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Galois representations

Let E be an elliptic curve over Q and let N > 1 be an integer.
The Galois group Gal(Q/Q) acts on the N-torsion subgroup of E(Q),
E[N] ~ Z/NZ & 7Z./NZ,
via its action on points (coordinate-wise). This yields a representation
pen: Gal(Q/Q) — Aut(EIN]) ~ GL>(Z/NZ),

whose image we denote G¢(N). Choosing bases compatibly, we can
take the inverse limit and obtain a single representation

pe: Gal(Q/Q) — lim GLy(Z/NZ) = GLa(2),
N

whose image we denote Gg, with projections Gg — Gg(N) for each N.



Modular curves

Let Fy = Q(&,)(X(N)). Then F; = Q(j) and Fy/Q(j) is Galois with
Gal(Fy/Q(j)) ~ GL2(Z/NZ) /{+£1}

Let G C GL,(Z/NZ) be a group containing —I with det(G) = (Z/NZ)*.

Define Xs/Q to be the smooth projective curve with function field F§.

Let Jg: X — X(1) = Q(j) be the map corresponding to Q(j) C F.

If M|N and G is the full inverse image of H C GL,(Z/MZ), then
Xs = Xy. We call the least such M the level of G and X.

Better: identify G with 71;1 (G), where 7ty : GL,(Z) — GL,(Z/NZ);
G as an open subgroup of GL,(Z) containing —I with det(G) = Z*.

For any E/Q with j(E) € {0, 1728}, up to GL,(Z)-conjugacy,

Gr C G <= j(E) € J6(X6(Q)).



Congruence subgroups

For G C GL,(Z) of level N as above, let ' C SL,(Z) be the preimage
of iy (G) N SL,(Z/NZ).

Then I" is a congruence subgroup containing I'(N), and the modular
curve Xr = TI"\h* is isomorphic to the base change of X; to Q(¢,).

The genus g of X and X must coincide, but their levels need not (!);
the level M of X may strictly divide the level N of Xg.

For each g > 0 we have g(Xr) = g for only finitely many Xr;
for g < 24 these I" can be found in the tables of Cummins and Pauli.

But we may have g(Xs) = g for infinitely many X (!)

Call g(X;) the genus of G.


http://www.uncg.edu/mat/faculty/pauli/congruence/

Restricting the level

For each odd prime p there is a G C GL,(Z/2pZ) of index 2 that
surjects on to both GL,(Z/27) and GL,(Z/pZ).

The corresponding X are all genus 0 curves isomorphic to IP}@ with
maps Jg: X — X(1) given by J(r) = 1728 + (5} )pr*.

One can similarly construct infinite families of genus 0 curves
X ~ PPy, of level N divisible by any of 3,5,7, 13.

And one can take combinations. For example, there are 12
non-conjugate G of level 91 and index at least 24 for which X ~ %.

So we want to restrict N.



Restricting the level

For each odd prime p there is a G C GL,(Z/2pZ) of index 2 that
surjects on to both GL,(Z/27) and GL,(Z/pZ).

The corresponding X are all genus 0 curves isomorphic to IP}@ with
maps Jg: X — X(1) given by J(r) = 1728 + (5} )pr*.

One can similarly construct infinite families of genus 0 curves

X ~ PPy, of level N divisible by any of 3,5,7, 13.

And one can take combinations. For example, there are 12
non-conjugate G of level 91 and index at least 24 for which X ~ %.

So we want to restrict N.

Theorem: For prime N, there are 29 X with X5(Q) infinite.
Conjecture: For prime N, there are 64 X; with X5(Q) # 0.

Now let N be a prime power.



Main results

Theorem
There are 248 modular curves X of prime power level with X (Q)
infinite. Of these, 220 have genus 0 and 28 have genus 1.

For each of these 248 groups G we have an explicit J;: X — X(1).

The 201 of 2-power level were independently found by Jeremy Rouse
and David Zureick-Brown [RZB15]."

Corollary

For each of these G we can completely describe the set of j-invariants
of elliptic curves E/Q for which Gg C G.

Corollary

There are 1294 non-conjugate open subgroups of GL,(Z) of prime
power level that occur as Gg for infinitely many E/Q with distinct j(E).

"Note: our G act on the left and are thus transposed relative to those in [RZB15].



Finiteness results

Call an open subgroup G C GL,(Z) admissible if
» det(G) = 2% and —I € G;
» G contains an element GL,(7)-conjugate to (65 )or(d1).

If G C G for some E/Q then G must be admissible.

Proposition

For any fixed g > 0, only finitely many admissible G have genus < g
and prime power level.

Proposition

There are 220 admissible G of prime power level and genus 0.
There are 250 admissible G of prime power level and genus 1.



Distinguishing finite from infinite when g =0

Let G C GL,(Z) be admissible of ¢-power level and genus g = 0.

Since g = 0 it is enough to show X;(Q) # 0.



Distinguishing finite from infinite when g =0

Let G C GL,(Z) be admissible of {-power level and genus g = 0.
Since g = 0 it is enough to show X;(Q) # 0.

But this is necessarily true!

Our criterion for admissibility guarantees X (R) # 0.

For p 1 { we must have X;(Q,) # 0, since X¢(F,) # 0 (by Hensel).
Thus X5(Qy) # 0 (by Hilbert).

Therefore X5(Q) # 0 (by Hasse).



Distinguishing finite from infinite when g =1
If g = 1 then either X;(Q) = 0, or X;(Q) can be identified with an
elliptic curve E; whose conductor is a power of {.

There are only finitely many such Eg, all in Cremona’s tables.
For a finite set S of small primes p 1 {, their a,-values distinguish
their isogeny classes, and therefore their ranks.

For each of these p 1 { we compute a, = p + 1 — #X;(F,) where

#X6(F,) = Y #P € Y6(F,) : Jo(P) = j} + #X& (F,)

JEF,
We compute the sum using the moduli interpretation of Y¢/F,,.
We don’t need a model for X;, we only need G.

If no match, Xg(Q) = 0. If rank 0 match, Xg(Q) is finite.
If rank > 0 match, either Xg(Q) = 0 or X5(Q) is infinite.
To distinguish which applies it suffices to find E/Q with G C G.

We find that only 28 of the 250 are elliptic curves of rank r > 0.



#  group i N  generators map sup
0 1A%1a 11
1 3A03a 33 00,1,2,00,[1,1,1,2],[1,0,0,2] A 0
2 3803a 4 3 [0,1,2,1],(1,2,0,2] (t+3)3 (1 427) /1t 0
3 3cV3a 6 3 [0,1,2,0],[1,002] (t—9)(t+3) /1 1
4 30932 12 3 [2,0,02],[1,00,2] 729/ (3 —27) 2
—27(r—3) / (2 +3t+9) 3
5 9A09a 9 9 [0,2,4,0],1[1,1,4,5],[1,0,0,2] B +9—6 1
6 98%9a 12 9 [1,1,0,1],(2,0,0,5],(1,0,0,2] (2 49 427) 2
7 QCOfga 12 9 [2,0,0,5], [4,2,3,4], [1,0,0,2] t3 2
8 9p%9a 18 9 [2,0,0,5],[1,3,31],00240], (1,002 —27/7 3
(2 —=3) /1 5
9 9E09a 18 9 [1,3,0,1],[21,1,1],[4,2,0,5] —9(P3 432 —9—3)/(83) 1
10 99 27 9 [02,41],(43,54], (4505 Lo (zl,z)l(;fzféjf:)fiﬁ’sﬂ 1’32:'12)’.?‘6)3 0
11 96%%a 27 9 [0,423],(51,1,4],[53,04] ('379’*12)(9;3’3 )2(5’3}”8'2“8’“) 1
(243t —3)
12 oH09a 36 9 [1,3,0,1],[503,2],(1,0,22] 38 +9) /8 4
3t/ (22 —31+6) 9
13 9HO9 36 9 [1,3,0,1],(50,3,2],(2,1,0,1] 38 492 —9r—9) / (P —92 —91+9) 4
14 oH0-9c 36 9 [1,3,0,1],[5,0,3,2],[4,2,0,5] —6(3 —91) / (B +92 —9r—9) 4
—(2+3) /(2 +80+3) 10
15 9%9a 36 9 [2,1,0,5],(1,2,32] —6(3 —0) / (P —3% —91 +3) 6
16 910-90 36 9 [21,0,5],(4,0,3,5] —3(3 492 —9r—9) / (3 +32 —9r—3) 6
17 9l0-9c 36 9 [2205],[2231] (P —62 +30+1) /(2 —1) 6
18 909a 36 9 [1,3,0,1],(2238],(1,202] (B —3t+1) /(2 —1) 7
19 909 36 9 [1,3,0,1],(223,8], [2101] —18(2 —1) / (2 —32 —9 +3) 7
20 99 36 9 [1,3,01],05235],[4,0,05] 38 432 —9r—3) / (P —32 —9r+3) 7
21 27A027a 36 27 [1,1,0,1],(2,1,9,5],(1,2,3,2] A 6




group i N generators map supergroup
1A0-1a 1o

5A0-5a 5 5 [2,1,0,3],(1,2,2,0],(1,1,0,2] (2 45t +40) 1A0-1a
5B0-52 6 5 [2,003],(1,01,1],(1,0,0,2] (2 4100 +5)3 /1 1A0-1a
5¢0-5a 105 [31,02],01,220],[2221] 800063 (1 +1) (2 — 51 +10)3 / (2 —5) 1A0-1a
5D0-5a 125 [40,1,4],(1,0,0,2] 1250/ (2 — 11t —1) 58052
5D0-5b 125 [4,0,1,4],(20,01] (2 —11t—1) /1t 580-5a
5E0-5a 15 5 [2,1,0,3],(20,23],(1,0,2,2] (t+5) (2 —5) / (2 +51+5) 5A0-5a
5GV-5a 30 5 [3,1,02],[21,01] 125 / (+(* + 56 + 152 +25t +25)) 5E0-5a

(12 +5)/t 5B0-5a
5G0-5p 305 [3,1,02],[21,33] —1(2 51 4+10) / (B +52 + 101 +10) 5¢0-5a

—5(2 44 +5)/ (2 +50+5) 5E0-52
5H0-5a 60 5 [4,004],[2001] —1 /4:5 . 5D0-5a

— (" =207 41" —31+1) 0

1(14+3r3+4r2+21+1] 50750

50/ (2 —1—1) 5G0-5a
257025 30 25 [2,2,0,13],(4,1,3,1],(2,3,0,6] (1 —1)(* +3 +62 4614 11) 5B0-52
2580-25a 60 25 [9,10,0,14],(0,7,7,2], [2,8,0,1] — 5D0-5b

(1—2) /1 25A0-25a
2580256 60 25 [9,10,0,14],(0,7,7,2], [4,1,0,7) —Ut=20-ra ) 5D0-54

r(t4 313 412 42t +1 )

(P +a—1)/ (2 —1—1) 25A0-254
780-7a 8 7 [200,4],[3,01,5],[1,00,3] (2 45t +1)3 (2 + 13t +49) /1 1A%-1a
70072 21 7 [0,3.2.3],(2,4,4,5),[3,1,0,4] 1322 R asi)d P43 a0y,

(13+2r27171)7
7E0-7a 24 7 [601,6],[1,003] 49(2 —1) / (B —82 +514+1) 780-7a
7E0-70 24 7 16,0,1,6],(3,001] (B —82 45t +1) /(2 —1) 780-7a
7e0-7¢ 24 7 [60,1,6],[3004] 7083 2123 £+|) / (§3 2 2 2[4;1) 780-7a
0 t(1+41)2 (1= —=51+1)° (- —5:+8)
7FY-7a 28 7 [3,1,4,4],[4,4,1,3],[3,4,0,4] ([475# +812771+7)73 (137412+3t+l]7 1A0—1a
13A0-13a 14 13 [2,0,0,7],[1,0,1,11,1,0,0,2] (2 450 +13) (4 +78 4202 +19+1)3 /¢ 1A0-1a
1380132 28 13 [3,0,0,9],[4,0,1,10],[1,0,0,2] 131/ (2 —3r —1) 13A0-13a
1380130 28 13 [3,0,0,9],[4,0,1,10],[2,0,0,1] (2 —3t—1) /¢ 13A0-13a
13c0-13a 42 13 [5,0,0,8],(1,0,1,1],(1,0,0,2] 13(2—1) /(B —42 4141) 13A0-13a
13¢%-130 42 13 [5,0,0,8],(1,0,1,1],[2,0,0,1] (=42 +141) /(2 —0) 13A0-13a
13¢0-13¢c 42 13 [5,0,0,8],(1,0,1,1],[2,0,0,3] (58 =72 —8+5) /(P —42 +141) 13A0-13a




group i N generators map supergroup
1A04a 1

2A02a 2 2 [0,1,1,1] 2 41728 1A0-1a
2A%4a 2 4 [1,2,0,1],[1,1,1,2],1,1,0,3] —2 41728 1A0-1a
2A%8a 2 8 [1,2,0,1],[1,1,1,2],(1,0,0,3], [1,1,0,5] —22 41728 1A0-1a
2A080 2 8 [1,2,0,1],[1,1,1,2],[1,1,0,3],[1,1,0,5] 22 1728 1A0-1a
2802a 3 2 [0,1,1,0] (256 —1)3 /12 1A%-1a
2c02a 6 2 2 464 2B0-2a
2c%4a 6 4 [1,2,0,11,13,0,0,3], (1,0,2,11, [1,1,0,3] 64(2 +1) 280-2a
2c08a 6 8 [1,2,0,1],[3,0,0,3],(1,0,2,1],[1,0,0,3],[0,1,1,0] 32(2 +2) 280-2a
2c080 6 8 [1,2,0,1],[3,0,0,3],(1,0,2,1],[1,1,0,3],[1,1,0,5] —32(2 —2) 280-2a
4p04a 4 4 [1,1,1,2],10,1,3,0],(1,1,0,3] 43 (8 —1) 1A0-1a
48042 6 4 [3,0,03],0,1,32], (1,003 256/ (12 +4) 280-23
4804b 6 4 [3,0,0,3],00,1,3,2],1,2,0,3] —4096/ (2 + 161) 28023
48982 6 8  [3,0,0,3],[1,4,01],10,3,52],1[1,0,03],[1,20,5] —512/ (2 —8) 28023
48980 6 8  [3,0,0,3],[1,4,01],[0,3,52],(1,203],1[1,20,5] 512/ (2 +38) 280-2a
4c04a 6 4 [1,2,2,1],(0,1,3,0],(1,0,0,3] 2 280-2a
4c040 6 4 [1,2,2,1],00,1,3,0],(1,2,0,3] —2 280-2a
4c08a 6 8  [1,4,0,1],(21,3,2],(0,3,50],(1,0,0,3],[1,2,0,5] —128¢2 280.23
4c080 6 8  [1,4,01],(21,32],(0,3,50],[1,203],[1,20,5] 12812 28023
4D%4a 8 4 [2,1,1,3],[1,1,0,3] — (2 +2—2)/1 4A0-43
ap08a 8 8  [1,4,0,1],(21,53],(3,3,0,5],[0,1,3,0] (2 +4t—2)/(4—22) 4A0-4a
4942 12 4 [3,0,0,3],[1,2,2,1],[0,1,1,0] (2 —1)/0) 2c0-4a
48040 12 4 [3,0,0,3],(1,2,2,1],(1,0,0,3] 8(22 +1) 2¢0-2a
4E04c 12 4 [3,0,0,3],(1,2,2,1],1,2,0,3] 42 +1) /1 2¢0-2a
4E0-8a 12 8 [3,0,0,3],(1,4,0,11,(5,0,0,5],[1,2,2,5],[1,0,0,3],[0,1,1,0] 4t/ (2 —2) 2c0-8a
4080 12 8 [3,0,0,3],[1,4,0,1],[50,0,5],1,2,2,5],[1,0,0,3], [1,2,0,5] 8(2 —1) 2c0-2a
4e08c 12 8  [3,0,0,3],[1,4,0,1],(50,0,5], 1,2,2,5], [1,2,0,3],[0,1,1,0] (2 —2)/(2r) 2c0-8a
4E08d 12 8 [3,0,0,3],[1,4,0,1],(50,0,5],(1,2,2,5],(1,2,0,3],[1,2,0,5] 8(2 +1) 2c0-2a
4E08e 12 8 [3,0,0,3],[1,4,0,1],(50,0,5],(1,2,2,5],(1,2,0,5],[0,1,1,0] (2 +1)/(2—2—1) 4c0-80
4E0-8f 12 8 [3,0,0,3],[1,4,0,1],(50,0,5],(1,2,2,5],13,0,0,5],0,1,3,2] (2 +2—1)/(2+1) 2C0-80
4E0-8g 12 8 [3,0,0,3],1,4,0,11,(5,0,0,5],[1,2,2,5],[3,0,0,5],[2,1,1,2] 4t/ (2 +2) 2c0-8b
4E0-8n 12 8 [3,0,0,3],(1,4,0,11,15,0,0,5],1,2,2,5],[3,2,0,5],[0,1,3,00  2(2+1)/ (2 +2—1) 2C%-8b
4E08 12 8 [3,0,0,3],[1,4,0,1],50,0,5],1,2,2,5],3,2,0,5], [2,1,1,2]  (Z+2)/(2) 2c0-8o




group i generators map super

4042 12 [0,1,3,01, [1,0,0,3] 8(2 —1) 4C0-4a
4F04p 12 [0,1,3,0], [2,1,1,2] 812 +1) 4c0-4a
4F0-8a 12 [3,0,0,3],[1,4,0,1], [0,3,5,0], 42 +2) 4c0-4a
4F0-80 12 [3,0,0,31, [1,4,0,1] , (2 —2) 4c0-4a
4G0-16a 24 [1,4,0,1],17,0,0,7], 411,11,1,0,51,[1,5,2,5] (1 —2)/(21) 4E0-8f
4G0-4a 24 [3,0,0,3], [1,0,0,3] 17412 4E0-4¢
4G0-4p 24 [3,0,0,3], [1,3,0,3] 2/2 4E0-4a
4G0-8a 24 [3,0,0,3],[1,4,0,1], ar/ (2 —2) 4F0-4p
4G0-80 24 [3,0,0,3], [1,4,0,1] 22 42u+2)/ (2 — 4F0-4a
4G0-8c 24 [3,0,0,3], [1,4,0,1] 22 4E0-4¢
4G0-8d 24 [3,0,0,3], [1,4,0,1], 22 —1) /(2 4F0-gp
4G0-8e 24 [3,0,0,3], [1,4,0,1], 2 4EV-4a
4608t 24 [3,0,0,3], [1,4,0,1], 4/ (2 +2) 4F0-4a
880-8a 12 [3,0,0,3], [0,3,5,0], 162 4C0-4a
8BV-8b 12 [3,0,0,31, [0,3,5,0], 322 4c0-4a
880-8c 12 [3,0,0,31, [0,3,5,0] 322 4¢0-4p
880-8d 12 [3,0,0,31,10,3,5,0], 1612 4c0-4p
8cl-8a 12 [3,0,0,3], [5,0,0,5], —82 4B0-4p
8cl-gb 12 [3,0,0,3], [5,0,0,5], —4(2 +4) 480-4b
8cl-8c 12 [3,0,0,3],5,0,0,5], —8(:2 +2) 4B0-4p
8cl-sd 12 [3,0,0,3], [5,0,0,5], 2 480-4b
8pl-8a 12 [2,1,3,2],10,3,5,0], 16/ (12 4c0-4a
8D0-80 12 [2,1,3,21,10,3,5,0], 32/ (2 +4) 4C0-4a
8DV-8c 12 [2,1,3,2], [0 3,5, o] 16/ (12 4c0-4a
8pV-8d 12 [2,1,3, 2] [0,3,5,0], 32/ (2 —4) 4¢0-4a
8E0-16a 16 [3,4,0,11], [2,3,3,5], —4t/ (2 +2) 4D0-8a
8E0-16b 16 [3,4,0,11],12,3,3,5], —2(2 —2+2)/ (2 —4+2) 4D0-8a
8Fl-8a 16 [1,1,1,2],10,3,5,0], 8(4 — 42 —81—4)/ (2 — 4AV-4a
8G0-16a 24 [1,2,0,11,7,0,0,71, (1—2)/(20) 4E0-8e




group i N generators map supergroup
8G08a 24 8 [1,2,0,1],(3,0,0,3],(50,0,5],(1,0,0,3],(1,0,0,5] (2 —1)/¢ 8c0-80
BGU—Sb 24 8 [1,2,0,1], [3,0,0,3], [5,0,0,5], [1,0,0,3], [1,0,4,5] (12+2]/(2t) BCO—Sa
8G08c 24 8 [1,2,0,1],(3,0,0,3],[50,0,5,[1,0,0,3],[1,1,0,5] (2 —2)/(21) 4E0-8¢
8c08d 24 8 [1,2,0,1],[3,0,0,3],[50,0,5,[1,0,0,5],[3,0,2,1] 2/2 4E0-4p
8G08e 24 8 [1,2,0,1],(3,0,0,3],[50,0,5],[1,0,2,3],3,2,2,1] /2 4E0-4p
8gl-8f 24 8 [1,2,0,1],(3,0,0,3],5,0,0,5], (1,1,0,3],[1,0,0,5] (2 —1)/(2r) 4E0-4a
BGO-Sg 24 8 (1,2,0,1], (3,0,0,3], [5,0,0,5], [1,1,0,3], [1,1,4,1] (12+2]/(2t) 4E0-8i
8G0-8h 24 8 [1,2,0,1],(3,0,0,3],50,0,5],[1,1,0,3],[3,22,1]  2(2 +1)/ (2 +20—1) 4E%-8g
8G0-8i 24 8 [1,2,0,1],(3,0,0,3],[50,0,5],[1,3,2,3],[3,2,2,1] (2 +2)/(21) 4E0-8g
8G0-8 24 8 [1,2,0,1],[3,0,0,3],[50,0,5],(3,0,0,5, [1,1,41] 2(2+1)/ (2 —2—1) 4E0-8i
8G0-8k 24 8 [1,2,0,1],(3,0,0,3],[50,0,5],[3,1,0,5],[1,0,4,5] 2(2 —1)/ (2 +1) 8D0-8a
8cl-8l 24 8 [1,2,0,1],(3,0,0,3],5,0,0,5],(3,1,0,5],[3,0,2,1] (2 —2)/(2r) 4E0-8a
8H0-8a 24 8  [3,0,0,3],(1,4,4,1],(0,3,5,0],(1,0,0,3], (1,0,0,5] 2t/ (> —2) 880-8a
8HO-8b 24 8 [3,0,0,3],[1,4,4,1],[0,3,50],[1,0,0,3],[1,2,2,3] 4t/ (2 —2) 4F0.ga
8HO-8c 24 8 [3,0,0,3],[1,4,4,1],[0,3,50],(1,0,0,3], (1,405 /(2 +1) 880-8b
8HO-8d 24 8 [3,0,0,3],[1,4,41],[0,3,50],[1,0,0,5],[1,2,23] (2 +1)/(2+20—1) 88%8a
8H0-8e 24 8 [3,0,0,3],[1,4,4,1],[0,3,50],(1,4,03],[1,0,05 2/ (% +2) 880-8a
8HO-8f 24 8 [3,0,0,3],[1,4,4,1],[0,3,50],(1,4,03],[1,2,2,1] (2 —2)/(21) 4F0-8a
8HO-8g 24 8  [3,0,0,3],[1,4,4,1],[0,3,50],(1,4,03],(1,4,05] /(2 —1) 880-8b
8HO-8h 24 8 [3,0,0,3],[1,4,4,1],[0,3,50],[1,4,0,5],[2,1,1,2] (2 —1)/(21) 4F0-4p
8H0-8i 24 8 [3,0,0,3],(1,4,4,1],[0,3,50],03,0,0,5],[1,2,2,1] (2 +2)/(21) 4FY-8b
8HO-8f 24 8 [3,0,0,3],[1,4,41],[0,3,50],[3,0,05],(23,52] 2(2+1)/(2+2—1) 4F08p
8HO-8k 24 8  [3,0,0,3],[1,4,4,1],[0,3,50],(3,4,0,5],[1,2,2,1]  (Z+2—1)/(2+1) 4F08pb
8HO-81 24 8 [3,0,0,3],[1,4,4,1],[0,3,50],(3,4,05],[2,1,1,2] 4t/ (2 +2) 4F0.8p
808a 24 8 [7,0,0,7],03,52],(1,4,05],(1,6,03] 42/ (2 —2) 8c0-8d
8080 24 8 [7,0,0,7],(0,3,52],[3,201],(1,4,05] 42/ (2 +2) 8C0-8d
8i08c 24 8 [7,0,0,7],00,3,52],03,201],[54,0,1] 4/(2 —1) 8c0-8d
80-8d 24 8 [7,0,0,7],003,52],[520,3],[54,01] 4/ (2 +1) 8c0-8d
808a 24 8 [3,20,3],(520,5],[1,2,41],[1,0,0,3],[1,0,0,5] (2 +2)/i2 4E0-4¢
80-80 24 8 [3,2,0,3],(520,5],[1,2,4,1],(1,0,0,3],[1,2,0,5] 2 —1 4E0-4¢
80-8c 24 8 (3,2,0,3],(52,0,5],(1,2,4,1],(1,2,0,3],(1,0,0,5] 2/(2—2) 4E0-4¢
8J0-8d 24 8 (3,2,0,3], (5,2,0,5], [1,2,4,1], [1,2,0,3], [1,2,0,5] ,2 +1 4E0-4c




group i generators map super
8Kk0-16a 24 [1,4,0, ,10,3,5,01,(3,0,0,5], [1,2,2,1] (2 +4)/2 4F0.8p
8K0-16b 24 [1,4,0, ,0,3,5,0],[7,0,0,9], [1,2,2,1] (2 —4)/2 4F0-gb
8k0-16c 24 [1,4,0, ,12,3,1,21,(3,0,0,5], [1,2,2,1] 242 4F0-8b
8K0-16d 24 [1,4,0, ,[2,3,1,21,(7,0,0,91, [1,2,2,1] 22 4F0.8p
808a 24 [0,3,5, ,[1,2,0,3], [1,4,0,5] (2 —20—1)/(4) 880-8d
8L0-8b 24 [0,3,5, ,15,4,0,11,(3,6,0,1] 2/ (2 —2—1) 880-8d
8NO-16a 48 [1,4,0, ,19,0,0,9], (1,0,4,11,0,1,1,0], (2 +2)/(21) 4G0-8a
8NO-16b 48 [1,4,0, ,19,0,0,91, [1,0,4,11,[0,1,5,0], 2/2 4G0-8e
8NO-16c 48 [1,4,0, [9,0,0,91, [1,0,4,1], [1,2,2,1], 4/ (2 —1) 8K0-16¢
8NO-16d 48 [1,4,0, [9,0,0,91, [1,0,4,11, [3,2,2,5], 22 +1) /(2 4G0-8a
8NO-16e 48 [1,4,0, [9,0,0,9], [1,0,4,11, [7,0,0,9], (2 —1)/0) 4G0-8d
8NO-16f 48 [1,4,0, ,9,0,0,9], [1,0,4,11, [7,0,0,9], (2 —2)/ (1) 4G0-gt
8N0-32a 48 [1,4,0, ,151, [7,0,0,23], [1,0,4,11, (3,0,0,5], (1—2—2) /(2 —2t—1) 4G0-16a
8N0-8a 48 [1,4,0, L [1,0,4,1], 1,2,0,3], [1,0,0,5] 2 4G0-4a
8NO-gb 48 [1,4,0, L [1,0,4,11,(1,2,0,3], [1,2,0,5] (2 —2)/(21) 4G0-8¢c
8N0-gc 48 [1,4,0 ,[1,0,4,11,1,2,0,3], [3,2,0,5] (2 +1)/1 4G0-4a
8NO-8d 48 [1,4,0, ,[1,0,4,11,3,0,0,11, [1,0,2,5] 22 +1) /(2 4G0-8¢
8N0-8e 48 [1,4,0, ,[1,0,4,11,13,0,0,11, [1,2,0,5] (2 +2)/(21) 4G0-8c
8NO-gf 48 [1,4,0 L [1,0,4,11,(3,0,0,1],[5,0,0,1] (2 —1)/t 4G0-4a
800-16a 48 [1,4,0 L (3,2,0,11], [1,0,8,1], [1,3,0,5], (1—2) /(20 8G0-gj
800-8a 48 [3,2,0,3 [1,0,0,31, [1,0,4,5] (2 —2)/(21) 8G0-8b
800-8b 48 [3,2,0,3 ,[1,0,0,51,11,0,4,3] (2 —1)/(0) 8G0-8a
800-8c 48 [3,2,0,3 ,[1,2,0,3], [1,0,0,5] 2/ (2 —1) 8J0-8a
800-8d 48 [3,2,0,3 ,[1,2,0,31,[1,2,0,5] (2 +2)/(21) 8J0-8b
800-ge 48 [3,2,0,3 L 01,2,0,51,[1,2,4,3] (2 +1)/(21) 810-8a
8ol-gf 48 [3,2,0,3 L 11,3,0,3],(1,0,0,5] 2/2 8G0-8f
800-8g 48 [3,2,0,3 [1,3,0,3],(1,2,0,5] 2 8G0-8f
80ol-gh 48 [3,2,0,3 L01,3,0,31,1,3,4,1] (2 —2)/(2) 8a0-8g
800-8i 48 [3,2,0,3 ,3,0,0,5], [1,2,4,3] (2 —2)/ (2 —41+2) 8J0-8a
8008 48 [3,2,0,3 ,13,2,0,51,[1,0,4,3] (2 +2)/(21) 8G0-8b
8008k 48 [3,2,0,3 . 13,3,0,51,[1,0,4,3] (2 +4t+2) /(2 —2) 810-8b
8ol-8l 48 (3,2,0,3] L 13,3,0,51, [1,1,4,1] (2 +2)/(21) 8G0-8¢c
8Pl-ga 48 [3,4,4,3 L [3,4,0,11,[1,4,0,5] (2 +2) /(2 —4t+2) 8HO-gg
8P0-gb 48 [3,4,4,3], ,[3,4,0,1], [5,4,0,1] (2 +1)/20—1)) 8HO-8g




group i N generators map supergroup
1680-16a 24 16  [3,0,0,11],[0,3,5,0, [1,2,2,5],[1,0,0,5], [1,8,0,3] 2,2 880-8a
1680-16b 24 16  [3,0,0,11],[0,3,5,0], [1,2,2,5], [1,4,0,5],(5,2,0,3] /2 880-8d
1680-16c 24 16  [3,0,0,11],(0,3,5,0],(1,2,2,5],(3,0,0,5], [1,8,0,3] 880-8a
1680-16d 24 16  [3,0,0,117,(0,3,5,0,[1,2,2,5],(3,6,0,5], [3,4,0,7] 880-8d
16C0-16a 24 16 [7,0,0,7],[3,8,0,11],[0,3,5,2], (1,2,0,3], [1,4,0,5] /2 8c0-8b
16C0-16b 24 16  [7,0,0,7],[3,8,0,111,[0,3,5,2], [1,2,0,3], [5,4,0,1] 2 8c0-8b
16c0-16c 24 16  [7,0,0,7],(3,8,0,111,[0,3,5,2], [1,4,0,5], [5,2,0,3] 22 8c0-8d
16C0-16d 24 16  [7,0,0,7],(3,8,0,11],10,3,5,2], (5,4,0,1], [1,6,0,3] 12 8c0-8d
1600162 24 16 [7.0,0,7], (3,0.0. 111, [0.3.5.2], [1,4,0.5], [5.2,0,3] 2 —4 8c0-8d
16D0-16b 24 16  [7,0,0,7],(3,0,0,11],(0,3,5,2],(3,2,0,1], [1,4,0,5] 2 +4 8c0-8d
16DO—1GC 24 16 [7,0,0,7], [3,0,0,111, [0,3,5,2], [3,2,0,1], [5,2,0,3] 2()‘272) 8C0—8d
16D0-16d 24 16  [7,0,0,71,13,0,0,117,[0,3,5,2], [3,6,0,5], [3,4,0,7] 2(2 +2) 8c0-8d
16E0-16a 24 16  [0,3,5,8],[2,1,3,10], [1,0,0,3], [1,0,0,5] (2 +4)/2 8D"-8a
16E0-16b 24 16 [0,3,5,8],[2,1,3, 10] [1,0,0,3], [1,8,0,5] 22 8D0-8a
16E0-16c 24 16 [0,3,5,8],[2,1,3,10], [1,0,0,5], [1,8,0,3] (2 —4)/2 8D0-8a
16E0-16d 24 16 [0,3.5.8], [2.1.3,10], (3,0.0,5], [1.8.0,3] +2 8D0-8a
16F0-32a 32 32 [3,4,0,11],06,3,7,9],(3,3,0,5], [0,3,1,0] — (2 +2)/(20) 8E0-16b
16F0-32b 32 32 [3,4,0,111,16,3,7,9], [5,5,0,3], [0,3,1,0] (2 —4r+2)/ (2 —2042) 8E%-16b
16G0-16a 48 16  [1,2,0,1],7,0,0,7],3,0,8, 111, [1,3,2,3], [3,2,2,1] 2(2 +1)/ (2 +2t —1) 8G0-8i
16G0-16b 48 16 [1,2,0,1],(7,0,0,7],(3,0,8,11],(3,0,0,11,(1,0,0,5] 2/2 8G0-8a
16G0-16c 48 16  [1,2,0,1],(7,0,0,7],(3,0,8,11],[3,0,0,1],[5,0,0,1] £ 8G0-8a
16G0-16d 48 16  [1,2,0,1],(7,0,0,7], (3,0,8,11],3,0,0,1],[5,1,0,1] (2 —2)/(21) 8G0-8c
16G0-16e 48 16 [1,2,0,11,(7,0,0,7],(3,0,8,11], [3,1,0,1], [1,1,0,5] (2 +2)/(2) 8G0-8g
16G0—16f 48 16 [1,2,0,1],[7,0,0,7], [3,0,8,11], [3,1,0,1], [1,1,4,1] 2(r2+1)/(r2+2r71] BGO*BQ
16G0-16g 48 16 [1,2,0,11,(7,0,0,7],[3,0,8, 111, [3,1,0,11,[5,0,0,11 (2 —1)/(2r) 8G0-8t
16G0-16h 48 16  [1,2,0,1],(7,0,0,7],[3,0,8, 111, [3,2,2,1], [1,4,2,3] 2 8G0-8e
16G0-161 48 16 [1,2,0,11,(7,0,0,7],[3,0,8,11],[3,2,2,1],[3,3,4,5] (2 +2)/(21) 8G0-8i
16G0-16) 48 16  [1,2,0,11,(7,0,0,7],(3,0,8,11], [3,4,2,1], [1,2,4,5] /2 8G0-ge
16G0-16k 48 16 [1,2,0,1],(7,0,0,7],(3,0,8,11],(7,1,0,9], [1,2,4,5] (2 —1)/(2) 8G0-8k
16G0-161 48 16  [1,2,0,1],(7,0,0,7],(3,0,8,11],(7,1,0,9], (3,0,2,1] (2 —2)/(21) 8G0-8l
16G0-32a 48 32 [1,2,0,1],[15,0,0,15], [7,0,0,23], (1—20—2) /(2 —20—1) 8G0-16a
[3,0,8,111,[3,1,0,51,[5,2,2,5]




group i N generators map supergroup
16H0-16a 48 16  [7,0,0,7],09,0,0,9],10,3,5,2], [1,4,0,5], [1,2,0,7] 4t/ (Z +2) 810-8a
16H0-16b 48 16  [7,0,0,7],19,0,0,9],[0,3,5,2], [1,4,0,5], [1,6,0,3]  2(:Z +1)/ (2 —2—1) 8I'-8a
16H0-16c 48 16  [7,0,0,7],19,0,0,9],[0,3,5,2], [1,4,0,5],[5,2,0,3] 41/ (2 —2) 810-8b
16H0-16d 48 16 [7,0,0,71,09,0,0,91,10,3,5,2],[1,6,0,3], [1,2,0,7] (2 +2—1)/(2+1) 8°8a
16H0-16e 48 16  [7,0,0,7],09,0,0,9],[0,3,5,2], [3,2,0,1], [1,2,0,7] (12 —2)/(20) 16C0-16¢
16H0-16f 48 16 (7,0,0,7],(9,0,0,9],(0,3,5,2],[3,2,0,1], [5,2,0,3] (2 —2)/(21) 810-8b
16H0-16g 48 16  [7,0,0,7],19,0,0,9],0,3,5,2], [3,2,0,1], [5,4,0,1] (2 +1)/t 16C0-16d
16H0-16h 48 16 [7,0,0,71,19,0,0,9],(0,3,5,2],13,4,0,7], [5,6,0,7] (2 +2)/(21) 16C0-16¢
16HO-16i 48 16  [7,0,0,7],19,0,0,9],[0,3,5,2], [5,2,0,3], [1,6,0,3] (2 +2—1)/(2+1) 16C0-16c
16HO-16j 48 16 [7,0,0,71,09,0,0,9],(0,3,5,2], [5,2,0,3], [5,4,0,11 2t/ (2 —1) 810-8d
16HO-16k 48 16  [7,0,0,7],09,0,0,9],0,3,5,2], [5,4,0,1], [1,2,0,7] 2 )/t 16C0-16d
16HO-161 48 16 [7,0,0,7],19,0,0,9],10,3,5,2], [7,2,0,5], (7,4,0,3] (2 +2)/(20) 810-8a
32A0-32a 48 32 [3,8,0,11],[5,8,0,13],(0,7,9,2], [1,4,0,5],[5,6,0,3] 2/ 16C0-16a
32aA0-32b 48 32 [3,8,0,11],[58,0,13],(0,7,9,2], [5,2,0,3], [5,4,0,1] 16C0-16d
32A0-32c 48 32 [3,8.0,11][5.8.0.13] [0,7.9.2], [1.2.0.1], 9.2.0,3] 16C0-16a
32A0-32d 48 32 [3,8,0,11],[58,0,13],(0,7,9,2], [7,2,0,5], [7,4,0,3] 2/ 16c0-16d




group i N generators curve map supergroup
16Cl-16c 24 16 [2,1,3,2],10,3,5,8],[1,0,0,5],[1,8,0,3] 256a2  (x—1)/2  8D%-8a
16C!-16d 24 16 [2,1,3,2],10,3,5,8],[3,0,0,5], [1,8,0,3] 256al x4 1 8D"-8a
16Bl-16a 24 16  [3,0,0,11],[0,3,5,01, [2,3,9,6], [1,0,0,3], [1,0,0,5] 256b2  x/4 880-8a
16Bl-16c 24 16 [3,0,0,111,[0,3,5,01, [2,3,9,6], [1,4,0,3], [1,0,0,5] 25601  x/2 8B0-8a
161!-16d 48 16 [3,0,0,11],(0,3,58],(1,4,12,1],(1,0,0,5], [1,8,0,3] 256al  x—1 8H0-8a
16ll-16f 48 16 [3,0,0,11],[0,3,5,8], [1,4,12,11, [1,8,0,3], [2,3,5,2] 256a2 BB g0 g
16ll-16g 48 16 [3,0,0,111,10,3,5,8], [1,4,12,1],[1,8,0,5], [1,2,10,3] 256a2 8HO-8d
161!-16h 48 16 (3,0,0,11],(0,3,5,8],[1,4,12,1], (1,8,0,7], [1,2,10,7] 256al 8HO-gj
1611-16j 48 16 [3,0,0,11],[0,3,58],[1,4,12,1], (3,0,0,5], [1,8,0,3] 256a2 8HO-8a
1611-16k 48 16 [3,0,0,111,(0,3,538],[1,4,12,1],3,0,0,5], [2,3,5,2] 256a2 8HO-gj
8Hl-16b 48 16 (7,0,0,7],(1,8,0,1], [1,4,4,1],(0,3,5,0],(3,0,0,5], [1,2,2,9]  256a2 8HO-8i
8H!-16¢ 48 16 [7,0,0,7],[1,8,0,11,[1,4,4,1],[0,3,5,0, [3,0,0,5], [1,2,6,9]  256a2 8HO-gj
8H1—1Ge 48 16 (7,0,0,7],[1,8,0,1], [1,4,4,1], [0,3,5,0],[7,0,0,9], [1,2,2,1 256al 8H0—8i
8H1—16g 48 16 [7,0,0,71,[1,8,0,1], [1,4,4,1], [0,3,5,0], [7,0,0,9], [2,3,5,2 256al 2 8H0—8j
16D!-16d 24 16 [3,8,0,11],10,3,5,0], (52,2, 1], [3,2,0,5], [5,4,0, 1] 12821 (x+1)/2  8B0-8d
8H!-16j 4816 (7,0,0,71,(1,8,0,11, [1,4,4,11,10,3,5,0], [7.4,0,9], [1,2,2,9] 256a2 2t 'ZV ! 1”) 8H0-8k
X X
8D]-16b 24 16 [7,0,0,7],[3,4,0,11], [0,3,5,0], [3,0,0,5], [1,2,2,9] 256al x+1 4FO-8b
8H!-16k 48 16 [7,0,0,7],[1,8,0,1],[1,4,4,1],10,3,5,0],[7,4,0,9],[1,2,6,9]  256a2 8HO-8|
8Dl-t6c 24 16 [7,0,0,7],(3,4,0,11],(0,3,5,0],13,4,0,5], [1,2,2,1] 256a2 (3 4F0-gp
2
1edl-16e 48 16 [7,0,0,7],00,3,5,0],[5,2,2,1],[1,6,0,7],7,4,0,3] 12822 X2l gp0.gd
16J1—169 48 16 (7,0,0,7], [0,3,5,0], [5,2,2,1], [5,4,0,1], [3,6,0,1] 128a2 (1—x)/2 BLO—Sb
16Fl-16a 48 16 [3,0,0,11],[1,4,4,1],[0,3,50],[1,0,0,3], [1,0,0,5) 25601 —2/x 8HO-8a
2 ,
16Fl-16c 48 16 [3,0,0,11],[1,4,4,1],[0,3,5,0], [1,0,0,5], [1,2,2,3] 256b2 *zi)‘;g 16BY-16¢
X
16F!-16d 48 16 [3,0,0,11],[1,4,4,1],(0,3,5,0], [1,4,0,3], [1,0,0,5] 256b2  4/x 8HO-ge
16Fl-t6n 48 16 [3.0,011], (14,41, 0.3,5.0] (30,05 [1,2.2,1] 256b1  x 8HO-gi
16Fl—16J 48 16 (3,0,0,11], [1,4,4,1], [0,3,5,0], (3,4,0,1], [1,2,2,1] 256b2 x/2 8H0—81
2
16Fl16k 48 16 [3,0,0,11],[1,4,4,1],(0,3,5,0], 3,4,0,5], [1,2,2,1] 25602 B 460 160
X% +4x+8
11Cl41a 55 11 [3,4,4,2],(3,1,1,8],[6,4,0,5] 12101 Jpp (xy) 1A0-1a
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http://www.lmfdb.org/EllipticCurve/Q/128a2
http://www.lmfdb.org/EllipticCurve/Q/256b1
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http://www.lmfdb.org/EllipticCurve/Q/256b2
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http://www.lmfdb.org/EllipticCurve/Q/256b2
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http://www.lmfdb.org/EllipticCurve/Q/121b1

The map Ji;(x, y) is due to Halberstadt [Hal98], and is defined by

where

fi
f2
g
fa
f5

T y) = (Affafa)?
N
= x% +3x — 6,
= 11(x% — 5)y + (2x* + 23x° — 72x* — 28x + 127),
=6y+ 11x— 19,

= 22(x — 2)y + (5x° + 17x* — 112x + 120),
= 1y + (2x% 4 17x — 34),
fo =

(x—4)y—(5x—9).



References

[Den75] J. B. Dennin Jr., The genus of subfields of K (n), Proc. Amer. Math. Soc. 51
(1975), 282-288.

[Hal98] E. Halberstadt, Sur la courbe modulaire X4, (11), Experimental Math. 7
(1998), 163—174.

[RZB15] J. Rouse and D. Zureick-Brown, Elliptic curves over Q and 2-adic images of
Galois, Research in Number Theory 1 (2015).

[S15] A. V. Sutherland, Computing images of Galois representations attached to elliptic
curves, Forum of Mathematics, Sigma 4 (2016), 79 pages.

[Z15] D. Zywina, On the possible images of the mod ell representations associated to
elliptic curves over Q, arXiv:1508.07660.

[Z15] D. Zywina, Possible indices for the Galois image of elliptic curves over Q,
arXiv:1508.07663.


http://dx.doi.org/10.2307/2040309
http://projecteuclid.org/euclid.em/1048515664
http://link.springer.com/article/10.1007%2Fs40993-015-0013-7
http://link.springer.com/article/10.1007%2Fs40993-015-0013-7
http://dx.doi.org/10.1017/fms.2015.33
http://dx.doi.org/10.1017/fms.2015.33
http://arxiv.org/abs/1508.07660
http://arxiv.org/abs/1508.07660
http://arxiv.org/abs/1508.07663

