
MIT MATHEMATICS

18.782: Problem set 2

Due date: October 5 2017

0.1 SQUARES IN THE 2-ADICS

In class, we gave a description of the squares in Qp when p was an odd prime. This had a
lot of moving pieces, so this exercise will belay any fears. Do the analogous results for p = 2.
Specifically:

1. An element 2nu ∈Q×
2 , with n ∈Z and u in Z×

2 if and only if n is even and u ≡ 1 mod 8.
(Hint: The key is to understand the groups U1,U2, and U3 and how each of them com-
pares to Z2).

2. Prove that is an isomorphism of groups between Q×
2 /Q×2

2 and (Z/2)3. Show that the
images of 2,−1,5 generate the group.

0.2 AFFINE VARIETIES

The purpose of this exercise is to gain some more familiarity with affine varieties.

1. Recall that the Zariski spectrum of a ring is the set of all prime ideals. Describe and
draw a picture of Spec(R[X ]). More generally, if k is not algebraically closed, can you
describe Spec(k[X ]) in terms of the picture for Spec(k[X ])?

2. Consider the varietyGm,k defined by the following rule, analogous to how we described
affine space. Given a field extension L/k,

Gm,k (L) = L×.

That isGm,k (L) always returns to units of L. Prove thatGm,k is an affine algebraic variety.
In other words, show that there exists an ideal I ⊂ k[X1, . . . , Xn] such that

ZI (L) =Gm,k (L) = L×,
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for all L/k. Similarly, for any r ≥ 1, define Gr
m,k and prove it is an algebraic variety1.

3. (Interlude. Not everything is an affine variety!) Here is a criterion for a subset2 of V ⊂A2

to be an affine variety (which you don’t need to prove). Define a IV ⊂ k[X ,Y ] to be
the set of all polynomials which vanish on V . Then, V is affine if and only the variety
defined by IV is V itself.

4. Using the criterion above, prove that A2 \ {(0,0)} is not an affine variety. Notice the
contrast with the second part of this problem.

0.3 ROOTS OF UNITY

The purpose of this exercise is to give a differently flavoured application of Hensel’s lemma,
and simultaneously get insight about how far from being algebraically closed Qp might be.
This exercise is tricky – grapple with the material. Grading will be kind, and we will go over
this in class.

Let p be an odd prime. We consider roots of unity inQp . A root of unity is a solution to X n = 1
for some n.

1. Show that any root of unity inQp lies in Z×
p .

2. For each integer k between 0 and p−1, show that there is a unique (p−1)st root of unity
congruent to k mod p.

3. Prove that the only roots of unity with order relatively prime to p are the roots of X p−1−
1. (Hint: Can distinct roots of unity with prime-to-p order be incongruent mod p?)

4. (Extra credit) It is a fact that the only roots of unity in Qp are the ones of order (p −1).
Try to show this.

1Such an algebraic variety is referred to as the multiplicative group when r = 1 and an algebraic torus in general.
2Since we defined A2 and affine varieties in terms of “rules” assigning point sets to field extensions, you may

want to think ofA2 asC2. Alternatively, a subset ofA2 is just a rule that returns a subset ofA2(L) for every L/k.
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