju

0

1582 2872

ﬁ i i

3188 2970 1478 3328

4. Enumerate floor using the action of B,
2

3188 =945 —5 3144 — 3508 — 2843 — 1502 —+ 676 —»
2970 — 3497 — 1180 —+ 2464 — 4221 — 4228 —+ 2434 —»
1478 25 3244 — 2255 — 2976 — 3345 — 1064 —- 1868 —

3328 25201 25 3147 -2 2566 —= 4397 —25 2087 —2 3341 —2»
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Mapping a volcano

Example General requirements
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Mapping a volcano

Example General requirements

¢ =5, p=4451, D= —151 4p =12 —Vv’D, p=1mod/

t =52, v=2, h(D)=7 ttv, (8)=1, nD)>r+2 /
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Mapping a volcano

Example
¢ =5, p=4451, D=—151
t =52, v=2, h(D)=7

bh=2, as=0a3, Ps=p]

General requirements
4p =12 —V2?D, p=1mod?/
Chv, (2y=1, mD)>t+2

(
bo#0, (B)=1, ap ai“f B2 d/(‘“

1582 2872

351

3188 2970 1478 3328

/\ e P

3508 2464 2976 2566

676 2434 1868 3341 3144 1180 2225 3147
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Interpolating ¢, mod p

1582

2872

3188 2970 1478 3328

X, 901
X, 351
X,2215

s ( )
s ( )
‘1)5( )
P5(X,2501)
( )
( )
( )

( )
( )
(X — 351)
(X —2215)
X,2872) = ( )
X,1582) = ( )
X, 701) = (X )

X —2501

s
;5
;5

3508 2464 2976 2566

( )
( )
(X —2501)(X — 3341)
(X —2872)(X — 3147)
(X — 1582 )
( )
( )

676 2434 1868 3341

X — 701)(X — 351)(X — 3188)(X — 2970)(X

X — 1502) (X — 4228)(X —
X —2872)(X — 701)(X — 945)(X — 3497)(X — 3244)(X — 291)
— 1582)(X — 901)(X — 2843)(X — 4221)(X — 3345)(X — 4397)

3144 1180 2225 3147

— 1478)(X — 3328)

(

X — 901)(X — 2215)(X — 3508) (X — 2464)(X — 2976)(X — 2566)
(X — 1868)(X — 2434)(X — 676)
(X —2255)(X — 1180)(X — 3144)
(
(
(

1064)(X — 2087)
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Interpolating ¢, mod p

1582 2872
3188 2970 1478 3328 3508 2464 2976 2566 676 2434 1868 3341 3144 1180 2225 3147

®s5(X, 901) = X6 + 1337X° + 543X* + 497X3 + 4391X? + 3144X + 3262
®s5(X, 351) = X6 + 3174X° + 1789X* + 3373X> + 3972X? + 2932X + 4019
<1>5(X 2215) = X6 +2182X° + 512X* + 435X3 + 2844X? + 2084X + 2709

®5(X,2501) = X6 +2991X° + 3075X5 + 3918X> + 2241X? + 3755X + 1157
®5(X,2872) = X0 + 389X° + 3292X* + 3909X> + 161X? + 1003X + 2091
®s(X,1582) = X0 + 1803X° + 794X* + 3584X3 + 225X% + 1530X + 1975
Os5(X, 701) = X6+ 515X° + 1419X* + 941X3 + 4145X? + 2722X + 2754
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Interpolating ¢, mod p

1582 2872

701
ﬁmﬁ

3188 2970 1478 3328 3508 2464 2976 2566 676 2434 1868 3341 3144 1180 2225 3147

D5(X,Y) = X6 + (4450Y5 + 3720Y* + 2433Y3 4 3499Y2 +  70Y + 3927)X°
(37205 + 3683Y* + 2348Y3 + 2808Y2 + 3745Y + 233)X*
(2433Y5 + 2348Y* + 2028Y3 + 2025Y2 + 4006Y + 2211)X3
(3499Y5 + 2808Y* + 2025Y3 + 4378Y2 + 3886Y + 2050)X>
( 70Y5 4 3745Y* + 40063 4 3886Y2 + 905Y +2091)X
(Y6 + 3927Y5 + 233Y* 4 2211Y3 4 20502 + 2091Y + 2108)
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The Weber function

The Weber f-function is defined by
77((7' + 1)/2)
Gasn(T)

and satisfies j(t) = (f(r)** — 16)3 /f(7)*.

f(r) =

The coefficients of @}; are roughly 72 times smaller.
This means we need 72 times fewer primes.

The polynomial @2 is roughly 24 times sparser.
This means we need 24 times fewer interpolation points.

Overall, we get nearly a 1728-fold speedup using <I>E.
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Modular polynomials for / = 11

Classical:
X2 412 - xMyt o gigax!y!0 — 28278756x!'¥® + s3686822816x ! ¥®

— 61058988656490X Y7 + 42570393135641712x " ¥ — 17899526272883039048x ' ¥

+ 4297837238774928467520X ' v* — 529134841844639613861795x ' v —+ 2720981 1658056645815522600% ' v

— 374642006356701393515817612x ' ¥ + 296470902355240575283200000X !

.. .8 pages omitted . . .
—+ 3924233450945276549086964624087200490995247233706746270899364206426701740619416867392454656000 . . . 000

Atkin:

x12 — x'y 4 744x" 4+ 1966800 + 187X Y + 21354080x° + 506x%Y + 830467440x°
— 11440X7Y + 16875327744X7 — 57442X°Y + 208564958976X° + 184184X°Y + 1678582287360%°
+ 1675784x* Y + 9031525113600X* + 1867712X> Y + 32349979904000X° — 8252640X>Y + 74246810880000X>
— 19849600XY + 98997734400000X + ¥> — 8720000 + 58411072000000

Weber:

X2 4y xMy' 4 1x%y? — 44x7y7 4 88X7Y° — 88X3Y3 + 32XV
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Computational results

Level records

1. 10009: @,
2. 20011: $, mod ¢
3. 60013: @]

Speed records

1. 251: &,in28s P, mod ¢ in 4.8s (vs 688s)
2. 1009: o, in 2830s ®, mod ¢ in 265s (vs 107200s)
3. 1009: @} in2.8s

Effective throughput when computing ®909 mod ¢ is 100Mb/s.

Single core CPU times (AMD 3.0 GHz), using prime ¢ = 22%.

Polynomials &/, for ¢ < 5000 available at http://math.mit .edu/~drew.
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Computing ¢,(Y) with the CRT (naive approach)

Strategy: lift j(E) from F, to Z, compute ®,(X,Y) mod p and evaluate
de(Y) = ®4(3(E), Y) mod p

for sufficiently many primes p. Obtain ¢, mod ¢ via the explicit CRT.

Uses O(¢2log®™* p) expected time for each p, and O(¢* log p) space.
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Computing ¢,(Y) with the CRT (naive approach)

Strategy: lift j(E) from F, to Z, compute ®,(X,Y) mod p and evaluate
Ge(Y) = @¢(j(E),Y) mod p

for sufficiently many primes p. Obtain ¢, mod ¢ via the explicit CRT.

Uses O(¢2log®™* p) expected time for each p, and O(¢* log p) space.

However, “sufficiently many” is now O(¢n), where n = logg.
Total expected time is O(*nlog® ™ ¢), using O(¢n + £*1log ¢) space.

This approach is not very useful:
» If nis large (e.g. n = ¢), it takes way too long (quartic in ¢).
» It nis small (e.g. n = log¥), it doesn’t save any space.
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Computing ¢,(Y) with the CRT (Algorithm 1)

Strategy: lift j(E), J(E)?, J(E)?, ..., j(E)**! from F, to Z and compute
¢e(Y) = caj(E)'Y* mod p

for sufficiently many primes p, where ®, = > ¢ X'Y*~.
Obtain ¢, mod g via the explicit CRT.
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Computing ¢,(Y) with the CRT (Algorithm 1)

Strategy: lift j(E), J(E)?, J(E)?, ..., j(E)**! from F, to Z and compute
¢e(Y) = caj(E)'Y* mod p

for sufficiently many primes p, where ®, = > ¢ X'Y*~.
Obtain ¢, mod g via the explicit CRT.

Now “sufficiently many” is O(¢ + n).

For n = O({log¢), uses O(£*log** < ¢) expected time
and O(¢*log ) space (under GRH).

For n = Q(¢log?), the space bound is optimal.

This algorithm can also evaluate the partial derivatives of ¢, needed
to construct normalized equations for E (important for SEA).

26/31



Computing ¢,(Y) with the CRT (Algorithm 2)

Strategy: lift j(E) from F, to Z and for sufficiently many primes p
compute ¢, mod p as follows:

1. For each of £ + 2 j-invariants y;, compute z; = [ [, (J(E) — Jjk),
where the j, range over ¢ + 1 neighbors of y; in G¢(F,).

2. Interpolate ¢,(Y) € F, as the unique polynomial of degree ¢ + 1
for which ¢.(y;) = z.

Obtain ¢, mod ¢ via the explicit CRT.
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Computing ¢,(Y) with the CRT (Algorithm 2)

Strategy: lift j(E) from F, to Z and for sufficiently many primes p
compute ¢, mod p as follows:

1. For each of £ + 2 j-invariants y;, compute z; = [ [, (J(E) — Jjk),
where the j, range over ¢ + 1 neighbors of y; in G¢(F,).

2. Interpolate ¢,(Y) € F, as the unique polynomial of degree ¢ + 1
for which ¢.(y;) = z.

Obtain ¢, mod ¢ via the explicit CRT.

For n = O(£°), uses O(£*(n + log £) log' T ¢) expected time
and O(¢n + ¢log ¢) space (under GRH).

For n = O(log? ¢ ¢) the algorithm is faster than computing ;.
For n = Q(log ¢) the space bound is optimal.

If nis Q(log® ¢) and O(£log (), one can use a hybrid approach.
This yields an optimal space bound for all g > ¢.
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Genus 1 point counting in large characteristic

Algorithms to compute #E(F,) =g+ 1 —1.

Algorithm Time Space
Totally naive O(e’t) O(n)
Slightly less naive O(e"te) O(n)
Baby-step giant-step  O(e"/**¢) O(e"4+e)
Pollard kangaroo O(e"/4+e) o(n?)
Schoof O(n 5llogn) o(n?)
SEA* O(n*log’ nllogn)  O(n*logn)
SEA (&, precomputed)  O(n*1logn) o(n*)

*Complexity estimates for SEA-based algorithms are heuristic expected times.
28/31



Genus 1 point counting in large characteristic

Algorithms to compute #E(F,) =g+ 1 —1.

Algorithm Time Space
Totally naive O(e’t) O(n)
Slightly less naive O(e"te) O(n)
Baby-step giant-step  O(e"/**¢) O(e"4+e)
Pollard kangaroo O(e"/4+e) o(n?)
Schoof O(n 5llogn) o(n?)
SEA* O(n*log’ nllogn)  O(n*logn)
SEA (&, precomputed)  O(n*1logn) o(n*)

SEA with Algorithm 1 O(n*log® nllogn)  O(n*logn)
Amortized O(n* llog n) O(n*logn)

*Complexity estimates for SEA-based algorithms are heuristic expected times.
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Elliptic curve point-counting record

The number of points on the elliptic curve E defined by

y? = x>+ 2718281828x + 3141592653,

modulo the 5011 digit prime g = 16219299585 - 2'¢612 — |

IS

832376989 74113 190774831 125548174433501
1 1110290
1031 3 8198 401 54047174078
47009017985904411 11123440 72178, 1 1 4276
36 00290860
6983900427134645786532440 191 34957448
8393787807087351 790801 6948741 1
4 11 15892528
18794 1 9386465 11367782
5380 974544 116 5974
14 456570427212647114’
0 | 361130528801 197304
667942877 7 1
839711625212061 1
591
4 104541120584 793091452320111 750541041378713
10536218879088: 1200616271744801682487747455898185251772280214510451501147 1835176117651014 1504
532073709350 19468961 145852160774
1120120151130 1164
1983617 119017227201 304991
8 125 81984 713 7
906: 79596718456101 1
37916: 147491547 i1 415474
525358841111602 59197 96 1598957721574805 10869127401835778517148930637715216609619
1664 1 4740143 11040
93851 4133478898/ ; 1
1 1659543081 1 1366137271496104
889574544 15 39148622473861201691 1
1007862170869 1 1401318787576647364571 18120739457
87793194747 4971125269604744349474 1
606455; 14101531410341 1177065625577774688 171189659 70720582112364327
156: 1604149931783961968 1288: 124969120 06
846246 1945807778
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Elliptic curve point counting record

Task

Total CPU Time

Compute ¢}

Find a root 7
Compute g,
Compute 7 mod g4, E
Find A,

oh(Y) = ®}(j(E), Y) was computed for £ from 5 to 11681.
Exactly 700 of 1400 were found to be Elkies primes.

Atkin primes were not used.

The largest ¢} was under 20MB in size and took about

two hours to compute using 1 core.

30/31



Modular polynomial evaluation record

For ¢ = 100019 and ¢ = 25> — 1 we computed ¢}(Y) = ®}(j(E), Y).

This is much larger than one would need to set a 25,000 digit
point-counting record.

The size of ¢} is about 1 GB.
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Modular polynomial evaluation record

For ¢ = 100019 and ¢ = 25> — 1 we computed ¢}(Y) = ®}(j(E), Y).

This is much larger than one would need to set a 25,000 digit
point-counting record.

The size of ¢} is about 1 GB.

For comparison:

» The size of ®} mod ¢ is about 2 TB.
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Modular polynomial evaluation record

For ¢ = 100019 and ¢ = 25> — 1 we computed ¢}(Y) = ®}(j(E), Y).

This is much larger than one would need to set a 25,000 digit
point-counting record.

The size of ¢} is about 1 GB.

For comparison:

» The size of ®} mod ¢ is about 2 TB.
» The size of ®;, mod g is about 50 TB.
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Modular polynomial evaluation record

For ¢ = 100019 and ¢ = 25> — 1 we computed ¢}(Y) = ®}(j(E), Y).

This is much larger than one would need to set a 25,000 digit
point-counting record.

The size of ¢} is about 1 GB.

For comparison:

» The size of ®} mod ¢ is about 2 TB.
» The size of ®;, mod g is about 50 TB.

» The size of ®, is more than 10 PB.
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