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Big Ideas

Explore the combinatorial structures arising in algebraic
geometry.

Particular focus on the use of tropical methods in

The geometry of algebraic curves,

Parameter spaces for algebraic curves (moduli),

Curve counting and Gromov–Witten theory.
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Algebraic Curves

Let C be a smooth algebraic curve of genus g.

Question (19th Century)

For what integers r and d can C be realized inside CPr as a degree
d subvariety?

Still an active area of research!

Major results due to Griffiths, Harris, Eisenbud, Gieseker,
Lazarsfeld, Farkas, Voisin,...
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Moduli Theory

The moduli space of curves Mg,

a 3g− 3-dimensional space
parameterizing smooth algebraic curves of genus g.

Important Variation. Let X be a smooth projective algebraic
variety. Consider the space of curves in X:

Mg(X, d) = {C ↪→ X : g(C) = g, [C] = d ∈ H2(X)}.

Compactifications due to Deligne–Mumford and Kontsevich.
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Moduli Theory: Questions

Question

What are the topological and geometric properties of Mg and
Mg(X, d)?

What is the dimension of Mg(X, d)?

For what X is Mg(X, d) connected?

What are the homology groups?

Do there exist well-behaved compactifications?

Do there exist natural desingularizations?

Studied in algebraic geometry by Deligne, Harris, Fulton,
Mumford, Knudson, Kontsevich, Okounkov, Pandharipande, ...
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Enumerative Geometry

Sample Question. How many degree 3 curves in CP3 of genus
0 pass through 6 chosen points?

More sophisticated: More complicated spaces, specify
singularities, recursive formulas in higher degree,...

Physics-inspired variation: Gromov–Witten theory. Formulated
as integrals on Mg(X, d).
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Tropical Geometry: The Approach

Tropical geometry is a piecewise-linear (or discrete) analogue
of algebraic geometry.

Figure: A cubic surface – the solution to a single cubic equation in 3
variables – and its tropicalization.
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Tropical geometry is a piecewise-linear analogue of algebraic
geometry.

Algebraic varieties can be piecewise-linearized.

The study leads
to an intricate network:

Geometric implications from combinatorics.

Combinatorial implications from geometry.

Predictions and conjectures in both directions.
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An Example: Divisor Theory

Let C be a compact Riemann surface of genus g.

Complex function theory. Let D ⊂ C be a Z-formal sum of d
points on C.

Let L(D) be the vector space of meromorphic
functions on C with poles only along D.

Question. What is the dimension of L(D)?

Answer (Riemann). dimL(D) > d− g+ 1.
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Let G be a finite graph with E− V + 1 = g.

Sandpile model. Let D be a Z-formal sum of d vertices of G.

A chip-firing move creates a new configuration.

For example:
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Combinatorial Riemann–Roch

Given D and G, the extent to which D can be moved to a
non-negative configuration defines the rank of D.

Question. What is the quantity r(D)?

Answer (Baker–Norine). r(D) > d− g+ 1.



Combinatorial Riemann–Roch

Given D and G, the extent to which D can be moved to a
non-negative configuration defines the rank of D.

Question. What is the quantity r(D)?

Answer (Baker–Norine). r(D) > d− g+ 1.



Combinatorial Riemann–Roch

Given D and G, the extent to which D can be moved to a
non-negative configuration defines the rank of D.

Question. What is the quantity r(D)?

Answer (Baker–Norine). r(D) > d− g+ 1.
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Given D and G, the extent to which D can be moved to an
effective configuration defines the rank of D.

Question. What is the quantity r(D)?

Answer (Baker–Norine). r(D) − r(K−D) = d− g+ 1.



Combinatorial Riemann–Roch Theory

(More on this shortly). The relationship between combinatorial
and algebro-geometric Riemann–Roch theory has led to new results
in number theory and algebraic geometry.

Equidistribution theorems for Weierstrass points (Amini ‘14).

Rational points on curves (Katz–Zureick-Brown–Rabinoff ‘16).

Brill–Noether theory beyond the general curve (Jensen–R ‘17).
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Tropicalization and Moment Maps

A toric variety is a variety X with the action of the group (C×)n
and a dense orbit.

There is a “linearizing” fibration

(C×)n log|·|−−−−→ Rn,

in real compact tori.

This extends to a fibration

(C×)n ⊂ X→ P ⊃ Rn,

where P is a polytope.
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A Perfect Dictionary

The equivariant geometry of X is entirely visible in P.

For example

Euler characteristic of X is the number of vertices of P.

Orbits of the action are in bijection with the faces of P.

Equivariant cohomology ring is the Stanley–Reisner ring of P.

Maps of toric varieties given by maps of polytopes.

Combinatorial: Picard group, equivariant vector bundles,
quantum cohomology, ...
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A Partial Dictionary: Tropicalizations

Many spaces of interest are not toric varieties.

Given Y, a tropicalization is found be placing Y inside X a toric
variety and looking at the image of Y under

Y ⊂ X→ P ⊃ Ytrop.

Figure: A thrice punctured sphere and its tropicalization.

The tropicalization is a polyhedral object.
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For greater flexibility, it is often useful to think of tropicalizations
as polyhedral approximations of Berkovich analytic spaces

induced by a choice of logarithmic structure.
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The Tropical Dictionary: Samples

The tropicalization of a curve C is a (metric) graph G.

A divisor of rank r on C produces a divisor of rank at least r
on G.

The tropicalization of a variety of dimension n is a polyhedral
complex of dimension n.

A curve embedded X yields a graph embedded in Xtrop.

...
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How good is this dictionary?

Early signs (mid-late 2000’s):

Mikhalkin, Nishinou–Siebert: Parts of the enumerative
geometry are visible tropically.

Gathmann–Markwig: Kontsevich’s WDVV in
Gromov–Witten theory.

Gross: Mirror symmetry for P2 is equivalent to tropical
curve counting.

Baker–Norine: Riemann–Roch and Abel–Jacobi for graphs.

Cools–Draisma–Payne–Robeva: Fundamental theorems in
Brill–Noether theory.
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How good is this dictionary?

More recent: Redevelopment of foundations using logarithmic
geometry, Berkovich spaces, and stacks,

leading to

Abramovich–Chen–Gross–Siebert: New methods in
enumerative geometry.

T. Yu, R: New calculations in enumerative geometry/GW
theory.

Chan–Galatius–Payne, R: Geometry and topology of moduli.

Jensen–R: New results in the classical geometry of curves.

Katz–Zureick-Brown–Rabinoff: Rational points on curves.

Babaee–Huh: Hodge conjecture for currents.
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Recent Developments: Moduli Theory

Consider the following two objects:

Mg(X, d) – the moduli space of curves in X.

Mg(X
trop, d) – the moduli space of tropical curves in Xtrop.

Question

Is the space of tropical curves in Xtrop the same as the
tropicalization of Mg(X, d)?
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Recent Developments: Moduli Theory

Answer. Not in general. However...

Theorem (R ‘16)

If X is a toric variety and g is zero, then there is a surjective,
functorial, continuous tropicalization map

M0(X, d)→M0(X
trop, d).

Version for arbitrary g for X a curve (Cavalieri–Markwig–R ‘16).

Generalizes work of Abramovich–Caporaso–Payne ‘15 for X = pt.

Applications. Cohomology of the moduli space of curves in X.
Simple proofs of correspondence theorems.
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Recent Developments: Moduli Theory

By borrowing ideas from Gromov–Witten theory:

Theorem (R ‘17)

For X logarithmically smooth, there is always a continuous and
functorial tropicalization map

Mg(X, d)→Mg(X
trop, d).

In general, this map is far from surjective.

Realizability. Which tropical curves in Xtrop come from algebraic
curves in X?
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Recent Developments: Moduli Theory

Speyer ’07,..., R ’16: For X toric, identify which genus 1 curves
in Xtrop are tropicalizations

leading directly to:

Theorem (Santos-Parker–Wise–R ‘17)

Smooth and compact moduli spaces for elliptic curves in toric
varieties.

Generalizes results of Vakil–Zinger ‘07 for CPr.

Application. Enumerative geometry of elliptic curves on surfaces.
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Recent Developments: Geometry of Curves

Question

Given a genus g algebraic curve C, when does there exist a degree
d embedding

C ↪→ Pr?

History. Riemann, Brill, Noether, Severi, Enriques, Kempf,
Kleiman, Laksov,...

Theorem (Griffiths and Harris ‘80)

For C a general curve, such an embedding exists if and only if

ρ(g, r, d) > 0,

where ρ(g, r, d) = g− (r+ 1)(g− d+ r). In fact, the dimension of
the space of embeddings is ρ(g, r, d).
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Philosophy.

Tropicalization. Study sandpile model on graphs instead of
divisors on curves.

Combinatorial Analysis. Solve analogous problem on graphs.

Pose Lifting Problem. Need to show that combinatorial and
geometric answers agree.

Combinatorial Translations. Connect sandpile model to
Gromov–Witten theory.

Logarithmic/Berkovich geometry. Powerful inductions to
reduce to a solvable case.

Note. Result seems to be invisible to non-tropical methods.
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Some Ongoing Projects

Geometry of curves:

Fine geometry of the space of embeddings of C into CPr.

Enumerative geometry:

Effective recursive determination of logarithmic
Gromov–Witten invariants.

Connections to vertex-operator and Fock space techniques.

Moduli theory:

Construction of new birational models of the moduli space of
curves.

Interaction of tropical methods with ideas in derived algebraic
geometry.



Thanks!


