
MIT MATHEMATICS

18.702: Quiz 2

April 4 2018

There are four problems on this quiz worth equal value. You may quote without proof any
result stated in class or in the assigned reading, unless you are specifically asked to prove the
statement in question. You may not consult outside sources while answering this quiz. You
have fifty minutes.

All rings appearing in this exam will be commutative with identity.

Name: Dhruv

1



1 EXAMPLES

Give an example, with a brief justification, of the following.

1. A ring R which is a principal ideal domain but such that R[x] is not a principal ideal do-
main.

Examples are aplenty – in fact, if R is any PID that is not a field R[x] is not a PID.

Concrete examples: Z, C[x], and so on...

2. An ideal I in R =C[x, y] that is free as an R-module.

Every principal ideal is a free module – take (x) in R.

3. A module M over a ring R that is finitely generated over R but not Noetherian. (Hint: there
is no requirement that R itself be Noetherian)

Let R be a non-noetherian ring, for instance the polynomial ring in infinitely many vari-
ables C[x1, x2, . . .]. Let M = R, viewed as an R-module. This module is finitely generated by
the element 1, but it is not noetherian.
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2 NOETHERIAN RINGS

1.Let R be a ring. If R[x] is noetherian, prove that R itself is noetherian.

Every quotient (homomorphic image) of a Noetherian ring is noetherian. Observe that R
is isomorphic to R[x]/(x), and thus noetherian.

To see that every quotient of a noetherian ring by an ideal is noetherian, we can use the as-
cending chain condition on ideals. Given an ascending chain of ideals in R, the correspon-
dence theorem yields a chain of ideals in R[x]. Since these must stabilize, their images in
R must also stabilize.

2. Assume that R satisfies the ascending chain condition for ideals, i.e. every increasing chain
of ideals in R stabilizes. Prove that every ideal in R is finitely generated. (Do not simply quote
the equivalence between these statements that we proved in class!)

Let I ⊂ R be an ideal. Consider the ascending chain of ideals

(x1) ⊂ (x1, x2) ⊂ ·· ·

where each xi ∈ I is chosen to be an element that is not contained in the R-span of the
elements that came before it. If no such xi exists, then the span of {xi } is equal to I . This
ascending chain stabilizes, so

I = (x1, . . . , xs),

for some finite index s. Finite generation is an immediate consequence.
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3 PRIME AND MAXIMAL IDEALS IN RINGS

1. Let R and S be rings and f : R → S a ring homomorphism. If p ⊂ S is a prime ideal, prove
that the preimage f −1p is a prime ideal.

This is a direct verification. Given ab ∈ f −1p, it follows that

f (ab) ∈ p,

but then either f (a) or f (b) lies in p by the primality of p. Thus, either a or b lies in p.

2. With f : R → S as above, give an example to show that the preimage of a maximal ideal in S
need not be a maximal ideal in R.

The intuitive reason for the failure is that while prime ideals are preserved under preim-
ages, maximal ideals are primes that are “very tall” and in fact “maximally tall”. But if you
raise the ceiling, there’s room for taller ideals. It’s very easy for (0) to be prime but hard for
it to be maximal. Therefore, we look at

Z ,→Q.

The preimage of (0), which is maximal inQ, is (0) which is certainly not maximal inZ.
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4 FREEDOM IN THE FIELD

1. Let R be a nonzero ring and suppose that every finitely generated R-module is free. Prove
that R must be a field.
(I will walk through the thinking a little on this problem, since lots of people didn’t give
satisfactory solutions.

For the sake of contradiction, let r ∈ R be a nonzero, non-unit element. Note that the sup-
position that such an element exists precludes the possibility that R is a field, which is why
we will be led to a contradiction.

(Thinking) Consider the ideal (r ). This ideal is principal and hence free – so this part is fine.
How are we going to show that it is impossible for (r ) to be non-unit?
Let’s say R was the simplest non-field ring, say Z. And take r = 2. Then (2) generates a free
submodule. But the quotientZ/(2) is not free – indeed, it has torsion!

Now, inspect R/(r ). By supposition, this ring is non-zero since r is non-unit. By hypothesis,
however, it is free and thus spanned by an R-basis {r 1, . . . ,r k }. But since r is nonzero, there
is some element s ∈ (r ) such that s · r 1 = 0. This is a linear dependence in the basis (again,
in fact this is torsion behaviour) so such an element r cannot exist.

Notes:

Here was a very common and understandable mistake never to make again:

“... (r ) is free and thus isomorphic to R, so contains 1” – counterexample: take 2Z in Z.
Looking at the quotient, however, reveals a winning strategy. This is the value of doing
small examples!

What’s the error here? It’s true that there’s an isomorphism of modules with (r ) and R, but
the ring structure of R need not come along for the ride along that isomorphism. Indeed,
that isomorphism would necessarily identify 1 and r under the isomorphism!
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