
MIT MATHEMATICS

18.702: Problem set 8

Due date: April 27 2018

There are four problems in this set. Please complete them on separate sheets of paper since they
will be graded by different people. Be sure to have your name clearly visible. As is standard,
you can consult any resource you want and talk to friends, provided you independently under-
stand and write up your solutions. You must list your collaborators and any resources that you
consulted outside the textbook.

Policy: A lot of this material is on the internet. If you copy down answers from the internet
you’re wasting your time in hilarious fashion, and the graders’ time in infuriating fashion.
Don’t be like that. To incentivize honesty, I reserve the right to change your grade if I find that
you cannot explain what you have written on your homework.

0.1 ALGEBRAIC CLOSURES

Editor’s Note: This problem is meant to push your mathematical independence a little bit, so I
will not guide you to a solution. You are especially encouraged to use any resources you want
– textbooks, soothsayers, Google, fellow classmates, best friends, arch nemeses, and so on. You
may ask Dhruv about the question in office hours only if you have given it a serious attempt
beforehand.

Give a complete proof that algebraic closures exist. That is, let F be a field. Prove that there
exists a field F that is an algebraic extension of F , such that every polynomial in F [x] can be
written as a product of linear factors in F [x].
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0.2 FIELDS AND INTEGRAL DOMAINS

1. Let R be an integral domain and let FR be its fraction field. As we have seen before, the
homomorphism

R ,→ FR

gives FR the structure of an R-module. Give an example to show that this module is not
finitely generated(!)

2. Let R be an integral domain. Suppose there is a field K such that R is a finite dimen-
sional vector space over K . Assume that that the ring operations of R and the vector
space operations are compatible – in particular the 0 element of the ring is the 0-vector
when R is viewed as a vector space. Prove that R must be a field.

0.3 FIELD AUTOMORPHISMS

Editor’s Note: We will spend most of the remainder of this class studying automorphism groups
of field extensions, i.e. “Galois theory”. In this problem, we dip our toes in, in concrete fashion,
so as to avoid dipping our toes in concrete later on.

Let K /F be an extension of fields. Define Aut (K /F ) to be the set of automorphisms

ϕ : K → K

such that ϕ( f ) = f for all f ∈ F . In other words, it is the set of all field automorphisms of K
that fix F pointwise.

1. Prove/observe that this set Aut (K /F ) forms a group under the composition operation.

2. Identify this group for the field extension C/R.

3. Prove that R/Q is the trivial group.

Hint for the last part: The main point is to establish “continuity” of these automorphisms, so
that if they are trivial on a dense set, they are trivial everywhere. To do this, try to first show
that every element of Aut (R/Q) must take squares to squares, and positives to positives. Then
conclude that rational intervals are preserved.

0.4 FINITE FIELDS

1. Construct a finite field with 4 elements as a quotient of a polynomial ring. Call it F4.

2. Write out the multiplication table for F4 and use this to identify the group F×4 .

3. Identify the additive group F4 with a finite abelian group of order 4.

4. Factor the polynomial x16 −x in F4.

2


