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ABSTRACT. In this short note, we introduce a tropicalization map for a subscheme of a torus
over Z. We formulate and prove an inverse limit theorem, showing that the analytification
over Z, of a quasiprojective scheme defined over Z is naturally homeomorphic to the inverse
limit of the tropicalizations of all its toric embeddings. For varieties defined over Z, this
construction provides a natural way in which to interpolate between tropicalizations and
amoebas with respect to different norms.

1. INTRODUCTION

Let M be a lattice of rank n and N the dual lattice. Let IX ⊂ Z[M] be an ideal of
Laurent polynomials with coefficients in Z and X the associated subscheme of the torus
T = Spec(Z[M]). Since X is defined over Z, there are a number of tropicalizations that one
might consider.

(T1) The tropicalization of the subscheme of the complex torus TC, cut out by the ideal IX,
with respect to the trivial valuation.

(T2) The tropicalization of the subscheme of the p-adic torus TQp , cut out by the ideal IX,
with respect to the p-adic norm, for any prime p.

(T3) The tropicalization of the subscheme of the torus TFp , defined by the reduction of the
equations of Xmodulo p, with respect to the trivial norm, for any prime p.

(T4) The amoeba of the complex analytic subspace of the complex torus TC, cut out by the
ideal IX. Recall that the amoeba is image of the negative logarithm of the archimedean
absolute value.

The purpose of this note is to a construct of a single object that interpolates between
these tropicalizations in a continuous fashion. We take inspiration from recent work of
Mattias Jonsson, in which he compares the complex amoeba of a complex variety to its
tropicalization over the trivial valuation [12].

Recall that M (Z), the Berkovich spectrum of Z, is a space of seminorms on Z. This space
contains “p-adic branches” for every prime p. More precisely, it contains a copy of [0,∞]
for each nonzero prime ideal of Z. These correspond to powers of the p-adic absolute
value on Z. It also contains an “archimedean branch”, a copy of [0, 1], corresponding to
powers of the archimedaen absolute value. These rays are identified at their left endpoints.
See Section 2 for a more careful description. Berkovich [2, 4] defines an analytification
over Z (or more generally, any commutative Banach ring), which can be thought of as a
relative analytification of X, over M (Z). There is a natural map XAn →M (Z), whose fiber
over a seminorm x = | · |x is the analytification of X over the analytic residue field H (x).
Depending on the choice of seminorm, the analytic residue field is either Qp,Fp, or R.
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Theorem 1. There is a continuous global tropicalization map Trop : XAn → NR ×M (Z). The
intersection of Trop(XAn) withNR× {| · |x} is the tropicalization of Xwith respect to | · |x, described
in (T1)-(T4).

It is remarkable to note that very closely related notions of analytification and tropical-
ization, both over nonarchimedean fields and normed rings, appear implicitly in the work
of Bieri and Groves [5], which predated the systematic development of Berkovich spaces
by several years.

Tropicalization extends, in a standard way,to subvarieties of affine space, see Section 3.
Given an embedding ι : X ↪→ AnZ , one obtains tropicalizations as subsets of M (Z)×Antrop.
It follows from work of Sam Payne [15] that the analytifications of X, upon base changing
to a nonarchimedean field, are inverse limits of tropicalizations of X over that field. The
following result asserts that this inverse limit can be taken simultaneously for all fibers,
relative over M (Z).

Theorem 2. Let X be an affine scheme of finite-type defined over Z. The space XAn is naturally
homeomorphic to the inverse limit lim←− Trop(X, ι), taken over all affine embeddings ι : X ↪→ An(ι)Z .

The above theorem extends easily to quasi-projective finite-type schemes defined over
Z. See Section 4.2 for a formulation and proof of this result.

There are a number of instances of expressing Berkovich spaces as limits of polyhedral
complexes, beginning with Berkovich’s work on local contractibility [3]. Limits of trop-
icalizations first appeared in [15] and subsequently in [8, 9]. Retractions to polyhedral
skeletons and their limits also appear prominently in the recent work of Hrushovski and
Loeser [11].

While proofs of the main theorems in the present paper are essentially elementary, the
results, together with those of [12], seem to provide evidence that analytic spaces over
commutative Banach rings form an elegant framework in which to interpolate between
tropicalizations with respect to various valuations.

1.1. A description of Trop(X). We now give an elementary description of the tropicaliza-
tion over Z, choosing coordinates and free from the language of Berkovich spaces. This
section may be read independently of the remainder of the paper.

Let K be a complete nonarchimedean field with norm ‖·‖ and X be a subvariety of (K∗)n.
Let K be an algebraically closed field extending K, with nontrivial valuation. Consider the
map

trop : (K
∗
)n → Rn

(z1, . . . , zn) 7→ (−log‖z1‖, . . . ,−log‖zn‖).

The tropicalization of a subvariety Y of (K∗)n, denoted trop(Y), is defined to be the
closure in Rn of the set {trop(y) : y ∈ Y(K)}.

Now, let IX be an ideal of Laurent polynomials in variables t1, . . . , tn with Z-coefficients.
Let X be the associated subscheme of the Z-torus T = Spec(Z[t±1 , . . . , t

±
n ]). We describe the

global tropicalization of X.

For each prime p, we may consider the subvariety of TCp that is cut out by I(X). Denote
by tropp(X) the tropicalization of this subvariety, with respect to a fixed p-adic norm. Let
Σp(X) denote the cone over tropp(X)× {1} inNR×R>0, and Σp(X) the closure of Σp(X) in
NR × (R>0 t {∞}).
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Next, observe that IX cuts out a subvariety of (C∗)n. Fix a copy A(X) ⊂ NR × {1} ⊂
NR× (0, 1] of the archimedean amoeba of this subvariety. This coincides with the image of
X under the map trop as defined above, replacing ‖ · ‖ with the Euclidean absolute value
on C.

Define a subset A(X) ⊂ NR × (0, 1] by

A(X) = {(z, ρ) ∈ NR × (0, 1] : z/ρ ∈ A(X)}.

Finally, let A(X) be the closure of A(X) in NR × [0, 1].

Notice that the level 0 slices of Σp(X) for all p, and of A(X) are all naturally isomor-
phic to the tropicalization of X ⊗ C with respect to the trivial valuation. Then, the global
tropicalization is given by

Trop(X) = A(X) t
⊔
p

Σp(X)/ ∼,

where the equivalence relation identifies the level 0 slices of each arm. Note that one must
be cautious in defining the global topology on Trop(X), as it reflects to the topology of
M (Z). See the discussion in the forthcoming section.

Remark 3. Let IX be an ideal of Laurent polynomials as above. The coefficients of poly-
nomials in IX can only be divisible by finitely many primes, and using the description
of tropicalizations as non-differentiability loci of tropical polynomials [13, Theorem 3.2.3],
one can easily see that the complexes Σp(X) coincide for all but finitely many p.

1.2. The adelic amoeba and Bieri-Strebel invariants. The tropicalization over Z is closely
related to the notion of an adelic amoeba, introduced by Einsielder, Kapranov, and Lind [7,
Definition 2.3.1].

Let p be either a prime or ∞. For p finite, let | · |p be the p-adic norm satisfying |p|p = 1
p .

For p = ∞, let | · |∞ be the standard archimedean absolute value.

There is a map from M (Z) to (R>0 t {∞}) sending a seminorm | · |εp to ε. All nonar-
chimedean branches surject onto the target, while the archimedean branch maps to the
interval [0, 1]. Consequently, the tropicalization over Z admits a map

NR ×M (Z)→ NR × (R>0 t {∞}).

The intersection of Trop(X) with the sliceNR× {1} is the adelic amoeba. This set is controls
to the expansiveness properties of algebraic dynamical systems [7, Section 4].

Projections of the tropicalization are also closely related to the invariants of modules
studied by Bieri and Striebel [6]. Given a module B over the Laurent polynomial ring
Z[M] with annihilator a, they introduce a geometric invariant ΣcB that governs important
algebraic properties of B, such as whether or not it is finitely presented.

Let Tropp<∞(X) be the intersection of Trop(X) with the set

{(v, | · |x ∈ NR ×M (Z) : | · |x is nonarchimedean}.

Now consider the projection

π : Tropp<∞(X) ↪→ NR ×M (Z)→ NR.

Let ρ̃ : NR \ {0}→ Sn−1 be the radial projection to the sphere in NR. Let ρ : NR → Sn−1 be
the extension of this map to NR obtained by defining ρ(E) := ρ̃(E \ {0}).
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One can easily check from [5, Theorem 8.1] and [7, Corollary 4.2] that the invariant ΣcB
coincides with the set ρ ◦ π(Tropp<∞(X)). It would be interesting to explore whether the
nonarchimedean framework can be used to discover new aspects of these invariants.

Acknowledgements. I am grateful to Tyler Foster for several insightful conversations on
related ideas, and to Yoav Len and Sam Payne for comments on previous versions of this
note.

2. ANALYTIFICATION OVER Z

We recall Berkovich’s construction of analytic spaces over a general commutative Ba-
nach ring, as discussed in [2, 4]. We restrict ourselves to the topological aspects of these
analytic spaces, though it should be remarked that they have a rich and interesting analytic
geometry, see [17].

In what follows, we assume that the reader is familiar with the the analytification of a
variety over a nonarchimedean field. For a friendly introduction, see [16, Sections 2 and
3].

2.1. The Berkovich spectrum of Z. For any commutative Banach ring with identity A ,
the Berkovich spectrum M (A ) is the set of bounded multiplicative seminorms on A . This
space is provided with the weakest topology making the evaluation functions, for all f ∈ A ,

evf : M (A ) → R>0

| · |x 7→ |f|x,

continous.

Theorem 4 ([2, Theorem 1.2.1]). The spectrum M (A ) is a nonempty, compact, Hausdorff topo-
logical space.

We are primarily interested in the case where A = Z, considered as a Banach ring with
the usual absolute value. We describe this now.

Example 5. By Ostrowski’s theorem [14], the multiplicative seminorms on Z are the following.

(S1) The trivial absolute value | · |0.
(S2) The archimedean absolute values | · |ε∞, for 0 < ε 6 1.
(S3) For each prime p, the p-adic absolute values | · |εp, for 0 < ε <∞.
(S4) For each prime p, the seminorm | · |p,0 induced by the trivial absolute value on Fp via the map

Z mod p−−−−→ Fp → {0, 1}.

The topological space underlying M (Z) is described as follows. It can be visualized as an infinite
tree with one root vertex, | · |0 and countably many branches, corresponding to the p-adic and
archimedean absolute values. The p-adic branches are compactified by the seminorms | · |p,0, and
each branch is homeomorphic to [0,∞]. The archimedean branch is homeomorphic to [0, 1]. Open
neighborhoods of | · |0 consist of all but finitely many of the branches. In particular, the space is
compact.
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FIGURE 1. The Berkovich spectrum of Z. Points on the lower branches give
the p-adic absolute values. Points of the upper branch are archimedean.
The root is the trivial absolute value.

2.2. The analytification of an affine Z-scheme. Let A be a commutative Banach ring and
A a finite type A algebra. Denote by X the associated affine scheme.

Definition 6. The analytification of X, denoted XAn, is the set of all multiplicative seminorms on
A, whose restriction to A is bounded.

As before, the set XAn is provided with the weakest topology making the evaluation
functions evf continuous, for every f ∈ A. When A = K is a nonarchimedean field, XAn

coincides with the more familiar analytification Xan.

The correspondence X 7→ XAn is functorial in X.

When A = Z[t1, . . . , tn], the space XAn is n-dimensional analytic affine space over Z
denoted AnZ,An. When A = Z[t±1 , . . . , t

±
n ], XAn is the rank n analytic torus over Z.

C/(z 7→ z)

| · |3

3

| · |0 | · |∞
M (Z)

FIGURE 2. A1Z,An fibers over M (Z). The figure shows a schematic for the
fibers over 3 points of M (Z): the archimedean norm, the trivial norm, and
the 3-adic norm. The fiber over | · |∞ is the complex plane, modulo conjuga-
tion.

Proposition 7 ([4, Lemma 1.1]). The space XAn is locally compact. Given a closed immersion
j : Y → X the induced map jAn : YAn → XAn is a homeomorphism onto a closed subset.

In particular, if Y = Spec(B) is an affine scheme of finite type, then for any choice of
presentation B ∼= Z[t1, . . . , tn]/〈g1, . . . , gs〉, YAn embeds homomorphically into AnZ,An.

The restriction of a seminorm to on A to Z is bounded by assumption. This gives rise to
a map

λ : XAn →M (Z).
This map is manifestly continuous by the very definitions of the topologies involved. If X
has points over all primes of Z, the map is also surjective.

5



The kernel of a seminorm x = | · |x is given by

px = {f ∈ A : |f|x = 0},

and is easily seen to be a prime ideal. The algebraic residue field of the underlying scheme
X at the point px is given by K (x) = FF(A/px). This field comes equipped with a norm,
namely | · |x. The analytic residue field at H (x) is given by the completion of K (x) with
respect to this norm.

For example, if | · |x is a p-adic absolute value on Z, its kernel is trivial, and H (x) = Qp.
If | · |x is the archimedean absolute value, H (x) = R.

Proposition 8 ( [2, Section 1.5]). The fiber of the map λ : XAn →M (Z) over x = | · |x coincides
with the analytification (X⊗H (x))an with respect to the norm | · |x.

3. THE TROPICALIZATION MAP

3.1. Construction of tropicalization and proof of Theorem 1. Let T = Spec(Z[M]) be a
rank n torus with character lattice M and cocharacter lattice N. Let X be a finite type
subscheme of T , given by Spec(Z[M]/IX). A point of TAn is given by a seminorm

| · |t : Z[M]→ R>0.

As discussed above, restricting such a seminorm | · |t to Z yields a continuous map λ :
TAn →M (Z). On the other hand, given | · |t as above, we may restrict to the latticeM and
compose with (negative) logarithm to obtain

ϕt :M
|·|t−−→ R>0

−log(−)−−−−−−→ R.

Since | · |t is multiplicative, this gives rise to an element ϕt ∈ Hom(M,R) = N⊗ R.

We may now define a map

Trop : TAn → NR ×M (Z),
| · |t 7→ (ϕt, λ(| · |t)).

Since Trop is the product of two continuous maps, it is of course continuous itself.

Fix a norm | · |x ∈M (Z), and consider the restriction of Trop to the fiber λ−1(| · |x). Let
t = | · |t be a point of TAn. Notice that the point Trop(t) depends on the restriction of | · |t
to Z and the restriction to the latticeM. Since the natural map

Z[M]→H (x)[M]

is the identity on the latticeM, we conclude that Trop, upon restriction to the fiber λ−1(|·|x)
coincides with the usual tropicalization map

trop : TanH (x) → NR.

Note that if | · |x is an archimedean norm, then λ−1(| · |x) is the space TC modulo complex
conjugation [2, Section 1.5].

If X ↪→ T is a closed subscheme of T , we may restrict to the closed subset XAn ⊂ TAn to
obtain a continuous map

Trop : XAn → NR ×M (Z).

Since XAn ∩ λ−1(| · |x) coincides with XanH (x) the result follows.

�
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4. INVERSE LIMITS

Let A1trop = R t {∞}, topologized by making the completed rays (a,∞] a basis for
neighborhoods at ∞. We denote by Antrop the product of n-copies of A1trop. Continue to
denote by λ the canonical morphism from AnZ,An to M (Z).

Consider the affine space AnZ = Spec(Z[t1, . . . tn]). Given a point | · |y ∈ AnZ,An, we
obtain a map

Trop : AnZ,An → Antrop ×M (Z),
given by

| · |y 7→ (−log|t1|y, . . . ,−log|tn|y, λ(| · |y)).
The restriction of Trop to Antrop × {| · |x} coincides with the extended tropicalization of the
fiber, AnH (x),an.

Let AmZ = Spec(Z[t ′1, . . . , t ′m]), and ψ : AnZ → AmZ a morphism equivariant with respect
to the dense tori. That is, a map that is given by (pure) monomials in the coordinates ti.
In this case, ψ restricts to a homomorphism of dense tori, and induces a maps of character
and cocharacter lattices. This furnishes a map (which is the identity on the second factor)

ψTrop : Antrop ×M (Z)→ Amtrop ×M (Z).

Tropicalization is functorial for such equivariant morphisms, in the sense that the follow-
ing diagram commutes

AnZ,An AmZ,An

Antrop ×M (Z) Amtrop ×M (Z).

ψAn

Trop Trop

ψTrop

4.1. The inverse limit. Let X be an affine Z-scheme of finite type. Given an embedding
ι : X ↪→ AnZ , we have defined the tropicalization map

Trop(−, ι) : XAn → Trop(X, ι).

Trop(X, ι) as a topological subspace of Antrop. Given another embedding k : X ↪→ AmZ
and an equivariant morphism ψ : AnZ → AmZ with ι = ψ ◦ ι. From the discussion above,
ψTrop maps Trop(X, j) to Trop(X, ι). Consequently, there is a well defined inverse system
of topological spaces, and a well defined inverse limit,

lim←− Trop(X, ι).

We must first construct a continuous map from XAn to this inverse limit. By the uni-
versal mapping property of inverse limit, it suffices to define a continuous map from each
level of the system, and check compatibility for arrows in the system.

Given generators f1, . . . , fm, one obtains an embedding X ↪→ AmZ . There is a natural
projection XAn → Amtrop×M (Z), given by the map Trop above. As previously discussed,
the maps are functorial for equivariant morphisms of tori. Thus, there is a well defined
map

τ : XAn → lim←− Trop(X, ι).

We prove the inverse limit theorem, closely following [15, Theorem 1.1]. The basic strat-
egy is that any function on X can be monomialized in an appropriate affine embedding,
and the inverse system thus eventually monomializes every function.
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4.1.1. Proof of Theorem 2. The topology on XAn is the coarsest such that each evaluation
function evf : XAn → R>0 is continuous. By choosing f as part of a generating set for
the coordinate algebra Z[X], it is equivalently the weakest topology such that for every
embedding of X ↪→ AnZ , the map Trop(−, ι) is continuous. Consequently, XAn carries the
weakest topology such that τ is continuous.

To see that τ is injective, assume that τ(| · |z) = τ(| · |z ′), then we must show that the
seminorms are themselves equal. For each function f ∈ A, choose an embedding of X in
AnZ given by f in the first coordinate. Inspecting the first coordinate of the tropicalization,
we see that −log|f|z = −log|f|z ′ , and thus |f|z = |f|z ′ . Since this holds for any function
f ∈ A, the seminorms | · |z and | · |z ′ are equal.

Finally, to prove surjectivity, choose a point (wι) in the inverse limit lim←− Trop(X, ι). We
build a seminorm | · |w as follows. Given a function f ∈ A, we may choose an embedding
X ↪→ AnZ such that the first coordinate is given by the function f. Let w1 be the first
coordinate in the tropicalization of this embedding. We may define |f|w to be exp(−w1).
One checks as in [15, Section 2] that this defines a multiplicative seminorm. The inverse
limit lim←− Trop(X, ι) admits a map λ to M (Z), and thus λ(wι) is a bounded seminorm on
Z. Observe that the restriction of | · |w to Z coincides with λ(wι), and hence is a bounded
seminorm on Z. We conclude that τ defines a homeomorphism, as claimed. �

Remark 9. Note that one may alternatively define a map T̃ rop : XAn → Antrop, by pro-
jecting the image of Trop to the first coordinate. The resulting inverse system remains
homeomorphic to XAn. One can see this by choosing, as part of the coordinates of an
affine embedding, constant functions c ∈ Z. The tropicalizations of these embeddings
then fully determines the restriction of a seminorm to Z, and thus the coordinate in the
M (Z) factor. Weprefer to keep this nonetheless, in order to have a coherent picture with
the previous section, where this data is essential to distinguish the tropicalizations.

4.2. Quasiprojective case. The inverse limit theorem is easily generalized to the quasi-
projective case, as we now explain. Recall that toric varieties are canonically defined as
schemes over Z, by a fan ∆ in the vector space NR. Moreover, a toric variety is quasi-
projective precisely when it can be embedded as a torus invariant open subscheme of a
projective toric variety. This is equivalent to the combinatorial condition that the fan ∆ can
be extended to a regular subdivision of the vector space NR.

To tropicalize subvarieties of toric varieties, we must first build an ambient space for the
tropicalization. We will do so by following [15].

Let σ be a cone in NR and Uσ the associated affine toric variety. Denote by Sσ the
multiplicative monoid of characters on the torus that extend to regular functions on Uσ.
Any choice of generators for σ yields an embedding of Uσ into an affine space AmZ . The
tropicalization of Uσ in this embedding in a topological subspace of M (Z) × Amtrop. This
subspace is homeomorphic M (Z)×N(σ), whereN(σ) is the canonical compactification of
NR given by

N(σ) = Hommon(Sσ,R t {∞}).

Thus, there is a continuous tropicalization map to the partial compactification of the vector
space NR,

Trop : Uσ →M (Z)×N(σ).

Given a face τ of σ, restriction of functions on Uσ to Uτ yields a map of monoids
Sσ → Sτ, and thus a realization of N(τ) as a subspace of N(σ). One may now build an
extended cone complex ∆, formed by gluing the topological spacesN(σ), for each σ, along
the arrows induced by inclusions of faces.
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The toric scheme Y(∆) is formed by gluing these open affine toric schemes Uσ. Each
Uσ admits a continuous tropicalization map to N(σ) ×M (Z), and one checks that the
tropicalization maps glue to produce a continuous map

Trop : Y(∆)An →M (Z)× ∆.
Let λ : Y(∆)An → M (Z) be the structure map. By restricting to the fiber of λ over x, one
recovers the usual extended tropicalization of Y(∆)⊗H (x). Given a subscheme X of Y(∆),
we may restrict to XAn inside Y(∆)An as before. In this way, we obtain a tropicalization
map on subschemes of toric schemes over Z.

It follows from [15, Section 3] that tropicalization is functorial for arbitrary toric mor-
phisms of toric varieties, and consequently, we may formulate the following theorem.

Theorem 10. Let X be a quasiprojective, separated, finite-type Z-scheme. Then there is a homeo-
morphism

XAn → lim←− Trop(X, ι),
where Trop(X, ι) is the tropicalization of a toric embedding, and the inverse limit is taken over all
quasiprojective toric embeddings.

We need the following lemma, c.f. [15, Lemma 4.3], which essentially will allow us to
mimic the proof of the affine case.

Lemma 11. Let X be a projective Z-scheme. Let V be a closed subscheme and U the complement of
an ample, effective divisor D. Suppose f1, . . . , fr are generators for the Z-algebra Z[U], then there
is a closed embedding

X ↪→ PmZ ,
such that

(1) The subscheme U is the preimage of an invariant affine open AmZ in PmZ .
(2) Each of the functions fi are pullbacks of coordinate functions xi on AmZ .
(3) The closed subscheme V coincides with the scheme theoretic inverse image of a torus invari-

ant linear space in PmZ .

Proof. LetD be any effective ample divisor supported on X\U. By [10, Ch. II, Theorem 7.6],
we may choose a an integer n such that O(nD) is very ample. As O(D) trivializes over U,
the functions fi give rational sections of the line bundle O(D). Now by [10, Ch.II, Lemma
5.14], these rational sections extend to regular sections s1, . . . , sr on O(nD). Moreover,
since O(nD) is ample, we see that IV ⊗ O(nD) is globally generated, where IV is the ideal
sheaf cutting outV . Now, for a generating set ofH0(Y,O(nD)), we may choose {s0, . . . , sm},
where upon restriction to U, we have s0 = 1 and si = fi, when 1 6 i 6 r. Moreover, we
can choose the sections sr+1, . . . , sm to generate IV ⊗ O(nD). It follows that U is precisely
the preimage of the affine open where s0 6= 0, and the sections si pullback to fi. The closed
subscheme V coincides precisely with the locus where the generators of IV⊗O(nD) vanish,
which is a coordinate linear space in PmZ . �

Proof of theorem. First, we observe that since tropicalization is functorial for toric mor-
phisms, and XAn maps onto every tropicalization of a toric embedding X ↪→ Y(∆), there
is a natural map from the analytification to the inverse limit of the system, τ : XAn →
lim←− Trop(X, ι). We must show that this map is a homeomorphism

Since X is quasiprojective, we may choose a locally closed embedding of X into PrZ.
Denote by X the closure of X in this projective space. Let V the complement of X in the
compactification X. Choose any ample effective divisor on X containing V .
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By the preceding lemma, there exists an embedding  : X ↪→ PmZ , such that U is the
inverse image of a distinguished affine Am, and V is the inverse image of a invariant linear
space. Using identical arguments to the affine inverse limit theorem, one sees that UAn

maps bijectively onto the inverse image of Trop(U, ) in lim←− Trop(X, ι).

The analytic space XAn carries the weakest topology such that the projection map to
lim←− Trop(X, ι) is continuous, so it suffices to show that this map is bijective. We already
know that τ is bijective upon restriction to the subset UAn. We may vary the open sets
U by choosing the complements of coordinate hyperplanes containing the boundary V .
Such open sets form an affine open cover of X. In turn, the tropicalizations of these open
affines cover Trop(X, ι), and thus τ must be surjective. Injectivity is similar, and the result
follows. �
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