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ABSTRACT. We construct a version of relative Gromov–Witten theory with expanded degenerations
in the normal crossings setting, extending ideas of Jun Li, and giving a new approach to logarithmic
Gromov–Witten theory. Given a simple normal crossings pair (X,D), we construct virtually smooth
and proper moduli spaces of curves in X with prescribed boundary conditions along D. Each point
in such a moduli space parameterizes maps from nodal curves to expanded degenerations of X that
are dimensionally transverse to the strata. We use the expanded formalism to prove a tropical gluing
formula for maps to a degeneration, reconstructing the virtual class attached to a tropical maps in
terms of spaces of maps to expansions attached to the vertices. A key part of the combinatorial
framework involves the systematic use of extended tropicalizations and tropical degenerations which
provide a strong guiding principle for understanding the degeneration formula.
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INTRODUCTION

We work over an algebraically closed field of characteristic 0.

0.1. The problem. Let X be a smooth projective algebraic variety and let D ⊂ X be a simple nor-
mal crossings divisor with irreducible components D1, . . . , Dk. Relative Gromov–Witten theory is
concerned with maps of pairs

(C, p1, . . . , pn)→ (X,D),

where C is a smooth genus g curve in a fixed homology class β in X , meeting the component Di

at pj with contact order cij ∈ N. This discrete data is packaged in the symbol Γ and the divisor D
will be understood as fixed as part of the notation X . There is a Deligne–Mumford stack K◦Γ(X),
with quasi-projective coarse moduli space, parameterizing such maps.

The problem considered in this paper is to build a proper moduli problem KΓ(X) equipped
with flat universal marked curve and target families

C X X

KΓ(X),

and sections si : KΓ(X)→ C. Two requirements are sought from any solution.

(A) Transversality. For every pair of indices i and j, the section si universal curve Cp meets the
target Xp at a boundary divisor D̃j of Xp dominanting Dj with contact order cij .

(B) Virtual toroidality. The moduli space KΓ(X) is virtually smooth over a toroidal stack, and
in particular comes equipped with a natural virtual fundamental class giving rise to a well-
defined system of relative Gromov–Witten invariants.

Canonicity of this picture is not demanded at the level of the spaces themselves, and we allow
ourselves to make combinatorial choices. However, we demand that the resulting Gromov–Witten
theory is independent of choices. This is the problem that we solve in the first part of the paper.
Given such a solution, it is natural to expect that the resulting Gromov–Witten theory satisfies a
gluing formula for simple normal crossings degenerations. This occupies the second part of the
paper.

0.2. A brief history. In algebraic geometry this problem was first considered by Jun Li in the case
where D is a smooth divisor, following work of Gathmann and Vakil [20, 57]. In order to obtain a
compactification, he studies maps to an expansion ofX alongD, informally called an “accordion”.
This is obtained by iteratively degenerating X to the normal cone of D in X . After replacing the
target with an accordion, transverse stable limits exist and are unique. The resulting moduli space
LiΓ(X) is a proper Deligne–Mumford stack equipped with a virtual fundamental class [34]. The
relative theory is now a fundamental part of enumerative geometry. The original construction of
the virtual class is extremely technical, but the advent of new methods – orbifold and logarithmic
maps – greatly simplifies its construction. The original ideas appear in [6, 32] but the picture is
elegantly presented and refined in [8] and the latter has had an influence on this paper.

The transversality condition that is demanded above can be avoided for the purpose of defining
relative invariants. In 2001, Siebert suggested that one should study stable maps entirely within
the category of logarithmic schemes. This leads to the most conceptually elegant solution to the
problem. In the logarithmic category, it is possible to have a morphism C → X with components
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that are scheme theoretically contained in D, while nonetheless having a well-defined contact
order at marked points. With considerable effort, Abramovich–Chen and Gross–Siebert both con-
structed moduli spaces ACGSΓ(X) of logarithmic maps to a simple normal crossings pair (X,D),
equipped with a virtual class, building on earlier work of Nishinou and Siebert [39]. The different
approaches to the relative theory are known to give the same invariants [8].

The logarithmic theory of stable maps is powerful, however the missing transversality condi-
tion is nonetheless desirable. A basic reason is simply to complete the conceptual parallel with Jun
Li’s theory, but there are more compelling ones. Many applications of relative Gromov–Witten the-
ory come via the associated degeneration formula [6, 14, 35], which shows that virtually, spaces
of maps with matching boundary conditions may be used to reconstruct the invariants of X from
maps to components of a degeneration. In the logarithmic theory, an appropriate degeneration
formula has not yet materialized, although there are positive results in this direction [3, 4]. The
primary difficulty is when gluing logarithmic structures in families of maps. Gluing of the curve
compatible with the underlying stable map to X is necessary but far from sufficient. The remain-
ing “purely logarithmic” gluing presents a multitude of interesting challenges. In the expanded
framework, although logarithmic structures are present, their role is diminished and the more
traditional schematic methods can be successfully implemented. In addition to the degeneration
formula, the virtual class of the relative theory also satisfies a remarkable torus localization for-
mula [22, 38]. The difficulties with localization are similar to those of degeneration, and is the
subject of our ongoing work.

More speculatively, the parallel relative geometry for the sheaf counting theories of Donaldson,
Pandharipande, and Thomas, are undefined for normal crossings divisors. In fact, there appears
to be no good definition of a logarithmic subscheme. The expanded Gromov–Witten theory’s
reliance on logarithmic geometry is almost entirely aesthetic, and if it can be completely removed,
we expect the sheaf theoretic analogue will follow.

0.3. Main results. Let (X,D) be a toroidal pair without self-intersections.

Theorem A (Stable maps to expansions). There exists a proper and virtually toroidal moduli space KΓ(X)
equipped with source and target families

C X X

KΓ(X),

πs πt

such that the universal curve is transverse to the universal target at every point on the base, leading to
Gromov–Witten invariants with the expected properties.

We note the following features of the construction.

(A) Target expansions. The fibers of πt are special fibers of toroidal degenerations of X , glued
together from partial compactifications of torus bundles over the strata of X .

(B) Smooth intersections Given a fiber X0 of πt, the intersection of any two irreducible compo-
nents of X0 is a smooth divisor in each. Note that X0 may not be proper.

(C) Comparison morphism. There is a canonical morphism

KΓ(X)→ ACGSΓ(X)

which is a virtual logarithmic modification, and therefore identifies virtual classes.
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The construction presented here produces an infinite family of moduli spaces of such transverse
maps controlled by tropical moduli data, see Section 2. The spaces are all virtual birational models
of each other.

The transversality condition above is sufficiently robust that we are able to deduce a gluing
formula for degenerations.

Theorem B (Degeneration, decomposition, and gluing). Let Y → A1 be a toroidal degeneration without
self intersections, possibly with horizontal divisors, general fiber Yη, and special fiber Y0. Fix discrete data
Γ. There exist moduli spaces KΓ(·) of maps to expansions with the following properties.

(A) Virtual deformation invariance. There is an equality of virtual classes

[KΓ(Y0)] = [KΓ(Yη)]

in the Chow group of the space of maps KΓ(Y ).
(B) Decomposition. The virtual class of maps to Y0 decomposes as a sum over combinatorial splittings of

the discrete data (i.e. tropical stable maps)

[KΓ(Y0)] =
∑
ρ

cρ[Kρ(Y0)]

where cρ ∈ Q are explicit combinatorial multiplicities depending on the splitting ρ. Each space Kρ(Y0)
is a space of maps marked by splitting type.

(C) Gluing. For each splitting ρ with graph type G, there are moduli spaces Kρ(Yv) of maps to expansions
of components Yv of Y0. There is a virtual birational model of their product

×
v

Kρ(Yv)→
∏
v

Kρ(Yv),

and an explicit formula relating the virtual class [Kρ(Y0)] with the virtual class [×vKρ(Yv)] and the
class of the relative diagonal of the universal divisor expansions.

0.4. Outlook. At a conceptual level, the moduli spaces constructed in this paper and the associ-
ated gluing formula complete the simple normal crossings generalization of Jun Li’s theory. As
mentioned above, the localization formula for the expanded theory appears to be the natural next
step. In parallel, a systematic understanding of the combinatorics in the boundary stratifications
of the spaces we construct here will be crucial for applications. The closest relative of the ideas in
the present paper is the punctured logarithmic Gromov–Witten theory currently in development1

by Abramovich–Chen–Gross–Siebert, see the manuscript [4]. This variant makes no overt appear-
ance in our framework, but we expect that it will be important to understand the parallel. In
general there appears to be a trade-off between the two approaches. The logarithmic theory is
combinatorially simpler, containing fewer strata for instance, but is less well-behaved for gluing.

The punctured theory is analogous to, and in various cases virtually birational to, the moduli
space of relative stable maps to a non-rigid target. The theory for rubber targets will be impor-
tant for the localization setup. If proved, these would in turn yield reconstruction theorems for
Gromov–Witten invariants via semistable reduction, along the lines of the calculation schemes of
Gathmann and Maulik–Pandharipande [21, 37].

1Our understanding from personal communication with Abramovich and Gross is that their formalism can describe
the moduli space of logarithmic maps in terms of punctured maps to the strata, but currently only describes its virtual
class in situations where sufficient transversality is present, and when the degeneration is simple normal crossings.
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Throughout the paper, we work rather fluidly with various subcategories of the category of all
logarithmic stable maps. These subcategories arise from considering maps with prescribed con-
straints on the tropicalization, obtained by polyhedral refinements, and can be seen as a method
of varying the minimality (or basicness) condition appearing in earlier papers. The refinements
are representable over schemes by logarithmic modifications of the stack of minimal logarithmic
maps. This idea has come up before, in work of Santos-Parker, Wise, and the author, to study sta-
ble maps from elliptic singularities [50, 51], and various basic ideas in the present paper originate
from that work.

0.5. Logarithmic modifications. As mentioned above, the present text produces an infinite family
of virtually birational moduli spaces for which the gluing formula is proved. Bearing this in mind,
the results in the present paper might be rephrased using an elegant idea of Aluffi [10]. Given a
logarithmic scheme or stack X, consider the category CX whose objects logarithmic modifications
X′ → X, in the sense of [9, 30], and whose morphisms are the natural commuting triangles. Two
systems CX and CY are equivalent if they contain objects with isomorphic source. The category CX
is equipped with a Chow group obtained from the inverse limit of Chow groups of modifications,
and an operational Chow ring obtained from the direct limit. Recent work on logarithmic inter-
section theory by Barrott is closely related [11]. The virtual fundamental classes of moduli spaces
constructed here give a well-defined class on the inverse limit, and Gromov–Witten invariants can
be defined by integrating classes in the operational Chow ring. The gluing formula can then be
seen as a gluing formula for such categories.

Rather than passing to the inverse limit at the level of Chow groups, one could try to pass to
the inverse limit of the spaces themselves. This process closely resembles Huber’s approach to an-
alytic geometry through adic spaces. A locally toric version of Foster–Payne’s adic tropicalization
framework would provide one avenue to work directly on the inverse limit [18], and this was al-
ready suggested in [48, arXiv v1, Remark 4.3.2]. As an alternative, one could sheafify the category
of logarithmic schemes in the topology of logarithmically étale modifications. This is essentially
Kato’s valuativization [29].

Each of these approaches would no doubt provide an elegant reformulation of the present
framework, but we have elected to use the least amount of technology possible in the present
text.

The present results are formulated for toroidal embeddings without self-intersection, rather
than in the full generality of logarithmically smooth targets. Since logarithmic Gromov–Witten
theory is insensitive to subdivisions, this presents no restrictions for the applicability of our frame-
work [5, 9]. However, the present setup simplifies the exposition.

0.6. Symplectic geometry and exploded manifolds. We note that there is a rich parallel story in
the symplectic category due to Li–Ruan, Ionel–Parker, Ionel, Farajzadeh Tehrani–McLean–Zinger,
and Farajzadeh Tehrani [25, 26, 27, 33, 54, 53]. The symplectic side, motivated by considerations
in Donaldson–Floer theory, predates the algebro-geometric versions, and Jun Li’s work appears
to have been modeled on this. The closest relative of the present paper, however, is work of Brett
Parker.

In a series of papers, Parker has developed a separate approach to Gromov–Witten theory, rela-
tive to normal crossings divisors, using exploded manifolds [42, 43]. He proves a gluing formula
for Gromov–Witten invariants similar to the one we establish here [45]. It appears that one can
obtain Parker’s category from logarithmic schemes by base changing to Spec(R≥0 → C) and then
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passing to the inverse limit as discussed above. Rather than the limit, we work here directly with
the inverse system, which is more tractable within algebraic geometry at the moment. At a formal
level, our theory appears to be completely consistent with exploded Gromov–Witten theory, and
there are several parallels. The approach followed here is analogous to Parker’s tropical comple-
tions, while punctured Gromov–Witten theory seems analogous to cut curves, see [44, Section 13].
The necessity of passing to subcategories of the space of maps, which in exploded language in-
volves working with families of exploded curves whose tropical part is not universal, is likely
well known to Parker in his framework [44, Section 7]. We hope that this paper will lead to a
wider understanding of exploded manifolds.

Acknowledgements. The strategy in this paper arose from attempting to justify a false claim I
made to Davesh Maulik. I thank him, Dan Abramovich, Mark Gross, and Jonathan Wise for their
generosity with time in hearing out the details and for valuable input. I thank Jonathan Wise and
Keli Santos-Parker for the collaboration [50] where we developed an understanding of logarithmic
blowups in moduli theory. I have benefited from conversations with Luca Battistella, Dori Bejleri,
Qile Chen, Renzo Cavalieri, Navid Nabijou, Steffen Marcus, Hannah Markwig, and Sam Molcho.
Finally, I would like to acknowledge the influence that the beautiful paper of Abramovich–Karu [7]
on weak semistable reduction had on the present text.

Terminology and notation. We will work exclusively with fine and saturated logarithmic struc-
tures. All cones will be rational and polyhedral, equipped with a toric monoid of positive linear
functions. Given a moduli space K equipped with a virtual fundamental class, we always denote
this class by [K]. The logarithmic structure sheaf will be banished from the notation, and the word
“underlying” will be used explicitly when ignoring the logarithmic structure. The symbols <, �
and variants, being piecewise linear, will be used to denote tropical curves, in a continuing effort
to popularize this convention of Dan Abramovich.

Part I. The expanded theory

1. CURVES AND AUTOMORPHISMS

We use the following adjectives for curves. A prestable curve is a possibly marked, nodal curve.
A semistable curve is a prestable curve C such that each rational component of the normalization
contains at least 2 distinguished points. A stable curve will be one where each rational component
of the normalization hosts at least 3 distinguished points.

This section concerns infinitesimal automorphisms of logarithmically smooth curves, and we
would like to emphasize that the work presented here is not original. We reproduce the analysis
of infinitesimal automorphisms of logarithmically smooth curves due to Keli Santos-Parker in his
thesis, advised by Jonathan Wise [46, Section 3]. The same facts are implicit in joint work of the
author with Santos-Parker and Wise [50].

The subject of automorphisms of non-minimal logarithmic curves has not been expressly con-
sidered in the literature, and is more subtle than one would initially expect. We begin with a
definition [15, Definition B.3.1].
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Definition 1.0.1. An automorphism of a logarithmically smooth curve (C,MC) → (S,MS) is a
commutative diagram

(C,MC) (C,MC)

(S,MS) (S,MS)

such that

(1) the horizontal arrows are isomorphisms of logarithmic schemes,
(2) the underlying map S → S is the identity,
(3) the underlying map C → C is an isomorphism.

Note that the logarithmic structure on the base is allowed to change.

1.1. A first example. Let (C, p) be a smooth rational curve equipped with its divisorial logarithmic
structure. The natural Ga action fixes p and the logarithmic structure. As a result, logarithmically
smooth curves containing rational components with only one distinguished point will always
have infinitely many automoprhisms in the above sense.

On the other hand, if X is a semistable curve, the natural torus action coming from scaling the
components does induce automorphisms of the logarithmic structure, leading to the next, and
crucial, example.

1.2. A second example. Let C/S be a logarithmic curve over a geometric point, and let C1 and C2

be components of C meeting at a node. In multiplicative notation, the equation of the logarithmic
structure at this node is given by xy = t, where t is a parameter on the base. Assume that C1 is
strictly semistable. We will analyze the circumstances in which the scaling action on C1 may be
extended to a logarithmic automorphism of C/S.

The Gm action on C1 induces a nontrivial action on the parameter x, by scaling it. In order to
build a logarithmic automorphism ϕ, the new curve ϕ(C) must also satisfy the equation xy = t.
To achieve this, we must either scale C2 inversely and fix t, or additionally scale t.

Assume that C2 is stable. This rules out a possible scaling action of the parameter y to balance
the action on x. The alternative is to scale t, which requires a nontrivial action on the base logarith-
mic structure. If the base logarithmic structure is minimal, then t is not the smoothing parameter
for any other node of C, and there is no obstacle to this smoothing. We consider the alternative
scenario: assume that there exists a third stable component C3 meeting the stable component C2

at a node with local equation yz = t. In this case, scaling t does not resulting in an automorphism,
since one the components C2 and C3 would also have to be scaled in order to produce an auto-
morphism of C/S. It follows that the standard Gm action on C1 does not extend to a logarithmic
automorphism of C/S.

1.3. The general case. The discussion above is a general feature of logarithmic schemes. Recall
that given a prestable curve C → S there is a minimal logarithmic structure obtained by pulling
back the divisorial structures on the moduli stack of prestable curves and its universal curve. By
identifying the stacks of prestable curves and prestable minimal logarithmic curves, we obtain the
following.
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Lemma 1.3.1. Let C/S be a minimal family of prestable logarithmic curves. Then there is an identification

Autlog(C/S) ∼= Aut(C/S)

However, when the base logarithmic structure is not minimal the two notions of automor-
phisms diverge, and the finiteness of automorphisms for the underlying curve is sufficient but
not necessary for finiteness of logarithmic automorphisms.

Definition 1.3.2. A logarithmic prestable curve C/S is said to be stable if it has finite logarithmic
automorphism group.

To characterize such curves, we note the following.

Definition 1.3.3. Let C/S be a prestable logarithmically smooth curve and let S be a geometric
point. Given components C1 and C2 and a path P between them, the length of P is an element
in the characteristic sheaf MS , given by the sum of deformation parameters corresponding to the
edges in P .

We will call a length δ ∈ MS strongly stable if it is the length of a path P between two stable
components.

Definition 1.3.4. Let δ ∈ MS be a section of the characteristic monoid. We say that δ is stable if
lies in the Q-span of the lengths of strongly stable paths of C. That is, there exist paths Pi with
lengths δi and rational numbers qi such that

δ =
∑
i

qiδi ∈MS ⊗Q.

Note that although the notion of stability above is stated for sections ofMS , it certainly depends
on the curve C.

Theorem 1.3.5 (Santos-Parker [46, Proposition 6]). Let C/S be a logarithmically smooth curve over a
geometric point. Let σS be the dual of the monoid of the base, and letMtrop be the cone of tropical curves of
combinatorial type equal to that of C. The curve has trivial infinitesimal automorphisms if and only if all of
the following conditions are satisfied

(1) the underlying curve is semistable,
(2) the tropical moduli map σS →Mtrop is injective,
(3) every strict semistable rational component supports a node with smoothing parameter δ that is

stable in MS .

Proof. We refer the reader to the proof given by Santos-Parker in loc. cit., noting that the essential
strategy of the proof is to globalize the observation in the example above. �

Proposition 1.3.6. Let C → S be a stable logarithmic curve over a geometric point. Let C̃ → C be a
logarithmic modification such that the composition C̃ → S is also a family of logarithmic curves. Then
C̃ → S is also stable.

Proof. We check the conditions of the characterization above. Note that such families arise by
pulling back a subdivision on the tropicalization. It suffices to consider the subdivision at a single
edge, producing <̃ from <. The modified curve is clearly semistable since it is a obtained by
subdividing the tropical curve. Let e be the subdivided edge, and assume first that e is bounded
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(i.e. not a marked point). The edge e has endpoints v1 and v2. Let v0 be the newly formed vertex
and let δ1 and δ2 be the deformation parameters of the edges incident to v0. Since v1 and v2 are
stable by hypothesis, the parameters δ1 and δ2 are stable parameters. Since v0 supports these
parameters, the curve remains stable. If e is an unbounded edge, a similar argument applies with
a single new bounded edge and a single new stable parameter. �

Let X be a logarithmic scheme. Given a logarithmic map from a curve, f : C → X , the loga-
rithmic automorphisms of the map are those automorphisms of C that commute with the map. A
stable map is one whose automorphism group is finite.

Corollary 1.3.7. Let
C X

S.

be a stable logarithmic map over a geometric point. Let C̃ → C be a logarithmic modification such that the
composition C̃ → S is also a family of logarithmic curves. The resulting map C̃ → X is stable.

1.4. Proper moduli with strictly semistable curves. Related instances of moduli spaces of curves
with strictly semistable components, but finite automorphism group, have appeared in the litera-
ture. The moduli spaces of radially aligned curves constructed in [50] are examples, where every
curve admits canonical rational bubbling depending on the tropical structure. A closely related
phenomenon appears in Smyth’s genus 1 curves with Gorenstein singularities. Curves here may
have normalizations with strictly semistable components, but do not have infinitesimal automor-
phisms because the automorphisms of the normalization do not descend to the singularity [52].
Finally, in Parker’s category of exploded manifolds, an exploded stable curve C over a point with
tropical part < can be identified as follows. Take a one-parameter family of stable curves Ct over
the Hahn series field C[[R≥0]] with smooth general fiber, and consider the inverse system of all
toroidal blowups of the family. This system contains special fibers with arbitrarily many rational
bubbles. The inverse limit can be taken in the category of locally topologically ringed topological
spaces and has the same underlying point set as C, see [17, 18]. Its maximal Hasudorff quotient is
<, and the quotient functions as Parker’s map to the tropical part. Nonetheless, Parker’s moduli
spaces have finite isotropy groups.

2. COMBINATORIAL SEMISTABLE REDUCTION

We construct tropical moduli stacks equipped with a universal curve and target family that
mimic the requirements of Theorem A. These will be used to induce modifications of the usual
moduli space of logarithmic stable maps. We use the framework of tropical moduli stacks [12].

2.1. Logarithmic curves and tropicalizations. We follow standard conventions for tropical curves
and tropical stable maps.

Definition 2.1.1. A pre-stable n-marked tropical curve < or simply a tropical curve is a finite
graph G with vertex and edge sets V and E, equipped with

(1) a marking function m : {1, . . . , n} → V ,
(2) a genus function g : V → N,
(3) a length function ` : E → R+.
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The genus of a tropical curve < is defined to be

g(<) = h1(G) +
∑
v∈V

g(v)

where h1(G) is the first Betti number of the graph G.

In practice, we will confuse a tropical curve <with its geometric realization — a metric space on
the topological realization of G, such that an edge e is metrized to have length `(e) and if m(i) = v,
we attached the ray R≥0 to the vertex v, as a half-edge with unbounded edge length. The point at
infinity of this unbounded edge will be understood as the marked point.

If ` is allowed to take values in an arbitrary monoid, we obtain families of tropical curves.

Definition 2.1.2. Let σ be a cone with dual cone Sσ. A family of n-marked prestable tropical
curves over σ is a tropical curve whose length function takes values in Sσ.

A point of σ is a monoid homomorphism ϕ : Sσ → R≥0. If this homomorphism is applied to
the edge length `(e) ∈ Sσ, we obtain a positive real length for each edge and thus a single tropical
curve, justifying the terminology.

2.2. Logarithmic curves. Let (S,MS) be a logarithmic scheme. A family of logarithmically smooth
curves over S is a logarithmically smooth, flat, and proper morphism

π : (C,MC)→ (S,MS),

with connected and reduced fibers of dimension 1.

Associated to a logarithmic curve C → S is a family of tropical curves, which we call its tropi-
calization. Given a node of C, its deformation parameter is an element of the base characteristic
monoid. Applying the definition above, we are led to the following.

Definition 2.2.1 (The tropicalization of a log smooth curve). Let C → S be a family of logarith-
mically smooth curves and assume that the underlying scheme of S is a closed point. Then, the
tropicalization C, denoted <, is obtained as:

(1) the underlying graph is the marked dual graph of C equipped with the standard genus
and marking functions,

(2) given an edge e, the generalized length `(e) = δe ∈ MS is the deformation parameter of
the corresponding node of C.

2.3. Tropical maps: static target. Let Σ be a rational cone complex in the sense of [31, Chapter
2,§1]. Given a tropical curve <, a tropical map is a morphism of rational polyhedral complexes

F : <→ Σ

In other words F is continuous and maps each polyhedron (i.e. vertex or edge) of < to exactly one
polyhedron in Σ. Moreover, upon restriction to any edge e of <, the map F is piecewise linear with
integer slope with respect to the integral structure on Σ.

If < → ∆ is a family of tropical curves over a cone complex ∆, a family of tropical maps is a
diagram of polyhedral complexes

< Σ×∆

∆.
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Let ep be a marked leg of <. Let <→ Σ be a tropical map with cone σp containing ep.

Definition 2.3.1. The contact order of p, denoted cp, is the primitive integral vector on the ray in
σp parallel to the image of ep. If ep is contracted, declare its contact order to be zero. The contact
order takes values in Σ(N).

2.4. Tropical maps: dynamic target. We introduce the combinatorial versions of target expan-
sions. The case relevant for our purposes are obtained by modification of the product family
Σ×∆. Let Σ and ∆ be polyhedral complexes and assume ∆ is connected.

Definition 2.4.1. A tropical expansion of Σ over ∆ is a cone complex Σ̃ together with morphisms
of cone complexes

Σ̃ Σ

∆

satisfying the following conditions

(1) Equidimensionality. Every cone of Σ̃ surjects onto a cone of ∆.
(2) Reducedness. The image of the lattice of any cone σ ∈ Σ̃ is a lattice in the image cone.
(3) Modification. For each point p of ∆ the map Σ̃p → Σ is an embedding of a subcomplex of

a polyhedral subdivision of Σ.
(4) Generic isomorphism. The fiber over 0 of Σ̃, i.e. π−1(0) ⊂ Σ̃ maps isomorphically onto the

one-skeleton Σ(1).

Remark 2.4.2. Given a point of ∆, the fiber in Σ̃ is a polyhedral, though not usually conical, polyhedral
complex subdividing Σ. The third condition allows us to take subdivisions and then discard higher di-
mensional cones if desired. The edge lengths of the bounded cells of this subdivision vary in a piecewise
linear fashion based on the parameters in the base. An example of a family of polyhedral subdivisions over a
one-dimensional cone is see in Figure 1.

The terms equidimensionality and reducedness reflect the following geometric situation. If
f : X → B is a toroidal morphism of toroidal embeddings, the induced morphism F of poly-
hedral complexes satisfies the conditions above if and only if the map f satisfies the correspond-
ing algebro-geometric conditions, see [7, Lemmas 4.1 & 5.2]. The condition on the fiber above 0
ensures that when the logarithmic structure on the base is trivial the target is X .

2.5. A remark on combinatorial boundedness. A foundational result in the logarithmic theory
of stable maps is combinatorial finiteness. Specifically, fixing numerical invariants, there exist
finitely many combinatorial types of tropical stable maps which can arise as combinatorial types
of logarithmic stable maps to a fixed target.

When we speak of tropical moduli stacks in what follows, we will fix a finite partially ordered
set of combinatorial types, closed under specialization in the partially ordered set of all types. This
will ensure our cone stacks are of finite type.

2.6. Tropical moduli stacks. Let Σ be a fan. Fix the discrete data Γ = (g, n, c, L), where g is the
genus, n is the number of unbounded edges, and c is the contact order of the markings, and L
is a finite partially ordered set of combinatorial types, closed under specialization of types. An
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FIGURE 1. A family of tropical expanded targets over R≥0. The fiber over 0 is dual
to a P1 × P1, while the nontrivial fiber that is shown is a union of four P2’s glued
along boundary curves, and all four P2’s meet at a point.

automorphism of a tropical map < → Σ is an automorphism of the tropical curve commuting
with the map to Σ.

We study moduli spaces of tropical maps to Σ having combinatorial type described by Γ. Such a
moduli problem determines a combinatorial stack developed by Cavalieri–Chan–Ulirsch–Wise [12].
This technology is not strictly necessary for our purposes, but as the framework elegant, we have
elected to use it.

Let RPC be the category of rational polyhedral cones. The definitions give rise to a tropical
moduli functor

ACGSΓ(Σ) : RPCop → Groupoids,

by associating to a cone τ the groupoid of tropical prestable maps <→ Σ over τ with discrete data
Γ. The following is a modest adaptation of the results in loc. cit. and we leave the details to the
reader.

Lemma 2.6.1 ([12, Adaptation of Theorem 1]). There is a stack KΓ(Σ) over the category of cone com-
plexes representing the moduli problem of tropical stable maps to Σ with discrete data Γ.

2.7. Combinatorial transversality. A basic transversality statement motivates what follows. Let
X be a toroidal embedding and C → X be a logarithmic stable map. Consider the associated
tropical map

<→ ΣX .

We seek a tropical condition for the underlying map C → X to be transverse: the complement of
the marked points C◦ ⊂ C maps into X◦ ⊂ X , and the marked points map to the locally closed
codimension 1 strata of X . This holds precisely when the image of every vertex of < is the unique
vertex 0 of ΣX , and the image of every unbounded edge is a ray of ΣX . When the tropical map
is general, vertices and edges of < may map into high dimensional cones of ΣX , indicating that
components and nodes of C map into high codimension boundary strata of X .
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Note that toroidal blowups of X , which are conical subdivisions of ΣX , do not improve the
situation. However, given a general map < → ΣX , if we are allowed to make polyhedral subdi-
visions that are not necessarily conical (so they may include bounded polyhedra), the image of
every vertex can be arranged to be a vertex, and the image of every edge an edge. We refer to
this as combinatorial transversality. Such polyhedral subdivisions determine expansions of the
target.

2.8. The construction on standard points. The main construction of this section is a more delicate
version of the following “pointwise” construction. Given a single tropical stable map <→ Σ, one
can choose a polyhedral – not necessarily conical – subdivision Σ̃ such that the image of < is the
support of a polyhedral subcomplex, as exemplified in Figure 2. Once this subdivision is made, <
may not map to Σ̃, in the sense that the images of edges need not be edges. In order to remedy
this, a subdivision to < must be made, by adding vertices to < at the preimages of the vertices of
Σ̃.

FIGURE 2. The dashed figure on the left is a tropical curve in the fan ∆P2 . It is
clearly not combinatorially transverse because the vertices and edges of the tropical
curve do not map onto polyhedral subcomplexes of the target. There is a natural
subdivision of this on the right, obtained by introducing new vertices and edges.
The tropical curve on the right is not drawn on the right, but it is the one obtained
by composition with the subdivision

Remark 2.8.1. To see that such a subdivision can be made in the first place, fix a tropical map < → Σ.
Replace Σ with a conical subdivision so that it becomes simplicial. Since the question is local, it suffices to
deal with the case where Σ is Rn≥0. For each of the n projections to R≥0, choose a polyhedral subdivision
Ti such that the image of every vertex is a vertex, and the image of every noncontracted edge is an edge.
Taking the product of the Ti we obtain a cubical subdivision of Rn≥0 where the image of every vertex is a
vertex. The image of an edge is the diagonal in a facet connecting two edges. By further triangulating, we
guarantee that the image of each edge is an edge in the subdivision, as required. By passing to the 1-skeleton
of this subdivision, and if necessary the subcomplex that discards unnecessary vertices and edges, we obtain
a non-complete polyhedral subdivision of Σ.

The procedure above modifies the target for any given one-parameter family of curves. The
same is true if the base is a finite rank valuation ring, or more generally a valuativized logarithmic
scheme [29]. In these cases, the new families are guaranteed to be flat. Over a general base this
ceases to be true, and the base must be modified to preserve flatness.
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2.9. The general case. We establish the tropical version of Theorem A, globalizing the construc-
tion above. The tropical moduli stack comes with a universal curve and map diagram:

(1)

< ACGS(Σ)× Σ

ACGS(Σ).

F

The construction will subdivide the base, curve, and target to obtain a universal family of stable
maps to a family of expansions of Σ, such that the universal map is transverse to the universal
target.

Theorem 2.9.1. There exists a diagram of cone stacks

<λ Σ̃λ

KλΓ(Σ).

Fλ

where each position in the diagram is a subdivision of the corresponding position in Equation (1).

(1) Equidimensionality. For both vertical arrows, every cone of surjects onto a cone of KλΓ(Σ).
(2) Reducedness. For both vertical arrows, the image of the lattice of any cone σ ∈ Σ̃ is a lattice in

the image cone in KλΓ(Σ).
(3) Transversality. The image of F is a union of faces of Σ̃λ.

Proof. The basic idea of the proof is to perform weak semistable reduction for the universal map at
a combinatorial level, following [7, Sections 4 & 5]. We guidepost the proof based on the intended
geometric property that each step reflects.

Expanding the target. The morphism

F : <→ ACGS(Σ)× Σ

is linear on each cone of the source. Given a cone τ of <, the image F (τ) is a conical subset of
KΓ(Σ) × Σ. Choose a subdivision of Σ̃aux of ACGS(Σ) × Σ such that the image of every cone of
< is a union of cones. This can be done using a procedure used by Abramovich and Karu, see [7,
Lemma 4.3]. Their argument is as follows. Assume first that ACGS(Σ) × Σ consists of a single
maximal cone σ. Then the image F (τ) is a strictly convex conical subset of σ. This subset is equal
to the intersection of half-spaces given by linear functions `τ,j . The function ψσ = −

∑
τ,j |`τ,j | is

piecewise linear, and the domains of linearity define a subdivision of σ such that τ maps to a cone.

Once a subdivision of σ is made such that the image of a cone is a union of cones, a further
refinement does not affect the property. Repeat this procedure for all cones mapping to σ, thus
defining a subdivision where the image of every cone is a union of cones. Now choose an arbitrary
piecewise linear function ψσ on the full target ACGS(Σ) × Σ extending the one ψσ constructed
above. Consider the piecewise linear function

ψ =
∑
σ

ψσ.

The domains of linearity of ψ give the requisite subdivision such that the image of every cone of
the curve is a cone of the target. Call this subdivision of the target Σ̃aux
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Transversality. Pull back the piecewise linear function ψ to <. Its bending locus yields a subdivi-
sion of the source curve, and the resulting map sends cones onto cones. Pass to the subcomplex
Σ̃aux
◦ of Σ̃aux that contains the images of the cones of <aux. The newly constructed morphism of

cone complex
F aux : <aux → Σ̃aux

◦

has the property that the image of every cone of <aux is a cone of Σ̃aux
◦ .

Fixing the base. We have thus far ignored the base. The modification Σ̃aux
◦ maps to surjectively

onto KΓ(Σ). Indeed, the map factors through the product KΓ(Σ) × Σ. Another application of [7,
Lemma 4.3 & Proposition 4.4] yields subdivisions of the target and base

Σ̃λ
◦ → KλΓ(Σ)

such that the image of every cone of the source is a cone of the target. Pull back this subdivision
of Σ̃λ

◦ → Σ̃aux
◦ to the curve to obtain <λ. The image of any cone of <λ is a cone in KλΓ(Σ) by

commutativity of the diagram. Finally, by refining the lattice on the base we guarantee that the
reducedness condition in the statement. �

2.10. Smooth divisor: Li from ACGS. We can specialize the construction to the case considered
traditionally, where D is a smooth divisor. Combinatorially, the fan Σ is R≥0. At each point of
ACGS(R≥0) there is a piecewise linear map

F : <→ R≥0,

For each vertex v in <, its image F (v) is generally not the vertex of R≥0. The images of all vertices of
< form the vertices in a unique polyhedral subdivision of T of R≥0. Geometrically, this canonically
determines an expansion of the target in the traditional sense, by pulling back the subdivision
along the tropicalization. However, the map < → T no longer maps cones to cones, see Figure 3.
To remedy this, the subdivision may be pulled back to < to obtain a subdivision of the source
curve.

<

R≥0

FIGURE 3. Ignoring the white vertices, the map in the figure above is a tropical map
arising from points in the tropicalization ACGS space. Subdivision of the target is
the expansion arising in Jun Li’s space. The subdivision of the source is made by
marking the preimages of the newly introduced white vertex.

The curve and target families are no longer equidimensional over the base, because the newly
introduced vertices in the curve (or the target) form a cone in the total space of curve (or the target)
over ACGS(R≥0). The image of this cone is not necessarily a cone in the base. The subdivision of
the base produces the modification Li → ACGS. This combinatorics is analyzed in some detail
in [13, Proposition 16, Example 17].
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Remark 2.10.1. With hindsight, the paper of Chen on logarithmic stable maps may be viewed in different
light, as reversing the construction above [15]. Assume the existence of the moduli space Kim of logarithmic
maps to expansions of the universal target [A1/Gm], as in [32]. Then we may blow down the universal
expanded target family to the constant family [A1/Gm] and partially stabilize the source curve, over Kim.
Observe that the universal map continues to be logarithmic, with the pushforward logarithmic structure [8,
Appendix B]. This gives a new logarithmic source and target family over Kim. We observe that combina-
torial types in Kim come with a partial ordering, where two otherwise identical combinatorial types are
distinct, if the images of two vertices in R≥0 have different orders. By forgetting this partial ordering we
obtain a collapsing of some faces in Kim, and consequently a blow down map Kim → Chen, where the
universal curve continues to be flat. This shows that the moduli space of logarithmic maps to the universal
target, without expansions, is a logarithmic algebraic stack. Of course, it is unlikely that the spaces would
have been discovered in this way to begin with.

2.11. Auxiliary combinatorial choices. The procedure described in the proof of Theorem 2.9.1
produces an infinite number of diagrams satisfying the requirements of the theorem. Indeed, one
can perform an arbitrary further refinement of the base moduli space and pull back the source and
target families to obtain a new moduli space satisfying the same conditions. More generally, given
any two such solutions to this moduli problem, there is a common subdivision of all parts of the
diagram.

Lemma 2.11.1. Let K1
Γ(Σ) and K2

Γ(Σ) be two diagrams, equipped with universal families, arising in the
result above. Then there exists a third diagram (KνΓ(Σ),<ν , Σ̃ν) together with subdivisions

subi : KνΓ(Σ)→ KiΓ(Σ),

such that are natural subdivisions of the pullback

<ν → subi
−1<i

and
Σ̃ν → subi

−1Σ̃i.

Proof. The existence of subi : KνΓ(Σ)→ KiΓ(Σ) is straightforward. After pulling back the universal
tropical curve and target from the two spaces, further subdivisions can be made. The equidi-
mensionality procedure described in the proof of the previous theorem constructs the requisite
diagram. �

The existence of common subdivisions will mean that choices made in the construction of
the theorem above will be immaterial for the purposes of computing Gromov–Witten invariants,
see [9].

3. VIRTUAL SEMISTABLE REDUCTION

Recall that (X,D) is a toroidal pair without self intersection.

The construction in the previous section gives us modifications of the space of logarithmic stable
maps, its universal curve, and its universal target. In order to formalize the discussion, we need
to build a tropicalization map for the space of maps, which we do by utilizing the Artin fan of X .
The subdivisions are then pulled back to produce the requisite moduli spaces.

We note that the procedure in this section has been used before, for instance in [9, 48]. For maps
to an unobstructed target, the tropical subdivisions produce toroidal modifications of the moduli
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spaces. Maps to the universal target are always unobstructed, and the general space of maps
is strict and virtually smooth over this. Specifically, if (X,D) is replaced with its Artin fan AX ,
the moduli space of maps becomes a toroidal embedding in the smooth topology. This toroidal
embedding maps to an associated cone stack. Subdivisions from the previous section are applied
to this cone stack, and then pulled back to maps X itself.

3.1. Universal target: Artin fans. Let X be a toroidal embedding without self-intersections. At
every point of X , there is a Zariski open set U ⊂ X together with an étale map U → Vσ(p) where
Vσ(p) is an affine toric variety with cone σ(p). These cones can be glued together to form a cone
complex ΣX , see [31]. When the boundary of X is simple normal crossings, this is the cone over
the dual complex of the boundary divisor D.

The cone complex ΣX determines a 0-dimensional algebraic stack possessing the same combi-
natorial properties as X , referred to as the Artin fan of X . For a general construction, we refer the
reader to [9, 5, 12, 56] and note that the basic idea was present in [40]. In our case, the following
construction will suffice.

Given X construct ΣX as above. This complex is the colimit of a diagram DX of cones. For
each cone σ in the diagram, there exists a canonically associated toric stack [Vσ/T ], where T is
the dense torus. of Vσ The diagram DX immediately yields a diagram of algebraic stacks, whose
colimit exists as an algebraic stack called the Artin fan. There is a tautological morphism

X → AX .

This morphism is strict: the logarithmic structure on X is the pullback of the divisorial logarith-
mic structure on AX .

3.2. Maps to the Artin fan. The primary purpose of working with Artin fans is that it is natural to
map algebraic varieties to them, but they are equivalent in the categorical sense to cone complexes.

Definition 3.2.1. A logarithmic prestable map to AX over S is a diagram of logarithmic stacks

C AX

S,

where C is a family of logarithmically smooth curves.

Fix discrete data Γ as before genus g, number of marked points n, and contact orders c. The
logarithmic tangent bundle ofAX is the zero sheaf, so the logarithmic deformation theory of maps
from curves is unobstructed over the moduli space of curves. This leads to the following result of
Abramovich and Wise [9, Proposition 1.6.1].

Proposition 3.2.2. There is a logarithmic algebraic stack MΓ(AX), logarithmically smooth of dimension
3g− 3 +n, representing the fibered category over logarithmic schemes of logarithmic prestable maps toAX .
The forgetful morphism to Mg,n is logarithmically étale

As constructed, the stack is only locally of finite type. Indeed, a logarithmic map C → AX over
a logarithmic base S is equivalent to the data of C, and a map < → ΣX . Without a balancing
condition on the maps, the problem is unbounded. However, the space of stable logarithmic maps
ACGSΓ(X) is of finite type. We simply replace MΓ(AX) with any open substack that is of finite
type and receives a morphism from ACGSΓ(X).
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Remark 3.2.3. If Σ is a fan embedded in a vector space and the map <→ Σ is required to be balanced, then
it is a well-established fact that there are only finitely many combinatorial types, and an elegant proof using
projections to reduce to the hypersurface case can be found in [39, Proposition 2.1]. In the case considered
here, Σ can be embedded in a vector space, but tropicalizations of maps C → X need not be balanced in the
usual sense. However, a modified balancing condition does hold, and this is used to establish boundedness
in [23, Theorem 3.8]. Boundedness certainly holds in greater generality, but we will not need this. An
interested reader may consult [5, Section 1.1].

Let ACGSΓ(AX) be the resulting finite type stack of logarithmic maps to AX . By enumerating
the combinatorial types that are relevant to X , which we know are finite by boundedness, we
obtain the analogous tropical moduli stack ACGSΓ(Σ). The moduli problem ACGSΓ(Σ) on cones
from the previous section can be turned in to a moduli problem on logarithmic schemes, as follows.
Given a logarithmic scheme (S,MS) that is locally of finite type, we consider the moduli problem
of tropical stable maps with discrete data Γ over Strop. This immediately extends the tropical
moduli functor to logarithmic schemes, see [12, Part II].

Building on an insight of Gross and Siebert [23, Section 1], we observe that a family of logarith-
mic stable maps to AX over S gives rise to a family of tropical stable maps to Σ over Strop. Since
KΓ(Σ) is universal for this moduli problem, we obtain a morphism

trop : ACGSΓ(AX)→ ACGSΓ(Σ).

The following proposition is essentially identical to [12, Theorem 4].

Proposition 3.2.4. The morphism

trop : ACGSΓ(AX)→ ACGSΓ(Σ).

is smooth and strict.

Proof. Strictness follows from the description of the minimal monoids by Gross–Siebert [23, Sec-
tion 1]. Their observation is expanded upon in [49, Section 2]. Smoothness, by infinitesimal lifting,
follows immediately from the logarithmic smoothness of ACGSΓ(AX). �

3.3. Spaces of maps from the subdivisions. With the tropicalization map handy, we pull back
the subdivisions constructed in Section 2.9. These spaces will satisfy the transversality hypothesis
in Theorem A.

Fix a tropical moduli problem

<λ Σ̃λ

KλΓ(Σ).

Fλ

as constructed in Theorem 2.9.1. The subdivision KλΓ(Σ) → KΓ(Σ) is a subcategory of the fibered
category over cones. By pulling back KΓ(AX) via the tropicalization map we obtain a subcategory
KλΓ(AX). We similarly obtain a universal curve family Cλ and a target family AλX .

Proposition 3.3.1. The categories KλΓ(AX), Cλ andAλX are representable by algebraic stacks with logarith-
mic structure.
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Proof. Each of the categories is obtained locally by pulling back toric modifications (and possibly
root constructions) of toric varieties, so representability is immediate. �

The subdivision may add essentially arbitrary numbers of bubbles to the universal curve that
map to an expansion of the target. Logarithmic stability is nonetheless unaffected.

Lemma 3.3.2. Given a point of the logarithmic algebraic stack KλΓ(X), the universal map

Cλ → Xλ → X

has finite logarithmic automorphism group.

Proof. This follows immediately from Corollary 1.3.7. �

We now observe that the new stacks come equipped with the requisite transversality. Let Cλ →
AλX → AX be an S-point of KλΓ(AX).

Proposition 3.3.3. Let pi be a marked point of Cλ with contact order cij along the divisor Dj ⊂ AX and
zero contact order with the remaining divisors. LetDλ

j be the stratum of the target X λ containing the image
of pi. Then Cλ meets Dj at finitely many points, each marked, and the order of tangency at pi is equal to
cij .

Proof. This essentially follows from the definition of a logarithmic map. It suffices to treat the case
of maps over logarithmic point Spec(P → C). Furthermore, the statement is unaffected if we
replace P with N by pulling back along a point in Hom(P,N).

We examine the associated tropical map F : <λ → Σλ → Σ. The image of every vertex v of < is
a vertex F (v) of the subdivision. By the definition of a logarithmic morphism, this means that the
generic point of the component Cv dual to v maps to the generic point of the component of AλX
dual to F (v). Similarly, the edges of < which are dual to nodes and marked points, map to edges
of Σλ which are dual to double intersections of components or divisors of AλX . This guarantees
that the intersection with the boundary divisors are 0-dimensional, and no component maps into
a divisor. Moreover, since all points of nontrivial contact order are marked and therefore distinct,
the contact orders are the prescribed ones.

�

We now pass from AX to X . Since the morphism

ACGSΓ(X)→ ACGSΓ(AX)

is strict, we may pull back the subdivision as above to obtain a logarithmic Deligne–Mumford
stack KλΓ(X), equipped with a universal curve Cλ pulled back from ACGSΓ(AX) and a universal
target X λ obtained by pulling back KλΓ(X)×X via the modification induced by Σ̃λ.

3.4. The virtual class. We have thus constructed a Deligne–Mumford stack KλΓ(X). There are two
ways of constructing (the same) virtual fundamental class on this space, and we explain both.



20 DHRUV RANGANATHAN

3.4.1. The first way. As a fibered category over logarithmic schemes, KλΓ(X) can be identified with
a subcategory of KΓ(X), consisting of those logarithmic stable to (unexpanded) X maps over S,
such that the tropical moduli map

Strop → ACGS(Σ),

factors through the subcomplex KλΓ(Σ). Restrict the universal family to this subcategory to obtain
a curve family C → KλΓ(X), and a morphism C → X . The relative obstruction theory of the map

KλΓ(X)→ KλΓ(AX)

is perfect. Indeed, the argument for this is identical to the one explained in [9, Section 6.1]. Given
an S-point of KλΓ(X), let S′ be a strict infinitesimal extension, given by an ideal I . We consider the
diagram of lifts below:

X

��
C //

f ..

��

C ′ //

==

��

AX

S // S′.

In the diagram above, since the extension is strict, the tropical data of C/S and C ′/S′ are iden-
tical. Thus, the map C → AX extends automatically to C ′. Lifts of this data are a torsor on C of
abelian groups f?T log

X ⊗ I . We thus obtain an obstruction theory for KλΓ(X) over KλΓ(AX), using
the formalism of [58, Section 5].

Note that this statement holds without changes for the unsubdivided moduli space ACGSΓ(X).
The virtual pull back of the fundamental class under the morphism KλΓ(X) → KλΓ(AX) yields a
virtual fundamental class on KλΓ(X) by [36].

3.4.2. The midway. The first way ignores any subdivision that has been done to the universal fam-
ily. That is, both curve and target are unbubbled. We may introduce bubbles in the curve while
keeping the obstruction theory unchanged.

The universal modified curve admits a morphism

st : Cλ → C.

This morphism is a logarithmic modification, so it simply contracts chains of rational bubbles.
Consider the lifting problem for logarithmic maps [g : Cλ → X] from the modified curve Cλ/S, to
a strict infinitesimal extension S′ given by an ideal I . Once again, the lifts are given by a torsor on
Cλ of the abelian groups g?T log

X ⊗ I . By construction, the maps

Cλ → X

will factor through Cλ → C. Since the bubbles are rational, pushing forward via Rst?(·) identifies
the torsors controlling the obstruction theory coming from Cλ with those on C.

Again, virtual pull back of the fundamental class from KλΓ(AX) gives rise to a virtual class,
which by the discussion above is the same virtual class.
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3.4.3. The second way. In the intermediate version above, we considered only the deformation
theory of the collapsed map. Typically, one studies the obstructions to deformations of the map to
the expansion. Again, the virtual class is unchanged.

This once again follows by considering the lifting problems posed above. Specifically, we con-
sider the composition

Cλ → X λ → X × KλΓ(X)→ X,

Since the second arrow is logarithmically étale over KλΓ(X) since it is the pullback of a subdivision.
It therefore identifies relative logarithmic tangent bundles. In turn the relative logarithmic tangent
bundle of the product is simply pulled back from the logarithmic tangent bundle ofX . Once again,
the torsors controlling lifts over strict extensions are naturally identified, and the virtual pullback
produces a virtual class.

In all cases, we obtain the following.

Theorem 3.4.1. The Deligne–Mumford stack KλΓ(X) carries a virtual fundamental class in expected di-
mension. This class is equal to the virtual pullback of [1] via the morphism

KλΓ(X)→ KλΓ(AX).

3.5. Virtual birationality. By construction, each of our moduli spaces come with a morphism

KλΓ(X)→ ACGSΓ(X).

This may also be seen in a moduli theoretic manner. Given an expanded stable map

Cλ → X λ → X,

over S, stabilize the underlying morphism to X to obtain [C → X] over S, and equip it with the
pushforward logarithmic structure [8, Appendix B]. The logarithmic structure on S may not be
minimal, but by the universal property of minimality the map is pulled back uniquely from the
associated minimal object [C → X] over Smin.

Proposition 3.5.1. Pushforward under the morphism

KλΓ(X)→ ACGSΓ(X).

identifies virtual classes. In particular, the logarithmic Gromov–Witten invariants of X are computed by
the expanded theory.

Proof. The result follows from the discussion above, and is a strictly simpler statement than the
one in [9]. Indeed, there is a birational morphism

KλΓ(AX)→ ACGSΓ(AX).

As discussed above we may construct virtual classes for maps to X λ and minimal maps to X
relative to these two moduli spaces. However, the obstruction theory for KΓ(X)→ KΓ(AX) clearly
pulls back to the obstruction theory for KλΓ(X)→ KλΓ(AX). The result follows from a well-known
theorem of Costello [16, Theorem 5.0.1]. The statement about Gromov–Witten invariants follows
from the projection formula. �

Cosmetic changes to the above argument also yield the following.
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Proposition 3.5.2. Given any two moduli spaces KλΓ(X) and KµΓ(X) of transverse stable maps to expan-
sions and a logarithmic modification

KλΓ(X)→ KµΓ(X),

pushforward identifies the virtual classes.

Remark 3.5.3. Since common refinements of subdivisions exist, the collection of logarithmic modifications
of KλΓ(X) forms an inverse system. As a consequence of the proposition, there is a well-defined virtual
class in the group lim←−λA?(K

λ
Γ(X),Q). It is tempting to believe that the most natural setting for logarith-

mic Gromov–Witten theory is this group, with insertions coming from the direct limit of the operational
Chow cohomology rings of toroidal blowups ofMg,n and of X . It would be interesting to have an algebro-
geometric point of view where the inverse limit could be moved inside the parenthesis. Indeed, this appears
to be Parker’s viewpoint. In examples, it is possible to check that the inverse limit of the moduli space and
its universal curve and target can be identified with Parker’s moduli spaces of exploded maps [42].

3.6. What is this a moduli space of? We stress that each of the spaces KλΓ(X) constructed here
is a solution to a moduli problem over schemes. Over logarithmic schemes, tautologically, they
are defined as subfunctors of ACGSΓ(X) of families of curves over a base whose tropicalizations
lie in the subdivision indexed by λ. Indeed, logarithmic modifications are always subcategories
when considered in this manner, see [28, Definition 3.8] and [50, Section 2.5]. This category admits
minimal objects – those families where at each closed point tropicalization map is an isomorphism
onto a cone of the λ-subdivision. These objects form a moduli problem over schemes, which is
representable by a Deligne–Mumford stack.

The same category also carries another modular interpretation, coming from the universal mod-
ified curve and target. Once again, over logarithmic schemes, one studies families of logarithmic
maps to an expansion of X such that the universal curve and target are pulled back from the
tropical families corresponding to the indexing element λ.

3.7. Discarding strata: maps between graphs. Each point in KλΓ(X) gives rise to a map

C → X λ.
Let Σλ be subdivision of Σ giving this expansion. Since the curve only maps to the irreducible com-
ponents of X λ, we discard the higher codimension strata of X λ. Tropically, this means passing to
the 1-skeleton of the subdivision Σλ, and the map < → Σλ becomes a map of graphs. Logarith-
mically, this means that the relative rank of the logarithmic structure sheaf of the target is either
0 or 1 everywhere. The only difference between this framework and Li’s theory are that the tar-
get graphs can be arbitrary, rather than linear, and come embedded into an ambient polyhedral
complex.
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Part II. The gluing formula

A basic intuition guides this part of the paper. Let Z → A1 be a simple normal crossings
degeneration, with general and special fibers Zη and Z0. Given a curve Cη in Zη, we can specialize
it to obtain a curve Z0. The reverse is a problem in deformation theory. Given a curve C0 in Z0,
one needs to smooth it out over A1 in order to describe a curve in Zη. In general this problem
is much too hard, and one must either work in the logarithmic category of place hypotheses on
the curve in the special fiber. A natural hypothesis is that the components of C0 interact nicely
with the strata of Z0: each component meets only the codimension 1 strata of Z0 at points and is
disjoint from the higher codimension strata. In this case, there is a predeformability condition –
the matching of vanishing orders when two components meet along a divisor – which is necessary
for a smoothing to exist.

In simple cases, such as rational curves in toric varieties, predeformability is sufficient for de-
formability [39, 48]. The general problem is hopeless, but for the purposes of working with the
virtual geometry of the space of maps, one pretends as if this condition suffices always, and Jun
Li’s relative Gromov–Witten theory is built from this point of view. When the special fiber of Z is
not allowed to expand, the right component of the space of maps to the special fiber is the locus of
logarithmic maps. However, the intuitive picture of gluing along components breaks down. One
needs to study maps into the strata of the degeneration, which is where punctured logarithmic
curves enter the picture [4]. Using the previous part of the paper, we reintroduce the transver-
sality requirement, obtaining a proper space of maps after expanding the target, and prove the
gluing formula following this picture.

In order to work virtually, we work tropically. An inventive observation of Abramovich and
Wise is that the space of maps to Z is virtually smooth over the space of tropical maps to the trop-
icalization [9]. We take this observation to its extreme by degenerating the cone complex ΣZ into
an extended cone complex – a singular tropical object. This is probably the main novelty in this
part of the paper, and we find that it greatly clarifies the geometry. Tropical nodal curves in the
special fiber of the tropical degeneration can have nothing to do with maps to a general fiber, but
we find that predeformability is tropical deformability. That is, after modifying the tropical targets to
ensure combinatorial transversality, the nodal tropical curves may always be smoothed out. Stan-
dard virtual pullback techniques imply the gluing formula.

4. EXTENDED TROPICALIZATIONS

Extended tropicalizations are compactifications of fans and polyhedral complexes obtained by
adding faces at infinity which are themselves such complexes. We will use them to describe degen-
erations of tropical varieties to singular ones. A careful treatment of extended cone complexes can
be found in [1, Section 2], and the relationship with Berkovich spaces and tropical geometry can
be found in [47, 55]. An elegant pointification viewpoint on the matter, considering piecewise lin-
ear functions taking the value infinity, has been introduced by Huszar–Marcus–Ulirsch [24]. This
pointification is functorial, and sets the discussion below on sound categorical footing.

Let Σ be a cone complex with integral structure. Each cone σ ∈ Σ is obtained from its dual cone
Sσ of linear functions as the space of monoid homomorphisms

σ = HomMon(Sσ,R≥0).
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FIGURE 4. The extended tropicalization of P2 consists of 3 extended cones. The
face at infinity perpendicular to each ray is the extended tropicalization of the dual
stratum.

By replacing R≥0 with the extended monoid R∞ = R≥0 t {∞} equipped with its order topology,
we obtain a compact object, the extended cone

σ = HomMon(Sσ,R∞).

The cone complex Σ can be described as a colimit of a diagram of cones, and by replacing each
cone with its extended cone we obtain a canonical compactification

Σ ↪→ Σ.

Warning 4.0.1. Pictures of the extended tropicalization can cause some initial confusion, because
both order reversing and order preserving bijections are at play. For the extended tropicalization
of a toroidal embedding X , there is an order preserving bijection between the k-dimensional faces
at infinity and the k-dimensional strata of X . There is also an order reversing bijection between
the k-dimensional cones (or extended cones) and the codimension k strata of X . An example is
shown in Figure 4.

Given a polyhedral complex P that is not conical, one similarly obtains a compactification P
of the asymptotic directions as follows. Let ΣP be the cone over the polyhedral complex. The
height 1 slice of the extended cone complex ΣP gives a compactification of P

Extended cones can be glued along extended faces by taking colimits to obtain a larger class of
objects, as has already been suggested in the literature [1, Remark 2.4.1]. For our purposes it is
sufficient to take note of three non-mutually exclusive examples.

(A) Nodal tropical curves. Given a pointed tropical curve <, its compactification is obtained by
adding one point at infinity on each unbounded half-edge of <. By gluing such extended
tropical curves along their infinite points one obtains objects that we will call nodal tropical
curves.

(B) Boundaries. Given a cone complex Σ, the complement Σ r Σ is a union of the extended
faces. This has a irreducible component decomposition into compactified cone complexes
corresponding to the rays of Σ.

(C) Degenerate fibers. Given a cone complex Σ and a surjective map of cone complex Σ → R≥0,
pass to the associated map Σ→ R∞. The fiber over∞ is a union of extended cone complexes
glued along boundary divisors.

A picture that encapsulates all three examples is given Figure 5.
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∞η0

FIGURE 5. The figure describes a tropical degeneration over R∞ which arises as
the tropicalization of a toric degeneration of P1 over A1. The special fiber consists
of three components, each equal to R t {±∞}. Over a general point η in R, the
fiber is a subdivided real line with three vertices dual to the three components in
the special fiber.

5. THE TROPICAL GLUING FORMULA

In this section, we prove a gluing formula entirely within combinatorial geometry. A degen-
eration of a cone complex Σ over R∞ gives rise to a degeneration of the space of tropical maps.
We describe the components of the degenerate moduli space by gluing maps from curves to the
components of the degenerate fiber.

5.1. The tropical moduli space of maps. Let Σ → R≥0 be a surjective morphism of cone com-
plexes and let Σ → R∞ be the associated morphism of extended complexes. Let Σr denote the
fiber over the point r ∈ R∞. We consider Σ∞ to be a degenerate limit of Σ0.

A family of tropical stable maps to a family Σ→ R≥0, parameterized by a cone τ is a commuta-
tive square

< Σ

τ R≥0,

F

where < is a family of tropical curves, and F is a family of tropical maps to Σ. We obtain a stack
over the category of cones, whose fiber over τ is the groupoid of tropical stable maps over τ . As
before, we restrict our attention to the subcategory of maps of a fixed finite set of combinatorial
types. The result is a finite type tropical moduli stack

π : ACGSΓ(Σ)→ R≥0
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parameterizing such maps. The morphism π presents the moduli space as a family over R≥0. Let
ρi be a ray of the moduli space and let vi be its primitive integral generator. Then π(vi) generates
a submonoid of some index in N. Call this index mρi .

Passing to extended tropicalizations gives rise to a morphism

π : ACGSΓ(Σ)→ R∞.

The components lying above∞ are in bijection with the rays ρi that dominate R≥0. As we soon
describe, each such extended component is a moduli stack of tropical maps. As π is a piecewise
linear function, we expect a “rational equivalence” of the form

(2) [ACGSΓ(Σ0)]e
∑
i

mρi

Aut(ρi)
[ACGSρi(Σ∞)].

Here, ACGSρi(Σ∞) is a finite cover of the component at infinity dual to ρi, obtained by removing
generic automorphisms. We will not need to make the rational equivalence here precise, but if
we use the categorical equivalence of cone complexes with Artin fans, a precise translation can
be made in the Chow group of an appropriate family of Artin stacks [12, 56], and this implies the
statement in [3, Section 4.1].

Our next task is to describe the infinite faces ACGSρi(Σ∞) in terms of maps to the strata.

5.2. Extended faces. Fix a ray ρ of the tropical moduli space ACGSΓ(Σ). We now describe a mod-
uli space ACGSρ(Σ∞) which is a finite cover of the infinite face of ACGSΓ(Σ) dual to ρ, as follows.

Choose a general point in the ray ρ of ACGSΓ(Σ). Since the multiplicity of vertical divisors will
be equal to zero, we lose no generality in assuming that ρ surjects onto R≥0. Let the general point
chosen map to η ∈ R≥0. The fiber Ση of the tropical degeneration is a polyhedral complex, and the
fiber in ACGSΓ(Σ) over η intersected with ρ is a possibly stacky point of the moduli space. This
determines a single tropical map

fη : <η → Ση

up to automorphisms. Since the point was chosen on a ray, the map is rigid: any deformation of
the map [fη] changes the combinatorial type. We make the following additional assumption.

Assumption 5.2.1. The curve <η is combinatorially transverse to Ση. That is, the image of every
vertex of < is a vertex of Ση and the image of every edge is an edge.

Justification. As described above, the ray ρ determines a family tropical maps, and we may sub-
divide Σ, inducing a subdivision of Ση such that the transversality condition is met for the map
<η → Ση, for all η. It follows immediately from the arguments in [9] that this has the effect of re-
placing the moduli space with a modification. We are only interested in describing the component
ACGSρ(Σ∞) up to modifications, so this will have no effect.

We obtain a family of tropical maps to a family of targets, depending on a parameter η in R≥0.
The curve <η has bounded edges whose lengths are linear functions in η. The special fiber of the
tropical family is obtained by η →∞. The point at infinity of ρ parameterizes a map

f∞ : <∞ → Σ∞.

Lemma 5.2.1. The edges of <∞ are either (1) infinite rays associated to marked points, or (2) infinitely long
edges, identified with R∞ t∞ R∞.
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Proof. If <∞ contained bounded edges of finite length, then by uniformly scaling all bounded
edges, we produce a one-parameter deformation of the tropical map, which cannot exist by the
rigidity hypothesis. �

Moduli at the extended face. Fix a single tropical map f∞ : <∞ → Σ∞. Consider the moduli
space ACGSρ(Σ∞) parameterizing tropical stable maps

g∞ : �→ Σ∞

from nodal tropical curves to Σ∞, that (1) are deformations of a fixed map f∞ : <∞ → Σ∞, and
(2) come equipped with a uniform rescaling to [f∞]. Such maps are parameterized by a stack over
the category of cones. Forgetting the rescaling information, we obtain a cover of the infinite face
of ACGSΓ(Σ) that is dual to ρ, as in Equation 2.

5.3. The cutting morphism. The special fiber Σ∞ is glued from infinite faces. Each ray of the
target Σ determines a single extended face that is the canonical compactification of a cone complex.
The special fiber of Σ is glued from these extended faces:

Σ∞ =
⋃
v

Σv.

Given a map
<→ Σ∞,

cut the target Σ∞ into the pieces as above. For any map parameterized by a point of the moduli
space ACGSΓ(Σ∞), we correspondingly split the curve into components, at its infinite bounded
edges. After deleting the extended faces, we obtain maps {<v → Σv}v. This produces a cutting
morphism

ACGSρ(Σ∞)→
∏
v

ACGSρ(Σv).

5.4. Modifying the product. The stacks of maps ACGSρ(Σv) can be used to describe the stack
ACGSρ(Σ∞), at least up to modifications. The product has the following universal diagram.

(3)

⋃
v <v K×

⋃
v Σv

⋃
v Σv

K :=
∏
v ACGSρ(Σv)

Let Gρ be the graph given by the source of the map [f∞]. Each edge e of Gρ has vertices v1 and
v2 and determines a half-edge incident to each. In the component Σv1 containing v1, the point at
infinity of this half edge e1 maps to a closed boundary stratum which we denote Σe, noting that
the other half edge maps to the same stratum. This fits into an evaluation morphism

eve :
∏
v

ACGSρ(Σv)→ Σ2
e.

Note that in order to define this evaluation, we pass to the relative extended tropicalization in the
universal curve, adding points at infinity, and inspect their images in Σe. This reflects the fact
that these boundary evaluation morphisms are not generally logarithmic, until one enhances the
logarithmic structure on the base. See the discussion [24, after Theorem 1.1] and [12, Section 8].
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Remark 5.4.1. The naive strategy would be to now range over all the edges, pulling back the appropriate
diagonal loci to obtain maps from collections of curves that glue to form a map to the target. However, this
cannot be actualized yet, as the faces at infinity of a map constructed in this manner may not smooth out
tropically. At present, the evaluation morphism may lie in a cone of high dimension in Σ2

e, reflecting the
geometric situation that the evaluations may map to small stratum. As a consequence, maps constructed
via this fiber product do not have the expected smoothability. We subdivide the target over the moduli space
until the evaluations always map to vertices, or geometrically to top dimensional strata. This ensures that
the gluing always imposes the expected number of geometric conditions.

The required moduli space modifying the product is a twist on Theorem 2.9.1, but we first
discuss the necessity of the modification in greater detail. At first approximation, we must expand
each tropical target for the maps <v → Σv, which can be achieved by subdividing each factor as in
the first part. Such a modification does not in immediately suffice, however. Such expansions of
two targets are independent of each other, and there is no guarantee that the resulting expansions
can be glued together. This is exemplified in Figure 6 below.

Example 5.4.2. Let X be the mirror dual to P1 × P1, whose fan is the fan over the faces of the
square (±1,±1). Consider the family of polyhedral complexes in R2 given at time t ∈ R≥0 by
a bounded cell – the square (±t,±t) – and rays beginning at the four points of this cell, with
directions (±1,±1) as depicted in the figure. This polyhedral complex forms a family Σ → R≥0.
The toric degeneration described by this family degenerates X to a union of 4 copies of P2.

The associated tropical degeneration consists of 4 copies of P2
trop glued along faces, as shown in

Figure 6. In understanding this picture, Warning 4.0.1 is best kept in mind. The picture depicts 4
partially compactified vector spaces, whose origins are the four points of the square drawn. The
cross consists of 4 copies of R t {∞}, glued at the infinite points. The points where the dotted
arrows meeting the cross are the origins of compactified vector spaces R t {∞}.

In the figure, the dashed arrows in the northwest and southwest quadrants are a non-transverse
tropical curves, corresponding to a point in the product. These two target components must be
modified in order to maintain transversality. However, when an infinite edge is added to the
interior, it forces a subdivision at infinity. In this case, the blue dots on the cross itself show how
subdivisions in the interior force subdivisions at infinity.

The figure above indicates the general strategy. Subdividing the interior to accommodate an
infinite edge of the curve forces a subdivision at infinity in that component. We choose a matching
subdivision on the other side of the cross. Since marked points in our spaces always evaluate
to the interiors of pairwise intersections of irreducible components, this can always be done. To
make the appropriate construction, recall that we have inclusions of the infinite faces

ι :
⋃
v

Σv → Σ∞ ↪→ Σ.

Composing the universal map over
∏
v ACGSρ(Σv) with the morphism ι we think of the universal

target2 as being a constant family of Σ.

The required variation of the combinatorial theorem in the first part is as follows.

2In fact, we only use the partial compactification of Σ determined by deleting the extended faces corresponding to
cones of Σ of dimension 2 and higher.
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FIGURE 6. Depicted here is the extended tropicalization of four copies of P2 glued
along their common boundaries. The axes surrounding the center are boundary
curves along which the surfaces meet, while the four smaller vertices in the interior
are dual to the components themselves. Two dashed tropical curves are drawn,
indicating how transversality in one component forces subdivisions of another.

Theorem 5.4.3. There exists a modification

Kλ =×
v

λ
Kρ(Σv)→

∏
v

ACGSρ(Σv)

of the product, and modifications of its source and target family, and a moduli diagram⋃
v <λv Σ

λ
exp Σ

Kλ

with the following properties.

(1) Gluability. The extended cone complex Σ
λ
exp is the canonical compactification of a cone complex

Σλ
exp that is combinatorially equidimensional over Kλ.

(2) Curve family. The universal curves <λv are each a family of tropical curves over the base Kλ.
(3) Degenerate transversality. Over a point of t of Kλ and for each v, the universal curve <v[t] maps

to the relative interior an extended face Σexp,v[t], and is combinatorially transverse: the image of
every polyhedron of the curve is a polyhedron of the target.

Proof. We focus first on the final requirement, demanding that each curve maps to the relative
interior a maximal infinite face of Σ, but is combinatorially transverse within that stratum. Fix a
vertex v and consider the map <v to the relative interior of an infinite face Fv of Σ∞. Introduce the
notation

PROD =
∏
v

ACGSρ(Σv)

to denote the product of moduli spaces attached to the vertices. To ensure transversality of <v, we
take Fv × PROD and make subdivisions of the total space, later modifying the curve and base to
ensure the requisite conditions. For any fan, the collection of stellar subdivisions is cofinal in the
inverse system of all subdivisions, so we may assume that transversality for <v is achieved by mak-
ing a sequence of stellar subdivisions of Fv × PROD. However, as outlined in the aforementioned
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example, the subdivisions of Fv may force subdivisions of other extended faces Fu. To see that a
consistent choice can be made to ensured while maintaining gluability of the target, we instead
make the subdivisions of the total space of the degeneration Σ, that induce the given subdivision
of Fv upon passing to canonical compactifications.

Given a cone τ of the fan Fv × PROD that we wish to perform a stellar subdivision of, observe
that it determines a stratum of the canonical compactification F v × PROD. This is also a stratum
of the larger compactification Σ×PROD and thus determines a cone τ lift on the interior Σ×PROD.
The cone τ is a cone contained in a face at infinity of τ lift. Further subdivisions do not affect the
question at this stage, so assume that τ lift is a simplicial cone inside a simplicial fan Σ × PROD.
Perform the stellar subdivision of τ lift. Now passing to its canonical compactification, the induced
subdivision on F v × PROD is the stellar subdivision of F v × PROD. This is the extended face
corresponding to the strict transform. By performing a sequence of these stellar subdivisions, we
obtain a family of expansions of the faces at infinity, expanded compatibly, as well as a family of
expansions of the tropical target Σ.

We now proceed as in Theorem 2.9.1. Pull back the resulting expansions of the faces Fv×PROD
to the curves <v, flatten the source and target families, and obtain the modification

×
v

λ
Kρ(Σv)→

∏
v

ACGSρ(Σv)

with the requisite transversality properties. �

Remark 5.4.4. In the traditionally considered case when the boundary is a single smooth divisor, the tropical
divisor family is simply a section of the target family. This accounts for the triviality of the modification in
such situations.

As with the construction of the spaces in the previous part of the paper, λ records a choice, and
there is an inverse system of such moduli spaces obtained by common refinement.

5.5. Evaluations and tropical gluing. The next two steps are not strictly necessary for the geo-
metric arguments, but are combinatorial analogues of key steps in the next section. We first glue
maps to form maps out of nodal tropical curves, and then smooth them to maps from ordinary
tropical curves.

Fix the rigid tropical type, and consider maps that are deformations of

f∞ : <∞ → Σ∞,

equipped with a fixed contraction to this map. Let G be the graph formed by considering the
vertices and infinite bounded edges of <∞. Previously, we constructed a cutting morphism

ACGSρ(Σ∞)→
∏
v

ACGSρ(Σv).

We also built a modification of the product with a transverse disconnected universal curve. The
cutting morphism from ACGSρ(Σ∞) does not immediately lift to the modified product. However,
we may subdivide ACGSρ(Σ∞) and its universal curve and target to obtain a space of transverse
maps Kλρ(Σ∞) and a new cutting morphism

κ : Kλρ(Σ∞)→×
v

λ
Kρ(Σv).
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We wish now to identify the image of this map. For a morphism to the product to come from a
morphism to Σ∞, two conditions are apparent:

(A) Continuity. For each edge e of G between v1 and v2, the images of the two markings incident
to v1 and v2 comprising e must coincide.

(B) Smoothability. The construction of Kλρ(Σ∞) as a component of the special fiber of a tropical
degeneration of maps, demands that any map must arise as the limit of a R>η-family of maps
to Σ.

Over the modified product moduli space we have an expanded target family Σλ
exp. Given G,

each edge e determines in each fiber, a choice of a codimension 2 stratum in the extended faces.
The infinite point of a marked end of the curve <v containing one end of e has an evaluation mor-
phism to the relative interior of the corresponding stratum of the target. We denote this relative
divisor by De(Σ

λ
exp). Since there are two vertices at the ends of each edge e, we have an evaluation

morphism

eve :×
v

λ
Kρ(Σv)→ D{2}e (Σλ

exp).

The symbol on the right is the fibered second power of De(Σ
λ
exp) over the moduli space×λ

vKρ(Σv).
We note again that the transversality forces that the image of a boundary marking is always a
vertex of De(Σ

λ
exp), just as the image of a vertex of a curve is a vertex in the interior.

We have a relative diagonal morphism

∆e : De(Σ
λ
exp) ↪→ D{2}e (Σλ

exp).

Note that in each fiber over the moduli space, the image of either evaluation morphism attached
e is a vertex of the divisor. The intersection of the image of ∆e and the image of the map

eve :×
v

λ
Kρ(Σv)→ D{2}e (Σλ

exp).

is a subcomplex of De(Σ
λ
exp). By ranging over all edges, we obtain a tropical moduli space3

Gλ(Σ∞) =
⋂
e

im(∆e) ∩×
v

λ
Kρ(Σv).

These are tropical maps to expansions of Σ∞ that are transverse to the target and whose evaluation
morphisms agree.

5.6. Tropical smoothing. A final step remains to complete a tropical degeneration formula – the
singular tropical curves constructed by gluing must be smoothed out. This step reflects the geo-
metric phenomenon of having to build logarithmic enhancements of glued maps, which we dis-
cuss in the next section. In both cases, transversality of the curve is paramount.

Given a p point of Gλ(Σ∞), we obtain a map

g∞ : �∞ → Σλ
∞.

We wish to smooth it out to a family �η → Ση for η ∈ R≥0, for η sufficiently large, whose limit is
the map [g∞]. This involves “shrinking” the infinite edge lengths of �η to produce a continuous
tropical map to Ση.

3In full analogy with the geometric situation, this intersection of diagonals is likely best thought of as a refined
intersection product for regular embeddings, in the sense defined by Fulton.
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Consider a nodal edge e of �∞. Its image under g∞ is an infinitely long edge of Σ∞[p]. However,
over the point p, we have a canonical inclusion

Σ∞[p] ↪→ Σ
λ
exp[p] ⊂ Σ

λ
exp

Smoothing out g∞ now amounts to resetting the infinite edge of �∞ lengths to finite values vary-
ing linearly in η, while maintaining continuity.

Given the nodal edge g∞(e) of the target, over η, it determines a unique bounded edge in Ση[p]
which has length `e. Letme denote the expansion factor on the edge e of �∞. Reset the edge length
of �η to be `e/me. The resulting map

�η → Σ1[p]

is certainly continuous and piecewise linear since by construction, it maps continuously onto a
1-dimensional subcomplex of Ση[p]. This shows for any appropriate choice of λ, the morphism

Kλρ(Σ∞)→ Gλ(Σ∞)

is a piecewise linear homeomorphism.

6. THE VIRTUAL GLUING FORMULA

In this final section, we prove the degeneration formula. We pull back the subdivisions con-
structed in the previous section to the moduli spaces of maps to the Artin fan, and then to the
degeneration. Two additional ingredients yield the gluing formula, both of which are reminiscent
of the traditional case [14, Section 7]. The first is the calculation of the number of logarithmic lifts
of a glued, transverse map. The second is a comparison of obstruction theories.

6.1. The degeneration setup. We begin with a toroidal degeneration without self-intersections
Y → A1. There exists a stack of logarithmic stable maps to the fibers of the degeneration ACGSΓ(Y ).
Let Yη be the general fiber and Y0 the special fiber, equipped with its logarithmic structure. The
moduli space comes equipped with a structure map

ACGSΓ(Y )→ A1.

The rays of the associated tropical moduli stack discussed in the previous section are indexed by
finitely many rigid tropical maps. These determine divisors in the space of maps to the Artin fan,
and hence virtual divisors of the stack above. We freely use the twofold interpretation of a ray ρ:
as a ray in the tropical moduli space, and as a combinatorial type of a rigid tropical map. Note
that this combinatorial type includes a finite marked graph, genus splitting, degree splitting, and
contact order data.

In the previous section we made the assumption that each rigid tropical map is supported on a
subcomplex of ΣY . The parallel assumption is made here.

Assumption 6.1.1. For each rigid tropical map ρ, we assume that the virtual codimension 0 strata
of the component with type ρ correspond to maps

C → Y0

that are transverse to the strata of Y0.

This can always be done after replacing Y with a toroidal modification such that the rigid
tropical maps are transverse to the tropicalization of the degeneration, see Assumption 5.2.1 in
the previous section.
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Remark 6.1.1. Note that when Y is replaced with a logarithmic modification Y ′, the virtual modification of
the moduli space ACGSΓ(Y ′) will acquire new rigid tropical curves. However, these new exceptional virtual
divisors will not contribute to the Gromov–Witten theory numerically. Since any integral of interest will
be pulled back from from ACGS(Y ), the projection formula will guarantee that these new virtual divisors
will be zeroed out. Of course, if insertions are not pulled back, the ceases to be true, but once the numerical
data is fixed, there are only finitely many rigid curves and we may always perform a common modification
to ensure this generic transversality. This is essentially the strategy employed in [39], though in that case
the rigid tropical curves are expected dimensional, therefore zero dimensional.

The decomposition theorem of Abramovich–Chen–Gross–Siebert equates the virtual class of maps
to the special fiber with a sum of pieces,

[ACGS(Yη)] =
∑
i

mρi

Aut(ρi)
[ACGSρi(Y0)] ∈ A?(ACGS(Y )),

in parallel with Equation 2. The space ACGSρi(Y0) is a moduli space of logarithmic stable maps to
Y0, equipped with a uniform rescaling to the fixed rigid type ρi. See [3, Theorem 1.1.2].

6.2. The generic case: transverse gluing. Fix a rigid tropical curve ρ with graph G. Write Y0 as a
union of irreducible components Xv for v a vertex of G. Our goal is now to describe the moduli
space ACGSρ(Y0), up to toroidal modifications, in terms of simpler pieces. Over the loci of generic
curves in the Artin fan (i.e. over the vertex in the tropical moduli space), this is straightforward.
The open stratum

ACGS◦ρ(Y0) ⊂ ACGSρ(Y0)

of maps
C → Y0

whose tropicalization is exactly ρ is exactly this locus of generic maps. Recall we are assuming by
modifications that such generic curves are supported away from higher codimension strata in Y0.
Consider the target normalization ⋃

Xv → Y0.

We therefore obtain a cutting morphism

κ◦ : ACGS◦ρ(Y0)→
∏
v

ACGS◦ρ(Xv).

For every edge e of G, there are a pair of scheme theoretic evaluation morphisms at the corre-
sponding marked points, giving us

ev :
∏
v

ACGS◦ρ(Xv)→
∏
e

(D2
e)
◦,

where the genericity assumption tells us that the scheme theoretic evaluations all map to the dense
open stratum in each divisor. The diagonal copy of

∏
eD
◦
e in the square is a regular embedding

since the interiors of these divisors are smooth. The scheme theoretic fiber product gives rise to a
new space

G◦
∏
v ACGS

◦
ρ(Xv)

∏
eD
◦
e

∏
e(D

2
e)
◦.

ev

∆◦
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The constructions above yield
κ◦ × ev : ACGS◦ρ(Y0)→ G◦.

This morphism is finite and étale. A moduli point of G◦ is a logarithmic map from a disjoint union
of curves to the components of Y0 that scheme theoretically glue. As the curve is transverse to the
strata, the scheme theoretic data has a logarithmic enhancement, and in fact, finitely many such
enhancements [59, Theorem 1.1]. Since ∆◦ is a regular embedding, the stack G◦ also inherits a vir-
tual fundamental class from the product. The virtual class on the space ACGS◦ρ(Y0) can be pushed
forward, and the two classes agree on G◦ up to a finite multiple. This latter point is explained
further when we deal with the general case, below.

6.3. The general case: transversality via expansions. The antecedent paragraphs perform gluing
in the locus that is dual to the tropically trivial part of the moduli space. We now extend the
picture to the full moduli space. The modified spaces have been engineered in order to ensure that
the transversality properties used in the case above are present at every point, so the arguments
extend in a natural way.

We cease working with the Abramovich–Chen–Gross–Siebert space and replace ACGSρ(Y0) with
a moduli stack Kλρ(Y0) over Spec(N → C) parameterizing logarithmic stable maps to families of
expansions of Y0, where λ is any of the elements in the inverse system of refinements constructed
in Section 3.3. Consider a stable map over S

C Yλ Y0

S

that is transverse to the strata. Normalize Y0, and correspondingly partially normalize Yλ into
pieces X λv . The curve also partially normalizes to produce, for each v, a morphism over S

fi : Cv → X λv → Xv,

where the fibers over S of X λv are expansions of Xv. The scheme theoretic structure of this map
is clear. In fact, it has a natural logarithmic structure. The curve Cv has a logarithmic structure
obtained by marking the preimages of nodes as marked points. The scheme Xv has its divisorial
a logarithmic structure, while the expansion X λv is a logarithmic modification of the trivial family
of Xv.

Lemma 6.3.1. The morphism fi is logarithmic, with the logarithmic structures given to curve and target
as above.

Proof. The logarithmic structure at the curve Cv and of the map away from the preimages of the
normalized nodes is clear. At these marked points the curve is dimensionally transverse to the tar-
get, so pull back the divisorial logarithmic structure on Xv to Cv. The resulting logarithmic struc-
ture on Cv is generated in the neighborhood of a smooth point by a power of the local parameter
at the marked point, with exponent equal to the contact order. This local parameter determines
an element of the logarithmic structure sheaf of the curve, the identification defines the desired
logarithmic structure on the morphism. �

This procedures gives rise to a cutting morphism

(4) κ : Kλρ(Y0)→
∏
v

Kλρ(Xv).
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In order to glue, we apply Theorem 5.4.3 to first modify the product. As we have done in the first
part of the paper, the subdivision

×
v

λ
Kρ(Σv)→

∏
v

Kλρ(Σv)

can be pulled back to produce a logarithmic modification of stacks

×
v

λ
Kρ(Xv)→

∏
v

Kλρ(Xv).

The stack×v
λKρ(Xv) is equipped with a natural virtual fundamental class, coming from the anal-

ogous modified product of maps to the Artin fan. For a cofinal system of choices λ, we also have
a modified cutting morphism

κ : Kλρ(Y0)→×
v

λ
Kρ(Xv).

Note that we are guilty of a mild abuse of notation. The cutting morphism in Equation 4 need not
immediately lift to the modified product, but the source Kλρ(Y0) can be modified to lift the cutting
morphism. Since we have not specified a particular choice of λ in any case, however, we have
chosen not to overburden the notation.

6.4. Virtual classes. Given a point p of the modified product×λ
vKρ(Xv), the moduli space asso-

ciates a disconnected universal curve, a glued target family, and a transverse map from each curve
to a partial normalization of the target. Let Y λ

0 be the fiber of the target family over this chosen
point of the product. Let

Y λ,◦
0 [p] ⊂ Y λ

0 [p]

be the complement of the union of the closed codimension 2 strata in Y λ
0 [p]. In other words, this

interior consists of the irreducible components and their locally closed divisorial boundaries. The
codimension 1 strata of Y λ,◦

0 [p] are therefore smooth.

The same works in families. For the expanded target family, the fiberwise complement of the
codimension 2 strata forms a flat family of open targets, and a family of smooth divisors.

Lemma 6.4.1. Let Yλ0 →×λ
vKρ(Xv) be the family of expanded, compatibly glued targets. The union of

Y λ,◦
0 [p] ranging over p in the base form a flat family. Furthermore, universal map⋃

Cv → Yλ,◦0

is proper.

Proof. Switching to the tropical picture, we have a map⋃
<v → Σ∞.

By the transversality hypothesis, every cone of
⋃<v surjects onto a cone of the target Σ∞. This

gives a union of cones, whose support determines an open subscheme Y λ,◦
0 of the target family,

which is flat. The properness of the universal map also follows by transversality: by design we
have built target expansions such that the higher codimension strata are never met by the curve.

�
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The smoothness of the divisors is of particular use to us here, and we will refer to them as open
divisors. Recall that the edges e of G produce boundary evaluations on the modified product
stack:

eve :×
v

λ
Kρ(Xv)→ D{2}e (X λ).

The symbol De(X λ) denotes the open divisor family supporting the evaluations of marked points
coming from e. The evaluation above is to its fiber square. Let DG be the fiber product of the
open divisor families De(X λ), ranging over all nodal edges e of G. Let D2

G be its fiber square. We
have an evaluation ev at points on each curve corresponding to the two flags of an edge e in G.
Packaging this data leads to a fiber square in ordinary schemes

Gλ(Y0) ×λ
vKρ(Xv)

DG D2
G.

split

ev

∆

The fiber product parameterizes collections of logarithmic stable maps to expansions of Xv whose
underlying maps glue to form a map to the scheme Y λ

0 . In particular, the maps have no natural
logarithmic structure at the gluing nodes.

The space Gλ(Y0) has a natural virtual fundamental class described as follows. Since the open
divisors don’t meet, it follows that DG is smooth over the base. The morphism ∆ is therefore a
regular embedding and defines a perfect obstruction theory [19, Section 6.2]. We can pull back
this obstruction theory to the top row. Define the class

[
Gλ(Y0)

]vir as the virtual fundamental class
obtained by virtual pull back of the virtual class on the top right:[

Gλ(Y0)
]vir

:= ∆!

[
×
v

λ
Kρ(Xv)

]vir

.

This class has a standard description by unpacking the obstruction theory provided by the
diagonal, and Manolache’s virtual pullback. First let Av be the Artin fan of Xv and let×λ

vKρ(Av)
be the Artin fan version of the modified product – pull back the tropical moduli space and its
universal families to the product of the spaces of maps to the Artin fan. Consider the natural
morphism from the cotangent complex of the diagonal:

ev?L∆ → split? �v (Rπv?f
?
vT

log)∨,

where T log is the logarithmic tangent bundle of the target, and πv and fv are the universal curve
and map respectively. The cone of this morphism defines an obstruction theory on the glued
space, and thus an obstruction theory relative to×λ

vKρ(Av). Geometrically, the deformations are
controlled by those logarithmic tangent fields of the target that preserve the gluing conditions.

Remark 6.4.2. The relative diagonal used above is not the pullback of the diagonal from the projection to D2,
although it is contained inside of it. The difference between the two accounts for the tropical transversality
requirement in the previous section. In the usual degeneration formula, this diagonal will have a Künneth
decomposition in cohomology, and Poincaré duality can then be used to distribute insertions across the
gluing markings. In this case, the diagonal does not have a Künneth decomposition and must be worked
with directly. A similar point arises in work of Pandharipande and Pixton on the Gromov–Witten/Pairs
correspondence for the quintic threefold, and the techniques developed there are likely to be useful here [41,
Section 1.2]. In order to understand this conceptually, one can apply a similar and simpler version of the



37

ideas in the present paper to the evaluation space – the space of maps from n points to a divisor D, which are
not allowed to touch the boundary ofD. This will produce a modification of the evaluation space constructed
in [2], and we will construct it in a separate paper.

By performing a base change for the degeneration Y → A1, we assume that its special fiber is
reduced. By modifying λ, we ensure that the universal target family is also reduced.

Lemma 6.4.3. The morphism that forgets the logarithmic structure at the gluing nodes

µ : Kλρ(Y0)→ Gλ(Y0)

is finite and étale of degree
∏
eme, where me is the expansion factor on the edge e of the rigid tropical curve.

Proof. This is a well known fact that has appeared in various places in the literature. To see that
the map is surjective, note that every point in Gλ(Y0) gives rise to a map to the special fiber of an
expansion of the degeneration Y :

Cλ0 → Y λ
0 ↪→ Y λ,

such that Cλ0 is transverse to the special fiber. In particular, the nodes of Cλ0 map to locally closed
codimension 1 strata in Y λ

0 where two components meet. The special fiber Y λ
0 inherits a log-

arithmic structure from the degeneration Y λ, and since the curve is dimensionally transverse,
the pullback of the logarithmic structure gives rise to a unique logarithmic lift in the category of
fine but not necessarily saturated logarithmic schemes. The existence of lifts is immediate from
transversality [8, Lemma 4.2.2], while the uniqueness follows from [59].

It remains to count the number of lifts and show that it is the claimed number. The calculation
is well known, and is recorded in complete generality and great detail in [3, Theorem 5.3.3]. Note
that [39, Proposition 7.1] and [14, Lemma 7.9.1] both suffice here in the reduced case. �

We have one final compatibility to check. Parallel to the tropical smoothing at the end of the pre-
vious section, we verify that once the map is transverse at the gluing nodes, there are no additional
obstructions to promote a map to a logarithmic one.

Lemma 6.4.4. There is an equality

µ?[K
λ
ρ(Y0)]vir =

∏
e

me ·
[
Gλ(Y0)

]vir
.

This fact has appeared in the literature in nearly identical form. The reader can find the proof
in detail in [14, Section 7.10] and [6, Section 5.8.1]. We follow [9, Section 6].

Proof. Since the morphism µ is étale, the obstruction theory on Gλ(Y0) pulls back to an obstruction
theory on Kλρ(Y0). This space already has an obstruction theory, so we must check that the two
obstruction theories coincide. Since our target is expanded, simply delete the codimension 2 strata
of Y λ

0 , such that over every point, the target is a union of smooth varieties meeting transversely
along a divisor that is smooth in each. Now directly apply the calculation involving cotangent
complexes in [14, Proposition 7.10.1] to conclude that the two obstruction theories coincide, from
which the result follows immediately.

In fact, the compatibility of obstruction theories can be seen directly, without reference to the
cotangent complex by following [58, Section 7.3]. The standard obstruction theory is obtained by
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considering lifts over Kλρ(AY ):

Y0

��
C //

f ..

��

C ′ //

88

��

AY

��
S // S′ // Spec(N→ C),

where S ⊂ S′ is a strict square zero thickening of S. The lifts of this diagram form a torsor
under the sheaf of abelian groups f?T log

Y0
⊗ IS⊂S′ . The stack on S of such torsors on C defines an

obstruction theory on the space of maps, relatively over Kλρ(AY ).

On the other hand, the obstruction theory pulled back from Gλ(Y0) by definition considers the
deformation problem for logarithmic maps from partial normalizations of a logarithmic curve, to
expansions of the components Xv of Y0 that are required to glue scheme theoretically.

The second obstruction theory is obtained from the torsor of lifts:

Y λ
0

zz

C //

f //

��

C ′

>>

��
S // S′.

Over S′ there is a canonical inclusion of the special fiber

Y λ
0 → Y λ

where Y λ → A1 is the relative degeneration over S′ chosen in the construction of the modified
product×λ

vKρ(Xv). The map C → Y λ
0 is transverse to the strata, and since the extension is strict,

any lift from C ′ is automatically transverse. Endow Y λ
0 with the logarithmic structure coming

from its inclusion as the special fiber of the degeneration. The transversality guarantees that this
map lifts to a logarithmic map, compatible with the given logarithmic structures on C and C ′.

Conversely, given a lift of the first diagram, simply forget the logarithmic structure at the
marked nodes to obtain a lifting diagram below. This canonically identifies the torsors defining
the obstruction theories. The lifts of the second diagram therefore also form a torsor under the
sheaf of abelian groups f?T log

Y0
⊗ IS⊂S′ . This identifies the obstruction theories, and virtual classes,

as required. �
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