
MIT MATHEMATICS

18.702: Problem set 9

Due date: May 4 2018

There are four problems in this set. Please complete them on separate sheets of paper since they
will be graded by different people. Be sure to have your name clearly visible. As is standard,
you can consult any resource you want and talk to friends, provided you independently under-
stand and write up your solutions. You must list your collaborators and any resources that you
consulted outside the textbook.

Policy: A lot of this material is on the internet. If you copy down answers from the internet
you’re wasting your time in hilarious fashion, and the graders’ time in infuriating fashion.
Don’t be like that. To incentivize honesty, I reserve the right to change your grade if I find that
you cannot explain what you have written on your homework.

0.1 PRIMITIVE ELEMENTS

Prove the primitive element theorem for finite fields. That is, prove that every finite extension
of a finite field is generated by a single element.

0.2 PRIME SUBFIELDS

Let K be any field. Prove that K contains as a subfield eitherQ or Fp for some prime p.

0.3 SYMMETRIC FUNCTIONS

The power sum symmetric polynomial of degree k in the variable set x1, . . . , xn is defined to
be

pk (x) =
n∑

i=1
xk

i .
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For n = 3, prove that the power sums generate the ring of symmetric polynomials with ratio-
nal coefficients.

0.4 EXAMPLES

For a field extension K /F let Gal(K /F ) be the group of field automorphisms of K fixing F
pointwise – the Galois group. Give examples of the following.

1. A field extension K /F such that the order of Gal(K /F ) is equal to [K : F ]. Such exten-
sions are called Galois.

2. A nontrivial field extension K /F with trivial Galois group.

3. A field extension K /F with Galois group isomorphic to Z/2×Z/2.

The inverse Galois problem is a famous conjecture of Hilbert and is lurking in the back-
ground. Look it up!
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