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Abstract

The purpose of this note is to provide an outline of a proof of the sufficiency of
Speyer’s well-spacedness condition for lifting superabundant genus 1 tropical curves,
using logarithmic deformation theory. We restrict ourselves to the simplest possible
case – embedded trivalent curves without edge expansion factors – in order to maintain
clarity. The method is expected to generalize to superabundant tropical stable maps
from curves of genus 1.

Let M be the character lattice of a torus T over C of dimension n with cocharacter
lattice N . Let NR be the associated vector space. Suppose Γ is a genus 1 abstract tropical
curve with integral edge lengths and h : Γ → NR is a non-degenerate tropical stable map
such that vertex of Γ map to integral points of NR. Non-degeneracy simply means that
the edge directions of Γ span NR. Assume further that Γ is superabundant, i.e. that the
cycle of Γ is mapped to a subspace of NR of co-dimension at least 1. For the purposes of
this note, we assume the following additional conditions, though these are not expected to
be strictly necessary:

(1) The curve Γ is trivalent with integer edge lengths.

(2) The map h is an embedding with expansion factors 1 along each edge.

We prove the following result:

Theorem. If the tropical stable map Γ→ NR is well-spaced, then it arises as the tropical-
ization of a smooth curve embedded in a toric variety.

Proof of Theorem.

Step I: The Degenerate Map. Choose a polyhedral decomposition of the vector space
NR whose one-skeleton is the tropical curve h(Γ). Let X be the associated toric degener-
ation over Spec(C[[t]]) and let X0 denote the special fiber. The irreducible components of
the special fiber are in natural bijection with the vertices of Γ, and given a vertex v ∈ Γ we
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will let Xv denote the corresponding component of X0. The graph Γ determines a graph
curve C0, and its edge lengths naturally determine a logarithmic structure on C0 so we
obtain a logarithmically smooth curve

C0 → Spec(N→ C).

Let Cv denote the component of C0 corresponding to a vertex v. The component
is naturally isomorphic to the logarithmic curve (P1, (0 + 1 + ∞)). There is a moduli
space M(h, v) of logarithmic maps Cv → Xv, transversely meeting three distinct boundary
divisors of of Xv in their relative interiors. This moduli space can be seen to be a torsor
for Gn

m. Range over all v to obtain a map C0 → X0, by choosing one such map for each
vertex and imposing the natural gluing condition: If q is node corresponding to an edge
between v and w in Γ, then the image of Cv intersected with Xw coincides with the image
of Cw intersected with Xv. Imposing this ranging over all nodes, one obtains a logarithmic
map

φ0 : C0 → X0.

In more sophisticated language, the graph Γ determines a fiber diagram among the
moduli spaces M(h, v), and [φ0] is parametrized by a point in this fiber product space.

Step II (Interude): The Relevant Bundles. The obstruction theory of embedded
logarithmic curves is controlled by the cohomology of the logarithmic normal bundle, by
which we mean the cokernel of the natural differential

0→ T logC0 → φ?0T
logX0.

The logarithmic tangent bundle of any toric variety is trivial and is spanned by a basis
of N , i.e. T logX = NC. If χ1, . . . , χn are coordinates on T , then {χi∂χi} form the natural
basis of logarithmic vector fields. Since the the total space of X is a formal toric variety,
its logarithmic tangent bundle is also trivial. The logarithmic tangent bundle of X0 again
is trivial, with the pull back log structure for its inclusion into X .

Let v be a vertex and Cv be the associated component of C0. The component Cv carries
the structure of a thrice punctured P1, so its logarithmic tangent bundle is isomorphic to
OP1(−1).

As discussed above, upon restriction to Cv, φ0 is an embedding of P1 into the component
Xv, say the component given by the vanishing of a character χv. There exist monomial
coordinates χ1, . . . , χn on Xv, such that φ0(Cv) is the vanishing locus of (χ1 +χ2 + 1), and
χ3, . . . , χn are generic complex numbers. One can explicitly describe normal vector fields
to the embedding in coordinates, for instance χ1∂χ1 is such.

Step III: Constructing Deformations: A single edge. Let L denote the loop of
h(Γ) and let A denote an affine hyperplane containing L. Let ΓA denote the intersection
h(Γ)∩A. Note that ΓA ⊂ A ⊂ NR is a balanced tropical curve, but necessarily has 1-valent
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vertices. There is an associated “honest” tropical curve Γ̂A ⊂ A, obtained by completing
the edges incident to 1-valent vertices to unbounded edges. Let CA denote the subcurve of
C0 associated to the graph ΓA, with the induced logarithmic structure from C0.

Let v be a 1-valent vertex and w be the unique vertex incident to it in ΓA. Let u ∈M
be the primitive vector defining the hyperplane A and χu the associated character. This
normal direction will play a distinguished role in what follows.

We describe the local geometry corresponding to these nodes. The components Xv and
Xw of X0 meet along a codimension 2 boundary component of X . The local picture in an
open set in X , near Xv ∩Xw can be described by the equation

χvχw = t`,

where ` ∈ N is the length of the edge e between v and w. Up to a monomial change of
coordinates, the image φ0(Cv) is described by

• χv = 0, which ensures that Cv lies in Xv,

• χw + χu + 1 = 0.

• The remaining characters of X take generic nonzero complex values.

Similarly, one can explicitly describe the image of Cw, by χw = 0, χv +χs + 1 = 0, and
fixing the other characters at generic nonzero values. However, note that the role of χu is
distinguished – it is the direction where the loop leaves the hyperplane A.

In order to construct logarithmic deformations, we must construct sections of the log-
arithmic normal bundle over increasingly high order thickenings of the embedded curve.
That is, we seek to find global sections of the sheaf N log

C0/X0
and its thickenings. The

embedded curve φ0(C0) is logarithmically smooth, so the problem is locally unobstructed.
The logarithmic normal bundle associated to φ0 on C0 (and their thickenings) is a

quotient of the trivial bundle NC ⊗ OC0 on C0, so we will construct normal vector fields
by constructing sections of this trivial bundle, before descending to the quotient. We will
construct these sections locally, and examine the obstruction to gluing them.

On Cv, the vector field χw∂χw represents a nontrivial normal direction. At the (`+1)th-
order thickening, we can represent this vector field, near the node qe on Cv using the
coordinates χw and χu by using the second relation itemized above and χvχw = t`. The
germ at qe of a vector field on Cw, extending χw∂χw on Cv is given by

t`

χvχu
χu∂χu .

Since the vertices v and w lie in A, the vector field χu∂χu spans a trivial subbundle of the
logarithmic normal bundle of Cv ∪ Cw. Since Cw has genus 0, the section above can be
extended in such a way that it has poles only along the points of nontrivial logarithmic
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structure on Cw. Let F denote the extension of this rational function, and now observe
that Fχu∂χu + χv∂χv is a nontrivial logarithmic normal vector field on Cw.

Step IV: Constructing Deformations: A path. Recall that we have a basis for vector
fields on X given by characters, and from the last step we have extended a normal vector
field on Cv to Cv ∪ Cw. We first consider how to extend the component corresponding to
u above, to the entire curve. On the subcurve CA, the vector field χu∂χu spans a trivial
bundle, so extending this component of the vector field is equivalent to extending rational
functions with prescribed germs, as above. Let w be the vertex from the previous step,
and w′ be the next vertex on the path from v to the loop of h(Γ). Suppose the length of
the edge (w,w′) is m. We wish to extend the χu∂χu-component of our normal vector field
to Cv ∪ Cw ∪ Cw′ . We do so, as before, by first using the relation

χwχw′ = tm,

and the explicit description of the image of Cw, to write a germ of a rational function at
Cw ∩ Cw′ as before. Let V be a local coordinate on Cw′ near this point. By using the
relation above, and an explicit calculation, one sees that the t-order of the 1

V coefficient of
this rational function is m+ `.

Let P be the path of total length `(P ), between v and the nearest vertex v0 of the loop
L. Let p be the node of Cv0 corresponding to the edge leaving L. Iterating the process
above, to extend the χu∂χu-component of the vector field, one needs to construct a rational
function on CL, which has a residue at p of t-valuation `(P ).

Repeat the above process for all 1-valent vertices of Γ′, let P1, . . . , Pk denote the paths
to L, and `(Pi) the corresponding path lengths. Summarizing the above argument, to
deform φ0, we must construct a rational function on thickenings of CL whose residues at
smooth points p1, . . . . , pk have t-valuation `(P1, ), . . . , `(Pk) respectively.

Step V: Vanishing of Obstructions. Let C
(k)
L be a kth order thickening of the curve

associated to the loop, as constructed above, and p1, . . . , pk be the marked sections where
the loop meets the rest of the curve. We have an exact sequence

0→ O → O(
∑

pi)→
∑
i

C[[t]]/(tk)→ 0.

Here, O should be thought of as the component of the logarithmic normal bundle spanned
by the vector field χu∂χu. The associated long exact sequence is

0→ H0(C
(k)
L ,O)→ H0(C

(k)
L ,O(

∑
pi))→

∑
i

C[[t]]/(tk)→ H1(C
(k)
L ,O)→ 0.

The final zero above is a consequence of Serre duality for nodal curves of genus 1, noting that

the degree of the dualizing sheaf is 0. The last group H1(C
(k)
L ,O) is the obstruction group
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for the extension of the χu∂χu-component of our normal vector field, and is isomorphic to
C[[t]]/(tk). final arrow is the sum of residues at the marked point pi. We saw in the previous
step that the prescribed germ at pi has a residue whose t-valuation is `(Pi), the length of
the relevant path to that vertex. By perturbing the coefficients in the construction of
this section with higher orders of t, standard arguments now show that the minimum of
the multiset of distances `(Pi) occurring at least twice is both a necessary and sufficient
condition for the extension of the χu∂χu-component of the normal vector field.

Conclusion of the Proof. If the edges of the loop L spanA, then CΓ̂′ is non-superabundant
in A ⊂ NR. Choosing the standard basis for the logarithmic tangent bundle, it is straight-
forward to check that the components of the normal vector field other than the χu∂χu

component can be extended without obstruction. The complement of ΓA consists of a col-
lection of trees, whose deformation theory is also unobstructed. Combining the arguments
above shows that φ0 can be compatibly lifted to arbitrary order.

If the edge directions of L do not span A, then CΓ̂′ is superabundant in A, and we repeat
the above process for an affine hyperplane in A containing the loop. Since well-spacedness
is forced for every hyperplane containing the loop L, we have a sufficient condition for the
vanishing of obstructions to smoothing the embedded curve C0 ⊂ X0 to arbitrary order.

To conclude, pass to the colimit to obtain a formal family of curves and maps over
Spf(C[[t]]). This family can be algebraized to φ : C → X , either by an application of
Grothendieck’s existence theorem, or simply by the existence of an algebraic moduli space of
logarithmic stable maps to X . The map constructed from the generic fiber is an embedding
by an application of Nakayama’s Lemma. The result follows.

Remark. We expect that the above proof can be adapted to remove the restrictions edge
lengths, expansion factors, and valency using more sophisticated, but standard techniques,
from the deformation theory of logarithmic maps. We also expect that every one of the
steps of the proof is reversible with a little more care, so the theorem should give a char-
acterization of the liftable curves. However, these notes are meant as a proof of concept,
so we restrain ourselves.

A remark on technique – we pursued a solution using the absolute deformation theory
of embedded curves, which coincides with the theory of maps in this case – the non-
superabundant case is handled in precisely this fashion by Cheung–Fantini–Park–Ulirsch.
In particular, deformation h over the minimal base logarithmic structure rather than the
standard logarithmic point, should eliminate the condition on integrality of edge lengths.
Using relative obstruction theories rather than the absolute theory should eliminate the
need for h to be an embedding, and a decomposition of the logarithmic tangent-obstruction
sequence should allow one to mix the classical deformation theory with the tropical theory
for non-trivalent graphs. The blueprint for the setup using the relative obstruction theory
for maps can be found in “Superabundant Curves and the Artin Fan”, by the author.
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