
18.782: Introduction to arithmetic geometry

Instructor: Dhruv Ranganathan. You should call me Dhruv
Email: dhruvr@mit.edu

Class Meets: TTh 930-11 AM in 2-146.
Office Hours: By appointment. In addition, I will be available after each class to talk at length.
In general I will also be available on Wednesday afternoons.
Textbook: There is no official textbook for the class. Notes and references will be provided
throughout.
Prerequisites: One year of abstract algebra, i.e. 18.702.
Problem sets: Weekly, with several exceptions. These will not be onerous – your task is simply
to grapple with the material.
Micro-presentations: Every Tuesday, one student will give a very short 10 minute presentation
at the end of class. I will assign the topic on the previous Tuesday. They will generally be illu-
minating examples, tricky homework questions from earlier weeks, or interesting asides based on
student interest. Part of the goal is to improve your technical communication.
Final project: Each student will write a short, high quality expository document on a topic of
their choosing, and give a short presentation on the same.
Exams: There will be no final exam.

What is 18.782?: This course is an introduction to arithmetic geometry. To a first approximation,
the subject is concerned with integer or rational solutions to polynomial equations. The simplest
questions in the subject are already extremely hard – when do rational solutions exist? How many
rational solutions can exist? If there are finitely many rational solutions, is there way to find them
all? How do you know when you’re done looking?

Arithmetic geometry is old, incredibly active, and interacts with numerous aspects of modern
mathematics. A student taking this class can expect to develop a familiarity with the basic ques-
tions in arithmetic geometry, some of the central algebraic tools, and context for how and why the
modern tools of algebraic and arithmetic geometry – schemes – were needed.

We will explore this subject by developing concrete and broadly applicable tools, while focusing
on a handful of centerpieces, which will give students an idea of some of the “anchors”. These will
be the following.

1. The Hasse-Minkowski theorem,

2. Mordell’s theorem,

3. The Weil conjectures for curves.

Most likely, we will have to settle for two out of three of these. To get at the first, we will
construct and study the p-adic numbers from the ground up. We’ll then transition to studying al-
gebraic varieties, with a focus on curves. We will develop just enough to understand and prove the
Riemann–Roch theorem, which is probably the fundamental way to control the geometry of algebraic
curves. The Weil conjectures (at least two parts of them) will be consequences of Riemann–Roch.



The difficulty of proving the Weil conjectures in higher dimensions drove the entire development of
algebraic geometry in the mid 20th century. The Mordell theorem, which concerns the interaction
between the geometry, number theory, and group theory associated with equations of degree 3 in
two variables (a.k.a. elliptic curves). This is marvelous, and we’ll do our best to gain an apprecia-
tion for it.

Grading. This is an advanced undergraduate course. The only reason to take a course like this is
to learn the material. For this reason, there will be no exams. Your final grade will be based on
the following:

• Problem sets + micro-presentations: 70%

• Presentation: 10%

• Paper: 15%

• Participation?: 5%

?: Since this can be ambiguous, I will spell out what this means. At the very least, you should
come to class. After all, this is not a required class for anyone. Participation means that I want you
to be an active participant in your own learning. This can mean asking questions in class, coming
to office hours, sending emails, etc.

What do I expect from you? I expect you to not be on your phone during class and to be
respectful of all members in the course (particularly when asking and answering questions). If the
day’s lecture happens to cover material that you are familiar with, it is acceptable to quietly read
a paper,


