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ABSTRACT. The logarithmic Gromov–Witten invariants of a proper toric surface with trans-
verse contact orders are show to be enumerative, and hence coincide with toric Severi de-
grees. The result makes precise a folklore statement that Mikhalkin’s tropical curve counts
are logarithmic Gromov–Witten invariants.

1. INTRODUCTION

We work over an algebraically closed field of characteristic 0. Let X be a projective toric
variety. The logarithmic Gromov–Witten invariants of X are zero cycles on a moduli space
parametrizing maps from pointed nodal curves to X, with prescribed orders of contact
with the toric boundary. When contact orders degenerate, the maps are required to degen-
erate to stable maps in the logarithmic category [1, 4, 9]. Numerical invariants are defined
by integration against a virtual fundamental class. These invariants are modeled on counts
of curves in X in a fixed homology class, meeting specified cycles, with prescribed contact
orders, but rarely count curves in the naive sense. As with ordinary Gromov–Witten in-
variants, maps that are multiple covers and maps that contract components components
give degenerate contributions to this “count”. Nonetheless, the ordinary Gromov–Witten
theory of P2, even in high genus, are equal to the naive counts. This property fails other
surfaces, including simple toric surfaces such as P1-bundles over P1. The purpose of this
note is to show that toric Severi degrees, which are counts of curves on toric surfaces which
do not contain a boundary curve, are logarithmic Gromov–Witten invariants.

1.1. Severi degrees and Gromov–Witten invariants. The Severi degree Sδd of P2, is the
number of degree d irreducible plane curves, having precisely δ nodes and no other sin-
gularities, passing through (

d+ 2

2

)
− 1− δ

points in general position. By the degree-genus formula, the geometric genus of such a
curve is

(
d−1
2

)
− δ. We reindex by degree and genus:

Ng,d := Sδd.

The fact that Gromov–Witten are enumerative is the equality

Ng,d = 〈pt⊗3d+g−1〉P2g,d.

To reiterate, there are large loci parametrizing stable maps [C → P2] that are far from im-
mersions. Intuitively, the content of the statement is that these loci co not contribute after
imposing point incidences. For other surfaces, including nearly all smooth toric surfaces,
Gromov–Witten invariants may be far from the Severi degree. See, for instance [7, 18] for
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discussions of the relationship between Gromov–Witten theory and Severi theory on P2
and other Fanos.

1.2. Toric Severi degrees and log Gromov–Witten invariants. LetX = X(Σ) be a complete
normal toric surface and L be a very ample line bundle on X and∆ the associated polytope,
well-defined up to translation. Fix a bijection between rays ρ ofΣ and irreducible boundary
divisors Dρ of X and let dρ = deg(L|Dρ).

Definition. The toric Severi degree TδL of X is the number of irreducible curves C parametrized
by the linear system |L|, passing through rank(L) − δ points in general position, such that

(A) The curve C has precisely δ nodes and no other singularities.
(B) For every ρ ∈ Σ(1), C meets Dρ in dρ distinct points, each with multiplicity 1.

In [1, 4, 9], the logarithmic Gromov–Witten invariants of a large class of logarithmically
smooth varieties, including toric varieties, are defined. In our setting, the main component
of this moduli space parametrizes maps [f : C→ X] from smooth marked curve, birational
onto their image, such that f(C) meets the boundary divisor Dρ along dρ marked points,
along which f has order of vanishing 1. There are generally several additional compo-
nents of higher dimension. Virtually enumerative invariants are defined by pulling back
cohomology classes from X using evaluation morphisms from additional (non-boundary)
marked points on C and pairing with the virtual fundamental class.

Marking rank(L) − δ additional points on C, we may pull back points in to obtain the
associated logarithmic Gromov–Witten invariant. Denote this number by {{pt⊗rank(L)−δ}}Xg,∆.
We use the doubled curly braces to indicate that the invariants are logarithmic, with trans-
verse boundary contact orders.

1.3. Statement of the result. Choose an equivariant structure for the line bundle L and
let ∆ be the associated lattice polytope. The symbol #◦∆ denotes the number of interior
lattice points in ∆. The geometric genus of a nodal curve contributing to TδL is g = #◦∆−δ.
We reindex accordingly to write

Ng,∆ := TδL .

When ∆ is the standard lattice triangle of edge length d, the surface X is P2 and the line
bundle L is OP2(d). The definition above recovers the usual Severi degree.

Main Theorem. The toric Severi degree of X is equal to the symmetrized logarithmic Gromov–
Witten invariant with the corresponding discrete data. That is,

Ng,∆ =
∏
ρ∈Σ(1)

1

dρ!
· {{pt⊗rank(L)−δ}}Xg,∆.

1.4. Implications for tropical geometry. Toric Severi degrees have been studied exten-
sively through tropical geometry [2, 3, 5, 12, 13, 14, 17]. We hope the result presented
here will help open further connections between logarithmic Gromov–Witten theory and
tropical enumerative geometry. In combination with Mikhalkin’s correspondence princi-
ple [13], the main theorem may be reinterpreted as the following slogan:

Tropical curve counts are logarithmic Gromov–Witten invariants.

Statements such as this have been expected in some form by experts in the SYZ conjecture
and the Gross–Siebert program, at least as far back as 2006 [14, Remark 8.5], and quite pos-
sibly further [8, Introduction]. See also the discussion in [13, Sections 5.2 and 5.3]. In genus
0, the moduli space of logarithmic maps to any toric variety is logarithmically smooth, and
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the above statement can be deduced from the logarithmic/tropical correspondence theo-
rem. This was anticipated by Nishinou and Siebert, and a proof may be found in [15,
Theorem C].

Our strategy is elementary and draws on the proof that the absolute invariants of P2
are enumerative in [6, Lemma 14]. The analysis of how contact orders degenerate is the
essential new ingredient. Although, for expository reasons, we have chosen not to use
tropical arguments in the paper, a great deal of intuition comes from analyzing the polyhe-
dral combinatorics of the moduli space of tropical maps. For background on logarithmic
stable maps and their relation to tropical stable maps, see [9, Section 1] or [15, Section 3.1].

For transparency and brevity, the results in this paper have been stated for counts of
curves with transverse intersection with the toric boundary. With some straightforward
modifications, the same result can be established for counts of curves with prescribed con-
tact with the toric boundary curves, i.e. the “logarithmically” transverse situation.

2. THE PROOF

We begin with a mild adaptation of a proposition of Harris [10, Proposition 2.1]. We
include a proof for completeness.

A Lemma. Consider a positive dimensional irreducible variety V ⊂ |L| whose general element
Cη is a reduced curve of geometric genus g, meeting each boundary divisor Dρ transversely at dρ
points. Then

dim(V) 6 g− 1+
∑
ρ∈Σ(1)

dρ.

If equality holds, then Cη has only nodes as singularities.

Proof. We consider Cη as a subscheme of X and endow it with the pullback of the toric log-
arithmic structure on X. That is, Cη is a (not necessarily normal) curve with the divisorial
logarithmic structure of finitely many smooth points. Let C be the normalization of Cη,
and consider the strict map of logarithmic schemes f : C → Cη → X. To compute the di-
mension of V , we estimate the dimension of the tangent space of V at the point [Cη]. Since
V is a family of curves in X, all having transverse contact orders with the boundary of X,
this tangent space is the space of first order logarithmic deformations of the logarithmic
curve Cη. Let Nlog

f denote the logarithmic normal sheaf associated to f. That is, it is the
cokernel of the natural map

T
log
Cη
→ f?T

log
X .

There is a natural morphism

µ : T[Cη]V → H0(Cη,N
log
f ).

Since Cη has transverse contacts with the toric boundary, Cη must be smooth at these
points, since otherwise it would have a higher contact order at the singular point. On the
other hand, on the (possibly singular) curve Cη ∩ T ⊂ T , the logarithmic normal sheaf
coincides with the usual normal sheaf. A direct application of [16, Proposition 2.4] allows
us to conclude that µ is an embedding, and moreover that

µ(T[Cη]V) ∩H
0(Cη,N

log,torsion
f ) = 0

In other words, torsion sections of the logarithmic normal sheaf of X give rise to trivial
logarithmic deformations.
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Observe that the logarithmic tangent bundle of any toric variety is trivial, so we compute
the first Chern class of Nlog

f by equating it to −c1(T
log
C ). The logarithmic structure on C is

the divisorial structure given by finitely many smooth points. The number of such points
is equal to the number of contact points of Cη with the boundary of X. It follows that

−c1(T
log
C ) = 2g− 2+

∑
ρ∈Σ(1)

dρ > 2g.

The latter inequality follows because a proper curve in a proper normal toric surface meets
the boundary at 2 or more points. We conclude that h1(Cη, N

log
f ) = 0. Our desired dimen-

sion estimate follows from a Riemann-Roch calculation:

h0(C,Nlog
f ) 6 c1(N

log
f ) − g+ 1 = g− 1+

∑
ρ∈Σ(1)

dρ.

Note that this inequality is an equality precisely when the logarithmic normal sheaf is
torsion-free, and furthermore, by the hypotheses on [Cη] the torsion subsheaf ofNlog

f coin-
cides with the torsion subsheaf of the (usual) normal sheaf associated to f.

If we have equality in the above expression, the differential of f is nonzero at all points
away from the boundary of X. Thus, Cη has no worse than triple point singularities. Sup-
pose Cη has a triple point at p. Choose three distinct points p1, p2, p3 ∈ C mapping to p.
Fix any tangent vector v ∈ T[Cη]V . The fact that p is a triple point means that if v vanishes
at p1 and p2 then it vanishes at p3. By equality in the expression above, we may choose an
element of H0(C,Nlog

f ) that vanishes precisely at p1 and p2 but not at p3. We have a con-
tradiction. The same argument shows that the double points of C has two distinct tangent
directions, so C is nodal. The result follows. �

Given a logarithmic stable map [f : C → X], the curve C carries marked points, some of
which have nontrivial contact order with the toric boundary. We refer to these points as
the contact points of C, and the marked points of trivial contact order simply as the marked
points of C.

2.1. Proof of Main Theorem. Consider a family of minimal logarithmic stable maps

C X

S

f

over an integral base scheme S. We will henceforth let fη : Cη → X denote the generic fiber
of the map f above. Let Chow(X) be the Chow variety of curves in X. Sending a curve to
its image in X yields a map from S to Chow(X), and our arguments will be based on an
analysis of the possible dimensions of the image, using the lemma above. In light of this,
when speaking of this dimension, we will say that it is maximal if it is equal to g−1+

∑
ρ dρ.

CONTRACTED COMPONENTS. Assume that the general member [fη : Cη → X], contracts
a component C0η ⊂ Cη, but maps no component onto a boundary curve. If C0η carries
no contact points, then it is contracted to a point in the dense torus T . If C0η has positive
arithmetic genus, this bounds the geometric genus of the image of Cη by g− 1, so S cannot
have maximal dimension in the Chow variety. If C0η has genus 0 it is attached to the rest
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of Cη at either 1, 2, or 3 (or more) nodes by stability. If this attaching number is 1, then C0η
must carry 2 marked points which must then map to the same point in T . Such families
will not intersect the cycle in Chow(X) consisting of curves passing through g− 1+

∑
ρ dρ

general points. If the attaching number is 2, then C0η must carry a marked point, so the
image of Cη must have a singularity at a specified marked point. Again, this condition
has higher codimension in the the Chow variety. Finally, if the attaching number is 3 or
more, then the image of Cη has a triple point or worse, and by the lemma above, the image
cannot move in a maximal dimensional family.

If contracted component C0η carries a contact point, then it must be contracted to a
boundary curve of X. We argue similarly in this case, with the caveat that the nodes of
Cη along C0η become additional contact points between the toric boundary and Cη. If C0η
has positive genus, the image of Cη has geometric genus strictly less than g. In addition to
the nodes at which C0η meets the rest of the curve, Cη \ C0η meets the boundary of X along
those contact points not lying on C0η. We see that the number of contact points of Cη \ C0η
is no larger than

∑
ρ dρ − 1. As before, the image of S in the Chow variety cannot have

maximal dimension. If C0η has genus 0 then it meets the rest of the curve at either 1 or 2 (or
more) nodes. If it meets the curve at exactly one node, then C0η must carry another marked
point in addition to a contact point. Since this forces an ordinary marked point to lie in the
boundary of X, the image of S will not intersect the cycle in Chow(X) consisting of curves
passing through g − 1 +

∑
ρ dρ general points in the torus. The case where C0η meets the

rest of the curve in two nodes is similar.

DEGENERATE BOUNDARY CONTACT. Suppose that [fη : Cη → X] has no contracted com-
ponents, but maps a component C0η ⊂ Cη with positive degree onto a boundary curve
D of X. Since C0η maps surjectively onto a boundary curve of X, it meets the two closed
points D. It follows that C0η carries at least 2 contact points. Furthermore, the image of
Cη \ C0η meets the boundary curveD precisely along the nodes of C0η and at contact points
lying on Cη \ C0η. If there are k such nodes, this contributes k − 1 to the arithmetic genus
of Cη. It follows that the geometric genus of the image of Cη \ C0η is bounded above by
g − g(C0η) − k − 1. Since the image of C0η has no moduli, the lemma above ensures that
the image of S in the Chow variety has dimension strictly smaller than g − 1 +

∑
ρ dρ.

It is now straightforward to see that if a map has both contracted components and maps
components onto boundary curves, it cannot have maximal dimension.

If the image of the general member [fη : Cη → X] meets a torus fixed point p in X, the
contact order is degenerate. As a result, the curve Cη must have at least two components.
One component, say C0η, carries a contact point which maps to p. Then C0η either maps
onto a boundary curve or contracts to p. In either situation the arguments in the cases
above again show that the image of S cannot be maximal dimensional.

CURVES IN THE DENSE TORUS. Fix g− 1+
∑
ρ dρ general points in the torus T . As above,

by considering the images of logarithmic stable maps, we obtain a map from the space
of maps to Chow(X). By the above argument, the relevant locus in this intersection are
those components M of the moduli space of logarithmic stable maps where the image of
the general member of the universal curve C univ meets the boundary transversely with
expected contact orders and the universal map is birational onto its image. Thus, the log-
arithmic Gromov–Witten invariant is equal to the intersection number of the image of the
space of maps in the Chow variety with the cycle of curves passing through the chosen
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general points. On these loci the image of a general map Cη → X coincides with the clo-
sure in X of its intersection with the dense torus T in X. This reduces our calculation to
studying curves in the dense torus whose closures in X are transverse to the boundary.
That is, we compute, in the Chow variety of curves in T , the degree of the intersection of
the locus of curves passing through d− 1+

∑
ρ dρ general points with the cycle of curves

whose closures in X satisfy the discrete data of our enumerative problem. We may now
conclude, as in the case of absolute invariants of P2: an application of the Kleiman–Bertini
theorem for homogeneous spaces [11] with respect to the group T shows that for a general
choice of points, the intersection is a set of reduced points. The size of this set is thus equal
to the logarithmic Gromov–Witten invariant, and by definition equal to the toric Severi
degree. �

Remark. When proving that the usual Gromov–Witten invariants of P2 are enumerative,
one uses the Kleiman–Bertini theorem with respect to the PGL(3,C) action on P2 to con-
clude the desired result. In our case, we first deduce that one can work with curves that
are the closures of their intersection with the torus, and then use the analogous argument
with the torus (acting on itself) playing the role of PGL(3,C).
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