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Due date: November 23 2017

0.1 INTEGRAL DEPENDENCE

The concept of integral dependence is a generalization to ring theory of something familiar
from field theory, namely, the concept of an element being a solution to a polynomial equa-
tion. Geometrically, integral closure is a to be thought of as a mild form of non-singularity. If
your variety is a curve, it turns out to be equal to smoothness. Let’s explore.
Let A be a subring of a ring B . An element x ∈ B is said to be integral over A if x is the root of
a monic polynomial with coefficients in A.

1. Prove that x ∈ B is integral over A if and only if A[x] is finitely generated as an A-
module1.

2. Prove that the set C of elements in B that are integral over A forms a subring of B con-
taining A. This is called the integral closure of A in B . If C = A, then A is said to be
integrally closed, while if C = B , then B is said to be integral over A.

3. A ring is said to be integrally closed if it is integrally closed in its fraction field. Prove
that the polynomial ring k[x] over a field k is always integrally closed.

4. Prove that the following rings are not integrally closed: k[x, y]/(y2−x3) and k[x, y]/(y2−
x2(x +1)).

5. Compute the integral closure of k[x, y]/(y2 −x3) in its fraction field.

1If you don’t know what a module is, fret not. It basically means “vector space over a ring”. Calmly look up the
definition and realize it’s quite simple.
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0.2 THE BLOWUP

Given a variety X , the existence of a new variety X̃ that is smooth, with the same function field
as X is known only when the characteristic of the ground field is 0. This is called resolution
of singularities and was proved by Hironaka in the mid 20th century. The key ingredient that
goes into it is that of a blowup.
Start with A2. The blowup of A2 at the origin is defined as the subvariety of A2 ×P1:

X = {((x0, x1), (y0, y1) : x0 y1 = x1 y0} ⊂A2 ×P1.

There is a natural map
π : X →A2.

1. Prove that π−1((0,0)) is naturally identified with P1.

2. If p is a point that is not the origin, what isπ−1(p)? In particular, do you notice anything
funny about the dimensions of the preimages of π?

3. Consider the subvariety C ⊂A2 where the polynomial y2 − x2(x +1) vanishes2. What is
π−1(C )?

4. Consider two distinct lines through the origin inA2. Do their preimages intersect? Does
this tell you what this extra P1 might be measuring?

5. Prove that the function field of X is isomorphic to k(z, w). (Hint: This is a lot easier
than it sounds, so you’re likely to overthink it).

The blowup is a very useful transformation of an algebraic variety. It’s also an example of a
morphism of algebraic varieties that is not flat. Flatness is tricky to define geometrically, but
a good first approximation is that things like the phenomenon of (2) above do not occur.

2Do notice how many times we come back to this example?
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